A BAYESIAN APPROACH FOR THE JOINT ESTIMATION OF THE MULTIFRACTALITY
PARAMETER AND INTEGRAL SCALE BASED ON THE WHITTLE APPROXIMATION
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SUMMARY

Multifractal models are characterised by two parameters, the multifractality parameter ¢, and the integral

beyond which the multifractal properties vanish)
non-Gaussian properties of multifractal process

ale J (the dyadic scale

Joint estimation of ¢, and 7 is challenging due to the strong dependence and
. This contribution proposes a Bay

ian procedure for the joint estimation of ¢, and

J. lts originality lies in the construction of a generic multivariate model for the statistics of the logarithm of the wavelet leaders for

multifractal cascade-based processes and in the use of a Whittle approximation for the likelihood associated with the model. The
excellent performance is demonstrated numerically on synthetic multifractal processes and wind-tunnel turbulence data
MULTIFRACTAL ANALYSIS
AL SPECTRUM CUMULANT EXPANSION
SGULARITY: - Polynomial expansion around ¢ = 0
3 CR
locally ot ) q"
ocally bounded function X (¢) o)=Y o
— local power law behavior = P
1“)((07)(1““)‘ S:‘f;t”‘“ C}> 0, a>0 D(h) <1—(h— )/ Qles)) + -
argest such oz Holder exponent A(to) ey — parameter of multifractality .
- MULTIFRACTAL SPECTRUM: ~Cyj) = A+ ¢, n 2 — peth cumulant of In L (j, k)
— geometric structure of subsets By, : h(t;) = h ‘ l
_ Co(j) = Var InLy(j.k)] = &+ In2’
D(h) = dimppauedoril EM}
valid for 1 < j < J with 7 - integral scale
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'WAVELET LEADERS
Lx(j.k) = sup Jdx(\)]
NC3A
dx(j, k) — dyadic wavelet transform coefficients

Ak - dyadic cube ((k — 1)27, k2]
3Aj4 - umion with two closest neighbors

— local supremum of wavelet coefficients

scan ! 00

MULTIFRACTAL FORMALISM
-Scaling function and integral scale J

1
S2,q)=— Ly(j. k)1 =200 1<2 <27
2.0 n,E s(: k) <Y<

(lq) = liminflog, S(2/. q)/ log, 2’
250
- Legendre spectrum:
L(h) = miny(1+gh —((q)) > D(h)

— upper bound for multifractal spectrum

- ESTIMATION OF ¢,: most common by linear fit (LF)

MODELING WAVELET LEADER STATISTICS
- MARGINAL DISTRIBUTION MOD!

~multifractal processes and their wavelet cocfficients / leaders:
X strongly non-Gaussian marginals

~logarithm of wavelet leaders
./ mumerically shown to be well modeled by a Gaussian

[ixGik) = mLx(jik) ~ N(p, &+ )]

-INTRA-SCALE COVARIANCE MODEL

~induced by the multiplicative cascade construction
- proposed model
-asymptotric decay of Covllx(j, k), Lx(j, k + Ak)]

[T,(Ak;

=n+cln Ak +1n 2)]

- piece-wise linear in In Ak coordinates

Covlly(j, k). Ly (j. k + Ak)] = £,(Ak: 0) =
&+ jeyIn2 it Ak=0
=l — Gt on3) + A+ jen2 if 1<AR<2
max(0, T (Ak: ¢3)) it 3< Ak

- parametrized by 8 = [eo, 3, 7]

-INTEGRAL SCALE
—J related to the correlation length of the leaders
—Covlix(j, k), Ix (G, k + Ak)] = 0 for Ak = 2752/2
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BAYESIAN ESTIMATION

BAYESIAN MODEL
-DATA
Scale-wise centered log-leaders I;=[lx(j,1),. .., Lx (. n)]"
~covariance $(6) = E[L;1!] induced by %;(Ak; 6)
-multivariate Gaussian distribution
P oy —d 1
F(1,18)= ((27)" det ,(0)) “(‘Xp(fil,TE,(g)’llj),
- LIKELIHOOD
F(ex10) =TT, F1,10). with £x =17, ..
-PRrIOR for @
— ensure positivity of variance C(j) = [£,(6)],,
1(6) o 1¢,(8).
-POSTERIOR DISTRIBUTION
T(0lex) o [ (£x0) f(6).

— maximum a posteriori (MAP) estimator

with Cy admissible set

— minimum mean squared error (MMSE) estimator

sIBBS SAMPLER
-suc ly sample from conditional distributions
fleoled,m £x). f(Slez,n, £x) and f(y]ez, &3, €x)
-random walk with Normal instrumental distribution
-state 81 = [, &)yt
1/3 state vector 89 =(...)= 9/ = [l (S0 0]
2/3 state vector 971/ =(
~draw a candidate ¢ and set 8 = [V, ) n(]

“accept candidate 8 with Metropolis-Hastings probability
_ _f8")ey)
P4 = Flo ey
)= Q4213
o gt

o
LD )

-3/3 state vector 8" =( D )

-approximation of Bayesian estimators
N

NUMERICAL EXPERIMENTS
-Synthetic data: Multifractal Random Walk (100 realizations)
multiplicative cascade based multifractal process
@#0, ¢=0Yp>3
1

- Daubechics 2 vanishing moments, j, =

j2=6
values of J

—0.03 and a wide range of

RIBUTION AND SAMPLE COVARIANCE

T2, =3 TE8,.043
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- ESTIMATION PERFORMANCE
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- RESULTS

— ¢ estimation performance gain of up to a factor 4

— reliable estimation of the integral scale J

APPLICATION TO TURBULENCE DATA
- Wind-tunnel turbulence data
-R

24 runs of longitudinal Eulerian velocity signals

ASE 1 L aMAP ~ Reynolds mumber Ry & 2000 and integral seale J = 13
0" 00 0" = argma 1 (67]ex) ) . )
argmax [ (070 ) | | Etimation with [j1, g2, No] = [6.10.3]
7 c2 J
'WHITTLE APPROXIMATION ~oors 125
-5(6)" costly and numerically unstable o WW @
P . . o
— Gaussian likelihood approximated in the spectral domain e "
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il
‘f(ex\e) o exp (-%Zhn),(w.s)w/(f_";)) ‘

11,(w) = | 5 x4, k) exp(isk)*/n; - periodogram of Ly (j, k)
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Related toolbox Bayesian estimation for image texture
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1(w; @) - parametric spectral density associated with ¥;(Ak; 0)

ICASSP 2015

BRISBANE AUSTRALIA




