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Context

» scale invariant dynamics: wide range of physical systems

» temporal dynamics lack a characteristic scale
— identification of mechanisms that relate the scales
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Context

» scale invariant dynamics: wide range of physical systems

» temporal dynamics lack a characteristic scale
— identification of mechanisms that relate the scales

> many sensors jointly record data — multivariate

» scale invariance mostly restricted to univariate analysis
» model for multivariate Gaussian self-similarity

» non Gaussian multivariate scale invariance

— operator fractional Lévy motion
— joint wavelet eigenanalysis estimation
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Operator self-similarity

Scale invariance and self-similarity

» Intuition: temporal dynamics without characteristic scale
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Active Connections (WAND, Auckland, 1998) [Abry et al.]
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Operator self-similarity

Scale invariance and self-similarity

» Intuition: temporal dynamics without characteristic scale

» Definition: X is self-similar if its finite-dimensional
distributions (fdd) are invariant w.r.t. change of time scale

{X(0)}eer & {a"X(t/a)}ier,

VYa>0

— H: Hurst parameter

— re-scaling power law factor af
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Operator self-similarity

Scale invariance and self-similarity

» Intuition: temporal dynamics without characteristic scale

» Definition: X is self-similar if its finite-dimensional
distributions (fdd) are invariant w.r.t. change of time scale

fdd
{X(t)}eer = {a"X(t/a)}ter,
Va>0
— H: Hurst parameter
— re-scaling power law factor af
» Example: fractional Brownian motion (fBm) [Mandelbrot68]

— only Gaussian, self-similar process with stationary increments
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Operator self-similarity

Multivariate covariance self-similarity for Y = (Y1,..., Yu)

E[Y(s)Y(£)"] = o E[Y(s/a)Y(t/a)"] &

Va >0
» Hurst exponent vector
H: (Hla"")HM)
» Hurst matrix parameter
H = Pdiag(H)P~!
H._ 5~ Foo | ok k : L
> a=:=) “log"(a)H"/k! (matrix exponentiation)

— mixtures of power laws
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Operator self-similarity

Multivariate covariance self-similarity for Y = (Y1,..., Yu)

E[Y(s)Y(£)"] = o E[Y(s/a)Y(t/a)"] &

Va>0
» Hurst exponent vector
H=(Hi,..., Hy)
» Hurst matrix parameter
H = Pdiag(H)P~!
> all = yoiee logk(a)H* / k! (matrix exponentiation)

— mixtures of power laws

v

Example: operator fractional Brownian motion (ofBm)
[Didier11,Abry18]
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Operator self-similarity

Multivariate covariance self-similarity for Y = (Y1,..., Yu)

E[Y(s)Y(£)"] = o E[Y(s/a)Y(t/a)"] &

>

Va>0
Hurst exponent vector
H: (H17"'7HM)
Hurst matrix parameter
H = Pdiag(H)P~!
atl .= yoies logk(a)H* / k! (matrix exponentiation)

— mixtures of power laws

Example: operator fractional Brownian motion (ofBm)
[Didier11,Abry18]

Only if mixing matrix P is diagonal:
— component-wise covariance self-similarity relations ~ fBm

E[Yi(s)Yy(t)] = a"THCE[ Y (s/a) Yu(t/a)], 0,0 =1,2,....M

VYa>0
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Operator fractional Lévy motion (ofLm)

Operator fractional Lévy motion: definition (bi-variate)

new class of non-Gaussian multivariate fractional processes
with same covariance structure of ofBm

LAL(t) = (La(2), La(t) }eer
— two-sided symmetric Lévy process in R?
- EL(D)L(1)* =%, || < 0
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Operator fractional Lévy motion: definition (bi-variate)

new class of non-Gaussian multivariate fractional processes
with same covariance structure of ofBm

LAL(t) = (La(2), La(t) }eer
— two-sided symmetric Lévy process in R?
- EL(D)L(1)* =%, || < 0

2. (pre-mixed) process X _
X(t) = (g * L)(t)
u

— fractional kernel g¢(u) := uf — (v —t)?, D = diag(H) — 3/,
O<H <Hy<1
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Operator fractional Lévy motion (ofLm)

Operator fractional Lévy motion: definition (bi-variate)

new class of non-Gaussian multivariate fractional processes
with same covariance structure of ofBm

LAL(t) = (La(2), La(t) }eer
— two-sided symmetric Lévy process in R?
- EL(D)L(1)* =%, || < 0

2. (pre-mixed) process X

X(t) = (g * L)(1)

— fractional kernel g¢(u) := uf (u— t)+, = diag(H) — %/'

O<H <Hy<1
3. (bivariate) ofLm YHLP = px

{YEEP @), YELP () ier = P{Xin (8), Xi(£) beer

— P real-valued, invertible
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Operator fractional Lévy motion (ofLm)

Operator fractional Lévy motion: properties

> (pre-mixed) process X:
— stationary increments
— covariance function identical to that of fBm

EX, (£) Xk, (s) = {[t[" + [s|*™ — [t = s|*™}of /2. (1)

> entrywise processes Xp,: correlated fractional Lévy processes
with Hurst parameters Hy € (0,1)
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Operator fractional Lévy motion (ofLm)

Operator fractional Lévy motion: properties

> (pre-mixed) process X:
— stationary increments
— covariance function identical to that of fBm

EX, (£) Xk, (s) = {[t[" + [s|*™ — [t = s|*™}of /2. (1)

> entrywise processes Xp,: correlated fractional Lévy processes
with Hurst parameters Hy € (0,1)

» ofLm YH:LP: multivariate covariance self-similarity relation
identical to ofBm

E[Y(s)Y(t)*] = a2 E[Y(s/a)Y(t/a)*] a¥ " ,Va >0

(under conditions: H and pg cannot be selected independently)
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Multivariate discrete wavelet transform

] k

» Discrete Wavelet Transform (DWT): S 1 1 I P I

» oscillating reference pattern g
— number of vanishing moments N;:

=0 VHZO,...,Nﬂ,—l
t" t)dt
fn wO() {#0 nZqu

- : = i t72.jk i 2
{%,k(t) 572 %0 ( > ) }U o orthonormal basis of £(R)

)

ole|e
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Multivariate discrete wavelet transform

] k

» Discrete Wavelet Transform (DWT): S 1 1 I P I

» oscillating reference pattern g
— number of vanishing moments N;:

=0 VHZO,...,Nﬂ,—l
t" t)dt
fn wO() {#0 nZqu

- : = i t72.jk i 2
{¢J7k(t) 572 %0 ( > ) }U o orthonormal basis of £(R)

)

ole|e

» wavelet coefficients of single time series X:

dx (2, k) = (i k(1) X(1))
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Multivariate discrete wavelet transform

] k

» Discrete Wavelet Transform (DWT): S 1 1 I P I

» oscillating reference pattern g
— number of vanishing moments N;:

=0 VHZO,...,Nw—l
t" t)dt
ff/z wO() {#0 nZqu

- : = i t72.jk i 2
{¢J7k(t) 572 %0 ( > ) }U o orthonormal basis of £(R)

)

ole|e

» wavelet coefficients of single time series X:

dx (2, k) = (i k(1) X(1))

» multivariate DWT of Y = (Y1,..., Yu):
(D(2j7 k)) = DY(2jv k) = (dY1(2j7 k), .o dYM(2j7 k))
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

» empirical wavelet spectrum (sample size N)

ni

. 1 « . ,

S(2) = =3 D, D@, k), =
J k=1

[

N
2
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

» empirical wavelet spectrum (sample size N)

n:

. 1 « . ,

S(2J) = ,T D(2j7k)D(2j)k)*7 hj =
) k=1

[

N
2

> univariate estimation for H,,: '
— log-regressions of entries of S(2/) across scales

J2
. . 1
Hpppy = E w;j logy Smm () | /2 — > Ymm' =1,...,M.

J=h

— fails when mixing matrix P non-diagonal
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

wavelet eigenvalue regression estimators (Hs, ..., Hy):
» eigenvalues A(2) = {A\(2),..., \m(2)} of matrix S(2/)
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

wavelet eigenvalue regression estimators (Hs, ..., Hy):
» eigenvalues A(2) = {\(2),...,  \m(2)} of matrix S(2)

» (weighted) log-regressions across scales 21 < a < 2/2:

J2
N : 1
Hm = g w;j logy Am(2)) /2—5, Vm=1,...,M.

J=n

[Didier11,Abry18]
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

wavelet eigenvalue regression estimators (Hs, ..., Hy):
» eigenvalues A(2) = {\(2),...,  \m(2)} of matrix S(2)

» (weighted) log-regressions across scales 21 < a < 2/2:

J2
N : 1
Hm = g w; logy Am(2/) /2—5, Vm=1,...,M.

J=n

[Didier11,Abry18]

» If Y Gaussian: (Hi,...,Hu) is (under mild assumptions)
» consistent
» asymptotically joint normal
» covariance decrease as N1
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Wavelet eigenvalue estimation for (Hy, ..., Hy)

Joint estimation for (Hy,. .., Hu)

wavelet eigenvalue regression estimators (Hs, ..., Hy):
» eigenvalues A(2) = {\(2),...,  \m(2)} of matrix S(2)

» (weighted) log-regressions across scales 21 < a < 2/2:

J2
N : 1
Hm = g w; logy Am(2/) /2—5, Vm=1,...,M.

J=n

[Didier11,Abry18]

» If Y Gaussian: (Hy, ..., Hp) is (under mild assumptions)

» consistent
» asymptotically joint normal
» covariance decrease as N1

» Empirically, very satisfactory performance for finite sample
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Estimation performance assessment

Numerical synthesis: Quantifying ofLm tail behavior

» non-Gaussian part of L; chosen symmetric tempered stable:
— marginals of Xy, have non-Gaussian tails
— but have finite moments of all orders

[Baeumer2010, Stoev2004]
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» non-Gaussian part of Ly chosen symmetric tempered stable:
— marginals of Xy, have non-Gaussian tails
— but have finite moments of all orders

[Baeumer2010, Stoev2004]
» stability index a € (0, 2)

> tempering parameter v > 0
— exponentially tempered density
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Estimation performance assessment

Numerical synthesis: Quantifying ofLm tail behavior

» non-Gaussian part of Ly chosen symmetric tempered stable:
— marginals of Xy, have non-Gaussian tails
— but have finite moments of all orders

[Baeumer2010, Stoev2004]
» stability index a € (0, 2)

> tempering parameter v > 0
— exponentially tempered density

P (x. t) ox e M p(x, 1)
— v small = heavier tails

» simulation: accept-reject procedure
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Estimation performance assessment

Monte Carlo simulation

> [3: Lévy with
— tempered component « =1 and vy =10"7,...,v =101
— Gaussian component
- H; =035
» [, = Gaussian component of [
— non-diagonal X, correlated Xy, , Xn,
- H, =0.75
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Estimation performance assessment

Monte Carlo simulation

> [3: Lévy with
— tempered component « =1 and vy =10"7,...,v =101
— Gaussian component
- H; =0.35

» [, = Gaussian component of [

— non-diagonal X, correlated Xy, , Xn,
- H, =0.75

» mixing matrix P = ((1,0)7;(1,1)7)
L yiLe

H,L,P
— Y5

is sum of Gaussian and non-Gaussian components
is Gaussian.
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Estimation performance assessment

Monte Carlo simulation

> [3: Lévy with
— tempered component « =1 and vy =10"7,...,v =101
— Gaussian component
- H; =035
» [, = Gaussian component of [
— non-diagonal X, correlated Xy, , Xn,

- H,=0.75

» mixing matrix P = ((1,0)7;(1,1)7)
— Ylﬂ’L’P is sum of Gaussian and non-Gaussian components
— Y;’L’P is Gaussian.

» N =21 1000 independent realizations
> Nw = 2, (jl,jQ) = (4, 11)
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Estimation performance assessment

[[lustration

v=0.1

1
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Estimation performance assessment

Univariate vs. joint estimation for Hy, H,

=10"°
(v multivariate/eigenanalysis

2%

univariate

—MX\ s

225

0 2 4 6 8 10 12 14
octave octave
univariate ‘ multivariate
only dominant exponent H> both exponents Hi, H>
M

no evidence of non-Gaussian tails | Cl for A1 differ from Gaussian case
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Estimation performance assessment

Performance with respect to non-Gaussianity

bias std MSE

0.03 0.08
0.07

0.02
0.01 0.06

0 0.05

-0.01 0.04

-0.02 0.03
-0.03 0.02

-0.04 0.01

— X

-0.05 0 0

107 10 10° 10* 10° 102 10" 107 10° 10° 10* 10° 102 10" 107 10° 10° 10* 10° 102 107
Y Y ol

- 7

> bias constant w.r.t. v

» ~ small / heavier tails — std increase
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Estimation performance assessment

Performance with respect to non-Gaussianity

vy=10"% v=10"*% v=10"3

0.5

04l Hy,v=10"

A
0.65 —* 065 —* 0.65
4 2 0 2 4 4 2 0 2 4 4 2 0 2 4

-4 -2 0 2 4

> H,: (asymptotic) Gaussanity achieved for all instances

> Fi: ~ small / heavier tails — further departure from Gaussian
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Estimation performance assessment

Performance with respect to scale choices

fixed number of scales (j1,j2) from fine (3,7) to coarse (8,12) scales

bias std v MSE
0.06 0.2 0.2 = =
4 —%— A,y =107
0.04 018 —o— A,y =102
<O Ay, of Bm
0.02 0.15 0.16 Aoy = 10-5
0 0.14 | —&— Xy, 7y =102 p
0.02 0.1 ) 042 |9 Ae, ofBm
-0.04 0.1
00687 005 0.08
-0.08 ! 0.06§ R S
-0.1 0 .04
(3,7) (4,8) (5,9 (6,10) (7,11) (8,12) (3,7) (4.8) (5,9) (6,100 (7,11) (8,12) (3,7) (4,8) (5,9 (6,10) (7,11) (8,12)
(415 J2) (J1:72) (41, 72)
» bias (fine scales) - variance (coarse scales) trade-off
» similar for Gaussian and non-Gaussian
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Conclusions and Perspectives

» ofLm: a new model for non-Gaussian scaling dynamics

» given non-Gaussian driving noise, ofLm is parametrized by
— a vector of Hurst (scaling exponent) parameters
— a coordinates (mixing) matrix P
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Conclusions and Perspectives

» ofLm: a new model for non-Gaussian scaling dynamics

» given non-Gaussian driving noise, ofLm is parametrized by
— a vector of Hurst (scaling exponent) parameters
— a coordinates (mixing) matrix P

v

wavelet eigenanalysis based method for the identification of ofLm

» satisfactory estimation for multiple Hurst parameters
(Monte Carlo simulations)

» mathematical properties of the proposed wavelet estimation procedure

v

probabilistic characterization of ofLm

v

applications to neuroscience and Internet traffic data:

» known to display conspicuous non-Gaussian traits
» can be naturally modeled by means of Lévy-type processes.

@]
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