TIME-SCALE BLOCK BOOTSTRAP TESTS FOR

NON GAUSSIAN FINITE VARIANCE SELF-SIMILAR PROCESSES WITH STATIONARY INCREMENTS

SCALING (OR MULTIFRACTAL) ANALYSIS

'SCALING A

Scale Invariance

X(t), t € [0,n) -
TX(CL, ]C)

Multiresolution Quantities

Process under analysis Discrete Wavelet Coefficients (vanishing moments Ny)

Wavelet Leaders

Lx(j. k) = supyea,, dv

- Multiresolution quantities of X

jointly depend on analysis scale a and time position ¢

%QZZ; Tx(a, k)|? ~ cq‘a‘C((D

for statistical orders q < [q*_, q:] m g (J\k)SUpADMIdX)\IdX(Jk)
, 22f _______ SO . JORNNN 2 o © . o 2 O N O PP e °« ..
for scales a =27 € |am, au], ar/@m >> 1 21 <_AD3A
C(q) - Scaling exponents EURENNNN R
L D(h) - Multifractal spectrum (can be obtained as the Legendre transform of ((q)) y
(SCALING ESTIMATION A
Structure Functions Estimation Procedures
S(2,q) = L350 | Tx (2, k)|9 ~ ¢,29¢) a) calculate n; coefficients Ty (27, k)
| b) S(27,q) = ;- 2241, [Tx (27, k)|
Log-Cumulants o J | .
— | | C'(27, p) - standard estimate of p-th cumulant of In [Ty (27, -)]
Clg) =2_,-1 ¢y  polynomial expansion ¢) Linear regressions:
Vp>1: O2,p)=c)+c,In2 C(q) = Y20, wjlog, 5(2,q)
. C(27,p): p-th cumulant of In [Ty (27, -)] ¢y = (logye) - 7L w;C(27,p) y
N

'SCALING MODELING

H-sssi processes (e.g. fractional Brownian motion (FBM)) Multifractal (MF) processes (e.g. Mandelbrot’s cascades)

1. deeply tied to additive random walks 1. mostly recursive multiplicative constructions

2. one single self-similarity parameter H 2. whole collection of parameters

3. well-defined fully parametric class of processes 3. broad and not well defined class of processes

1. Significantly different physical or biological mechanisms underlying data
Consequences 2. Scaling parameters «—— physical parameters

3. MF: extra parameters = better fits, BUT derivation of estimation / test procedures / statistical performance delicate

Herwig Wendt, Patrice Abry

Physics Lab., CNRS UMR 5672, Ecole Normale Supérieure de Lyon, France.

herwig.wendt@ens—-lyon.fr, patrice.abry@ens-lyon.fr

SUMMARY  Recently, we showed that bootstrap procedures for scaling analysis efficiently discriminate Gaussian

self similar processes from multifractal processes. In the present contribution, we propose a new joint time-scale block

bootstrap and investigate the relevance of estimation and bootstrap procedures to discriminate non (Gaussian finite

variance self similar processes with stationary increments and multifractal processes.

BOOTSTRAP PROCEDURES

Bootstrap Procedure

#(r)

a) Draw randomly, with replacement, blocks of coefficients from original sample Ly — resample L
b) Calculate S*)(27,¢) and C*")(27, p) on L}m
¢) Calculate ¢*")(¢) and é;m by linear regressions on S*")(27, ¢) and C*")(27, p)

Forr=1,---, R:

Time Block

Time-Scale Block

j Original coefficients

21 ®© © © 0|0 0 o 0|0 o o 0|0 o o 0|0 ¢ ¢ 20]/0 O O O o o o0 o o o

Blocks B 1. of 2Ny, coefficients drawn at each scale independently Blocks By are stripes of time length 2/ in the time-scale plane

L= Need for practical procedures deciding whether H-sssi or MFE are better model for data

J
‘FINITE VARIANCE SELF SIMILAR PROCESSES A
Self similar with stationary increments (H-sssi): Rosenblatt process (ROS):
o {X (1) }ier Jdd a? X (t/a)}ier, Ya > 0 e Most well known finite variance non Gaussian H-sssi process
H —1 41
.{X(t—l—&)— ( )}tER fﬁd {X( )}CLER ‘ZH( _kaRQ{fO 3—u+ (S—U)+ dS}dB(?L)dB(U)
o sclf-similarity parameter H, 0 < H < 1 fR2 ~ double Wiener-1t6 integral
Fractional Brownian motion (FBM): H e (1/2,1), x;y = max{x,0} for x € R
e only Gaussian H-sssi process B(t), t € R - standard Brownian motion
e Scaling properties: [((q) = qH,c; = H, Yp>2: ¢, =0 e Scaling properties: |((q) =qH,ci=H, Vp>2: ¢, =0
- Long range dependence for H € (1/2,1) -Same covariance as FBM, but higher order dependence
- Gaussian marginal distributions -non Gaussian hlghly skewed marginal distributions
FBM 2_ FBMflncrements P - ROS increments & ROS
O. . S
:421-“# QQ plot standard normal | -5  /' QQ plot standard normal
% =2 02 4 -4 -2 0 2 4
_f'4 - %Q plot s(t)andard énormal . —i—lj %Q plot séandard énormal 4 /

‘TIME BLOCK AND TIME-SCALE BLOCK BOOTSTRAP A
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RESULTS

"MONTE CARLO SIMULATION A

Experimental set-up

Estimation performance evaluation Bootstrap performance evaluation

Apply procedures to Nyo ¢ bias
realizations of length n Vo = BN, O — 6
of FBM and ROS

o Niyc = 500, n = 215

o bootstrap mean standard deviation

A >|<2
o Nyc9 )
o b1as—corrected emplrlcal coverage of CI

Cope = En,, I {@ +49 ¢ CI@}

e standard dewatlon

_ — capture time dependence of coefficients —— capture joint time-scale dependence of coefficients
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‘BOOTSTRAP CONFIDENCE INTERVALS AND TESTS

Bootstrap hypothesis tests

O~ T T

Distribution of t* = ¢5 — ¢, ROS: ¢ = 0
T@St dO{ H() . C) — —0.02
' ' . 401 Rejection e — s i
e test Hy @ ¢, = ¢, against double sided alternative ¢, # ¢, RegIOK (13 — = (‘2) |£ by — ca
= Cp — Cp - test statistic J

R —-0.03 —-0.02 -0.01 0 0.01 0.02 0.03

- null distribution estimate
r=1

L
{tA*(r) _ é;(r) B ép}

T = [_f(kl—%)’ —t%] - acceptance region o (352

(o quantile ¢7) Variance and confidence interval estimation

——~ X%k A

Var ©* - sample variance of bootstrap resamples (@ S {C (9), ¢p})

o H =0.7 o
o root ) mean squared CITOL e rejection rates of tests Hy @ ¢, = ¢,
- 610 . o &, Cp0, Cp “Nyre | a|Cp,05 Cp
o R =199, [ =2 (Ex,, . Var Ny - sample mean /variance V¢ realizations) o |
(I{-} - indicator function of event {-})
\ J
'PERFORMANCE OF ESTIMATION A
Conclusions
FBM dx L ROS dx L g ol 7 q
O bias| std mse bias| std mse S, bias| stdl mse bias| std| mse C(q < O) - Ox Ieallngless, Ly goo
C(—2)[—=1.400 —0.995 1.171/1.537  0.0330.018/0.038 |¢(—2)/—1.400]—1.002/1.101/1.489] 0.026/0.035/0.043  C(g > 0) - dx and Lx good and
((—1) —0.700 —0.107/0.323/0.340)  0.014/0.009/0.017| | ¢(—1)|—0.700| —0.114/0.266 0.289] 0.013/0.018 0.022 and ¢; similar performance
((1)] 0.700/ —=0.002/0.012/0.012|—0.009 0.009/0.013 | ¢(1)| 0.700| 0.0010.023/0.023 —=0.011 0.022/0.024 ¢ .. _ [, excellent and much
(2) 1.400| —0.00410.02310.023| —0.01410.02010.024 (2) 1.400—0.00410.05210.0521—0.02110.05010.054 hotter than o
0.7001—0.00210.01710.017| —0.01110.009|0.014 0.700] 0.00410.02410.0241—0.012/0.01910.023 . . A .

e 0.0000—0.00110.042/0.042  0.0050.003 0.006 & 0.000—0.006/0.043 0.044] 0.002/0.009/0.000 ~ BOS - estimation more difficult
(|| 0.000] 0.008)0.217/0.217|=0.001[0.001[0.002 s 0.0000 0.0060.211 0.211 0.001 0.006 0.006 ¢, by Ly remain excellent y
'PERFORMANCE OF BOOTSTRAP ESTIMATION A

FBM time-scale block time block| | ROS time-scale block time block
dX LX LX dX LX LX
© | oy 06, Copcl Ty 05, Copecl 0o, Cope © | oy 06, Copcl 0Ty 0o, Cope| 0a, Cope

C(—2)1.171]0.718] 82.0/0.018]0.0171 91.6  0.014 | 87.0/ | {(—2)|1.101/0.703| 81.8]0.035/0.026| 88.00.020| 78.5
((—1)0.323]0.200| 88.6]0.009/0.008 91.4 1 0.007 87.1| {(—1)]0.266/0.181|89.4]0.018/0.013| 86.80.010| 76.9
¢(1)]0.012/0.012) 93.4/0.009/0.009| 94.0]0.007| 87.4 ((1)10.02310.017 84.4]0.022/0.015| 85.2]0.012| 74.3
((2)]0.023/0.023| 94.410.020/0.019] 94.6|0.016| 89.0 ((2)10.052/0.037| 84.00.050/0.036| 83.80.030| 75.7
c10.01710.016] 94.2]0.009]0.009| 92.2]0.007| 87.7 c10.02410.019 88.80.019/0.014 | 85.8]0.011] 76.0
c20.04210.0401 91.810.0030.003| 93.60.003| 92.8 c2(0.04310.041193.210.009/0.008| 85.8/0.006| 85.0
c30.21710.2001 90.80.00110.001 | 94.0]0.001| 94.7 c30.21110.196 91.00.00610.006| 87.6]0.005] 85.0

}—LH

Variance estimation and confidence intervals

FBM ((q), ¢, - estimation of o and CI excellent
under-estimation < 5%
ROS ((q), ¢ - estimation of o and CI more difficult

under-estimation < 25% (og), < 10% (CI)
C2, c3 - estimation of oy and Cl excellent

Time block vs. time-scale block bootstrap

dy - no difference in performance (results not reported here)
L x - time-scale block bootstrap better than time block bootstrap

small difference for FBM

significant difference for ROS
non-linear construction of Ly introduces

'd&:11f£¢,j\zl

8 _q), and d,, ° GI@ — [ %, @?1—%)} - equi-tailed percentile confidence limit

— () otherwise.
J
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Signal

_ under-estimation < 5% (oy), < 7% (CI) "~ inter-scale dependence y
PERFORMANCE OF BOOTSTRAP HYPOTHESIS TESTS A
Hy : ¢, = ¢, when ¢, {c1, 0,3} ={0.7,0,0} P .
FBMc, FBMc, || ]
Significance Zz - Z: IR | — L
Rejection rate ¢,y = ¢, 0a® (IR | N
® 100 — Co (1) - same conclusions as for CI 0'2' e, W
Power %55RO;:§ % or On
Rejection rate ¢, # ¢, Z: Sy
o for p = 2.3: tests rejecting MF oa®
e tests much more powerful for Ly 0'2' e, X ; . .
. ° rejecting MF more difficult for ROS 085 06065 07 075 08704 S005 0 005
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