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Abstract

We introduce new tools for pointwise singularity classification: We investi-
gate the properties of the two variable function which is defined at every point
as the p-exponent of a fractional integral of order ¢; new exponents are derived
which are not of regularity type but give a more precise description of the be-
havior of the function near a singularity. We revisit several classical examples
(deterministic and random) of multifractal functions for which the additional
information supplied by this classification is derived. Finally, a new example of
multifractal function is studied, where these exponents prove pertinent.
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1 Introduction

A long-standing problem in the 19th century was to determine if a continuous
function necessarily has points of differentiability. In 1895, K. Weierstrass finally

settled this issue by introducing the functions
oo
Wop(x) = Z a" cos(b"mx),
n=0

and proving that, if a € (0,1), b is a positive odd integer and ab > 1+437/2, then
W is continuous and nowhere differentiable. In 1916, G. Hardy sharpened this

result in several ways. First, he improved the last requirement, by showing that



this result holds under the natural (sharp) condition ab > 1; second, he showed
that, when this condition is fulfilled, W, satisfies

loga

Vo,y €R [Wap(a) = Wap(y)| < Clo —yl*  where a = —17

and that, for every xq, |Wep(z) — Wy p(z0)| is nowhere a o(|z — x9|). Hardy’s

result can be restated using the following definition.

Definition 1 Let xg € R and o > 0. A locally bounded function f : IR — IR
belongs to C“(xg) if there exist C > 0 and a polynomial Py, with deg(Py,) < «

and such that on a neighborhood of xg,
[f(#) = Pry(2)] < Cla — o] (1)
The pointwise Holder exponent of f at xg is hy(xg) = sup{a : f € C*(xo)}.

Note that, in all this paper, we only consider functions of one variable only;
most definitions and results extend without difficulty to the several variable
setting. However, most examples require arguments involving primitives that
could not be reproduced as such in several dimensions.

Thus, the pointwise Holder exponent of Weierstrass functions is constant
and equal to . This seminal result opened the way to the study of the regu-
larity of functions by using pointwise Holder conditions. A milestone was the
determination of the Holder exponent of Brownian motion. Then a key devel-
opment occurred in 1961, when Calderén and Zygmund realized that pointwise
Holder regularity does not possess natural continuity properties under the action
of singular integral operators: For instance, the space C®(zg) is not invariant
under the Hilbert transform. As a substitute for Holder regularity without this

drawback, they introduced the following notion in [6].

Definition 2 Let p > 1 and assume that f € L} (R). Let a € R; f belongs to
T8 (zo) if there exists a constant C' and a polynomial Py, of degree less than «

such that, for r small enough,

G [ 1 - Py "o @)

T Jwo—r

The p-exponent of f at xq is

h?(xo) =sup{a: f €Tl (x)}. (3)



The Taylor polynomial Py, of f at xg is unique for a given «, and is inde-
pendant of p; but its degree depends on [«] [17]; however, we introduce no such
dependency in the notations, which will lead to no ambiguity. The condition
f € Ly, implies that (2) holds for a = —1/p, so that h%(z9) > —1/p.

loc

p
loc

An additional advantage is that this notion only requires that f € L
in order to be well defined, whereas Holder regularity requires that f is locally
bounded. This issue is important in modeling, since large classes of experimental
signals cannot be modeled by locally bounded functions [13,19,21]. Despite
their early definition, p-exponents were not used in signal and image processing
until recently; a reason is that numerically efficient (wavelet based) methods
for their estimation were only proposed in 2005 [16] and used in practice in
2015 [13,17,20]. Instead, the problem of estimating regularity exponents for
data that are not locally bounded was implicitly resolved through a different
technique. At the end of the 1980s, A. Arneodo and his collaborators used
the wavelet transform mazima method to study the singularities of signals [25].
Such maxima are bounded if the function under investigation is locally bounded.
Typically, this is not the case for quantities modeled by singular measures,
such as the energy dissipation in turbulent fields (which motivated the early
developments of multifractal analysis [5,26]). If these maxima were found to
diverge in the limit of small scales (a — 0), then an extra convergence factor a*
was applied to the continuous wavelet transform C(a,b) = a™" [ f(u)y (“T_b) du,
with t large enough. This “renormalization” of the wavelet transform can be
interpreted as performing a fractional integration of order ¢ on the data [2],

and thus as a regularization of the signal.

Definition 3 Lett > 0 and let ¢ be a C*° compactly supported function satis-
fying ¢(xo) = 1. Let (Id — A)~*/2 be the convolution operator which amounts
to multiplying the Fourier transform of the function with (1 + |£]?)~%/2. The
fractional integral of ordert of f is the function f(=Y) = (Id — A)~/2(4f).

Note that, though this definition depends on the function ¢, the pointwise
regularity properties of f(= do not [2]. A drawback of using p-exponents
or fractional integration in the definition of pointwise regularity is that this
notion may depend on p or t. It is therefore important to understand this
dependency. The heuristic forged by considering the simplest type of pointwise
singularities, e.g.  cusps |r — xg|* at xg (for « ¢ 2N), makes one expect
that they are invariant under a change of p and shifted by ¢ under a fractional

integration. This heuristic, however, does not hold in full generality, as shown



by the following example. Let o, 8 > 0. The chirp C, g is

Cos(x) = || sin <|;|B) . ()

One easily checks that the Taylor polynomial of a chirp vanishes, so that its
Holder exponent is . Additionally, an integration by parts yields that the
Hélder exponent at 0 of C(-1 is o+ 8+ 1, so that it is increased by 1+ 3 after
one integration; and it is the same for a fractional integration of order 1, see [2].

Therefore, different types of singularities behave differently under the ac-
tion of a fractional integration. A new perspective, introduced in [2], is that,
far from being a drawback, this fact can be used as a way to probe into the
difference of nature between singularities that “behave like” cusps or chirps in

the neighborhood of xg. To that end, the following definition was proposed.

Definition 4 Let f : IR? - R be a locally bounded function. If hy(zg) # +oo0,

then the oscillation exponent of f at xq is

Otan) = (gyhsnfan)) =1, )

t=0"*

The choice of taking the derivative at t = 0T is motivated by a perturbation
argument: The exponent should not be perturbed when adding to f a term
that would be a o(|z — z[?) for an h > hy (o).

The oscillation exponent takes the value g for a chirp; it is the first of second
generation exponents that do not measure a regularity, but yield additional
information, paving the way to a richer description of singularities. Our purpose
in this paper is to discuss this classification based on the Holder and oscillation
exponents, show its limitations, and propose a richer description where the
oscillation exponent actually splits into two new exponents, which in turn yield
additional informations of different natures, which we will investigate.

This paper is organized as follows. In Section 2.1, we discuss several exam-
ples of toy singularities in order to put into light the limitations of using the
oscillation exponent only. In Section 2.2, we introduce the notion of fractional
exponent, which encapsulates all the available pointwise regularity information,
and show how to derive from it two relevant parameters: the lacunarity and
the cancellation exponents. At the beginning of Section 3 the properties of
the fractional exponent are derived. In Sections 3.4, 3.5 and 3.6, we revisit sev-
eral deterministic and random models of multifractal functions where lacunarity

exponents are relevant. Then, we turn to the new cancellation exponent. In



Section 5 we show how to construct pointwise singularities with given lacunar-
ity and cancellation exponents, and in Section 6 we construct new examples of
deterministic multifractal functions where a multifractal analysis using cancel-
lation exponents can be performed.

The authors thank the referee for a careful reading of a first version of this

text and for many suggestions of improvement.

2 Motivation and definitions

To motivate the need for a more accurate classification of singularities, we com-
pare examples of oscillating singularities (i.e. singularities with a non-vanishing

oscillation exponent).

2.1 Two kinds of oscillating behaviors

We start by considering again the example of the chirp (4). An integration by
part yields also that the Holder exponent at 0 of C(-2) is a + 2(f +1). Since
the mapping t — h f)(%)(()) is concave [2], the fact that the Holder exponents
of Co 3, (Caﬁg)(_l) and (Caﬂ)(_?) at 0 are in arithmetic progression implies that
it is necessarily an affine function for ¢ € [0, 2]; it follows that Oc, ,(0) = 3.
The second example (already considered in [13]) is the lacunary comb. Let

¢ be the Haar wavelet: ) = Tjg1/9) — Lj121) and
0(x) = ¢(22) — y(2¢ - 1) (6)
(so that 6 is supported by [0, 1] and its two first moments vanish).

Definition 5 Let a € R and v > w > 0. The lacunary comb FS5., is

w7’y}

0o
FS (x)=> 27990 (29(z — 279)) . (7)
j=1
An illustration is provided in Figure 1. We consider its singularity at zo = 0:
F7., is locally bounded if and only if & > 0, which we now assume. Denote by
6=V the primitive of # which has support on [0,1] and by (-2 the primitive
of #=1 which has support on [0, 1]. Then the primitive of Fg. is

Fﬁn(_l)(az) = Z 9—(a+7)jg(=1) (27 (x — 2749))
j=1



and its second primitive is

Fgﬁ(*?) (z) = Z 9—(a+27)ig(=2) (27 (z — 279))..
j=1

Note that the Taylor polynomials of Fjj‘ﬂ(_l) and Fﬁw(_m vanish at 0 because

these functions vanish on R™; it follows that

_a+2y
and hFﬁ,»y(72)(0) = w .

« a—+y
thaw (0) = o thﬁ(q)(O) =

Since the mapping t — h( £ (0) is concave, the same argument as in the chirp
case implies that Opa_(0) = 2 — 1.

We conclude that chirps and lacunary combs are two examples of oscillat-
ing singularities. They are, however, of different nature: In the comb case,
oscillation is due to the fact that this function vanishes on larger and larger
proportions of small balls centered at the origin (this is detailed in [13], where
this phenomenon is precisely quantified through the use of accessibility expo-
nent of a set at a point). We will also see that |F, | also displays an oscillating
singularity at the origin, with the same oscillation exponent as F{ (see the
remark after Definition 11 below). On the other hand, chirps are oscillating
singularities for a very different reason: It is due to very fast oscillations, and
compensations of signs. This can be checked by verifying that the oscillation
exponent of the absolute value of C, 5 at 0 vanishes. Thus C, g and F7 , display
oscillating behaviors of very different natures. We will introduce new exponents

that will allow to draw a difference between these two different behaviors.

2.2 The fractional exponent

Comparing the p-exponents of chirps and lacunary combs allows to draw a

distinction between their singularities; indeed, for p > 1, see [17],

i, O =t 5 (5 1) ®
whereas a straightforward computation yields that hga,ﬁ (0) = . We conclude
that the p-exponent of F  varies with p, whereas the one of C, g does not.
Therefore, a natural idea is to consider the whole pointwise regularity informa-
tion available, i.e. the p-exponent of a fractional integration of the data,
and investigate which information on the nature of the singularities can be de-
rived from it. We can infer from (8) that the “right” variable when considering

p-exponents is ¢ = 1/p.
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Figure 1: Illustration of a lacunary comb £, with a = 0.3, v = 1.3 and w = 0.9.

Definition 6 Let f be a tempered distribution. The fractional exponent of f

at xg is the two variable function

1
Hpao(,1) = h (o) — ¢ (9)
(where hi°(zo) denotes the Holder exponent at xo).

Properties of the mapping ¢ — h -y (o) (called the two-microlocal domain)
have been investigated by J. Lévy-Véhel and S. Seuret [22] and applications to
stochastic processes have been worked out by E. Herbin and P. Balanga [3,4].
The reason for substracting ¢ in (9) is that Hy,, measures the “excess” of the
increase of regularity in a fractional integral of order ¢t when compared with what
is “expected” in general (and is verified for cusps), i.e. t, and several properties
will be easier to state in terms of this “excess”. The domain of definition of
H ., is a subset of RT x R studied in Section 3.2; we introduce now a notion

which allows to make precise this domain of definition for ¢ = 0.

Definition 7 If f € L? _in a neighborhood of xo for p > 1, the critical

loc

Lebesgue index of f at xq is

pr(xo) =sup{p: f € LI (R) in a neighborhood of xo}. (10)

loc

The p-exponent at xq is defined on the interval [1,ps(xo)] or [1,ps(x0)). We
denote: qf(xo) = 1/ps(x0).

Note that pr(x) can take the value +0o0. Keeping at every point zq a two-
variable function is excessive for classification purposes. So the next goal is to
extract a pertinent information that can be encapsulated into a few parameters.
On top of a regularity exponent, we will derive two additional exponents. The

first one is the lacunarity exponent, already introduced in [13].



Definition 8 Let f € L}  in a neighborhood of xo for a p > 1, and assume

that the p-exponent of f is finite (i.e < 00) in a left neighborhood of ps(xo).

The lacunarity exponent of f at xq is

0
£5(20) = 5 (Mg (0:0)) g - (1)

This quantity may have to be understood as a limit when ¢ — ¢7(xo), since
h}/ (o) is not necessarily defined for ¢ = gs(z¢). This limit always exists as a
consequence of the concavity of the mapping ¢ — h}/ %(z0), and it is nonnegative
(because this mapping is increasing). We now compute the fractional exponent

and derive the lacunarity exponent for the examples already introduced.

Lemma 2.1 Let a > —v. The fractional exponent of the Lacunary comb Fy
fort <2 and q € [max(0, —«/v),1] is

w,y?

Hrg,o(at) ="+ (1 -1) (@ +0). (12)

Note that we no longer assume that a > 0. The proof of this lemma is
straightforward: The computation of the p-exponent is similar as the one done
in [13] for a > 0. And it is also the case for the primitive and the second
primitive. The fractional exponent follows from the usual concavity argument.

Thus, the lacunarity exponent of Fi7 at 0 is 1 —1, which puts into light the
fact that this exponent allows to measure how F7 vanishes on "large sets” in the
neighborhood of 0 (see [13] for a precise statement). Furthermore the oscillation

exponent of g at 0 is 1 —1, so that it coincides with the lacunarity exponent.

Chirps: We only assume that > —1 in (4), so that C, 3 can be un-
bounded. If o > 0, it is a bounded function so that pc, ,(0) = 400, whereas, if
a € (=1,0), pc, 5(0) = =1/a; Cqo p clearly satisfies Vp < Pe, , (0), hgaﬁ (0) = a,
and the integration by parts argument already mentioned shows that, Vp > 1
the p-exponent of C, g is increased by 1 + 3 after each integration. The usual
concavity argument yield that, after a fractional integration of order ¢, it is in-
creased by (1+ )¢, so that He,, 5,70 (¢,t) = a+ pt. Therefore chirps are another
example of functions with a vanishing lacunarity exponent, which reflects the

fact that, on the average, chirps do not vanish on a “large set” near 0.

Comparing lacunary combs and chirps, we see that the oscillation exponent
takes into account two quantities of different natures: the lacunarity and the

“cancellation” which encapsulates compensations between positive and negative



values which are cancelled by a local averaging (such as taking a fractional
integral); in order to singularize this quantity, a new exponent is required.
We now consider another toy-examples of pointwise singularities, which stand
between lacunary combs and chirps: the fat combs F9_ s, see [13].

Fat combs: Let

w,Y,07

N—

—

O(x —
k=0
(where 6 was defined by (6)); the support of 6y is [0, V] and, on this interval,
it coincides with the 1-periodic periodization of ). Let w,y,d be such that

0<w<y<d; (13)

we define
,7 5 Z 2" ]9[2(5 73] <2 J( 2_w])> (14)
3>0

The function FY v is illustrated in Figure 2.

Lemma 2.2 Ifa> —v, t <2 and q € [max(0, —a/7), 1], then

)
Heg, ola.0 =2+ (2=1)a+ (2 1) (15)
Let us sketch the proof. First (13) implies that the different components in
the series (14) have disjoint support; so that its p-exponent at 0 is

(%)Z%Jr(l—l)l,

hYo
F w »

w,,0

so that (15) holds for ¢ = 0. A computation of the two first primitives yields
that (15) also holds for ¢ = 1 and 2, and the usual concavity arguments yield

the property for intermediate orders of integration.

It follows that the lacunarity exponent of FC“ 453t 0is 2 —1, and its oscil-
lation exponent is 5 — 1, which is larger. We mfer that a new cancellation
exponent should be the difference of theses two quantities, and would take the

value (0 — ) /w for fat combs; this motivates the following definition.

Definition 9 Let f € L}  in a neighborhood of xo for a p > 1, and assume
that the py(xo)-exponent of f s finite for small enough t. The cancellation

exponent of f at xg is
0
Crlzo) = 5 (Hpa(ar(0) = 1)) g - (16)

9
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Figure 2: Illustration of a fat comb FJ_ s with a = 0.3, v = 1.3, w = 0.9 and ¢ = 2.

Note that the number of pulses in each block increases as x — 0.

Remarks:

e For consistency, the derivative is computed at the same point as for the
lacunarity exponent. Note however that it needs not always exist, either because
H t a0 is not defined at (g¢(xo),0) or because gf(xo) = 0 (which is the case if f
is locally bounded). In such cases C¢(zg) should be understood as the limsup
of the quantity & (Hs4,(q¢ — t,t)) when g — gy(zo)™.

o C¢(wo) is non-negative, as a consequence of Theorem 1 below.

o If H (g, t) has a differentiable extension in a neighborhood of (¢ (z0), 0),
Of(wo) = Cs(xo) + L (o) (17)

(as a consequence of the relationships between partial derivatives). Equality will
hold in several examples; however, it needs not hold in all cases (cf. the end of
Section 5). In order to describe the properties of the cancellation exponent, we

first need to investigate the properties of the fractional exponent.

3 Properties of the fractional exponent

In signal and image processing, one often meets data that cannot be modeled
by functions in L}, see [13,19]. It is therefore necessary to set the analysis in
a wider functional setting. One possibility is to consider real Hardy spaces HP
(with p < 1), instead of LP spaces, see [12]. We will therefore consider the whole
collection of p-exponents (for p > 0) of fractional integrals of f of arbitrary or-
der. First, we need to extend definitions to the range p € (0,1] (i.e. g > 1).
A key point is that the wavelet characterization of LP remains unchanged for
HP: it follows that T} regularity can be extended to this setting while retain-
ing the same wavelet characterization, see [12]. Therefore, all definitions and

wavelet characterizations introduced previously extend to this setting, and it is

10



in particular the case of the fractional exponent (see Definition 6). We start by

recalling classical properties of orthonormal wavelet expansions.

3.1 Wavelet characterizations
3.1.1 Wavelet bases

An orthonormal wavelet basis is generated by a couple of functions (¢, 1),
which will either be in the Schwartz class, or compactly supported and smooth
enough (the required smoothness depends on the considered space, and will
always be assumed to be “large enough”). The functions ¢(x — k), (for k € Z)
together with the 29/2¢(2/z — k), (for j > 0, and k € Z) form an orthonormal
basis of L?(R). Thus any function f € L?(R) can be written

F@)=> o=k +> > cip @z —k),
keZ j>0 keZ

where the wavelet coefficients of f are given by

o = / St —R)f(O)dt  and cjp =2 / B(27t — k) (1)t

These formulas also hold in many different functional settings (such as the Besov
or Sobolev spaces), if the selected wavelets are smooth enough.

Instead of using the indices (j, k), we will use dyadic intervals: Let

(18)

MDY =[5 )

DYDY

and, accordingly, ¢) = ¢;;, and ) (z) = ¥(2/z—k). Indexing by dyadic intervals

will be useful because A indicates the localization of the corresponding wavelet.

3.1.2 Wavelet characterization of LP spaces

We denote indifferently by x;x or x, the characteristic function of the interval
A defined by (18). The wavelet square function of f is
1/2

W)= | Y lenlxjn()
(j,k)eZ?

Then f € LP(R) when p > 1 (resp. f € HP(R) when p < 1) if and only if

J (Wg(x))P dz < oo. One associates a norm (resp. a semi-norm) to LP (resp.

11



HP): || f llp=Il Wy |lp, see [24]. The elements of H? are no more functions
but can be distributions; therefore the restriction of f to an interval cannot be
done directly. If I is an open interval, one defines || f || g»(r)= inf || g ||, where
the infimum is taken on the g € HP such that f = g on I. The T4 condition
for p < 1 is then defined by f € T§(xo) if || f | ar(Bros)< C - r@TV/P. This
extension of the p-exponent still takes values in [—1/p, +00], as shown below.
In order to define the lacunarity, oscillation and cancellation exponent, we
assumed that f € L'. We can now replace this assumption by f € HP for a
p > 0, and these definitions remain unchanged. From now on, we will often use
a slight abuse of notation and denote by LP the space H? when p < 1.
Examples of distributions for which the p-exponent is constant (see Proposi-
tion 3.2 below) and equal to a given o < —1 are supplied by the cusps, which are
defined for @ < —1 as follows. First, note that cusps cannot be defined directly
(as distributions) for @ < —1 by Cy(x) = |z|* because they do not belong to
Lk,

well defined; instead, we note that, if @ > 1, then C/ = a(a — 1)Cq—2. Thus we

so that their integral against a C'*° compactly supported function ¢ is not

can define C, by recursion, when o < —1 and « ¢ Z, by

1 (2)

if = T o ;
if a<0, C (a+1)(a+2)ca+2

where the derivative is taken in the sense of distributions. The C, are thus
defined as distributions when « is not a negative integer. It can also be done
when « is an integer, by taking Cy = log(|z|) and C_y = C), = P.V.(1/z).

The following result will prove useful for the characterization of the two-

variable functions that are fractional exponents.

Proposition 3.1 Let p,q € (0,+00], and suppose that f € Tk (xo) ﬂTg(wo); let
0 €[0,1]. Then f € T (xo), where

1 1-—
r p q

Proof: When p,q < oo, the result will be a consequence of the wavelet
characterization of T4 (), see [12]. Let A be a dyadic interval; 3\ will denote
the interval of same center and three times wider (it is the union of A and its
two closest neighbors). For zg € R%, denote by \;(xo) the dyadic cube of width
277 which contains zo. The local square functions at z( are

1/2

Wiy ={ Y. lalua@)

)\CS/\J‘ (Io)

12



Recall, see [12], that

feTP(xy) if and only if HW}H < g(at1/p)j, (19)
p

. . 7 F1197P ||y ayj || (A0 /2

By interpolation, ‘Wf Wf” HWfH , hence the result holds for
r P q

p,q < 0o. The case when p or ¢ = +00 does not follow, because there exist no

wavelet characterization of C(x¢) = T$°(xo); however, when p,q > 1, one can
use the initial definition of T4 (x) and C®(x¢) through local LP and L* norms

and the result follows from Holder’s inequality; hence Proposition 3.1 holds.

If f € HP, then || Wy ||,< C. Since WJJC < Wy, || W} |p,< C, so that (19)
holds with @« = —1/p. Thus p-exponents are always larger that —1/p. The
following result shows that they can take values down to —1/p (its proof follows

from the estimation of wavelet coefficients, using the selfsimilarity of cusps).

Proposition 3.2 If o > 0, the cusp C, belongs to LT, and its p-exponent is c.
If a <0, the cusp Cqy belongs to Lfoc for p < =1/« and its p-exponent is «.

3.1.3 p-leaders

We will derive T} regularity from simpler quantities than the local square func-

tions. The p-leaders of f are defined by

1/p
dy = ( > |C>\"p2_(j/_j)> (20)

A T3

(they are finite if f € L? (R?), see [16]). Note that, if p = +o0, the correspond-

loc

ing quantity (called the wavelet leaders) is

dy :=d5° = sup |ey]. (21)
NC3A

The notion of T4 regularity can be related to p-leaders (which are local [P

norms of wavelet coefficients) as follows (see [14,16]) :

; o og ()
If n(p)>0, then Wy (xo) = lim inf ————== (22)

j—+00 log(277)

3.2 The fractional exponent domain

Let Dy 4, denote the domain of definition of H; ;, (g, s); it is the set of points
(¢,t) € Rt x R such that f(= locally belongs to L'/? (resp. H/%if ¢ > 1)in a

13



neighborhood of zg. Note that we allow the fractional integration parameter t
to take positive and negative values (i.e. we consider both fractional integrals
and fractional derivatives of f). If f is a tempered distribution, it has a finite
order, so that for ¢ large enough f(-%) e Ly It follows that Dy, is never
empty. In order to investigate the properties of Dy ., we recall the definition

of the local scaling function at zy3. The Sobolev space LP® is defined by
VseR, Vp>0, felLP’ <« fOecrp
The local scaling function at xg, N4, (p), is
Nfazo(P) =p-sup{s: f € LY"” in a neighborhood of z}. (23)
The uniform Hoélder exponent of a tempered distribution f is
H}m” —sup{s: f e C; (RN}

Proposition 3.3 The boundary of Dy, is the graph of the function

1
Bf,xo(Q) = =4 Nfx <q> .

Furthermore:
1. By, is conver;

2. ¥q >0, By, (q) < -1.

3. Bf,a:o(Qf(xo)) =0 and Bf,:co(o) — _H}nin'

We will refer to the function By, as the p-boundary of f at x¢. Note
that most examples of multifractal functions that have been studied are ho-
mogeneous, i.e. their local scaling function does not depend on xg. In such
situations, though the fractional exponent may strongly differ from point to

point, its domain of definition does not depend on zg.

Proof of Proposition 3.3: For a given p, H¢,, is well defined at (1/p,?)
if t > —n¢ 2, (p)/p. Therefore, the first assertion of the proposition holds.

As regards Point 1, recall that the function 7y ., is concave; and, for func-
tions defined on R™, the mapping Z is defined for concave functions on R* by
(Zn)(¢q) = qn (1/q) which maps concave functions to concave functions [10].

Point 2 follows from the Sobolev interpretation of the p-boundary. Indeed,
the Sobolev embeddings state that (see [28], Section 2.7.1 which covers p < 1),
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if f € LP® and if p < P, then f € LP? where t is such that % — L5t It
follows that, if (¢,t) € Dy 4,, then the segment {(¢ —s,t+5s): 0<s<gq}is
included in Dy 4, i.e. the p-boundary satisfies B}’Z,O(q) < -1

™

The p-boundary does not necessarily cross the ¢ axis; assume that it does, so
that f ¢ L{o, but f € L} for a p > 0. Coming back to the definition of py (o)

loc?

given by (10), we see that if p < py(zo), then f € L} ., so that ns(p) > 0, and if

loc?
p > py(zo), then f ¢ LY . so that ny(p) < 0; it follows that ns(ps(zo)) = 0, so
that By, (qs(x0)) = 0. Another important point is the initial value, at ¢ = 0,
of the p-boundary: Recall that the function Hy,, is well defined at (g, t) if and
only if f(=%) locally belongs to L/?; for ¢ = 0 this means that f locally belongs
to the Holder space C~t. It follows from the definition of the uniform Hélder
exponent that By, (0) = —H]’Z””. These properties imply that the fractional
exponent is well defined on the half-line (¢ = gy(x0),t > 0), a property used in

the definition of the oscillation exponent. Proposition 3.3 is completely proved.

3.3 Fractional exponent characterization

After investigating the properties of the domain of definition of H .., we now

turn to the properties of this function itself.

Theorem 1 Let f be a tempered distribution, and xo € R. The mapping
(q,t) = Hyszo(q,t) has the following properties:

1. It is concave on its domain of definition;
2. it is increasing in the first variable;

3. it is increasing in the direction of the second bissector, i.e., ¥(q,t) where

H a0 s defined, the mapping s — Hy o (q — s,t + s) is increasing;
4. VY(q,t) where Hy 5, is defined, Hyqo(q,t) > —q —t.

Furthermore, these conditions are optimal, i.e. if H is any function defined
on a convex subset of RT xR of the form t > B(q) with B convez and satisfying
Vg > 0,B'(q) < —1, and if H satisfies the above conditions; then H is the

fractional exponent at xo of a tempered distribution.

Note that the statement of the third result requires the property asserted in
Point 2 of Proposition 3.3.
Proof of Theorem 1: The first statement follows from Proposition

3.1. The second statement holds because, locally, LP C LP if p > p; thus,
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if fC9 € TE(x0), then Vp < p, f&8 € TE(x). When p > 1, the third state-
ment is a reformulation of Theorem 4 in [6], which we now recall: Assume that
f € TX(x0), and that ¢t < 1/p; then f(-9) ¢ TgH(xo), provided that % - % =t
(this is a pointwise equivalent of the Sobolev embeddings). This is extended
in Annex 7, covering the cases p < 1 and ¢ < 1. This result, applied to f (=),
exactly means that the mapping s — Hy ., (¢—s,t+s) is increasing. The fourth
statement is a reformulation of the fact that the p-exponent is larger than —1/p.
The optimality requires the construction of new toy-examples defined through

their wavelet expansion, and will be proved in Section 5.2.

Theorem 1 leaves room for a large variety of possible functions Hy ... A
natural question is to find sufficient conditions under which it is constant, thus
yielding cases where the regularity exponent is canonically defined. In this

respect the following notion plays an important role.

Definition 10 Let f be a tempered distribution on R; f has a canonical

singularity of index (qf(x0),t0) at xo if (¢¢(20),t0) € Dfa, and
d

ot (val’o)q:qf(xo),t:to =0.

This definition is motivated by the following result.

Proposition 3.4 Let f be a tempered distribution with a canonical singularity
of index (qf(x0),to) at xo; then Hy . is constant in the domain defined by the
conditions: ¢ >0, t > to, and ¢+t > q¢(xo) + to.

Proof of Proposition 3.4: First, note that the function

t = Hfao(ar(20),1) (24)

is concave so that its derivative is decreasing. Since this derivative vanishes at
to, it is nonpositive for ¢ > ¢, so that (24) is decreasing. Since, on other hand,
it is increasing, we obtain that it is constant (note that, strictly speaking, the
considered function may not be differentiable everywhere; however, as a con-
cave function, it has everywhere right and left derivatives, and the argument is
correct using this slightly more general setting). Let ¢ > q¢(z0); Hya, is in-
creasing on the segment of ends (gf(xo),?0) and (q,tp), and it is also increasing
on the segment of ends (g, to) and (q¢(z0), to+ (¢ —qg(x0))). Since it is constant

on the vertical axis, it cannot have increased, and it follows that it is constant

16



on the two mentioned segments. Since ¢ > q¢(zo) is arbitrary, it follows that
H ¢z, is constant in the first quadrant (¢ > gg(x0),t > t9). The same argument
can be reproduced starting from (gs(xo),t0) and going first in the direction of
the second bissector, and then in the direction of the ¢ axis, and it follows that
H 2, is also constant in the next half quadrant issued from (gy(xo),to) which

corresponds to the directions 7/2 < 6 < 37 /4. Hence Proposition 3.4 holds.

A first important class of singularities are canonical singularities, for
which the oscillation exponent vanishes; the key example being cusps. Having
now at our disposal two new exponents, it is therefore natural to introduce two

other kinds of singularities, by requiring that one of these exponents vanishes.

Definition 11 Let f be a tempered distribution on R:
e f has a balanced singularity at zo if L(x9) =0 and C¢(zg) # 0.

e f has a lacunary singularity at ¢ if C¢(x9) =0 and L¢(zo) # 0.

Chirps are typical examples of balanced singularities and lacunary combs
are typical examples of lacunary singularities.

Remarks: Proposition 3.4 implies that, if f has a canonical singularity at
xo, then L¢(xg) = Cy(xo) = 0. More precisely, Properties 2 and 3 of Theorem 1
imply that, though (17) needs not always hold, one has: Of(xg) > Lf(x0) and
Of(xo) > Cy(x0). Let us now come back to the lacunary comb (7). Since its
Taylor polynomial vanishes, the p-exponent of F7., and \Fjj‘ﬂ/\ coincide, so that
it is also the case for their lacunarity exponents. It follows that the cancellation
exponent of [, | is larger that the one of FJ . One easily checks that it cannot
be larger, so they necessarily coincide, as mentioned in Section 2.1.

We now revisit some classical multifractal functions and investigate what

this new classification allows to say about their singularities.

3.4 The Brjuno function

Let x be an irrational number in ]0, 1[, and let © = [0;ay, - - ap, - - -] denote its
continued fraction expansion. The convergents p, /¢, of = are [0; a1, - - - a,] with

Pn A g, = 1. The Brjuno function at x is

oo
-1 — —

o gnT — Pn
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where, by convention, (p_1,9-1) = (1,0), (po,q) = (0,1), and (p1,q1) =
(1,a1), so that the first term in (25) is log(1/x). The Brjuno function is extended
by periodicity on IR — Q.

The Brjuno function is nowhere locally bounded; however, since it belongs
to BMO, see [23], it follows that it is locally in LP for any p < oo, and one
can consider its p-exponent at any point xg, and for all values of p < oco. It is

related with the (Diophantine) irrationality exponent of x.

Definition 12 Let zg ¢ Q, and py/qn the sequence of convergents of the con-

tinued fraction expansion of xy. Let 1,(xg) be defined by

1

To— —
dn

The irrationality exponent of xo is T(xo) = limsup,,_, | o Tn(20).

If z¢ is irrational, then |zo — Z—Z| < q%, so that 7,,(z9) > 2, and 7(zg) > 2.

The following result is proved in [15].

Theorem 2 Let p € [1,400). If zg € Q, then hly(xg) = 0. Otherwise,
b (z0) = 1/7(x0). Additionally, the Holder exponent of the primitive of B is
giwen by hg-1(zo) =1+ 1/7(z0).

It follows that the fractional exponent of the Brjuno function is V(q,t) €
RT x RT —(0,0), Hpu (g, t) =
exponent is not defined at (¢g(0),0) = (0,0). Nonetheless, the “second gen-

T(io). This is an example where the fractional

eration” exponents are well defined as limits and satisfy: Op(z9) = Lp(x0) =
Cp(zg) = 0. Therefore B has a canonical singularity at every point.

An open problem concerns the fractional derivatives of B: For which values
of s and p does B®) locally belong to LP? And, when such is the case, what
is the corresponding p-exponent? A natural conjecture is that the fractional

exponent of B is constant where it is defined (i.e. also for negative values of t).

3.5 The Riemann function

According to the tradition, Riemann would have proposed the function

o0

1
g —21n7ma:
n

1



as an example of a continuous nowhere differentiable function. Unlike lacunary
series, the regularity of this function varies strongly from point to point. Let
xo ¢ Q, pn/qn be its continued fraction expansion and

1
dm dm

plwo) = sup {T :

for infinitely values of m such that p,, and ¢,, are not both odd (note that

p(xo) usually differs from 7(xg) because of the additional parity constraint that

we impose here). The Holder exponent of R is hg(z) = 5 + m, see [8] and

at such points, the Holder exponent is shifted by s under a fractional integral
of order s, if s € (—1/2,400) (Corollary 2 of [8]). It follows that these points
are canonical singularities of R. At rational points explicit local expansions
yield that these rationals are balanced singularities [18]. It follows that the
Riemann function has no lacunary singularities.

It also follows from Corollary 2 of [8] that, if s < 1/2, then the Holder

exponent of R(*) at a point xg which is not of the form (2p + 1)/(2¢ + 1)

is 1+ #(x) — s; thus the domain where Hg ,, is constant includes [0, +00) X

(—1/2, +00). The regularity of R(*) for s > 1/2 is much more difficult to handle

since R®) is no more locally bounded. S. Seuret and A. Ubis proved that, at

1
2p(z)
of the domain where Hrg 4, is constant, see [27]. A natural conjecture is that it

1
2p(x)

these points, h%@ (x) = % + — s, thus providing an additional extension

takes the constant value % + at every couple (g¢,t) where it is defined.

3.6 Lacunary wavelet series

In this section, we revisit the model of lacunary wavelet series introduced in [9]
and extended to a p-exponents setting in [13], and we prove that such models
only display canonical or lacunary singularities.

We assume that ¢ is a wavelet in the Schwartz class. Lacunary wavelet series
depend on a lacunarity parameter n € (0,1) and a regularity parameter

a € R. The stochastic process X, is of the form

S 2 %e(a), (27)

J=0 %eKj
where the K are random sets defined as follows:

VieZ,  Card(K;)N[l,1+1)=[2"]
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and the locations of the points in K are picked at random: In each interval
(1,1 +1) (I € Z), all drawings of [27] among the 27 possibilities 2% el,i+1)
have the same probability. Such a series is called a lacunary wavelet series
of parameters (a, 7). The sample paths of X, are locally bounded if and only
if & > 0. The case considered in [9] dealt with o > 0, and was restricted to the
computation of Holder exponents. Considering p-exponents in [13] allowed to
extend the model to negative values of «, and also to see how the global sparsity
of the wavelet expansion is related with the pointwise lacunarity of the sample
paths. A sample path of this process is illustrated in Figure 3 (top row).

We first recall the global regularity of the sample paths [13]: a.s., Vo,
PXo, (o) =n—1/aifa <0and px,, (7o) = +oo if @ > 0. Note that px, , (o)
always exists and is positive, even if « takes arbitrarily large negative values. We
recover the fact that p-exponents allow to deal with singularities of arbitrarily
large negative order. Let now p € (0,7 — 1/«), so that the sample paths of
Xo,, belong to L7 and the p-exponent of X, , is well-defined everywhere. The

following result is proved in [13].

Theorem 3 Let o € R, n € (0,1) and let X, be a lacunary wavelet series of
parameters (o, n); the p-spectrum of almost every sample path of X, (i.e. the
multifractal spectrum associated to the p-exponent) is supported by the interval

[, Hmaz| where Hypar = (oo + 1/p)/m — 1/p, and, on this interval,

H+1/p
8. Vp < , VH, dP(H) = n————.
ws. V< px,.,(w0) () =k
Furthermore, its lacunarity spectrum is given by
a.s. VLe[0,1/n—1],  d“(L)=n(L+1).

We recall how the pointwise regularity of X, ; is determined. For each j, let
EZ, denote the subset of [0,1] composed of intervals 3\ (A € A;) inside which

the first nonvanishing wavelet coefficient is attained at a scale | < [wj]; let

E,=limsupE) and H, = ﬂ E, — U E,.

w'>w w'<w

It is shown in [13] that the sets H,, are the sets with a given p-exponent, and,
if 2o € H,,, then .., (@) = aw + — (28)

Additionally, the Hausdorff dimension of H,, is nw.
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Let us now consider the fractional integral X((L_,]t); it is of the form

Z Z 2—(a+t)jw§;€t) (z); (29)

j=0 k. )
=0 kek;

it is therefore another lacunary wavelet series, using the “pseudo-wavelet” 1(=%).
Pointwise regularity results are the same as for orthonormal wavelet bases [2].
Thus, if zg € Hy,, then V(q,t) € RY x RY, Hx, , 2,(¢,t) = aw + (w — 1)(g + ).
Thus, the cancellation exponent vanishes everywhere and X, ; only dis-

plays canonical singularities (case w = 1) and lacunary singularities.

4 Heuristic derivation of new multifractal

formalisms

4.1 Multiscale quantities for lacunarity and cancel-

lation exponents

We now derive new multiresolution quantities based on p-leaders and suitable for
the estimation and characterization of the second generation exponents that we
introduced. We build on arguments developed in [13,14] for the lacunarity and
oscillation exponents. In this section, let us denote with di f the p-leaders of f.
Note that these exponents can also be defined for functions that do not belong
to L', but to an HP space for p < 1; indeed Definitions 8 and 9 immediately

extend without modification to this setting (which we assume from now on).

Lacunarity exponent. We use the same method as in finite difference
schemes for the numerical resolution of PDEs. Using (22) and a discrete ap-

proximation for the derivative in (11) we approximate 8% (M £,20(a, O))q:qf (z0)*

by (h}/(qf(onAq(xo) - h}/qf(xo)(xg)) /Agq, where Aq is a fixed (small enough)
quantity. Using the properties of the p-leader defined by (21),

) Wy g e
Aq TR jAg B T o)
A(zo).f

Thus, we define the numerical L£-leaders df as

M (ar(@0)+a0)\ 3
L_ )‘(zo)vf
W=\ s : (30)
)\(IO):f
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We expect d§ to be of the order of magnitude of 277£s(0) (when j — +o00).

Oscillation exponent. Again using (22) and a discretization of the deriva-
tive in (5), we pick At small enough, and approximate (th/ as (o) (930)> o 1
t—

ot/ p(-1)

1/ag(zg) 1/qf(zg)
R (z0)—h (o)

FASa ~ ! — 1. We have

1 . 1ag (o)
hf@;(g())(évo) — 1y (@) 1 = liminf —1 2—jd“$€)’;(_m>

At = T e R
xo),

Thus, we define the O-leaders dg? as

1/q5 (x0) a1

(o), f(=41)
1/q¢(z0)

dA(xo),f

d§ = , (31)

and we expect d to be of the order of magnitude of 27797(®0) (swhen j — +o00).

Cancellation exponent. Using (22) and a discrete approximation for the
derivative in (16) yields

1 xo)—At 1 T 1 x0)—At
hf{qut() v )(950) - hf/qf( D)($0) 1 — Liminf 1 1 o d)éiiéffﬁm)
At > jAt 082 g4/as(x0)

Azo),f

Then, we define the C-leaders dg as

1/(ap(w0)—At)\ B
(o), f(—AD
1/qy(z0)
A=o),f

ds =

We expect that d§ ~ 277¢/(@0) (when j — +o00).

Thus, the rates of decay of the quantities df, d? and dg\ are controlled by
the lacunarity, oscillation and cancellation exponents. Moreover, (30), (31) and
(32) indicate that d, d§ and dS fulfill the basic requirement for a multifractal

analysis ( [11], see Section 4.2).

4.2 Multifractal formalism formulas

We consider the general setting where a signal is characterized by several point-
wise exponents h'"(zg) for m = 1,--- M, which can be for instance a p-exponent,

a lacunarity exponent, a cancellation exponent, ... and we additionally assume
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that we dispose of multiresolution quantities dy* associated with each of these
quantities and such that a log-log plot regression property such as (22) holds
for each of them. The Grand-canonical spectrum associated with these
quantities is the function d(H',---, H) defined as the Hausdorff dimension
of the set of points = such that h'(z) = H',---  hM(z) = HM. The structure

function associated to the whole vector of these multiresolution quantities is:

M
Vr=(ry,--ra) €RMS(rj) =273 ] (@)™ ~2770; (33)
AeA; m=1
the function ¢ thus defined is called the scaling function. In practice, scaling
functions are determined through log-log plot regressions (one estimates the
slope of the logy of the structure function as a function of j), see Figs. 3 and 7.
The derivation of an upper bound for the spectrum from the scaling function
is referred to as the multifractal formalism; it was initially proposed in the semi-
nal work of G. Parisi and U. Frisch [26]), reformulated using the wavelet maxima
method in [25], and then reinterpreted in the wavelet leader setting in [11], and
later extended to several exponents in [14]. It is based on a (multidimensional)

Legendre transform of the scaling function, according to :

d(H) < inf (1-¢(r)+r-H). (34)

reRM

The multifractal formalism conjecture is that (34) is actually an equality, which

is used to derive the spectrum d(H) numerically.

Results on lacunary series are shown. Theorem 3 is illustrated numerically in
Figure 3. Numerical estimations were performed using the multifractal formal-
ism described just above. The left column shows the logscale diagrams for order
r = 2 and all four exponents. The scaling behavior at coarse scales (j < 13)
is remarkable, and allows for an efficient computation of the estimates through
linear regressions. Further, Figure 3 (right column) shows that estimations of d”
and d* (second and third row, respectively), are in good agreement with those
predicted by Theorem 3. Moreover, Figure 3 also shows that d¢ (fifth row)
collapses at the point (0, 1), as expected for a process that has no cancellating

singularities and, thus, d® (fourth row) is remarkably similar to d*.
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Figure 3: Lacunary wavelet series. A typical sample path of a lacunary wavelet
series (a = 0.3, n = 0.7, top row), estimated structure functions (left column), and
estimated spectra (right column), for the p, oscillation, lacunarity and cancellation
exponents (from second to fifth rows, respectively). The dashed lines with crosses

indicate the theoretical spectra. The dash-dotted lines indicate the regression lines.
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5 Functions with prescribed exponents at
a point

We introduce new examples of pointwise singularities for the following purposes:

e In contradistinction with the previous examples, both their lacunarity and

cancellation exponents will be allowed to take arbitrary values.

e They will be the building blocks that will allow to construct examples
showing the optimality of Theorem 1.

5.1 Thin chirps

Since the definition that we use of HP spaces is based on wavelet coefficients,
it is easier to work with examples that are defined directly by their wavelet
coeflicients on a smooth wavelet basis. The thin chirp 7, is defined by its

wavelet coefficients as follows (we assume that the wavelet 1) belongs to S(R)).

Definition 13 Let a,b € (0,1) satisfying 0 < b < 1 — a, and let a € R.
At a given scale j, all wavelet coefficients of T, pa vanish, except for k €

[20=0)i 2(1=a)j 4 2b7] jn which case cjj, = 27,

Proposition 5.1 The thin chirp T, p o s bounded if and only if o« > 0. If
a < 0, its critical Lebesgue index at xo = 0 is given by p7,,, . (0) = (1 —b)/—a.
Furthermore, at xo =0, B, , . o(q) = —a —q(1 = b) and

l1—a—-9> a l-a
HT,p00(0:t) = Tqu . +

t, (35)

so that: L£7,,.,(0) = =22, Cr,,(0) = £, and O, (0) = 5.

a a

Proof of Proposition 5.1: If a # 0, the first result follows directly from
the wavelet characterization of the C%(R) spaces. If o = 0, then we note that,
for a given j, each block >, ¢;x%; is bounded by a constant independent of
j. If the wavelets are compactly supported, then the result follows because, for
a given x, the number of blocks that do not vanish at x is finite, and bounded
by a constant which depends only on a and b. The result also holds if wavelets
have fast decay, using the corresponding decay estimates.

We denote by ’7;] b.o, the wavelet series of 73 o restricted to the scale j. Then
/ |77, (@) [Pda ~ 2b12=Pig=3 (36)
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and it follows that 7, belongs to L? if and only if b — ap — 1 < 0; the value
of the critical Lebesgue index follows.

In order to determine the p-boundary of 7,3, we use the fact that a
fractional integral of order ¢ amounts to replacing the wavelet coefficients 2~
by 27(@+)7 and to replacing the orthonormal wavelet basis by a bi-orthogonal
wavelet basis, for which the same characterizations hold, see [2]. Therefore, the
previous result implies that the condition for 7;(7;2 to belong to LP is b — (a +
t)p — 1 < 0; and the value of p-boundary follows.

Finally, it follows from (36) that the integral of \7;(’;2]7’ on a ball of radius
r ~ 27% is of the order of magnitude of 2072~ (@+0Pi2=7 5o that the p-exponent
h of 7;(’;2 satisfies a + b(a +t) — 1 = —ahp and (35) follows. The values of the

other exponents follow immediately.

The numerical estimation of the pointwise exponents of a thin chirp is illus-
trated in Figure 4. The top row shows the sample path of the function. The
second and third rows display the decay with the scales of the multiresolution
quantities corresponding to each exponent, as defined in Section 4.1. They all
show an excellent scaling behavior at coarse scales (j < 13) that enables an

accurate estimation of the exponent by means of linear regressions.

5.2 Functions with prescribed exponents

We now turn to the last statement of Theorem 1, i.e. the conditions enumerated
in this theorem characterize the functions H that are fractional exponents at

xg of a tempered distribution f. We now describe a first method to generate

functions with a general fractional exponent at 0. Denote by Cg bo) the mapping
a7 ’a)

which associates to (7, (a, b, a)) the sequence (c¢;)rez defined by Definition 13.

To a given sequence (an,, by, a,) we will associate a whole collection of wavelet

J

(an7bn7an

values of j. This can be obtained by the classical diagonal procedure as follows:

coeflicients such that, for each n, the C ) show up for an infinite number of

Recall that each j > 1 can be written in a unique way as j = 2"(2n — 1) for an
m > 0 and n > 1. We pick the coefficients (c¢;)rez such that

fOr .7 = 2m(2n - 1)7 (Cjzk)kez = C‘(Yan,bn,an).

The collection of wavelet coefficients thus constructed yields a function f such

that the fractional exponent of its the p-boundary is

By, o(q) = sup (—an —q(1 =0y)),
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Figure 4: Thin chirp. Graph (top row), and estimation of p-exponent (middle row,
left), oscillation exponent (middle row, right), lacunarity exponent (bottom row, left)

and cancellation exponent (bottom row, right).

and which, on its domain of definition, is given by

1—a,—b 1-
’Hf,o:i%f< Tk an)'

n an Qnp,

Picking for (ay,bn,an) a sequence that satisfies the conditions of Definition
13 yields a rather general construction, but does not allow to reach the level
of generality stated in Theorem 1. Indeed, all the fractional exponents of the
Tab,o take the minimal possible value —g —t at the boundary of its domain of
definition, so that this construction also yields a fractional exponent satisfying
the same restriction. In order to perform a more general construction, we now

introduce new examples, which are a degenerate case of thin chirp.

Degenerate thin chirps. In the above construction of thin chirps sup-
plied by Definition 13, we fix b € (0, 1), and o € R, but the parameter a now de-
pends on the scale j and tends slowly to 0; we can pick for instance the sequence
a(j) =1/logj. We thus obtain a degenerate thin chirp Dy ,: At a given scale
J, all wavelet coefficients of Dy, ,, vanish, except for k € [2(1_“(j))j, 2(1_“(j))j+2bj],
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in which case cjj = 272 The proof of the following proposition is similar to

the one of Proposition 5.1.

Proposition 5.2 The degenerate thin chirp Dy o is bounded if and only if o >
0. If a <0, then pp, ,(0) = (b—1)/a. The p-boundary of Dy at the origin is
Bp, ., 0(q) = —a—q(1 =b), and, if t > —a — q(1 —b), the fractional exponent
of Dy at the origin is Hp, ,0(q,t) = +oc.

We now come back to the proof of the last statement of Theorem 1. First,
using the diagonal trick already mentioned, we can alternate at different scales
the wavelet coefficients of degenerate thin chirps, thus obtaining a new pointwise
singularity, the p-exponent of which will have any arbitrary convex p-boundary
(provided that it satisfies the conditions of Proposition 3.3), and the value taken
by the p-exponent inside the domain of definition being +oc.

Let H be a function defined on a convex subset of RT xR of the form ¢ > B(q)
with B convex and satisfying Vg > 0, B'(¢) < —1; and assume furthermore that
‘H satisfies the four conditions of Theorem 1. First, we construct a degenerate
thin chirp D whose p-boundary is the function B; we will actually use a slight
modification, namely, the function whose wavelet coefficients d;; are defined
by dj, = ¢j,— (where the ¢;j are the wavelet coeflicients of the thin chirp); of
course this modification does not modify the pointwise properties of D. Next,
since the function H satisfies H(q,t) > —q—t, we extend it outside of its domain
of definition into a function which still satisfies the three first conditions of
Theorem 1, but which will be defined on a larger domain, where, at its boundary,
H(q,t) = —q — t. Because of this condition, we know that there exists a thin
chirp T the p-exponent of which is precisely this extended function H(q,t). It
suffices now to consider the function which has the wavelet coefficients of D for
k < 0 and those of 7 for k > 0: The domain of definition of its p-exponent at
0 is the intersection of the domains of D and 7. Since D has the smallest one,
its p-boundary therefore is the function B; and, inside its domain of definition,
the value taken by the p-exponent is the infimum of the p-exponents of D and
T; but since the one taken by 7T is +oo0, it follows that it is exactly the function
‘H; and the last statement of Theorem 1 follows.

Remark: A way to construct examples for which (17) fails is to derive
them from the construction of functions with prescribed exponents. It suffices
to notice that a function of two variables can satisfy the conditions enumerated
in Theorem 1 and, nonetheless, its partial derivatives at a “corner-point” where

the exponents are computed do not satisfy (17).
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6 Examples of multifractality for the can-
cellation exponent

In this section we will study new multifractal functions whose regularity and

cancellation exponents change from point to point.

6.1 Definition of the model

We define a family of functions f on [0, 1] as a modification of a model in [7].
The functions in this family depend on three parameters 7, 5 and ~, with g > 1
integer, 0 < b< B —1,n=0/8 and v € R a non integer. We set

flo)y="Y_ 27yy(a). (37)

XEA(B)

In (37), A(B) = Up>1 Afff), where AY is the set of \ = (4, k) such that j = fm,
m>1,279k=4& +2 K odd, n<2m.
We denote by ¢, the wavelet coefficients of f. Each m > 1 generates 2772m~1

non vanishing coefficients identified by the dyadics 2% + 2 K odd, n < 2%,

27
and their scale Sm. Their values are all equal to 2-7%™,

If B =1, then the c;; # 0 appear on dyadics which are irreducible at scale
j— 1. If 8 > 1, then the fraction of type K /2™ is no more irreducible at scale
j = Bm. The coefficient will appear at a finer scale than scale m. Figure 5 gives
an insight of this situation for § = 3 and n = 0, whereas the case § = 3 and

n = 1/p is presented in Figure 6 .
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Figure 5: Case f = 3 and n = 0. The two non vanishing wavelet coefficients e appear

on dyadic points 2% = % and 2% = 2% + 2% with K odd and 7 = fm.
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Figure 6: Case 8 = 3 and n = 1/3. For j = Bm exactly 2~1(2™ + 1) non vanishing
wavelet coefficients e appear on dyadic points 2% = 2% + 57 with K odd and 0 <n <
2m,

The wavelet characterization of C7(IR) implies that f € C7(IR) (for any
v €R—-Q). If y <0, we now derive ps(zg) from the local scaling function; it
is clearly independent of xy and given by

= liminf log (Q_Bm(Qnﬂm + 1)2m—12—mﬁm)
) = Ti‘rgféo log(2—Fm)

—m—;—nJrl (38)

and Proposition 3.3 implies that p¢(zg) = % <77 -1+ %) .
A similar computation for fractional integrals and derivatives yields that the
fractional exponent domain at any point is Dy ,,, = {(q, t):>v—q (77 -1+ %) } .
We will suppose in the following that (¢,t) € Dy 4.

6.2 Regularity exponents of f

Recall that the rate of approximation by dyadics of a real number z( € [0,1] is

1 K. 2-J _
o) — limsup 2B 0)2 = z0])
j—o0 10g(2_])

(39)

with K;(zo) = argminge g 9513 (|z0 — k277]). Clearly, r(zo) > 1.

Theorem 4 Suppose xo € [0,1], and let n, 5 and ~ such that > 1 integer,

Ogbgﬁ—l,n:%andfyelf{

1. Ifr(zo) < (1 —n)B, then Hyao(q,t)) = OB _ 44 g (5(1—77) - 1) so that

r(xo) r(xo)

0
Of(x0) = 2~ — 1, Ly(zo) = B0 1 and Cp(ao) = 22

(o) ~ r(z0) r(zo) "
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2. If (1 —n)B <r(xo) < B, then Hyg(gq,t)) = (Z(H)) —t so that
— 1.

Of(x0) = ;o5 =1, Ly(wo) =0, and Cp(wo) = 75
3. If r(xo) > B, then Hfa(q,t)) = (v +1)B =t +q((1 —n)B — 1) so that
B

Of(z0) =B -1, Lp(xo)=p(1-n)—1 and Cs(zo) =n0.

Corollary 6.1 If~ > 0, then:
o the Holder spectrum of f is defined on [y,vS3], where ds(h) = h/B7y.

o The p-spectrum is defined on [y, By + q(8(1 —n) — 1)] where

— Ify <u<v/(1—n), then dyy(u) = 2.
— Ifv/(1 =) Su<AB+q(B(1—n) —1), then dyp(u) = Sgrtt—s.

If v < 0 the p spectrum is the function dy, defined on the interval
[15 87 +a(B(L — ) — 1)] where dyy(u) = Sgrast—-

Remark: One may wonder why the two p-spectra in case v > 0 and v < 0

are different even if the computation of the p exponent is the same. This is
because, if v < 0, then —% < 117 < fy < By + el l_pn)_l.

(1 —mn)B < r(xo) yield the same range 2 < hfi(zo) < By + Aa— 77) L for the p-
exponents as in case (zg) < (1 —n)S. The true dimension is thus derived from

the formula T(io) [%(Lx(ol)t) - which corresponds to the case r(zg) < (1 —n)3.
g

As above we can define the s-wavelet leader for s > 0 by

Thus the cases

dj(zg) = sup 12757 ¢y|, (s — leader). (40)
A C3Aj(z0)

The following characterization holds [1].

ln(dj (z0))
In(2-7)

Proposition 6.2 Let f be in C°(R) fore > 0. Then hy—s (o) = liminf
j—00

and Oy (x0) = %, (hf( S)(x0)> -1

t=0"t

Corollary 6.3 e The Oscillation spectrum of f is the function d} defined
on the interval [0, 8 — 1] such that d$(s) = s +1/p.

e The Lacunarity spectrum of f is the function dlf defined on the interval
[0,(1 —n)B — 1] such that dlf(s) =s+1/8(1—n).

e The Cancellation spectrum of f is the function d; defined on the interval
[0, Bn] such that

— if 0< s <n/(1—mn) then dj(s) = s+1/B,
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— if n/(L—n) < s <npB then dj(s) = s/Bn.

Corollaries 6.1 and 6.3 are illustrated numerically in Figure 7. Numerical
estimations were performed using the multifractal formalism described in Sec-
tion 4.2. The left column shows the logscale diagrams for order r = 2 and all
four exponents. The scaling behavior at coarse scales (j < 10) is remarkable,
and allows for an efficient computation of the estimates through linear regres-
sions. Note that the oscillations on the structure functions for S© and for S%
are due to the choice § = 2, which implies that one every two scales have no
nonvanishing wavelet coefficients. Further, Figure 7 (right column) shows that
estimations of all multifractal spectra are in remarkable agreement with those
predicted by theory. Note that the estimate for d° is expected to yield only
the concave hull of the true non-concave spectrum since it is computed from a

Legendre-transform-based multifractal formalism [11].

6.3 Pointwise regularity of f

We now prove Theorem 4. We will need the following quantities:

1/p
Dip={ D lexP270 ) . and Dy = suplex], (41)
NCA N

Note that the sum in the definition of d’;\ is taken as in D) , except that it
is extended to the two nearest neighboors. We start by computing the wavelet-
leaders and p-leaders at a point xg. From this information we will be able to
compute the Holder exponent if v > 0 and p-exponents in all cases with the
restriction that p < pg if v < 0. We will not recall these restrictions which will

be implicit in all computations.

6.3.1 Wavelet and p leaders

Let A be a dyadic interval indexed by (j, k). Let mg, m; be integers such that
B(mo—1) <j < pBmgand (1—n)F(m;—1) <j < (1—n)Bmy. Since 0 <n <1
we have always m; > mg. We have the following cases:

Case 1: 2% = 2% with m > mj;. Thus m > mg and the coefficients
associated with the irreducible fraction 2% appear at scale fm > Bmg > j.
These coefficients will be the first non vanishing coefficients and we have the

218 1 1 of them inside the dyadic cube [2%, 2% + 2%] since % <277,
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Figure 7: Multifractal function. Graph of f given by (37) ( top row), structure
functions (left column), and estimated spectra (right column), for hA?, O, £ and C
(from second to fifth rows, respectively). The dashed lines with crosses indicate the
theoretical spectra.

The first irreducible fraction at scale j' > m is £ + 2]% Since n < % we

27
have % < 270U+ and thus we have the all 275U+ 4 1 of them inside the

cube [2%, 2% + 2%] At each scale j' > j+1 we will have 27" =7~ guch irreducible
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fractions which will give coefficients at scale §j'. Thus: Dy = sup |¢}| = 2-vBm.
MNCA
and the p-leader satisfies

onBmo—pyBmo—pmti Dip <

< (2n6m + 1)2*mﬁmQ*ﬁm+j + Z 2]'/73‘71(21753‘/ + 1)2*?75]"2*5]“&
J'>j+1

and C2B—p¥B=B)moj D < O 9nB—pyB—B)moj
S Dy, S

indeed > 20418-P18-8)i" < 100 since ny(p) > 0 (see (38)). Remark also
J'zj+1
that since m < j we have 2018—p¥8=B)maj ~ o(l+nS—pyS=p)j

Case 2: 2% = 2% with mq > m > mg. This means that
since m < mq. Since m > mg the coefficients associated with the irreducible

fraction 2% appear at scale Sm > Bmg > j. These coefficients will be the first

non vanishing coefficients in the dyadic cube A and we have 1+277+™ of them.

27]ﬁ7n
2P

> 277

Again the coarsest scale 7' > m such that an irreducible fraction appears in the

dyadic cube [2%, % + 2%] is j + 1. Following the same proof than in Case 1

we will have at each scale j/ > j +1 27'~7=1 such irreducible fractions, which
will give 2183 1 1 wavelet coefficients in the dyadic cube [2%, 2% + 2%] Thus,

the leader has the same value than in Case 1 Dy = sup |cj| = 277%™ and the
ANCA
p-leader satisfies
9—J+Bmo—pyBmo—pfm+j D§
- P

< 9TIFAmoTpYBm (9=Bm+i 4 1) 4 Z 2j’—j—1(2nﬂj’ +1)2 P8R+
32+l

and (C27PYAm < Dip < ¢'2~pBm . oo(4nB—pyB-F)i < cvo—pyBm,

Case 3: 2% = 2% and m < mg. The coefficients associated to this fraction

already appeared at the scale Sm < j.

The first ones to be seen inside the cube [2%, 2% + 2%] are the ones re-
lated to the irreducible fraction [2% + ﬁ, 2% 2%] Since n < % we have
2180 +1) such coefficients inside the cube [2% + ﬁ, 2% + 2%], thus inside the

cube [2%, 2% + 2%], the leader is Dy = sup |¢}| = 2-780+1) and, using similar
MNCA
upper and lower bounds as previously, D), is estimated by

C2B—rB=B)igi < D} < C'9nB—p1B=B)joj
S Dy, =
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Computation of the local regularity of f Let zp € R, p > 0or p < pg
in case v < 0. Let § > 0; there exists m,, = +0o such that

| K, (20)27™ — x| < 27mn(r(@0)=0) (42)

Let jn = [mn(r(zo) — )], kn be such that A;, (o) = (jn, kn) = Ay, and let m(()n)
be defined by

BmI —1) < jn < Bm{™  ie. Bm{Y = 1) < my(r(xo) — 8) < Bm{". (43)
Let mgn) be defined by (1 — n)B(mgn) -1 <jn<(1- n)ﬁmgn), ie.
(1= mBm{"” = 1) < ma(r(zo) — 6) < (1 —n)Bm{". (44)
Let AL, = (jn, kn—1), and AL, = (4, kp+1); then dy, (20) = sup{Dy:, Dxr, D, }.
On other hand for € > 0 one can find M such that for m > M

| K (20)27™ — o] > 27 (r(@o)+e) (45)

Let us consider 3)\;(zo) = [(k; — 1)279, (k; + 2)279[. Let m be the smallest
integer such that I;—,;” belongs to 3\;(zo). It is always possible to choose j large
enough such that m > M. Thus ’12(—;” — :co‘ > 9—m(r(zo)+e),

Since K,,27™ € 3\j(xo), 2]% > 2-m(r(zo)+€) gg that }Eg; —14+m(r(xzg)+e) >

j. Thus j < m(r(xzo) + ). Let mg be S(mg — 1) < j < Bmg, and m; such that
(1= n)B(m1 —1) <j < (1 —n)Bm.

We consider the following cases:

Case 1: r(zg) < (1 —n)B. Choose 6 > 0, and consider the sequences (my,)y,
(m),, and (m{™),,. Since (1—7)B(m{™ —1) < (1—n)Bm™ by (44) this yields
my, > mY. This falls into Case 1 and by (42) we know that I;,ng € 3\, (zo)

thus dy, > 2-78mn  Thus if v > 0, then

log dy. log dy,
h¢(zo) = liminf M < liminf o8 Wy (.wo) < 7B
j—+oo  log(277) jn—+oo  log(27In) (r(zo) — O)my,

(46)
We need to separate two cases.

1. Suppose r(xp) < (1—n)B. Then choose ¢ > 0 such that r(zg)+e < (1—n)0.
Thus we have (1 —n)8(m1 — 1) < m(r(zg) + &) < (1 —n)Bm. This yields
m > my and we fall again in Case 1. We have dy < 2~ Thus we get

hy(xo) = %. Following the same proof we obtain

gy~ W0 1 (BA=mn)
i 0)_7"(330)+P< (o) 1)
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2. Suppose r(zg) = (1 —n)B. Then we may have m < m; but anyway we
have dy < 277 Thus we get

log(dy) _ vBm Bm B
gz ) = § T ((—wp+am - (-mp+s
Together with (46) this yields h¢(zo) = v8/(1 —n)B = vB/7(x0).

Similar computations as above yield 2 (z9) = v8/r(z0).

Case 2: (1-n)8 < r(zg) < 5. By (43) and (44) together with the fact that
(1—n)8 <r(xog)—9 < B we have m(()n) <m, < mgn). This falls into Case 2 and
yields dy, > 2779mn_ Thus, as above, we conclude that hy(zg) < v8/7(z0),
and the p-exponent satisfies h?(xo) < ~B/r(xp).

For the lower-bound we need to distinguish two cases:

1. Suppose (1 —n)B < r(xg) < . Thus take € > 0 such that (1 —7)8 <
r(zg) + & < B. This yields mo < m < m;. Again we have to refer to Case
2 and we have d) < 277%™ This yields hs(z9) = v8/r(x0). The same
technic yields 1';(xo) = 78/ (20).

2. Suppose that r(xg) = 8. We have r(zg) + ¢ > 5. We have m < mg but
we have d) < 2_757"; and again we use

log(dy) _ aBm _  yfm B
log(277) = j ~ (B+e)m ~ B+e

Together with (46) this yields h¢(zo) = v = v8/r(x0).
Remark that we always have 2-78m > 2(8=py8=+1)j  Thus (even if

m < mg) we have db (zg) < 277" so that Wi (x0) = 7.

Case 3: § < r(zp). Let § > 0 be such that 5 < r(xg)—4; (43) yields m, < m[()n).
This falls into Case 3; thus dy, > 277%0Un*1) 5o that hf(zg) < 3.

We have also in the same way hz}(a?o) < 1% (1=n)B—1)+~B.

The same lower bounds as in the previous cases yield hy¢(rg) = v8 and
B (o) = L (1= n) — 1) + 8.

The computation of the dimensions of the set E} and EY is standart using
the fact that the dimensions of the sets {zg : r(xg) = a} is 1/a for a > 1.

6.3.2 Oscillating singularities

Let s > 0. Remark that computing hs (20) and hy(zo) is similar. Indeed

fl=s) = Y. c¥3(x) where 9® is the fractional integrate of ¢, and ¢ =
AeA(a.B)
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2-I(vts) if \ e A(B) and 0 otherwise. One concludes by using again the “pseudo-
wavelet” argument already mentioned.

The location of the non vanishing coefficients is the same in f(—*) and f.
Their amplitude at scale j is respectively 2779(v*$) and 2797, Thus we can
estimate the wavelet-leaders or p-leaders of f(~%) with the same formula which
yield the wavelet leaders or p-leaders of f taking v + s instead of . Thus the

fractional exponent follows and this yields

1. If r(xg) < (1 —n)B, then Hy 4, (q,t)) = Q08 _ 4 o q (ﬁ(l—n) B 1)

(o) (o)

2. Tf (1= m)B < r(wo) < B, then My 4(g, 1)) = UEN — ¢
3. If r(zo) > B, then Hyay(g,t) = (v +1)B —t +q((1 —n)B—1)

If r(x0) < B, then Of(xo) B 1, and if r(z0) > S, then Of(xg) = -1

~ r(x0)

6.3.3 Lacunarity exponents
A straightforward computation yields:

L If r(zo) < (1 —n)B, then Ly(zp) = Br((lg;f)]) -1

2. if (1 —=n)B < r(xg) < B, then L(xg) = 0.
3. if r(wo) > B, then Ly(xg) = (1 —n)B — 1.

7 Annex

We will prove the following result.

Theorem 5 Let p >0 and 0 <t < % with % — % = t. Suppose f € T*. Then
Y belongs to Tt

Proof: By hypothesis f satisfies

> JenlP27 < comilerth (47)
N C3)j(zo)

We will use the following inequalities whose proof we leave to the reader.

Lemma 7.1 Let I a set of countable indices and q > 0. We have

D@1 = 200Nk s Jag| > 21) < fagl? <D - 2D)5({k  [ax| > 2'})

leZ kel IEZ
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A fractional integration of order ¢ amounts to a change of wavelet basis and

a multiplication of the coefficients c;; by 277t We want to compute

1/q

Dg\t),q _ Z |C/\,|q2—j'tq2—jf
NC3); (o)

and prove that Dg\t)’q < CZ_j(O‘JFHé) = 02_j(a+%)

Following Lemma 7.1, since % = % +t,

(D)1 < 2009 — 25 € 34 (o) : few[2771277 2 21
leZ

< 3709 — 2y5({X C 3A; (o) : fen[27 7 = 21)
lEZ

Remark that by (47) we have |c,\/|2_% < 0273 Thus if 2! < |c,\/|2_]?
we have 2! < €293, which yields I < —j(a + 1)+ Jy <L with Jy € Z a

constant independant of j and j'. Following (47) we have

Z ey |P277" < c2ilerth) so that
)\’C3)\j(m0)
> (@22 — 2PN € 3A () : lex|27 7 > 21)) < ¢2ilar+D),
l=—00

Thus for all [ € Z,

(1—27P)2PH({N C 3A (zo) : ex|2 7 > 21}) < C2dlertD)
C

= 9-lpg—jlap+l)
1—-2"P

BN C 3A;(x0) : lew]2™F > 21})

IN

Since ¢ — p > 0, this yields,

ll i’
S @0 2y € 30 (o) < ey |27 > 21))

l=—00

—~
S
=
a2
S~—
_Q
N

I
0(2(1 — 1) lg—lpo—j(ap+1) 1o—j(ap+1) —j(g—p)(a+)
< S 22 <02 2 ’

l=—o00

< ('9ilaptltag—pa=1+]) _ C/Q—j(anr%),

which yields the result.
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