MULTIFRACTAL ANALYSIS
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deling scale tnvariance in applications: self-similar processes and multiplicative

cascades. They imply fundamentally different underlying (additive or multiplicative) mechanisms. Their identification relies on properties often associated with

the former class: self-similarity, monofractality, linear scaling function, null

co parameter. By performing a wavelet leader based analysis of the multifractal

properties of self-similar processes, the present work contributes to a better disentangling of these different properties.

SCALE INVARIANCE

H-8SS1 PROCESSES

MULTIPLICATIVE CASCADES
-WAVELET LEADERS — local supremum of wavelet coefficients =~ H-SELF-SIMILAR (//-SS) WITH — strictly concave scaling function
| STATIONARY INCREMENTS (SI): e < 0
Lx(j, k) = sup |dx(X) (1) y |
NC3A (Xplat) her = {a" Xy ier, a>0 — multifractal
dx(j,k) — DWT coefficients of locally bounded function e FRACTIONAL 'BROWNIAN MOTION (FBM)
3\ir  — dyadic cube [k2/, (k + 1)27) and its 2 neighbors -By(t) = [, f(t,s)dB(s
_SCALING FUNCTION: 2. q) = 1 Z Lx(j, k) 220 F,27¢() dB( ): white Gaussmn noise N (0, o)
AT flt,s) = (t—s)3 "= (=s)y
C(q) = 11£n_1>(r)1f log, S(27,q)/ logy 2/ (2) H € (0,1) (t), =tift >0,(t), =0 elsewhere

CUMULANT EXPANSION

-only Gaussian H-sssi process

- canonical reference for scale invariance modeling:

_ 7N — AU J N oo '
Cp(2) = ¢, + ¢y In2 Cp(2) — p-th cumulant of In Ly (5, k) 1.VgeR: ((q) =qH — strictly linear scaling function: — ¢, =0
p ¢ : B
- ((q) = Z cpq— polynomial expansion around ¢ = 0 2.D(h) = Loth = A, —>  monofractal
p! —o0 elsewhere

p=1 \ :
MULTIFRACTAL SPECTRUM -STA'BLE PROC’ESSES
- LOCAL REGULARITY: - Lyt fR ds)

locally bounded function X(z) — local power law behavior

X(x)— X(xg)| < Clz — x| C>0, a>0
largest such a:  Holder exponent h(x)
- MULTIFRACTAL SPECTRUM:
— geometric structure of subsets Ey, : h(x;) = h
D(h) = Hausdor % = h(x) = h} (3)

- MULTIFRACTAL FORMALISM:

upper bound for multifractal spectrum

min,(1 + gh — ((q)) (4)

Legendre transtorm —

L(h)

> D(h)

M (ds) symmetrlc Q- Stable measure Sa.S (o)

LEVY-STABLE PROCESS L,(%):
-f(t,s)=1(t—s>0)—1(—s > 0),
- H-sssi with H =1/«

LINEAR FRACTIONAL STABLE MOTION (LFSM) Ly .(%):
H—1/a H—1/a

a € (0, 2]

flts)=(t—s) 7 —(=s)y T, ac(l/22)
- H-sssi with H € (0,1)
l.-1<qg<a At +7) = Lia(t)]|? =E|Ly. (1)|) 7|

(ha if0<h <1/,

| —00 elsewhere.

2.Levy: D(h) = 4 —  multifractal

MINIMUM REGULARITY

D(h), Lx: locally bounded functions only — equiv. h,, > 0

Insupy, [dx (7, k)|
In 27

(5)

h,, = lim inf
27—0

- FRACTIONAL INTEGRATION
-if by, < 0: —  FIL,(X) locally bounded for v > max(0, —h,;,)

- apply multifractal formalism to: dgg) (7,k) = 2dx(j, k)

e HERMITE PROCESSES

t

P (u — ) 012y,

LESM:  multifractal properties not yet studied theoretically
+00 Sq Sp—1
-Hp’]{(t) :/ dB(Sl)/ dB(SQ)/dB(Sp)/ —Sk)+
—00 —00 — 00 0

dB(s;): independent realizations of white Gaussian noise N (0, o),
- H-sssi with H € (1/2,1),
-p = 1: Bm, p > 2: non Gaussian

1.Vqg > —1: ot +7)—H,g(®)|!=FE |H, zg(1)|? |7
2. multifractal properties not yet studied theoretically for p > 2

p e N*

7

-Nyo =1 realizations (N = 2!°), D hies’ N, =
RESULTS - - ar foHCM OOO - afo S( #i | ) aMbeRCoserflittH (?7 k 1 _.% |
Process Y C1 Ci — 7 C9 Co ol lo.gl | | o ogl T I
fBmp_o7 0 0.7 | 0.690£0.017 | 0  0.004£0.005 * | |
”Hpﬁ:@)oj) 0 0.7 1 0689+£0.042 0 —-0.001x0.015 =2 »~  Jo2f Lo 7 o2
Hy H=(3.0.7) 0 0.7 1 0.695x£0.000 | 0  —0.01140.032
Hp)[—[:(zljo.?) 0 0.7 | 0.6874+0.074 @ 0  —0.0054 0.043
Lo—195 0 0.8 | 0.820=0.090 | 0O 0.002 = 0.192
Lo—os 0 1.25 | 1.293 £0.156 | 0 | —0.026 £ 0.462 |
Lo r—n75085 | 0 0.80 | 0.801 +0.044 | 0 —0.003 = 0.060
L H=175085 1.0 0.80 1 0.824+0.039 = 0 | —0.005 = 0.050 1
L@7H:<1.5070.70) 0 0.7 0.712 4+ 0.067 0 —0.013 3 0.109
La,H:(1.50,0.7O) 1.0 | 0.7 0.708 =0.061 | 0 —0.014+0.116 | |
L H=(125060) U.0 0.0 0.630 £0.084 0  —0.028 =0.151 | |
Lo r—n125060 | 1.5 0.0 0.634 = 0.079 | 0 | —0.032 4= 0.158 | ‘ ‘ |
1 -5 0 ) 0 0.5 1
CONCLUSIONS

- Conjecture for H-sssi processes:

-((q) piecewise linear
-((q) necessarily controlled by H in a neighborhood of ¢ = 0, hence ¢, = 0

— H-sssi does neither imply linear ((q), nor monofractality

— ¢o = 0 does neither imply linear ((q), nor monofractality

l+ah—H) f H-—1/a<h<H,
elsewhere.
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- Conjecture for LEFSM: D(h) = {




