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Summary
Multifractal models are characterised by two parameters, the multifractality parameter c2 and the integral scale J (the dyadic scale

beyond which the multifractal properties vanish). Joint estimation of c2 and J is challenging due to the strong dependence and

non-Gaussian properties of multifractal processes. This contribution proposes a Bayesian procedure for the joint estimation of c2 and
J . Its originality lies in the construction of a generic multivariate model for the statistics of the logarithm of the wavelet leaders for

multifractal cascade-based processes and in the use of a Whittle approximation for the likelihood associated with the model. The

excellent performance is demonstrated numerically on synthetic multifractal processes and wind-tunnel turbulence data.

MULTIFRACTAL ANALYSIS

Multifractal Spectrum
-Local regularity:

locally bounded function X(t)
�! local power law behavior

�! |X(t)�X(t0)|  C|t� t0|↵ C > 0, ↵ > 0

�! largest such ↵: Hölder exponent h(t0)

-Multifractal spectrum:

�! geometric structure of subsets Eh : h(ti) = h

D(h) = dimHausdor↵{E(h)}
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Wavelet leaders

LX(j, k) = sup
�0⇢3�j,k

|dX(�0)|

dX(j, k) – dyadic wavelet transform coe�cients

�j,k – dyadic cube ((k � 1)2j, k2j]
3�j,k – union with two closest neighbors

�! local supremum of wavelet coe�cients

LX(j,k) = sup
λ’∈ 3 λ |dX,λ|

λ’∈ 3 λ
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Multifractal formalism

- Scaling function and integral scale J

S(2j, q) =
1

nj

X

k

LX(j, k)
q ' 2⇣(q), 1  2j  2J

⇣(q) = lim inf
2j!0

log2 S(2
j, q)/ log2 2

j

- Legendre spectrum:

L(h) = minq(1 + qh� ⇣(q)) � D(h)

�! upper bound for multifractal spectrum

Cumulant expansion
- Polynomial expansion around q = 0:

- ⇣(q) =
X

p�1

cp
qp

p!

-D(h)  1� (h� c1)2/(2|c2|) + · · ·
. c2 – parameter of multifractality

.
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-Cp(j) = c0p + cp ln 2j – p-th cumulant of lnLX(j, k)

C2(j) ⌘ Var [lnLX(j, k)] = c02 + c2 ln 2
j

. valid for 1  j  J with J - integral scale

-Estimation of cp: most common by linear fit (LF)

Modeling wavelet leader statistics
-Marginal distribution model

-multifractal processes and their wavelet coe�cients / leaders:

. X strongly non-Gaussian marginals

- logarithm of wavelet leaders:

.
p

numerically shown to be well modeled by a Gaussian

lX(j, k) = lnLX(j, k) ⇠ N (µ, c02 + c2 ln 2
j)

- Intra-scale covariance model

- induced by the multiplicative cascade construction

- proposed model:

- asymptotric decay of Cov[lX(j, k), lX(j, k +�k)]

�j(�k; c2) = ⌘ + c2(ln �k + ln 2j)

- piece-wise linear in ln�k coordinates

Cov[lX(j, k), lX(j, k +�k)] = ⌃j(�k;✓) =

=

8
><

>:

c02 + jc2 ln 2 if �k ⌘ 0
ln�k+1

ln 4

�
⌘ � c02 + c2 ln 3

�
+ c02 + jc2 ln 2 if 1  �k  2

max(0,�j(�k; c2)) if 3  �k

- parametrized by ✓ = [c2, c02, ⌘]
T

- Integral scale

–J related to the correlation length of the leaders

–Cov[lX(j, k), lX(j, k +�k)] = 0 for �k = 2
�⌘

c2 ln 2/2j

J = � ⌘

c2 ln 2
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BAYESIAN ESTIMATION

Bayesian model
-Data

Scale-wise centered log-leaders lj=[lX(j, 1), . . . , lX(j, nj)]
T

- covariance ⌃j(✓) = E[ljlTj ] induced by ⌃j(�k;✓)
-multivariate Gaussian distribution

f (lj|✓)=
�
(2⇡)nj det⌃j(✓)

��1
2 exp

⇣
�1

2
lTj ⌃j(✓)

�1lj
⌘
.

-Likelihood

f (`X|✓) =
Qj2

j=j1
f (lj|✓), with `X = [lTj1, ..., l

T
j2]

T

-Prior for ✓

�! ensure positivity of variance C2(j) = [⌃j(✓)]l,l

f (✓) / 1C2(✓), with C2 admissible set

-Posterior distribution

f (✓|`X) / f (`X|✓) f (✓) .

�! maximum a posteriori (MAP) estimator

�! minimum mean squared error (MMSE) estimator

Gibbs sampler
- successively sample from conditional distributions

f (c2|c02, ⌘, `X), f (c02|c2, ⌘, `X) and f (⌘|c2, c02, `X)
- random walk with Normal instrumental distribution

- state ✓(t) = [c(t)2 , c0(t)2 , ⌘(t)]:

1/3 state vector ✓(t) )(. . . )) ✓(t+1/3) = [c(t+1)2 , c0(t)2 , ⌘(t)]

2/3 state vector ✓(t+1/3) )(

- draw a candidate c0(⇤)2 and set ✓(⇤) = [c(t+1)2 , c0(⇤)2 , ⌘(t)]
- accept candidate ✓(⇤) with Metropolis-Hastings probability

⇢c02 =
f (✓(?)|`X)

f (✓(t+1/3)|`X)

)) ✓(t+2/3) = [c(t+1)2 , c0(t+1)2 , ⌘(t)]

-3/3 state vector ✓(t+2/3) )(. . . )) ✓(t+1) = [c(t+1)2 , c0(t+1)2 , ⌘(t+1)]

- approximation of Bayesian estimators

✓̂
MMSE

⇡ 1

Nmc �Nbi+1

NmcX

t=Nbi+1

✓(t); ✓̂
MAP

⇡ argmax
t=1,...,Nmc

f
⇣
✓(t)|`X

⌘

Whittle approximation
-⌃j(✓)�1 costly and numerically unstable

! Gaussian likelihood approximated in the spectral domain

f (`X|✓) / exp

 
�1

2

X

!

ln#j(!;✓) +
⇧j(!)

#j(!;✓)

!

⇧j(!) = |
P

lX(j, k) exp(i!k)|2/nj - periodogram of lX(j, k)

#j(!;✓) - parametric spectral density associated with ⌃j(�k;✓)

.Numerical experiments
- Synthetic data: Multifractal Random Walk (100 realizations)
. multiplicative cascade based multifractal process
. c2 6= 0, cp ⌘ 0 8p � 3
- Daubechies’ wavelet N = 2 vanishing moments, j1 = 3, j2 = 6

-N = 218 = 262144, c2 = �0.03 and a wide range of values of J
- Marginal distribution and sample covariance
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- Estimation performance
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- Results

�! c2 estimation performance gain of up to a factor 4

�! reliable estimation of the integral scale J

Application to Turbulence data
-Wind-tunnel turbulence data

–R = 24 runs of longitudinal Eulerian velocity signals

–Reynolds number R� ⇡ 2000 and integral scale J = 13

-Estimation with [j1, j2, N ]= [6, 10, 3]
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Bayesian estimation for image texture

http://www.irit.fr/~Herwig.Wendt/publications.html


