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Abstract. The eikonal equation can have an infinite number of solutions when the image has critical points. We
exhibit a family, indexed by a continuous parameter, of non isomorphic surfaces with one critical point, which give
the same simple image. Hence, shape from shading can be an ill-posed problem when no additional condition on
the shape is imposed, even when the image has critical points. Also, deformations without distortion are possible,
i.e., there can exist a continuous deformation of the surface which does not modify its image.
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1. Introduction

Given a single image of a surfaceS, one can determine
the shape ofSthrough its texture, shadows, contours or
shading. IfS is non textured, has no edge nor hidden
part, and if no silhouette is visible in the image, one
has to rely on the shading of the image.

The study of these so-calledshape from shading
methods, pioneered by Horn in the 1970s, see [5], relies
on the followingimage irradiance equation, see [6]:

R(∇ f (x, y)) = E(x, y), (1)

where the image is described through the shading
E(x, y) of each point(x, y), and the shape ofS is de-
fined by the equationz= f (x, y). ThezOz′ axis points
towards the observer andf (x, y) is the altitude ofS
above point(x, y). Finally, the re-emission of light by
S at point (x, y) in the direction of observation is a
known functionR(∇ f ) of the gradient

∇ f = (∂x f, ∂y f ).

Assuming that the light source is unique, infinitely dis-
tant from the surface, and that it comes from the di-
rection of the observer, i.e., from thezOz′ axis, Lions,
Rouy and Tourin [8] show that the shadingR(∇ f ) of
the image depends only on the slope ofS, as measured
by the Euclidean norm of the gradient. Hence,

R(∇ f ) = r ((∂x f )2+ (∂y f )2). (2)

For example, when the surface is Lambertian,r is given
by r (u) = r0/(1+ u)1/2, wherer0 denotes a positive
constant. Notice that, if the light source comes from
the direction of the point(x0, y0, 1) and if the surface
is still Lambertian, (2) should be replaced, see [8], by

R(∇ f ) = r0(1− x0 ∂x f − y0 ∂y f )/(1+ u)1/2,

whereu = (∂x f )2+ (∂y f )2.
Confining ourselves for the rest of this paper to a

unique light source coming from thezOz′ axis, one
can show that, for usual materials, the functionr is
decreasing. This implies thatr−1 exists, and that (1)
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can be rewritten as:

(∂x f )2+ (∂y f )2 = e(x, y), (3)

wheree(x, y) = r−1 ◦ E(x, y) is supposedly known.
Theeikonal equation(3) is a non linear first order par-
tial differential equation and it has been widely studied,
see [2, 3, 9]. Of major interest is to know whether (3)
has a finite number of non isomorphic solutions (i.e.,
solutions which describe really different shapes) or not,
in the absence of boundary conditions, that is if one
does not a priori know the altitude of any point of the
image.

In [2, 7], eikonal equations which admit no con-
tinuously differentiable solution are exhibited. On the
other hand, conditions on the right hand side function
e(x, y) are given in [1, 3, 9], which ensure that (3)
admits a unique continuously differentiable solution.
These uniqueness results assume the existence of asil-
houettein the image, i.e., of a closed curve along which
e(x, y) is infinite. Other uniqueness results with simi-
lar conditions are given in [8], using viscosity solutions.
Such situations are interesting because they fulfill the
initial wish of Horn in [5] that the image be unambigu-
ous. However, shape from shading, seen as the inverse
problem of the formation of images, can be ill-posed,
i.e., there can exist an infinite family of surfaces which
give the same right hand membere(x, y), even in the
presence of critical points (in our context, a critical
point is a point(x, y) wheree(x, y) = 0).

The accepted wisdom with respect to the ill-
posedness of shape from shading seems to be that
the construction of a family( ft ) of solutions of (3) is
straightforward when no critical point exists. Starting
from a solutionf0, the reasoning in this case proceeds
as follows. Consider the family of curves of equations
ft (·) = h, for all h ∈ R, and the family of curves of
equations∂t ft (·) = h, for all h ∈ R. Assume that
these two families are orthogonal. Then,

∇ ft (x, y) · ∇∂t ft (x, y) = 0, (4)

and this ensures that eachft is a solution of (3). (To
see this, differentiate (3) with respect tot , getting (4).)
Of course, in order to make a proof from this heuris-
tics, one would still have to show that the differential
Eq. (4) could indeed be integrated. Furthermore, all
the solutions which are built with this procedure could
represent isomorphic surfaces. (Considere(x, y) = 1
and f0(x, y) = x. From (4), one can get for example
ft (x, y) = x cos(t) − y sin(t), and ft is the composi-
tion of f0 and of a rotation.)

In order to define precisely when two solutions are
isomorphic, notice that, ifS defined byz= f (x, y)
is a solution of (3), thenS+ c and−S+ c, defined
respectively byz= f (x, y)+ candz= − f (x, y)+c,
are also solutions, for any real numberc. Moreover,
for any rotation or symmetry2 of the (x, y) plane,
the surface defined byz = f ◦ 2−1(x, y), has the
same shape asS. These remarks motivate the following
definition.

Definition 1. The surfacesS and S′ are isomorphic
if there exists an orthogonal linear transformation2
of the (x, y, z) space and a points0 such thatS′ =
2(S) + s0, i.e., such that(x, y, z) ∈ S if and only if
2(x, y, z)+ s0 ∈ S′.

The surfacesS and S′ are isomorphic solutions of
(3) if S andS′ are solutions of (3) and if they are iso-
morphic.

More important than this problem of isomorphic so-
lutions, the heuristics above can fail when the image
contains critical points. Assume for instance that the
contour lines off0 are circles of center(0, 0). The con-
tour lines of∂t f0 should be straight lines passing by
(0, 0), so what could be the value of∂t f0 at this point?
Finally, let us stress once again that, with or without
critical points, the actual integration of (4) may be far
from trivial to perform.

2. Results

We prove in this paper that eikonal equations (3) with
critical points can admit a continuous one-parameter
family of non isomorphic solutions, by exhibiting a
simple example. (Recall that, in our context, a critical
point is a point(x, y) wheree(x, y) = 0 in (3) and
that isomorphic surfaces are defined in Section 1.) To
this end, consider the elliptic surfaceSE defined by the
equationz= 2x2+ y2, see Fig. 1.

Figure 2 shows the image ofSE, computed with the
Matlab 4.2 software, under the hypotheses of front
lighting and of diffuse reflection.

We prove thatSE is rigid with respect to shape from
shading, i.e., thatSE cannot be continuously deformed
without distortion (see Proposition 1 of Section 3 for
a precise statement). On the other hand,SE gives the
same image as the hyperbolic surfaceSH defined by
the equation

(SH ) z= 2x2− y2,
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Figure 1. SurfaceSE : z= 2x2 + y2.

Figure 2. Image ofSE lit from the direction of the observer.

since their common associated functione is

e(x, y) = 16x2+ 4y2.

Theorem 1 shows thatSH is not rigid with respect to
shape from shading.

Theorem 1. Consider the eikonal equation

(∂x f )2+ (∂y f )2 = 16x2+ 4y2. (5)

There exists a family(St ), indexed by t∈ ]0,+∞[, of
surfaces St defined by the functions ft : R2→ R such
that the following properties hold:

(i) Each ft is real analytic on the open disc Bt of
center(0, 0) and radius t.

(ii) Each ft is a solution of(5) on Bt .
(iii) The function(t, x, y) 7→ ft (x, y) is continuous

on ]0,+∞[×R2.
(iv) For t 6= u, St and Su are not isomorphic.

Figure 3. Two non isomorphic surfaces which yield the same
image.

(v) When t goes to infinity, ft converges uniformly on
every compact domain to fH , which corresponds
to the surface SH .

Each surfaceSt in Theorem 1 has a critical point at
(0, 0), which is a saddle point. According to part (i),
eachSt is as smooth as possible, i.e., real analytic, in
a neighbourhood of(0, 0). According to (ii) and (iii),
the deformationt 7→ St itself is invisible and contin-
uous (and in fact real analytic where the surfaces are
smooth). Part (v) shows that the family(St ), at least
for t ≥ u, is indeed a smooth and invisible deformation
of SH whenSH is observed in a bounded windowBu.
Note that part (iv) is also true when the surfaces are
restricted to any bounded window around any point of
the(x, y) plane. Finally, we point out that images with
multiple critical points can in a natural way yield a large
number of non isomorphic solutions. Figure 3 plots two
surfaces of a simple example due to [8], which obvi-
ously yield the same image. In Theorem 1, the critical
point is unique.

Remark. We mention that the result of this paper can
be carried out for the following circularly symmetric
eikonal equation:

(∂x f )2+ (∂y f )2 = 4x2+ 4y2.

In Section 3, we look for solutions of (5), writing
them as power series expansions around the origin
(0, 0). This yields the rigidity ofSE, namely that the
only solution which is locally convex (resp. concave)
at (0, 0) is SE (resp.−SE). On the contrary, solutions
which have a saddle point at(0, 0) are not uniquely de-
termined. In Section 4, we exhibit a family( ft ) which
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satisfy the properties stated in Theorem 1. Eachft has
a saddle point at(0, 0). Further properties of( ft ) are
mentioned at the beginning of Section 4.

3. Power Series Solutions of (5)

Let S be the surface defined byz = f (x, y) where f
is a solution of (5). Set for instancef (0, 0) = 0 and
assume thatf is real analytic at(0, 0), i.e., thatf is the
sum of a power series inx andy in a neighbourhood
of (0, 0). Hence,

f (x, y) =
∑

n+p≥1

an,pxnyp (6)

for x2 + y2 small enough. One can compute from (6)
the first terms of the power series expansion of‖∇ f ‖2.
Identifying the terms of degree≤2 with the right hand
side of (5), one getsa1,0 = a0,1 = a1,1 = 0 and

a2,0 = ±2, a0,2 = ±1.

Turning to the terms of degree 3, one getsa3,0 = a2,1 =
a0,3 = 0, while

a1,2(a2,0+ 2a0,2) = 0.

Taking into account the possible values ofa2,0 anda0,2,
two cases arise.r Hyperbolic case: a2,0 anda0,2 have opposite signs.

Then, S has a saddle point at(0, 0) and a1,2 is
undetermined. This case yields the family( ft ) of
Section 4.r Elliptic case: a2,0 anda0,2 have the same sign. Then,
S is locally convex or locally concave at(0, 0) and
a1,2 = 0. Proposition 1 settles the study of this
elliptic case.

Proposition 1. The only power series solutions of
(5) such that a2,0 and a0,2 have the same sign are
fE(x, y) = 2x2 + y2 and− fE. Hence, the only sur-
faces which are solutions of(5), up to isomorphism,
are SE and surfaces with a saddle point at(0, 0).

Proof: All the terms of degree 3 are zero. Assume
that all the terms of degree between 3 andn − 1 are
zero and, without loss of generality, thata2,0 = 2 and

a0,2 = 1. Then,

f (x, y) = 2x2+ y2+
n∑

p=0

ap,n−pxpyn−p

+ o((x2+ y2)n/2). (7)

Differentiating (7) with respect tox and toy and keep-
ing only the terms of degreen in (5), one gets

n∑
p=0

ap,n−p(2xpxp−1yn−p + y(n− p)xpyn−p−1) = 0.

Thus, for anyp, (2p + (n − p))ap,n−p = 0, which
yieldsap,n−p = 0 since(2p+ (n− p)) = n+ p 6= 0.
This proves the recursion. 2

Remark. The proof above shows why the hyperbolic
case is undetermined. Ifa2,0 = 2 anda0,2 = −1, one
would get the condition

(2p− (n− p))ap,n−p = 0.

Hence, the coefficient of eachxpy2p can be chosen at
will. We mention that the parametert of the family
( ft ) of solutions given in Section 4 could be defined as

a1,2 = 2/t.

Also, the family of Section 4 by no means exhausts the
set of solutions which should be indeed parametrized
by all the coefficientsap,2p for p ≥ 1.

4. The Hyperbolic Case: A Family of Solutions

We now exhibit a family( ft ) of solutions of (5) of The-
orem 1. We will prove the following additional prop-
erties:

(vi) The function(t, x, y) 7→ ft (x, y) is real analytic
on (]0,+∞[×R2)\D, with

D = {(t, x, y); y = 0, x+ t ≤ 0}.

(vii) For a fixed t∈ ]0,+∞[, ft is real analytic on
R2\Dt , with

Dt = ]−∞,−t ] × {0}.
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(viii) When t converges to zero, ft converges uniformly
on every compact domain to f0, defined by

f0(x, y) = 2x|x| + y2.

Finally, we mention without giving the proof here
the fact that, atPt = (−t, 0), ft is continuously differ-
entiable, but not twice continuously differentiable, and
that, at any point ofDt\{Pt }, ft is continuous but not
differentiable.

4.1. Construction of ft

We defineft by the relation:

ft (x, y) = 2x2+ y2+ 4

3
g(a, b)(2a− g(a, b)), (8)

wherea, b andg(a, b) are given below. Introduce the
polynomial functionH defined by

H(g,a, b) = (g− 2a)(g+ a)2− 2b. (9)

SinceH(·,a, b) is a polynomial of degree 3, it has al-
ways at least one real root. For(a, b) ∈ R × R+, we
define a real numberg(a, b) by any of the two follow-
ing properties:

Continuity definition: g(a, b) is a root of H(·,a, b),
the function (a, b) 7→ g(a, b) is continuous and
g(0, 1

2)= 1.
Greatest root definition: g(a, b) is the greatest real root
of H(·,a, b).

We prove in Section 4.2 that these two definitions
are equivalent. We complete the definition offt (x, y)
by setting

a = x + t, b = 27

8
ty2.

Remark. Although the aspect of (8) could lead to
think otherwise, eachft has indeed a saddle point at
(0, 0). One can prove that

ft (x, y) = 2x2− y2+ 2xy2/t + o((x2+ y2)3/2).

Remark. The definition of the functionsft may seem
arbitrary. The way by which we get to these expressions
involves heavy computations and does not seem to us
to be interestingper se. Hence, we skip this part in the
present exposition.

Equation (8) givesft (x, y) as a polynomial function
of (x, y, t, g(a, b)). Furthermore,(a, b) is polynomial
in (x, y, t). Hence, the continuity, respectively the real
analyticity, ofg(a, b)with respect to(a, b) implies the
same regularity offt (x, y) with respect to(x, y). We
now study the regularity properties ofg(a, b).

4.2. Explicit Definition of g(a, b)

Set r = a3 + b. The discriminant, see [4], of the
polynomialH(·,a, b) is

s= r 2− a6 = b(2a3+ b),

and the sign ofs gives the number of real roots of
H(·,a, b). Figure 4 shows the corresponding decom-
position of the(a, b) upper half planeR× R+.r On A+ = {s> 0}, H(·,a, b)has one real root, given

by Cardan’s formula:

g(a, b) = (r + s1/2)1/3+ (r − s1/2)1/3. (10)

Sincer > 0 on this domain,s1/2− r < s1/2+ r and
g(a, b) > 0. Finally, for (a, b) = (0, 1

2), one has
r = 1

2, s= 1
4 andg = 1.r On A− = {s < 0}, H(·,a, b) has three real roots,

given by

gk = −2a cos(φk),

whereφ2− φ1 = φ3− φ2 = 2π/3 and

φ1 = 1

3
arccos(−r/a3). (11)

Figure 4. Decomposition of the(a, b) half plane.
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Notice that the formula (11) makes sense onA− since
s< 0 impliesb > 0 and 2a3+ b < 0, hence

a3 < a3+ b = r < −a3.

Recall that, by definition, arccos(φ) belongs to
[0, π ]. Hence,φ1∈ ]0, π/3[, g1> 0 andg2< g3 <

g1. We setg(a, b) = g1.r On A={s= 0, b> 0}, one has

H(g,a, b) = (g+ 2a)(g− a)2.

We setg(a, b) = −2a > 0.r OnC = {b = 0, a > 0} and onE={b= 0, a≤ 0},
one has

H(g,a, b) = (g− 2a)(g+ a)2.

We setg(a, b)= 2a> 0 onC andg(a, b)=−a≥ 0
on E.

The choices written above imply that, on the whole
(a, b) upper half plane, one has:

* g(a, b) is the greatest real root.
* g(a, b) is the only nonnegative root.
* g(a, b) is a simple root of H(·,a, b) if (a, b) /∈ E.
* g(a, b) is positive, except when(a, b) = (0, 0).

Hence, our choices fulfill the “greatest root” definition.
As for the “continuity” definition,g is continuous on
A+ and on A−. In order to prove the continuity of
g everywhere, let(a0, b0) be a point ofA, C or E,
and assume that(a, b) converges to(a0, b0). Let g0

be any limit point ofg(a, b). Then, g0 ≥ 0 since
g(a, b) ≥ 0 everywhere. Furthermore,g0 must be a
root of H(·,a0, b0) by continuity of H . Hence,g0 =
g(a0, b0) sinceg(a0, b0) is the only nonnegative root
of H(·,a0, b0). This proves thatg is continuous at
(a0, b0).

Figure 5 plots the real roots ofH(·,a, b) at any point
(x, y) ∈ R2, whent = 1.

In order to give a better understanding of the shape
of this surface, Fig. 6 shows the sectionx = −2.

Figures 7 and 8 plot the functionsg1 defined by
g1(x, y) = g(a, b) whent = 1, and f1, respectively.

4.3. Real Analyticity of g

One sees thatg(a, b) is always a simple root of
H(·,a, b), when(a, b) /∈ E, and thatg is continuous.

Figure 5. Real roots ofH(·,a, b) for t = 1.

Figure 6. Sectionx = −2 of the surface of Fig. 5.

Figure 7. The function(x, y) 7→ g1(x, y).

This shows thatg is in fact the local inversion of
H(·,a, b) defined in a neighbourhood of the point
(0, 1

2). Recall that, at any point whereg0 is a simple
root of H(·,a0, b0), the usual theorem of local inver-
sion yields a functiong, defined and continuous on a
neighbourhoodU of (a0, b0), such thatg(a0, b0) = g0
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Figure 8. The function(x, y) 7→ f1(x, y).

and H(g(a, b),a, b) = 0 on U . Furthermore, the
local inversion theorem for analytic functions, see [4],
ensures thatg is in fact real analytic onU , whereU
can be any domain on whichg(a, b) is everywhere a
simple root. This proves the real analyticity ofg on
{b > 0}, hence the real analyticity offt on {y 6= 0},
since the function(a, b) 7→ (x, y) is obviously real
analytical at any(a, b) such thatb > 0.

On the contrary, the half lineC = {b = 0, a > 0}
needs a little extra care. Fix(a0, 0) ∈ C. In a neigh-
bourhood of(a0, 0), g is given by Cardan’s formula
(10), since (10) is valid onA+ and, by continuity, on
C as well. Furthermore,

s1/2 = ±cyu1/2, c = (27t/8)1/2,

where the± sign is given by the sign ofy and where
u = 2a3 + b. In a neighbourhood of(a0, 0), r andu
are positive and (10) may be re-written as

g(a, b) = (r + cyu1/2)1/3+ (r − cyu1/2)1/3. (12)

The right hand side of (12) is real analytic with respect
to (a, y), henceg(a, b) is real analytic with respect to
(a, y), everywhere except onE. This implies thatft

is real analytic everywhere except onDt .

Remark. The functiong is also real analytic with re-
spect to(a, b) at points ofC different from(0, 0) but
we do not need to prove this stronger property.

Remark. A different proof of the analyticity ofg on
{b > 0} entails definingg everywhere by Cardan’s
formula (10), and using well chosen determinations of
the square and cubic roots functions on the complex
plane.

Figure 9. The function(x, y) 7→ g0(x, y).

Figure 10. The function(x, y) 7→ f0(x, y).

4.4. Limit Cases

4.4.1. The Case t== 0. When t = 0, the defini-
tions above still make sense. The following choice
of g0(x, y) guarantees thatgt (x, y) = g(a, b) con-
verges tog0(x, y)whent converges to zero. Here again,
g0(x, y) must be nonnegative, hence

g0(x, y) = 2x(x > 0), g0(x, y) = −x(x ≤ 0).

Equation (8) then gives

f0(x, y) = 2x|x| + y2, (13)

which proves property (viii), see Figs. 9 and 10.

4.4.2. The Set E. In this section,t > 0 and we
study the regularity offt andgt , defined bygt (x, y) =
g(a, b) at points(a, b) ∈ E, or equivalently at points
(x, y) ∈ Dt . We first prove thatgt is not differentiable.
Recall that, fora > 0, i.e., forx > −t , one has

gt (x, 0) = 2(x + t), ft (x, 0) = 2x2,
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while for a ≤ 0, i.e., forx ≤ −t , one has

gt (x, 0) = −(x + t), ft (x, 0) = 2x2− 4(x + t)2.

We fix a point(x, 0) ∈ Dt and we look for a limited
expansion ofgt (x, y) wheny is near zero. Using (9),
one gets

gt (x, y) = −a+ c(x)y+ o(y),

wherec(x) depends ony, only through its sign:

c(x) = ±3

2
(−t/a)1/2.

We need the following Lemma.

Lemma 1. If (a, b) /∈ E, then g(a, b) > |a|.

Proof: For any(a, b) /∈ E, one has

H(|a|,a, b) = −2|a|3− 2a3− 2b < 0.

SinceH(g,a, b) goes to+∞wheng goes to+∞, this
implies thatH(·,a, b) has a real root which is greater

Figure 11. Three sections ofg1.

Figure 12. Three sections off1.

than|a|. This proves Lemma 1 becauseg(a, b) is the
greatest real root ofH(·,a, b). 2

Lemma 1 implies that

gt (x, y) = −a+ 3

2
(−t/a)1/2|y| + o(y).

Hence,gt has a wedge at(x, 0) ∈ Dt and is not dif-
ferentiable onDt (even atPt = (−t, 0) since, there,
the slope of the wedge is infinite). Figures 11(a), (b)
and (c), show three sections ofg1 through points ofD1:
x = −1, x = −3 andx = −5.

Going back toft , (8) yields

ft (x, y) = 2x2− 4a2− 8(−ta)1/2|y| + o(y),

near a point(x, 0) of Dt . Hence,ft is not differentiable
on Dt\{Pt }. The wedge offt vanishes atPt , henceft

is differentiable atPt , where∇ ft = (−4t, 0). Finally,
ft cannot be real analytic atPt since this would im-
ply that ft is differentiable in a neighbourhood ofPt .
This proves properties (vi) and (vii). Figures 12(a), (b)
and (c), show the three sections off1 which correspond
to Fig. 11.
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4.4.3. The Case t== +∞. We prove property (v).
Fix (x, y) and lett go to infinity. Then,a ∼ t , so that
(x, y) belongs toA+ or C whent is large enough, and
g(a, b) is given by Cardan’s formula (10). We look for
an expansion ofg(a, b)with respect tot and to powers
of 1/t , using the equivalents:

r ∼ a3, s∼ 2ba3.

Expanding the cubic and square roots of (10), one gets

g(a, b) = 2a+ 2

9
b/a2+ o(1/t),

which, in terms of(x, y), is equivalent to

gt (x, y) = 2(x + t)+ 3

4
y2/t + o(1/t).

Finally, using (8), the expansion offt reads as follows:

ft (x, y) = 2x2− y2+ o(1).

This means thatSt converges to the hyperbolic sur-
faceSH , see Fig. 13. Notice that the pointPt goes to
(−∞, 0) and thatfH is real analytic onR2.

4.5. ft is a Solution of(5)

The expression (13) off0 shows that f0 is solution
of (5). Turning to the caset > 0, we differentiate
H(·,a, b) with respect tox and toy. Using the ex-
pression (9) ofH(g,a, b), one gets

(g2− a2) ∂xg = 2ag+ 2a2,

(g2− a2) ∂yg = 9

2
ty.

Figure 13. SurfaceSH : z= 2x2 − y2.

When (a, b) /∈ E, Lemma 1 ensures thatg 6= −a.
Hence, for(a, b) /∈ E, one has

(g− a) ∂xg = 2a, (14)

(g− a) ∂yg = 9

2
ty/(g+ a). (15)

The expression (8) offt (x, y) by means ofg(a, b)
yields the gradient offt as a function of the gradi-
ent ofg. Plugging (14) and (15) into this expression of
the gradient offt , one gets

∂x f = 4x + 8

3
(g− 2a),

∂y f = 2y− 12ty/(g+ a).

The left hand member of (5) can then be written as

(∂x f )2+ (∂y f )2 = 16x2+ 4y2+ R,

where the remaining termR is

R= 8x
8

3
(g− 2a)+ 64

9
(g− 2a)2

− 4y 12ty/(g+ a)+ 144t2y2/(g+ a)2. (16)

Using the expression (9) ofH , one can eliminatey
from (16) through

12ty2/(g+ a)2 = 16

9
(g− 2a). (17)

Plugging (17) into (16), one gets an expression ofR
as a function of(g,a, x, t). Finally, a = x + t yields
R= 0, which proves the claim.

Figure 14 plots the image of the surfaceS2 of equa-
tion z = f2(x, y), with front lighting. The image is

Figure 14. S2 lit from the direction of the observer.
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indeed identical to the one of Fig. 2, with the exception
of D2\{P2}, where f2 is not differentiable.

5. Conclusion

As mentioned in the introduction, an application of
Theorem 1 is the perhaps surprising possibility of non-
visible smooth deformations. We simulated the defor-
mation of the surfaceS0, represented in Fig. 10, into
the surfaceSt for t ∈ [0, 1], checking that the image
remains indeed identical. Notice that one needs no hy-
pothesis about the behaviour of the surfaceS with re-
spect to the re-emission of light, i.e., about the function
r ((∂x f )2+ (∂y f )2) of (2).

On the other hand, if one modifies the direction of
the observation or of the lighting, the deformations that
we built in Section 4 become visible. Such deforma-
tions are invisible only in the context of monovision,
as opposed to stereovision which, therefore, seems to
prevent efficiently, from the practical point of view, the
ambiguity in shape from shading demonstrated in this
paper. This shows, if necessary, the superiority of the
stereovision methods over the monovision methods for
the problems of shape reconstruction.
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