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Anisotropic mF
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Isotropic MF
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Anisotropic MF
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Prescribed values Estimation with HWT-Leaders Estimation with 2D-DWT leaders.

Goals
Define 2D process that incorporates jointly anisotropy and multifractality

Define the corresponding analysis tool, the hyperbolic wavelet leaders

Anisotropic multifractal textures

Xα0,H0,λ0
(x) =

∫
R2

(ei〈x, ξ〉 − 1)

||ξ||(H0+1)
2,α0

Gλ0
(ξ)dξ

x = (x1, x2) and ξ = (ξ1, ξ2);

• 0 < H0 < 1 : global scale free parameter of the process.

• λ0 > 0 : intermittency parameter, controls the degree of variation of the local regularity along space,

Gλ0(ξ) = TF
{
eω(x)dW (x)

}
, dW (x) 2D-Wiener measure;

ω(x) Gaussian stationary process with cov(ω(x), ω(y)) = −λ2
0 log(||x− y||2),

• λ0 = 0, we set ω(x) ≡ 1.

• 0 < α0 < 2 : global anisotropy parameter

pseudo norme : ||ξ||2,α0
=
√
|ξ1|2/α0 + |ξ2|2/(2−α0).

α0 ≡ 1: we recover the isotropic case

λ0 ≡ 0: we recover the classical exactly self-similar Gaussian OSGRF.

α0 ≡ 1 and λ0 ≡ 0 gives the Gaussian isotropic exactly self-similar 2D-fBf.

Anistropic multifractal Description.

• Anisotropic singularity spectrum : Dα(h) = dH({x | hα(x) = h})
• Anisotropic local regularity exponent : hα(x) = sups{s; |Xα0,H0,λ0(y)− Px(y)| ≤ C||y − x||s2,α}

C a constant and Px(y) a polynomial of the form Px(y1, y2) =
∑

(β1,β2)∈N2 aβ1,β2y
β1
1 y

β2
2 .

Scale-free properties.
Xα0,H0,λ0(x) -characterized by

Dα0(h) = 2− (h− c1)2/c2.

with c1 = c1(α0) = H0 − λ2 and c2 = c2(α0) = λ2
0.

Conclusions
Anisotropy ⇒ Hyperbolic Wavelet Transform
Multifractality ⇒ Hyperbolic Wavelet Leaders

}
⇒ Robustness of estimation.

Hyperbolic wavelet leaders
Hyperbolic Wavelet Transform: two independent dilation factors j = (j1, j2).

Image X(x1, x2) : dX(j,k) =
〈
X(x1, x2), ψj1,j2,k1,k2(x1, x2)

〉
.

where ψj1,j2,k1,k2(x1, x2) = 2−(j1+j2)/2ψ0(x1 − 2j1k1, x2 − 2j2k2)

with ψ0(x1, x2) = ψ0(x1)ψ0(x2) the mother-wavelet (here D3).

Efficiently computed using alternate iterations of the classical 1D and 2D
pyramidal algorithms of the DWT.

Hyperbolic wavelet leaders.

Let β > 0and let 9λj(k) the hyperbolic dyadic rectangles

9λj(k) =]
2j1k1 − 1

2j1
,
2j1k1 + 2

2j1
]×]

2j2k2 − 1

2j2
,
2j2k2 + 2

2j2
] .

Hyperbolic wavelet leaders at scales j and location k : local suprema of
the HWT coefficients accros finer scales

L
(β)
X (j,k) = sup

j ′,k′⊂9λj(k)
2
(j1+j2)β

2 |dX(j′,k′)|.

When X has an anisotropic local regularity exponent hα0(x0) > 0 at
location x0 = (x0,1, x0,2), then for k = (2−j1x0,1, 2

−j2x0,2):

L
(β)
X (j,k) ≤ 2

(hα0+β)(x0) max(
j1
α0
,

j2
(2−α0)

)
, (1)

Parameter β permits to ensure that the process X has enough regularity
for the corner stone Eq. (1) to hold.
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Anistropic multifractal spectrum estimation.

α analysis anisotropy angle (0 < α < 2) : jα(j) = (αj, (2− α)j);

Conjecture : E(|LX(αj, (2− α)j,k)|q) ≈ 2
j
α

(
q − (τα0(q) + (1 + β)q) max( αα0

, 2−α
2−α0

)
)
,

where τα0(q) Legendre transform of Dα0: τα0(q) = minhα0
(qhα0 −Dα0(hα0)).

C1(jα) =
1

njα

∑
k∈Z2

[
logL

(β)
X (jα,k)

]
,

C2(jα) =
1

njα

∑
k∈Z2

[
logL

(β)
X (jα,k)

]2
− [C1(jα)]2 ,

=⇒ C1(αj, (2− α)j) ∼ c1(α) ln 2j

C2(αj, (2− α)j) ∼ −c2(α) ln 2j

where njα denotes the number of hyperbolic wavelet leaders available at scales jα.

ĉp(α) obtained by linear regressions of Cp(αj, (2− α)j) versus j,

then (α0, ĉ1, ĉ2) obtained as α̂cp = argmaxα cp(α), ĉp = cp(α̂cp)

The use of the analysis angle α = 1 amounts to recovering the classical 2D-DWT leaders.
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