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Abstract. This paper puts forward the idea that information encoded on a computer may
have a negative or a positive emphasis. Negative information corresponds to the statement
that some situations are impossible. It is often the case for pieces of background knowledge expressed in a logical format. Positive information corresponds to observed cases. It
is often encountered in data-driven mathematical models, learning, etc. The notion of an
“if. . . , then. . . ” rule is examined in the context of positive and negative information. It is
shown that it leads to the three-valued representation of a rule, after De Finetti, according
to which a given state of the world is an example of the rule, a counterexample to the rule,
or is irrelevant for the rule. This view also sheds light on the typology of fuzzy rules. It
explains the difference between a fuzzy rule modeled by a many-valued implication, and
expressing negative information, and a fuzzy rule modeled by a conjunction (a la Mamdani) and expressing positive information. A new compositional rule of inference adapted
to conjunctive rules, specific to positive information, is proposed. Consequences of this
framework on interpolation between sparse rules are also presented.

1 Introduction
Fuzzy rules are often considered to be a basic concept in fuzzy logic [1]. Originally, fuzzy rules
were meant to represent human knowledge in the design of control systems, when mathematical models were lacking [2]. However, in the last ten years or so, fuzzy rules have been mainly
used as a tool for approximating functions from data. This trend gets away from the original
motivations of fuzzy logic [3]. It seems to be due to the formal analogy between the mathematical models of fuzzy rules and artificial neurons, and the popularity of the “soft computing”
paradigm. However restricting fuzzy rules to such a role puts them in direct competition with
many other and older methods for approximating functions.
In parallel, the last ten years have witnessed a relative decline of basic research in fuzzy
expert systems and approximate reasoning based on fuzzy rules (surveyed in [4]). One reason may be the lack of articulated expert knowledge in many industrial applications of fuzzy
systems, and the popularity drop of symbolic Artificial Intelligence methods in industry. More
recently several researchers have insisted on the fact that the originality of the fuzzy rule-based
approach to modeling lies in the interpretability of the models. This point is all the more valuable as topics like data mining, knowledge discovery, and various forms of learning techniques
have become an important challenge in information technology, due to the huge amount of
data stored in nowadays information systems. Beyond the quest for numerical performance,
looking for meaning in data has become again a relevant issue. The extraction of fuzzy association rules from data has become a topic of interest [5], [6]. One may expect that this new
trend will revive the concerns on approximate reasoning, with a view to develop smart information systems. This revival may also benefit from the popularity of Bayesian belief networks

whose counterparts in possibility theory have been recently studied (see for instance Borgelt
and Kruse [7,8] or Gebhardt [9]).
In order to extract fuzzy rules from data and exploit them in inference processes, it is
necessary to have a clear understanding of the existing typology of fuzzy rules, their formal
models and their various purposes. However, the state of the art on fuzzy rules, as inherited
from the fuzzy modeling and control literature is somewhat confusing. There are basically
three methodologies for fuzzy inference, and they disagree with each other [10].
– First, the Mamdani approach [11] is the oldest one and the first to be used on real control systems. Its peculiarity is the use of a conjunction for modeling rules, instead of the
material implication, and the use of a disjunction for aggregating the rules.
This approach has been ill-understood from a logical point of view, and is actually not in
agreement with classical logic. However it has been used for the most part under precise
inputs, and its anomalous logical behavior has been largely ignored because it is hidden
by the defuzzification schemes. It has been strongly advocated by systems engineering
scholars, like Mendel who considers that results obtained with fuzzy versions of material
implications “violate engineering commonsense” [12]. However, formal difficulties with
Mamdani’s reasoning method from the logical point of view, once we try to use it beyond
what control engineers do with it, have been pointed out quite early ; in 1980 by Baldwin
and Guild [13] and more recently, in 1989 by Di Nola et al. [14].
– Another important approach to formalizing approximate reasoning is the one proposed by
Zadeh himself [15]. In his view, each piece of information (be it a rule, a natural language
sentence, etc.) can be described as a fuzzy restriction on a set of possible worlds (the
universe of discourse). Reasoning with a knowledge base leads to the conjunctive combination of the fuzzy restrictions induced by each piece of information, followed by the
projection of this global fuzzy restriction on the domain of some variable of interest.
An example of pattern of approximate reasoning is the generalized modus ponens, which
exploits a fuzzy fact and a fuzzy rule, and computes a fuzzy conclusion. In this approach, a
rule is modeled by the fuzzy extension of a material implication, and the inference process
is clearly a generalization of classical logic inference. Hence Zadeh’s approach is at odds
with Mamdani’s methods and other fuzzy systems techniques.
– The third fuzzy inference methodology is based on fuzzy rules with precise, numerical
conclusion parts. This trend, now known as TSK approach, has been initiated by Takagi
and Sugeno in 1985 [16] and includes neuro-fuzzy methods using radial-basis functions
and so on.
This methodology has the merit of simplifying Mamdani’s systems by retaining their useful part only. In particular, it lays bare their real purpose, which is interpolation between
local models having fuzzy validity ranges, rather than inference in the usual sense. There
is no (logical) reasoning task left in TSK systems. Neuro-fuzzy techniques do not involve
logic either.
In fact, there is a major misunderstanding between logicians from Artificial Intelligence,
and systems engineers. The former are interested by the representation of knowledge, including human knowledge, and the extraction of articulated knowledge from data. The latter are
interested by the derivation of a useful and accurate model of a system from observed data.
There is a clash of intuitions between the knowledge-driven tradition of logical approaches
and the data-driven framework of systems engineering [17], and it becomes particularly acute
in the framework of fuzzy systems when observing the critical views of the engineering camp
on fuzzy implications and the logical approach (as developed in Mendel’s paper [12]) by scientists who appear not to be familiar with logic and automated reasoning.
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In fact, if Mamdani rules are logically anomalous, it is not because they are wrong models.
If implicative rules do not always meet the engineers expectations, it is not because the logical
approach is flawed for modeling purposes. The reason is that Mamdani’s fuzzy rules and implicative rules model radically different kinds of information, what is called here positive and
negative information respectively.
The aim of this paper is:
1. to show that the typology of fuzzy rules, previously proposed by the authors [18,19] manages to reconcile the knowledge-driven logical tradition and data-driven engineering tradition;
2. to give a logical account of Mamdani’s fuzzy rules in terms of case-based reasoning and
to show that inference in this setting should not rely on a sup-min composition;
3. to propose a reasoned discussion of the problem of interpolating with sparse rules in the
framework of positive and negative information.
The ultimate aim of this research is to try to rebuild some bridge between fuzzy systems and
knowledge representation.
The paper is organized as follows. Section 2 advocates the existence of two types of information that are involved in problem-solving tasks, and shows that they can be captured in the
setting of possibility theory. It corresponds to two notions of possibility, one pertaining to logical consistency and the other to the idea of guaranteed or observed possibility. Section 3 tries
to formally define the notion of “if. . . then. . . ” rules in the light of this distinction, and shows
that both an implicative and a conjunctive views are necessary to get the complete picture.
These results shed light on the nature of so-called association rules in data mining. Section 4
recalls the typology of fuzzy rules previously proposed by the authors. Section 5 shows that the
existence of two kinds of information calls for two forms of fuzzy inference: one based on the
sup-min composition, that is a form of constraint propagation, and the other based on a dual
principle that derive conclusions that are guaranteed possible, despite the incompleteness of
the input information. Lastly, Section 6 deals with the interpolation problem with sparse rules
and shows that, again, two approaches exist which address it.

2 Negative vs. Positive Information



When an agent states a proposition , it may convey one of two meanings. First, the agent may
mean that all the situations where is false are impossible, ruled out. For instance, if one is told
that “museums are closed during night-time”, it clearly means that no museum is open in the
night. However, by stating , the agent may sometimes mean that all the situations where is
true are guaranteed possible (because, for instance, actually observed, or formally permitted,
etc.). This view is very different from the first one. For instance, if somebody tells you that
“between 3 and 4 p.m., museums are open”, this information gives an example of time points
when the museums are normally open. It does not mean that museums are necessarily closed
at 2 or 5 p.m. In the first case, a piece of information discards situations as being impossible.
Hence it can be called negative information. In the second case the emphasis is put on showing
examples where the information is valid and such kind of information can be termed positive.
Note that if the information expressed by a proposition is negative, a situation where is true
is not necessarily possible (there are some hours in daytime when museums are closed too).
Similarly, if the information expressed by a proposition is positive, a situation where is
false is not necessarily impossible (it is unknown actually).
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In many fields, positive and negative information is found conjointly. In relational database
technology, negative information consists of integrity constraints, while positive information
is stored as a set of tuples. In legal reasoning, laws express what is forbidden (negative information) while past cases used for jurisprudence are positive information. In logical approaches
to Artificial Intelligence, logical sentences describe constraints on possible worlds (negative
information) and contrast with observed data. In mathematics, necessary conditions are a form
of negative information, while sufficient conditions have a positive touch.
In general it can be said that negative information is modeled by constraints discarding
impossible situations, while positive information consists of observations or examples.
2.1

Modeling Positive and Negative Information in Possibility Theory

In possibility theory, the available information is represented by means of possibility distributions which rank-order the possible states of affairs in a given referential set or attribute
domain. A possibility distribution assigns to each value
of the variable a degree of
.
possibility
Very early, in 1978, Zadeh proposed to represent pieces of information by means of possibility distributions [20]. Elementary propositions such as “John is tall” are of the form “ is
” where
is a fuzzy predicate and is the variable (ranging on a domain ) underlying
the statement (e.g. the height of John). The main role of possibility distributions is to discard
states of affairs inconsistent with the available knowledge. Indeed,
means that
the assignment
is totally excluded if the statement “ is ” is taken for granted. If
denotes the membership function of the fuzzy set
on , and
denotes a possibility
expressing that the statement “
distribution on , Zadeh proposed the equality
is ” induces a possibility distribution that can be equated with
. In fact, it should be an
inequality since the presence of one piece of information should not forbid the existence of
other ones which further restrict the set of possible values. Then, the statement “ is ” is
represented by the inequality:
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(1)

Such a statement actually means “it must be the case that is (in) ”. It represents negative
information.
Given an event
and a possibility distribution
on expressing the available
knowledge “ is ”, one can define a possibility measure , given by:
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.
# /- '&0.   132547698;: 1,+
.<=   evaluates to what extent the event  is not inconsistent with the
A possibility measure



information “ is ”.
A dual degree of necessity >
is given by:
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A necessity
measure >    evaluates to what extent the event is implied
information

  ”,by theis certain

“ is ”. When >= *LI , it means the following:
given
that
“
is
 *MN , it means the following: given that(i.e.,

>
<
true
in
all
non-impossible
situations).
When
“
 
is ”, is normally true (true in all the most plausible situations where O=9PI ). These


evaluations are in full agreement with the forms of deduction from a belief set encountered in
classical logic.
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Positive information corresponds to converse inequalities w.r.t. the above ones [21]. The
statement “ is ” now designates a subset of values testified as possible for 1 , because
all the values in
have been observed as possible by an information source. A membership
function represents a guaranteed possibility distribution . The main role of guaranteed possibility distributions is to point out states of affairs that have been or can be actually observed
(if
). A value
means that it is not known if the assignment
is possible or not, when the statement “ is ” is taken for granted. Then, the guaranteed
possible values for can be described by the inequality:
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Such a statement actually means “it can be the case that
is (in)
possibilistic information is also advocated by Weisbrod [22] who calls
of the assumption “
”.
A guaranteed possibility measure is then given by:

YC

XY

(2)

 ”. This dual view of
Q  degree of support
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The guaranteed possibility measure \
   evaluates to what extent all situations
 where

is
true are indeed possible as induced by the positive information that “ is ”.
When both positive and negative information is available, there should be a coherence between them, according to which the observed information should not be considered impossible.
It leads to the inequality
. In other words, negative information acts as an integrity
constraint for positive information. This coherence requirement is discussed in more details by
Weisbrod [22], Dubois, Hajek and Prade [17] and Ughetto et al. [23].
This basic distinction between positive and negative information is important, since human
knowledge is both made of restrictions or constraints on the possible values of tuples of variables (as in the logic-based view of Artificial Intelligence), often induced by general laws, and
made of examples of values known for sure as being possible, generally obtained in the form
of observations, or as reported facts (as in database practice). This distinction plays a central
role for the representation as well as the handling of fuzzy information.

Q )a

2.2

Combining Pieces of Information

Obviously, adding observations accumulate possible worlds while adding constraints delete
possible worlds. So as a basic principle, it is clear that negative information should be combined
conjunctively, while positive information should be combined disjunctively. This claim is also
made in [22]. In Artificial Intelligence, logic-based knowledge representations model negative
information and aims at restricting a set of possible states of the world (the models of the
propositions which constitute the knowledge base). Each interpretation which satisfies all the
propositions in the belief base (representing the available knowledge) is then considered as
possible, as not being forbidden. Thus, the addition of new pieces of negative information
will just reduce the set of possible states, since the set of models of the belief base can be
reduced only by the addition of new constraints. The information is said to be complete if
only one possible state for the represented world remains. A statement is true (resp. false) for
sure if the set of its models contains (resp. rules out) the possible states of the world; in case
1

The set

b*c may be fuzzy if values can be guaranteed possible to a degree.
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of incomplete information, one may ignore if a statement is true or false. Several pieces of
negative information ,
are naturally aggregated conjunctively into:



(3)

If there is no information as to whether the pieces of information
are independent or not,
there will be no reinforcement effect between them. Therefore, they are aggregated using the
operation, due to the inequalities:

h<BED
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Then, once all the constraints are taken into account, the minimal specificity principle is applied, which allocates to each value (or state of the world) the greatest possibility degree in
agreement with the constraints. This principle is one of least commitment. It states that anything not declared impossible is possible. It is characteristic of negative information and it
leads to enforcing an equality in (3).
By contrast, a collection of pieces of positive information forms a database, or a memory
of cases, and the more it contains the more numerous are the guaranteed possible situations.
When several pieces of positive information ,
are available, the inequality (2)
becomes:
(4)

@v w uIf&R+U+U+U&5x
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Here again the aggregation using the h~yz operation is due to the inequalities
(2), and the lack
v

of information about the independence of the pieces of information .
As opposed to the logical tradition, databases generally use the closed world assumption
(CWA) which is the opposite of the minimal specificity principle. It says that anything not
observed as actually possible is considered to be false. Only what is explicitly known is represented, and then the CWA allows for the default exclusion of what is regarded as false: a
statement is either true (present in the database) or considered as false, because it is not known
to be true. When new pieces of data are available, they are just added to the database, and the
corresponding information, which was considered as false so far, is then considered as true.
There is no explicit representation of ignorance, only the storage of accepted statements.
In the possibilistic setting, applying the closed world assumption comes down to allocating to
each value (or state of the world) the least possibility degree in agreement with the observed
data. The CWA is thus characteristic of positive information and leads to enforcing an equality
in (4).
Note that if a logical language is used for representation purposes, the conjunctive normal form is the most natural one for representing negative information. Indeed, a conjunction
of clauses properly reflects the combination of negative information (rules, constraints, regulations). Typically, it encodes a collection of “if. . . then. . . ” rules in a knowledge base, as
for instance in the Prolog language. On the contrary, the disjunctive normal form is the most
natural one for representing positive information. Indeed, a disjunction of phrases properly reflects the combination of positive information (a memory of cases, a collection of t-uples in a
relational database, . . . ). See [17] for details.

3 What is a Rule ?
“If. . . then. . . ” rules have been widely used for knowledge representation purposes in Artificial
Intelligence since the late sixties, with the emergence of expert systems, and in Fuzzy Logic,
6

with the widespread popularity of fuzzy control and fuzzy systems, since the mid seventies.
To-date, rules, also called association rules, are found to be a convenient format for describing interpretable knowledge extracted from data. However, there has been little consensus on
the exact nature of rules and their correct mathematical model. In the tradition of logic, as inherited by logic programming, a rule is modeled by a material implication. However, the fact
that, when doing so, a rule takes the truth-value “true” when the condition part is false has led
to paradoxes in logic, and to computational and representational difficulties in logic programming. In the latter area, researchers have felt the need to change the semantics of negation, so as
to circumvent these difficulties (negation by failure, which is a form of CWA). In the tradition
of expert systems, a rule is understood as a production rule, associated to a modus-ponens-like
deduction process. A “rule” is thus a kind of inference rule, however without a clear mathematical status. In more recent probabilistic expert systems, rules are encoded as conditional
probabilities in a belief network. This view of a weighted rule, if mathematically sound, is at
odds with the logical tradition, since the probability of a material implication describing a rule
clearly differs from the corresponding conditional probability. This observation [24] has led to
a vivid debate in philosophical circles since the late seventies [25] without fully settling the
case.
More recently some scholars like Calabrese [26], Goodman et al. [27], Dubois and Prade
[28] have suggested that a rule is not a two-valued entity, but a three valued one. To see it,
consider a database containing descriptions of items in a set . If a rule “if is , then is
” is to be evaluated in the face of this database, it clearly creates a 3-partition of , namely:
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– the set of examples of the rule:
,
,
– the set of counter-examples to the rule:
– the set of items for which the rule is irrelevant: ,



as shown on Fig. 1.

= 
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: counter-examples of the rule

: values irrelevant for the rule




Fig. 1. Partition on

: examples of the rule

N~

induced by the rule “if

 is b

, then

 is 

”.

Each case should be encoded by means of a different truth-value. The two first cases only
corresponding to the usual truth-values “true” and “false” respectively. The third case corresponds to a third truth-value which, according to the context, can be interpreted as “unknown”,
undetermined, irrelevant, etc. This idea of a rule as a “tri-event” actually goes back to De
2
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When and are not defined on the same universe, the cylindrical extensions are assumed. Then, for
the sake of simplicity,
is given for
, and
is given for
.
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Finetti (1936) [29] who even proposed it as a genuine example of three-valued proposition
which could be captured by Lukasiewicz logic. It is also the backbone of De Finetti’s approach
to conditional probability [30]. Indeed it is obvious to see that the probability
is entirely defined by
and
. More recently it was shown by Dubois and Prade
[28] that the three-valued semantics of rules was a possible semantics for the calculus of conditional assertions of Kraus, Lehmann and Magidor [31], which is the basis of one approach to
nonmotonic reasoning. It is also in full accordance with Adams conditional logics [32] based
on infinitesimal probabilities.
This framework for modeling a rule produces a precise mathematical model: a rule is modeled as a pair of disjoint sets representing the examples and the counter-examples of a rule,
). This definition has several consequences. First, it justifies the claim
namely (
made by De Finetti that a conditional probability is the probability of a particular entity which
can be called a conditional event.
Moreover it precisely shows that material implication only partially captures the intended
meaning of an “if. . . then. . . ” rule. It is obvious that the set of items where the material implication
is true is the complement of the set of counter-examples of a rule. Hence
the usual logical view does not single out the examples of the rule, only its counter-examples.
This is clearly in agreement with the fact that propositions in classical logic represent negative
information. On the other hand, the set of examples of a rule is
and clearly represents
positive information.
extracted
Note that in the data mining literature, the merit of an association rule
from a database is evaluated by two indices: the support degree and the confidence degree,
respectively corresponding to the probability of the conjunction and the conditional probability.
This proposal may sound ad hoc. However the deep reason why two indices are necessary to
evaluate the quality of a rule is because the rule generates a 3-partition of the database, and two
evaluations are needed to picture their relative importance. In fact the primitive quality indices
of an association rule are the proportion of its examples and the proportion of its counterexamples. All other indices derive from these basic evaluations.
The three-valued representation of an “if. . . then. . . ” rule also strongly suggests that a rule
contains both positive and negative information embedded in it. It also sheds light on the debate
between Mamdani’s rules in fuzzy logic versus implicative rules: they are the two sides of the
notion of a rule. It makes no sense to discard one of them. However each side may serve a
specific purpose.
For instance, the three-valued representation of a rule may solve some well-known paradoxes of confirmation discussed by scholars like Hempel [33]. Consider the statement “all
ravens are black” modeled in first order logic as:

~    

~ S  

~   

   &  
? 

N 

#&

Raven

  *

Black

  p&

 ! 

(5)

whose validity is to be experimentally tested. Observing black ravens indeed confirms this
statement while the observation of a single non-black one would refute it. However since this
sentence also writes
Raven
Black , it is logically equivalent to its contraposed
form:
Black
Raven
(6)

#  &*

  e
 
#  &k
  ^T

  p+

So observing a white swan, which does not violate the sentence, should also confirm the
claim that all ravens are black. This is hardly defendable. Using a three-valued representation
of the rule, it is clear that while black ravens are examples of the rule “all ravens are black”,
white swans are irrelevant items for this rule. Conversely, white swans are examples of the rule
8

“all non-black items are non-ravens”, and black ravens are in turn irrelevant. Both rules have
the same set of counterexamples (all ravens that are not black, if any) but their examples differ,
and only examples should meaningfully confirm rules. Hence the three-valued representation
enables a rule to be distinguished from its contraposed form.
This representation also tolerates non-monotonicity, as claimed above. It is intuitively satisfying to consider that that a rule
= “if then ” is safer than a rule
= “if then ”,
if
has more examples and less counterexamples than
(in the sense of inclusion). Then
is said to be entailed by
(see Goodman et al. [27]). In particular, the two inclusions
and
generally ensure that
.
classically
When rules are represented by material implications, it is easy to see that
entails
as soon as
has less counterexamples than
, since it means
. Examples of the rules are never involved in classical entailment. As a consequence “if
then ” always implies “if
and
then ”, classically. However using the three-valued
representation, this is no longer the case. Indeed while the rule “if
and
then ” has
generally less counterexamples than the rule “if then ”, it also has less examples, since
. So the rule “if and then ” cannot be a consequence of the rule
“if then ” any more in the three-valued setting.
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Now, consider a rule “if is then is ”, where and are two attributes with domains and respectively. The sets and are now viewed as subsets of attribute values in
and respectively. This rule implicitly defines a relation between these domains. However the outline of this relation, as prescribed by the rule, depends on the way it is interpreted:
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1. Negative view. The rule is viewed as a constraint of the form “if is , then must be
”. In other words, if
and
, then
, or equivalently
. This
view emphasizes only the counter-examples to the rule. It is the implicative form of the
rule. Pairs of attribute values in
are deemed impossible. Other ones remain possible,
as shown on Fig. 2.

= 


: counter-examples of the rule

values considered as possible by default

 




 is  ”.
 , then  can be  ”. In
2. Positive view.  The  rule is viewed as a case
of the form “if is 
  - . This view


other words, if 
and §V
, then  &K§G@© , or equivalently
emphasizes only the
of the rule. It is the conjunctive form of the rule. Pairs of
 examples
 are guaranteed
attribute values in
possible. It is not known if other ones are possible
Fig. 2. Negative view of the rule “if

or not, as shown on Fig. 3.
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 is b

, then

= 


: examples of the rule

values considered as impossible by default

 




Fig. 3. Positive view of the rule “if

The full picture of a rule of the form “if
corresponds to a double inclusion:

is

  -



 is b

then



, then

is

-   +



 is 

”.

” involves these two sides and

pª¦

(7)

Namely the rule specifies a subset of the Cartesian Product
which includes examples
and excludes counter-examples.
This dual view of fuzzy rules, and more particularly the advantages of using conjointly
implicative rules (encoding negative information) and conjunctive rules (encoding positive information) in the same rule-based system, has been emphasized in [23].
This basic distinction between positive and negative information has never been emphasized in classical rule-based systems (e.g. expert systems). However, this is not really surprising. Generally, in these systems, when the rules encode a mapping from a numerical domain
to another one , the condition parts of the rules are defined from a classical partition of . As
they do not overlap, a precise input triggers only one rule, which gives only one conclusion on
. Then it does not matter whether the conclusion encodes positive or negative information.
By contrast, when dealing with uncertainty (imprecision, fuzziness, etc.) the condition parts of
rules may overlap, and the inputs may be imprecise or fuzzy. Then, several rules may be triggered, each giving a (different) conclusion on the same domain. Hence these conclusions have
to be aggregated, and their nature (positive or negative) determines the way they have to be
aggregated, as shown in the following. It can explain why this distinction between positive and
negative information first appeared in fuzzy rule-based systems. However, it is also relevant
in some classical systems, where it could clarify the aggregation processes. For instance some
data mining algorithms produce rules whose condition and conclusion parts are not subject
to any a priori constraint. As the condition parts of these rules may overlap, a precise input
can trigger several rules, whose conclusions have to be aggregated. Usually, this aggregation
is ad-hoc, or based on some evaluation function of the produced outputs. Sometimes, only one
rule is chosen as the most “representative” one. As a consequence, these methods do not take
into account the semantics nor the potential incoherence of the produced rules.
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4 Retrieving the Typology of Fuzzy Rules
Let
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It is interesting to notice the following equivalences.
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– For implicative rules,
is equivalent to
. The latter inclusion is a
formal translation of the linguistic expression corresponding to the rule: “if is , then
must be ”.
– For conjunctive rules,
is equivalent to
. The latter inclusion is a
bit less obvious. It means that if a value for is not reachable from a value for in
, then
cannot be an example of the rule.
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These four inclusions lead to four approaches to the modeling of fuzzy rules by fuzzy
relations. Indeed, when considering fuzzy rules, these equivalences no longer hold. It means
that, regardless of the choice of particular fuzzy connectives for conjunction or disjunction,
four kinds of fuzzy rules fundamentally exist, as pointed out in [19].
4.1

Implicative Rules
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Consider a knowledge base =
, made of parallel fuzzy rules (i.e.,
rules with the same input space and the same output space ). These rules are interpreted as
constraints (negative information). The fuzzy connective representing the arrow must thus be
a generalized material implication. Each rule “if is , then must be ” (denoted
) is represented by a conditional possibility distribution
=
(the membership
function of
), which is determined according to the semantics of the rule.
is
the tuple of input variables (on which information can be obtained) and
is the tuple of
output variables (about which we try to deduce information). If the implication is such that
, for
where is not fuzzy, the fuzzy conclusion of a fuzzy rule is a
fuzzy constraint on the values of . Each output value is at most
-possible:
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According to (3), the possibility distribution !½ representing the base ²
(min-based) conjunction of the ´Aµ ’s:
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is obtained as the

(8)

This equation shows that such rules are viewed as (fuzzy) constraints since the more rules,
the more constraints, the smaller the number of values that satisfy them, and the smaller the
levels of possibility. The possibility distribution
is then an upper bound of possibility for
pairs of values in
. Moreover, this conjunctive combination implies that some output
values, which are possible according to some rules, can be forbidden by other ones. Then, the
possibility degree
means that if
, then is an impossible value for ,
i.e.,
is an impossible pair of input/output values. By contrast,
denotes
ignorance only. It means that for the input value
, no rule in forbids the value for
the output variable . However, the addition of a new rule to (expressing a new piece of
knowledge) may lead to forbid this value. A possibility degree
means that the
pair
is not known as totally impossible, with respect to the current knowledge.
Note that since, with the negative information view, rules express constraints on possible
situations, it may happen that a knowledge base is inconsistent with a given input value
. In the fuzzy case, it means that the fuzzy set of possible values
is sub-normalized, if not empty. Then the rule base is partially useless as inference cannot
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be carried out for some input values. This feature has been considered an impediment when
using implicative rules for fuzzy modeling. Indeed using the Takagi-Sugeno approach or the
Mamdani approach, this situation never occurs. However, in the logic of negative information,
it can be viewed as an expected and valuable feature. It means that this approach to fuzzy
rule-based systems enables them to be tested for logical consistency [34], which can be used
to force the human expert providing the rules (or the learning system) to propose meaningful
sets of rules (forbidding rule bases containing statements like “if is , then is ” and “if
is , then is not ” simultaneously, for instance). Generally, a set of implicative rules
is logically coherent if and only if the fuzzy set of possible values
is
normalized for all
.
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According to the typology of fuzzy rules proposed in [19], there are two main kinds of
implicative rules, whose prototypes are certainty and gradual rules.







Certainty rules are of the form “The more is , the more certainly lies in ”, as in “The
younger a man, the more certainly he is single”. They are based on the fuzzy translation of the
inclusion
. They correspond to the following conditional possibility distribution
modeling the rule:

- Ä 

# (&K®±³&t ^´ µ  ® &5*)Nh<y{z5I9J  ³& !· ®G5,+
(9)
  are combined with Kleene-Dienes implication: ¹?ÆÅpÇh~yz!ÈIJ3¹ &ÉÅ³ .
In (9), and
Ê for the input variable , the (fuzzy) set  Ê denotes
Given such a rule, and an observation
the
induced restriction on the Ê possible values
output variable  . For a precise input
Ê W
 is such that # ®for3the
!

·0Ì ®± [YIÂJ   ËÍ , i.e., a uniform
oR Ës , the conclusion
A
¦
&
Ê


level of uncertainty IJ
in . Then, “  is ” is certain only to the degree
!  Ë  , since values outside  ËÍ areappears
possible to the complementary degree. A similar behavior
is obtained with the implication ¹%ÎÅ¾¿IJ¹Ï~5IJNÅ³ , where Ï is the product instead of

min. Clearly, certainty rules extend propositions with certainty levels by making the certainty
level depend on the level of satisfaction of fuzzy properties.







C« - 

Gradual rules are of the form “The more
is , the more is ”, as in “The redder the
.
tomato, the riper it is”. They are based on the fuzzy translation of the inclusion
They correspond to the constraint:

# $%'& !   Ï ´*µ ®O&K')  ·  ®±,&
where Ï is a conjunction operation. The greatest solution for ´^µ ®O&K

(10)

in (10) (according to
the minimal specificity principle which calls for the greatest permitted degrees of possibility)
corresponds to the residuated implication:

tÐ±Ñ1Ò 0&5®G1Ã2K476oÍÓpÕÔ 7&RI³Ö×&  ØÏÓÕ) !· ®GksÃ+
(11)
When Ï is min, (11) corresponds to Gödel implication: ¹»ÅLI if ¹©)3Å , and Å if ¹©M3Å . If
only a crisp relation between and  is supposed to underlie the rule, it can be modeled by
Rescher-Gaines implication: ¹<TÅ'aI if ¹)_Å , and  if ¹VMNÅ .
For an input  Ë , (11) provides an enlargement of the core of B, i.e., the less
satisfies
 , the

larger the set of values near the core of which are completely possible for  . This
12









expresses a similarity-based tolerance: if the value of
is close to the core of , then is
close to the core of and, more precisely, the closer is to the core of , the closer must
be to the core of . This is the basis for an interpolation mechanism when dealing with several
overlapping rules ([35], [10]).
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Conjunctive Rules

In the fuzzy control tradition, rule-based systems are often made of conjunction-based rules,
as Mamdani-rules for instance. From the previous section it is clear that this representation
considers fuzzy rules as cases, pieces of positive information. These cases, denoted
represent clusters of imprecise observations, i.e., couples of jointly possible input/output values. Each conjunctive rule is then represented by a joint “guaranteed possibility” distribution
.
If the conjunction is such that
, for a precise input
where is
not fuzzy, the fuzzy conclusion of a fuzzy rule
is a collection of examples of feasible or
reachable values for . Namely, each value
is at least
-possible. If the rule does
not apply (i.e., if
), then the inference mechanism leads to the conclusion
which, in the context of positive information means that is unknown, in the sense that no
output is guaranteed possible.
Since conjunctive rules model imprecise information, the guaranteed possibility distribution representing the database is obtained by a disjunctive combination of the conjunctive rules,
which appropriately corresponds to the accumulation of observations and leads to those pairs
of values
whose possibility/feasibility is guaranteed to some minimal degree. Then, the
counterpart to (8) is:
(12)
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is then a lower bound of possibility for pairs of values in
.
The distribution
Thus, a possibility degree
means that if
, then is a totally possible
value for . This is a guaranteed possibility degree. By contrast,
only means that
if
, no rule can guarantee that is a possible value for . By default, is considered as
not possible (since possibility cannot be guaranteed). A membership degree to
represents
ignorance, while a degree means a guaranteed possibility. Thus, a conclusion
should
not be understood here as “all the output values are impossible”, but as “no output value can
be guaranteed”.
Among objections to fuzzy rule aggregation a la Mamdani coming from the logical camp is
the observation that adding an empty rule “if anything, then anything”, to a rule base destroys
the available information (because
). This objection
would be valid in the negative information view where the rule “if anything, then anything”
has indeed empty contents (it is a tautology), and the disjunctive combination of information
is absurd. However, in the logic of positive information, the rule “if is then is ” is not
a tautology but has very extreme contents. It says that whatever the (input) value for , any
value for the output variable is guaranteed possible. In other words, there is absolutely no
relationship between and . No surprise if this type of positive information should destroy
all previous observations. With this model, the empty rule is obviously “If is , then is ”
which means that whatever
, no value can be guaranteed possible for . Then, suitably,
.
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As for implicative rules, there are two main kinds of conjunctive rules, called possibility
and antigradual rules [19].
13







Possibility rules are of the form “the more
is , the more possible
lies in ”, as in
“the more cloudy the sky, the more possible it will rain soon”. They are based on the inclusion
. They correspond to the following possibility distribution modeling the rule:

  -

# 0&5®G*$Lª$¦1&]QU j ´  0&5®G'[h<B`D(  ³& !· ®±Kp+
(13)
These rules, modeled with the conjunction min, correspond to the ones introduced by Mamdani
and Assilian in 1975 [36]. For an input value  Ë such that !  Ë Sâá , a possibility rule


expresses that, when áÄãI ,  is a set of possible values for  (to different degrees if is
fuzzy). When áä3I , values
possible only up to
 Ê in are still possible, but they Ëare, theguaranteed
 is then
the degree á . To obtain , the output set associated with
set
 Ê CÝ as already said. truncated from
above. Finally, if ápC , the rule does not apply, and




Antigradual rules, which are another type of conjunctive rule (see [19]), express that “the
more is , the larger the set of guaranteed possible values for is, around the core of ”,
as in “the more experienced a manager, the wider the set of situations he can manage”. They
are based on the inclusion
. For an input
, if
, the values
in such that
, cannot be guaranteed. Such a rule expresses how values which are
guaranteed possible can be extrapolated on a closeness basis.
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5 Inference with Different Types of Rules
This section is concerned with the inference from a fuzzy system under a fuzzy input, in the
light of the distinction between positive and negative information. Given a fuzzy system described by a fuzzy relation, it is widely agreed that given a fuzzy input, the fuzzy output should
be computed by means of a sup-min composition. It yields the upper image of a fuzzy set
through the fuzzy relation. The second part of this section shows that this approach should be
restricted to the handling of negative information represented by implicative rules, and that the
inference from Mamdani systems under fuzzy inputs (or more generally from systems made of
conjunctive rules, encoding positive information) should be based on another principle which
comes down to finding the lower image of a fuzzy set through a fuzzy relation ([37], [38]).
5.1

Inference with Implicative Rules

In this section, a set of implicative rules is considered. It is modeled by a joint possibility
distribution
after (8).
In order to compute the restriction induced on the values of the output variable , given a
possibility distribution
restricting the values of the input variable ,
is then combined
conjunctively with
and projected on , the domain of (in agreement with (3)):

!½

!½

Ê

Ê



¦

´ ®±AC254Ø6 8;:qå h=B`Dt ½ 0&5®Gr&K Ê 5,+
(14)
This combination-projection
composition (or Compositional
of
« is known asasup-min
Ê , whichRule
²
Inference) and often denoted . Then, given
set
of
rules
and
an
input
set
means
Ê
 Ê given by:
that the ill-known, real value for lies in , one can deduce the output
 Ê   Ê «@æ nEi        Ê « ½ &
(15)
14

!çè / ½

 Ê

with
. The obtained fuzzy set
is then an upper bound of the possible values for
the output variable .
Several features of this kind of fuzzy inference deserve to be recalled [4]:



 Ê   ÊU«       
 v


1. The rule-by-rule approach to inference (also called FITA: first infer then aggregate) is not a
complete procedure in the presence of fuzzy inputs. Namely, letting
then
. The rule-by-rule approach is less precise. For
, it may yield instead of
, in the general case.
instance, for the input
Indeed it is often the case that the core of
is not included in the support of , so that
. Only the FATI approach (first aggregate then infer) obtains
the most precise results, in agreement with (15).
2. The more rules are triggered, the more precise the conclusion derived from a given input.
This conclusion is always a normalized fuzzy set when the fuzzy input is normalized,
unless the rule base is not coherent in the sense depicted in Section 4.1.
3. The suitable property
, called inferential independence does
not hold in the general case. However, it has been shown (see [39]) that, if the used fuzzy
(typically with Gödel implicaimplication satisfies the modus ponens
tion), then the rules are inferentially independent, in particular when the ’s form a fuzzy
partition in the usual sense [40], property which is expected from a fuzzy system where
each rule covers a specific area of the input space.
The failure of modus ponens for certainty rules, for non-crisp sets, agrees with the semantics of these rules. Indeed, certainty rules express that is in
only for input values
in the core of , i.e., input values which are typical for .
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5.2



Inference with Conjunctive Rules

The usual approach to reasoning with Mamdani systems under fuzzy inputs is based on the
sup-min inference:

 Ê   Ê « × ê    ª   
 ê O Ê «   ª    (rule by rule)
 ê  h<B`D×ë ì^í;DØ2R  Ê &  ³&  ßî (truncation) &
Ê  
where the consistency is given by: ì^í;DØ2Í & ^Ã2K476 8;:qå h<BEDt  Ì ³&  " K .

At first glance, the situation is better because the FITA method is complete and is equivalent to the more cumbersome FATI method. However the approach is very questionable for
inference with conjunctive rules, and it leads to serious anomalies.

ï Þ
'v±«  Þ    ª

   ª  
  A  v

– First, the use of the sup-min composition considers the fuzzy relation
as a constraint combined with the input. So is interpreted as negative information while
each granule of it ad been considered as positive information.
– Then, when a fuzzy partition is used, there is no way of achieving
,
except if the ’s are disjoint [14].
– Lastly, the more rules are triggered the more imprecise the obtained conclusion, since
a disjunction of partial conclusions is performed. Adding rules leads to more imprecise
conclusions while one would expect the fuzzy system to be more informative with this
kind of inference.
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In order to overcome these difficulties, it is useful to consider the fuzzy relation obtained from
a set of conjunctive rules for what it really is, namely positive information. A conjunctive rule
base is actually a memory of fuzzy cases. Then what appear to be anomalies under the negative
information view becomes natural. It is clear that adding a new conjunctive rule to a fuzzy case
memory should expand the possibilities, not reduce them.
The fuzzy input still consists in a restriction on the values of the input variable, and is
thus of a different nature. It is in some sense negative information. So the question is: “how to
exploit a set of fuzzy cases, which for each input value describes the fuzzy set of guaranteed
possible output values, on the basis of negative imprecise information on the input ?”
In fact what has to be computed, via an appropriate projection, are the output values which
are guaranteed possible for , for all values of compatible with the restriction on the input
value.
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Then, considering a set of conjunctive rules
, the computacan no longer be achieved via the sup-min composition applied to the disjunctive
tion of
aggregation of the rules. Indeed, the sup-min composition applied to too imprecise an input
, such that
, leads to too large a conclusion
, since
contains values which are not guaranteed possible, as shown on Fig. 4, on
the two hatched zones.
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Fig. 4. Sup-min composition with Mamdani rules.

Ê

The expected conclusion, in terms of guaranteed possible values, is given for a non fuzzy
by:
input
(16)

Ê

 · ÷Ì ®GA_B`DGF 8f: Ì h~yz  Q  0&5®G,+

What is computed is the intersection of the sets of images of precise inputs compatible with
. Any value
in this intersection is guaranteed possible, by any input value compatible
with .
is the lower image [37] of
via the relation aggregating the fuzzy cases.
When
is fuzzy, this equation can be generalized by (see [41]):

Ê  ÚÊ LÃ®
Ê

Ê

 · ÷Ì ®±^ÃB`DGFÉ8;:qå ë !Ì 1h<y{z  Q  0&5®G î &
(17)
Å'uI if ¹ )ÃÊ Å and  Å otherwise. It can be checked that for
where  is Gödel implication:
Ê   ¹= Ü
 , a result that cannot be obtained using
usual fuzzy partitions, if
in (17), then
the sup-min composition (see [14]).
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² ¶ denotes a set of implicative rules, encoding negative information, and
Ú² Ina settheoffollowing,
conjunctive rules, encoding positive information.
Generally speaking, the logical consequence mechanism works in an opposite way for
a fuzzy setÑ ¡ is a consequence of the knowledge base ² ¶
!½ Ñ and
Q½ !÷ ü (see [17]). Indeed,
Ñ
Ñ
!

iff ½
contrast, ¡ is a consequence of the base of
) Ú , since÷ h<BED0  ü ½ & ü @? ½ ÷ . By
[ , since h~y{zQ½ &  ü £Q½ ÷ . By the way, this is in ÷ agreement
examples ²
iff Q½
with the idea of defuzzification, which consists in choosing a value in the set oRýr&7Q½ ý5'MNGs .
à-PÊ implies
One
can
also
notice
that,
while
the
sup-min
composition
is
monotonic
(
Ê
ï

L
  ), the focusing operation described by (17) is anti-monotonic ( Ê implies Wþ
 Ê ), as shown on Figs. 4 and 5 respectively. The reason is that the more imprecise the input, the
`B DGFÉ8;: Ì
2K476 8;: Ì

more restricted the set of output values attainable from all realizations of the imprecise input.

 Ê

Ê

The
in equation (16) (and its fuzzy counter-part in equation (17)) expresses that
the output values in
have to be guaranteed for all possible value in the input set , while
the
in the sup-min composition would suggest that a value in
can be guaranteed
possible if it has been observed for one value in , which is obviously wrong.

 Ê

Ê

Ê

The focusing operation expressed by (16) and (17) (where
is not combined disjunctively with the rest of the information corresponding to the rules), should not be confused with
a Modus-Ponens-like counterpart for bases of examples, where the conjunctive rules and the input would play the same role, unlike in (17). Indeed, let us consider the two premisses: i) the
 
are guaranteed possible at least at the degree , i.e.,
values in
, and ii) the values in
(where is the complement of on ) are guaranteed possible
 
at least at the degree , i.e.,
. Then one can deduce that the values
for which lie in are guaranteed possible at the degree
, whatever
, since


, as it is clear on Fig. 6.
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h<B`Dtá^&5Ó(
p ¤
B`DGFUÿ 8 j q: å · QG(&K®±*[Nh<BED(á^&5Ó(
  9 [ á and ©\   *[
Formally, it corresponds to the following inference scheme: if \© ª

Ó , then \© '[Nh=B`DtáA&KÓ( .

Note that the reasoning theory for positive information developed by Weisbrod [22] strongly
differs from the proposal of this section. Weisbrod avocates the universality of the sup-min
composition for inference, including with positive information. However the proposed rationale is debatable.
17
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Fig. 6. Computation of guaranteed possible values.

6 Interpolation by Completion between Sparse Rules

"!

 3¦

 3Ý

When a rule base is made of incomplete knowledge, it! may occur that for a given input ! , no
rule applies. Then, the obtained conclusion is either
with implicative rules, or
with conjunctive rules, both situations representing total ignorance, as expected. However,
when the rules are sparse, and the domains of the variables are real intervals, it can be natural to
interpolate between values given by (at least) two neighboring rules, especially when a gradual
and smooth variation of in terms of is assumed.
The interpolation problem can be summarized as follows. Given a set of rules “if is ,
then is ”, where the
and the
are ordered on their domains,
and given an imprecise
!
input
between
and
, find an informative conclusion
between
and
(assuming a non decreasing monotonic function between
and
).
!
The input
is said to be between
and
if and only if:
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 v  is the support of  v . The betweenness property is denoted  v )  ! )  v ð
where 476Ø6t

.
Several interpolation methods from sparse fuzzy rules, based on different principles have
been proposed (e.g. [42] for some references). Hirota and Kóczy [43,44] use level-cuts to find
set-valued outputs and rebuild the fuzzy output from the interval-valued outputs. The latter
are obtained by interpolating separately from the left-hand sides and the right-hand sides of
the level cuts of the conditions and conclusions of the fuzzy rules and of the input. These
authors notice that sometimes the bounds of the results are not in the expected order, because
the interpolation weights for left-hand sides and for the right-hand sides are not related to each
other. Since then many papers have appeared which try to cope with this anomaly. In contrast
Dubois and Prade [45] have suggested a view of fuzzy interpolation based on the extension
principle applied to the fuzzy points defined by the Cartesian products of the left-hand side
and the right-hand side of each rule. Other interpolation principles have been proposed, based
on shape interpolation (Bouchon-Meunier et al. [46], [47] for instance). Jenei [48] tried to state
axioms a well-behaved fuzzy interpolation method should satisfy.
In this section, only the two first mentioned interpolation methods are discussed, and reinterpreted in the framework of this paper. It is shown that both schemes derive from standard
deductive inference performed on the rule base consisting of the two rules, completed with
linearly interpolated rules [49,50]. The method of Kóczy and Hirota is shown to rely on implicative rules, viewed as constraints, while the other method uses conjunctive rules, viewed
18

as imprecise data. For the sake of simplicity, this section considers that rules have only one
input (the input space has one dimension), and that the conditions and conclusions of rules are
non-fuzzy closed intervals (see [49] for the extension to fuzzy sets and to multi-input rules).
Moreover, as a convenient notation the two considered sparse rules are denoted
and
.
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In the case of conjunction-based rules, the two rules between which the interpolation is
performed represent two points in
and in
respectively, which are guaranteed
to be possible. The scheme consists in linearly interpolating between these imprecise*points.
!
Formally, given
and
, and assuming
, the
!
problem is to find the output
as the range of:
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using sensitivity analysis. It comes down to computing the area scanned by all the straight lines
between the points
and
. It leads to the relation
depicted on Fig. 7. Obviously, points
in can be outside
, and outside
,
even when
or
. This is compatible with the semantics of conjunctive rules only.
From this construction, is an imprecise function obtained by linear interpolation between
!
imprecise ! points. As a consequence, the output of the interpolation problem with input ! ,
namely
, should be computed considering
the extension principle. Then, the output
is
!
!
given by the sup-min composition:
,
and
can
be
computed
via
interval
arithmetics
!
!
(see [45]). However, given
, for
, it leads to
(the equality is obtained
when
only).
In fact this method of linear interpolation from
imprecise points can yield very imprecise
!
results even if the input is precise, say
. Indeed it is clear that the result is the inter!
val on the -axis obtained by cutting the shaded area on Fig. 7 by the straight line
.
With imprecise inputs, the output is all the more imprecise. The result could be made more
precise using the inf-max composition, yielding the set of output ! values that can be attained
using any value in the input set
. Using the inf-max comfrom all linear functions in
position instead of the sup-min composition is not a ad-hoc proposition. It can be justified by
the! semantics of the
conjunctive rules, as shown later. Moreover, it leads to the expected result
!
when
.
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Fig. 7. Interpolation with imprecise points.
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The point of view of implicative rules is to consider that the two rules no longer represent
imprecisely located points, but are constraints on the range of , for
. They forbid
linear functions 0/ +
between and whereby / +
lies outside
if
!
-21
-31
or outside
if
. Let
,
for
.
Formally,
the
output
!
is the range of / +
where
, under the following constraints on coefficients / and :

L 


L
 Ê
    Ô ¹ &É¹ Ö
-41
/ + ¹qË
Ê
/ + ¹ Ë
/ + ¹
Ê
/ + ¹
-51
The obtained relation between and  is the area scanned by all the straight lines that
do not cross the areas forbidden by the two rules (that is, containing no counterexamples of any
of the rules, as shown on Fig. 8). The
Ê two
Ê straight
Ê Ê lines that delimit are defined by the pair of
points oq¹ Ë &ÉÅ Ë r&R¹ &ÉÅ ks and oq¹ Ë &ÉÅ Ë r&Í¹ &kÅ rs . Thus, the proposed interpolation principle
used with implicative
the case where the linear model has to be the same
 asrules
corresponds
p . Theto output
!
Ë
between Ë and
on
of the interpolation problem with input
!

*
!«


is
(a sup-min
as follows: for any
 + 6  ¹ Ê + ÈIandJ76 can  forbe computed
 actually
 /¹composition),
  Ô ¹q! Ëf&K¹ Ê Ö , define 6  such that
^
d
/

7

R
&
I
.
It
can be easily seen
LÔ (&K®fÖ with SÄÅkË + 67Ë - Å ËÊ + 5I13J 67- Ë and ®~CÅ + 6 - Å Ê + ÈI13J 6  . This is Kóczy
that
and Hirota’s method. However one may have ¤MÃ® since there is no relationship between 6 Ë
and 6 . It can be called constrained rule-based linear interpolation.
Sometimes the two straight
 lines delimiting may cross so that there is no value § corresponding to a given input . This is when the set of constraints defining the interpolation
   satisfying the constraints (18).
problem is inconsistent: there may be no point  8& / +
-91


This is true in particular if the conclusion parts of the rules are precise and are different while
condition parts are imprecise, since the only possible linear functions compatible with such
rules are constant functions. When exists, the output is obviously more precise than with the
former method.

¦


Ë

Ë



Fig. 8. Interpolation between and on


b  =b  .

The two linear interpolation schemes introduced above can be obtained by a unique principle which consists in completing the set of two rules , either by implicative or conjunctivebased rules.
This
interpolation principle;simply
consists
in adding to all the rules of the
;:
:
:
:
form
, for 6
, where
and
are obtained by linear interpolation, by:

 &  

¿Ô Ø&UI³Ö
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²

²

: 9
 6 +

 6 +  - 5I0<J 6O +  Ë . An infinite set of rules is obtained,
5I0: J< 6O:  +  Ë and  : 9

namely = = oq
& r&6ZÔ Ø&UIUÖs . Now, it can be shown that the relations corresponding to
= are the ones depicted Figs. 7 and 8.
  ª   , where
Conjunctive rules, representing ill-known points correspond to the relation
ª is the Cartesian product. As these rules encode possible values, they are aggregated disjunctively (possible
values add). Thus, the relation ?> corresponding to the set of rules = is
:
?> Þ
: @ Ë j BA ; : ª  : , which correspond to the grey part of Fig. 7.

   and
Implicative rules, representing parts of a fuzzy rules correspond to the relation ?
:
are aggregated conjunctively. In this case, the relation ;> becomes ?>$Äé 
: @ Ë j A  :   : ,
-

which corresponds to the grey part of Fig. 8.
Since this interpolation method only consists in completing the initial set of two rules
by linearly interpolated rules, the inference method should be the usual one, applied to the
completed set of rules: the sup-min composition
for
implicative rules, and the inf-max compo:
!
sition
for
conjunctive
rules.
Then,
when
,
whatever
, the output is suitably
6
:
!
. This again advocates for the inf-max composition with conjunctive rules.
Since the two interpolation methods can be described by means of regular (completed) rule
bases, it is clear to see why the extension principle approach always provides an output: conjunctive rules never conflict. On the other hand it is clear that the case when the Kóczy-Hirota
method gives an empty result corresponds to an incoherent completed knowledge base of implicative rules. Hence rather that trying to mend the method, it is advisable either to change the
rules (relax the constraints) or to change the interpolation method (non-linear interpolation,
or interpolation in-between the rules only [49]). Also note that the interpolation method by
completion of a set of conjunctive! rules and the inf-max composition can also lead to empty
is*too
imprecise, and then no value for can be guaranteed
results. It occurs when the input
!
possible whatever the value of in . However, this is not a case of incoherence!
The extension of the conjunctive rule-based interpretation to fuzzy rules is simple [45]. The
extension of the implicative rule-based interpretation to fuzzy rules is clear in theoretical terms
(using a fuzzy completed knowledge based, and applying the sup-min inference). However it
is tricky in practice as subject first to a coherence test, and if coherent the computation of the
fuzzy output inherits all difficulties of inference from a set of implicative rules, but now it is
an infinite set (the completed set of all interpolated rules). First results appear in [49]. This is a
topic for further research.

  

  



¤ Ô 7&RI³Ö





7 Conclusion
This paper has emphasized two complementary types of information called negative and positive information. Negative information acts as constraints that exclude possible worlds while
positive information models observations that enable new possible worlds.
It has been shown that “if. . . then. . . ” rules convey both kinds of information, through their
counter-examples and examples respectively. The existence of different types of fuzzy rules,
whose representation is based either on implications or on conjunctions can be explained by
the existence of these two antagonistic views of information. These two points of view on rules
lead to two specific and distinct inference modes. A general method by completion of the set
of rules can be applied in both situations for interpolating between sparse rules.
Fuzzy rules and especially conjunctive rules have been shown recently to be useful in
case-based prediction [51] for modeling the principle that similar inputs possibly have similar
outputs; implicative rules are then used for interpreting the repertory of cases as constraints on
similarity relations.
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