
ESTIMATION - DETECTION

TD 1 — Estimation

Exercise 1

We consider n independent identically distributed random variables X1, . . . , Xn with law given by the
Rayleigh distribution, X ∼ R(σ2).

1. Maximum likelihood estimation

(a) Express the likelihood of n observations (x1, · · · , xn) and derive the maximum likelihood esti-
mator σ̂2

ML for σ2.

(b) Determine the bias and variance of σ̂2
ML. Is σ̂2

ML unbiased and convergent?

Note: use the result that if Yk
i.i.d.∼ R(σ2), then Z =

∑K
k=1 Y

2
k ∼ G(K, 2σ2).

(c) Determine the Cramér-Rao bound for σ2. Is σ̂2
ML efficient?

2. Method of moments

(a) Derive an estimator for σ2 using the second moment of X , denoted by σ̂2
m2. Determine if it is

biased, convergent, and efficient.

(b) Derive an estimator for σ2 using the first moment of X , denoted by σ̂2
m1 and determine its bias.

Which of the two estimators σ̂2
m1 and σ̂2

m2 is preferable?

(c) From σ̂2
m1, derive an alternative estimator σ̃2

m1 based on the first moment of X that is unbi-
ased. Which of the two estimators σ̂2

m1 and σ̃2
m1 has smaller variance, and which one is overall

preferable?

3. Bayesian estimation

Suppose the parameter σ2 is known to follow an Inverse Gamma distribution IG(a, b) with parame-
ters a = α > 0 (shape) and b = β/2 > 0 (scale).

(a) Determine, up to multiplicative constants, the posterior and the log-posterior law for σ2. Show
that the posterior is IG(a′, b′) and determine its parameters.

(b) Calculate the MAP estimator for σ2, denoted by σ̂2
MAP .

(c) Calculate the MMSE estimator for σ2, denoted by σ̂2
MMSE .

Exercise 2

Suppose that the output of a physical system can be well modeled by random variables Xi) that are in-
dependently and identically distributed according to a log-Normal distribution lnN (η, ν2). The system
can take on M discrete states m = 1, . . . ,M , each of which is associated with a distinct discrete value
ηm ∈ {η1, . . . , ηM}. The parameter ν2 is known, and the problem consists in determining the state of the
system from n measurements (x1, . . . , xn).

1. Derive the maximum likelihood estimator for ηm (and hence the state m of the system). Interpret the
result in view of the result that would be obtained if the output of the physical system was modeled
by a Gaussian distribution N (η, ν2).

2. Suppose that we have prior information in the form P [η = ηm] = pm, 0 ≤ pm ≤ 1,
∑M
m=1 pm = 1.

Derive the MAP estimator for m. How do you interpret the result with respect to the expression for
the maximum likelihood estimator in 1. ?

3. Can the MMSE estimator be useful for this problem? Why / why not?
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Exercise 3

Least squares (LS) methods can be used for estimating the parameters β = (β1, . . . , βJ)
T of a linear

model

yi =

J∑
j=1

xijβj + εi, (1)

where y = (y1, . . . , yn)
T are the observations, xij are fixed design variables and εi are scalar random

variables that account for the discrepancies between the observations and the predictions xijβj (errors,
noise). The LS methods aims at minimizing the squared difference between the observations and the fitted
model,

∑n
i=1(yi −

∑J
j=1 xijβj)

2.

1. Ordinary least squares method and maximum likelihood estimation

(a) Suppose that the errors εi are independent and identically distributed with Normal law εi
iid∼

N (0, σ2). Show that the solution β̂OLS = (XTX)−1(XTy) to the ordinary least squares
(OLS) problem β̂OLS = argminβ

∑n
i=1(yi −

∑J
j=1 xijβj)

2 is identical to the maximum
likelihood estimate β̂ML. (X is the design matrix with elements xij .)

2. Weighted and generalized least squares methods and maximum likelihood estimation

(a) Weighted least squares (WLS) can be used if different confidence is attributed to the observa-
tions yi, β̂WLS = argminβ

∑n
i=1 wi(yi−

∑J
j=1 xijβj)

2, where the weightsw = (w1, . . . , wn)
T

reflect the confidence in the observation y. Suppose that the errors εi are independent but dis-
tributed according to εi∼N (0, σ2

i ) and determine the weights wi in the WLS solution β̂WLS =
(XTwX)−1(XTwy) such that the WLS estimte is identical to the maximum likelihood esti-
mate, β̂WLS = β̂ML.

(b) Finally, generalized least squares (GLS) can be used if the errors ε = (ε1, . . . , εn)
T are zero

mean but dependent with known covariance Σ = E
[
εεT

]
. Show that in the case of Gaussian

errors εi, the maximum likelihood estimate β̂ML is identical to the GLS estimate β̂GLS =
(XTΣ−1X)−1(XTΣ−1y).

3. Bayesian estimation. Suppose that β ∈ R (J = 1), i.e. yi = xiβ + εi, and that a Normal prior
β ∼ N (β̃, ν2) is assigned to β.

(a) Let εi
iid∼ N (0, σ2) and derive the MAP and MMSE estimate for β.

(b) Let εi
iid∼ N (0, σ2

i ) and derive the MAP and MMSE estimate for β.

(c) Compare the MAP and MMSE estimates in both cases to the corresponding LS estimates. How
do you interpret the result?

4. Suppose that x = [1, 2, 3, 4, 5] and y = [1.3, 0.5, 2.4, 6.5, 5.1], β̃ = 1 and ν2 = 0.1, and that the
variances of the independent Gaussian noise εi are given by σ2 = [1, 2, 3, 4, 5].

(a) Calculate β̂ using the results from 1.(a) and 3.(a) (using σ2 = 3 where needed).

(b) Calculate β̂ using the estimators derived in 2.(a) and 3.(b).
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• Rayleigh distributionR(σ2): σ > 0, x ≥ 0

- density f(x;σ2) = x
σ2 exp

(
− x2

2σ2

)
- mean µ = σ

√
π
2

- variance ν2 = 4−π
2 σ2

• Gamma distribution G(k, θ): k > 0, θ > 0, x > 0

- density f(x; k, θ) = 1
Γ(k)θk

xk−1 exp
(
−xθ
)

- mean µ = kθ
- variance ν2 = kθ2

note: y ∼ G(k, θ) =⇒ cy ∼ G(k, cθ)

• Inverse Gamma distribution IG(a, b) : a > 0, b > 0, x > 0

- density f(x; a, b) = ba

Γ(a)x
−(a+1) exp

(
− b
x

)
• log-Normal distribution lnN (η, ν2) : η ∈ R, ν2 > 0

- density f(x; η, ν2) = 1

x
√

2πν2
exp

(
− (ln x−η)2

2ν2

)
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