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#Valves
4 DATA TYPES
5 TankState
6 CONSTRUCTORS
7 Normal ( )
8 Emptying ( )
9 F i l l i n g ( )

10 Stab le ( )
11 OPERATORS
12 isFlow <pred icate> ( s t a t e : TankState ,DR: P(RReal ) , Phi : RRealPlus 7→ RReal ,Qmin : RReal ,Qmax:

RReal )
13 well−definedness DR ⊆ dom( Phi )
14 isFlowODE <pred icate> ( s t a t e : TankState ,DR: P(RReal ) , Phip : RRealPlus×RReal 7→ RReal ,Qmin : RReal

,Qmax: RReal )
15 well−definedness DR×Closed2Closed (Qmin ,Qmax) ⊆ dom( Phip )
16 isFlowEq <pred icate> ( s t a t e : TankState ,DR: P(RReal ) , eq : DE(RReal ) ,Qmin : RReal ,Qmax: RReal )
17 well−definedness So lvab l e (DR, eq )
18 direct definition
19 ∀ Q · Q ∈ RRealPlus 7→ RReal ∧ DR ⊆ dom(Q) ∧ so lu t i onOf (DR,Q, eq ) ⇒ i sFlow ( s tate ,DR,Q,Qmin ,

Qmax)
20 Delta <expres s ion> ( delta_in : RReal , delta_out : RReal )
21 well−definedness Rzero 7→ delta_in ∈ l t , Rzero 7→ delta_out ∈ l t
22 direct definition
23 (λ io_ · io_ ∈ InOutValve | minus ( t imes ( de lta_in 7→ in_rs tatus ( io_ ) ) 7→ t imes ( delta_out 7→

out_rstatus ( io_ ) ) ) )
24 flowIO <expres s ion> (Qmin : RReal ,Qmax: RReal , de l ta_in : RReal , delta_out : RReal )
25 well−definedness Rzero 7→ Qmin ∈ l eq , Rzero 7→ Qmax ∈ l t ,Qmin 7→ Qmax ∈ l eq , Rzero 7→ delta_in ∈

l t , Rzero 7→ delta_out ∈ l t
26 direct definition
27 (λ io_ · io_ ∈ InOutValve |
28 (λ t0_ 7→ q0_ · t0_ ∈ RRealPlus ∧ q0_ ∈ RReal |
29 (λ t_ 7→ q_ ·
30 t_ ∈ RRealPlus ∧ q_ ∈ RReal ∧
31 plus ( t imes ( Delta ( delta_in , delta_out ) ( io_ ) 7→ minus (t_ 7→ t0_) ) 7→ q0_) ∈ Closed2Closed

(Qmin ,Qmax) |
32 Delta ( delta_in , delta_out ) ( io_ )
33 ) ∪
34 (λ t_ 7→ q_ ·
35 t_ ∈ RRealPlus ∧ q_ ∈ RReal ∧
36 plus ( t imes ( Delta ( delta_in , delta_out ) ( io_ ) 7→ minus (t_ 7→ t0_) ) 7→ q0_) /∈ Closed2Closed

(Qmin ,Qmax) |
37 Rzero
38 )
39 )
40 )
41 flowIOParts <expres s ion> (Qmin : RReal ,Qmax: RReal , de l ta_in : RReal , delta_out : RReal , i ov :

InOutValve , t0 : RRealPlus , q0 : RReal )
42 well−definedness Rzero 7→ Qmin ∈ l t , Rzero 7→ Qmax ∈ l t , Rzero 7→ delta_in ∈ l t , Rzero 7→

delta_out ∈ l t , Rzero 7→ q0 ∈ l eq , q0 7→ Qmax ∈ l e q
43 direct definition
44 {
45 { t_ | t_ ∈ RRealPlus ∧ plus ( t imes ( Delta ( delta_in , delta_out ) ( iov ) 7→ minus (t_ 7→ t0 ) ) 7→ q0

) ∈ Closed2Closed (Qmin ,Qmax) } ,
46 { t_ | t_ ∈ RRealPlus ∧ plus ( t imes ( Delta ( delta_in , delta_out ) ( iov ) 7→ minus (t_ 7→ t0 ) ) 7→ q0

) 7→ Qmin ∈ l t } ,
47 { t_ | t_ ∈ RRealPlus ∧ Qmax 7→ plus ( t imes ( Delta ( delta_in , delta_out ) ( iov ) 7→ minus (t_ 7→ t0

) ) 7→ q0 ) ∈ l t }
48 }
49 FlowIOODE <expres s ion> (Qmin : RReal ,Qmax: RReal , de l ta_in : RReal , delta_out : RReal )
50 well−definedness Rzero 7→ Qmin ∈ l eq , Rzero 7→ Qmax ∈ l t ,Qmin 7→ Qmax ∈ l eq , Rzero 7→ delta_in ∈

l t , Rzero 7→ delta_out ∈ l t
51 direct definition
52 (λ io_ · io_ ∈ InOutValve |
53 (λ t0_ 7→ q0_ · t0_ ∈ RRealPlus ∧ q0_ ∈ RReal |
54 ode ( flowIO (Qmin ,Qmax, delta_in , delta_out ) ( io_ ) ( t0_ 7→q0_) ,q0_ , t0_)
55 )
56 )
57 SingleTankPolicy <expres s ion> (mode : TankState )
58 NoFlow <expres s ion> ( )
59 direct definition

1



60 (λ t_ 7→Q_ · t_ ∈ RRealPlus ∧ Q_ ∈ RReal | Rzero )
61 THEOREMS
62 flowode_yields_flow :
63 ∀ DR,Qmin ,Qmax, Phip , st , t0 , q0 ·
64 DR ⊆ RRealPlus ∧
65 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
66 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
67 Qmin 7→ Qmax ∈ l e q ∧
68 s t ∈ TankState ∧
69 t0 ∈ DR ∧ q0 ∈ RReal ∧
70 Phip ∈ RRealPlus×RReal 7→ RReal ∧
71 DR×Closed2Closed (Qmin ,Qmax) ⊆ dom( Phip ) ∧
72 isFlowODE( st ,DR, Phip ,Qmin ,Qmax) ∧
73 So lvab l e (DR, ode (Phip , q0 , t0 ) )
74 ⇒ (
75 ∀ Phi · Phi ∈ RRealPlus 7→ RReal ∧ DR ⊆ dom( Phi ) ∧ so lu t i onOf (DR, Phi , ode (Phip , q0 , t0 ) ) ⇒
76 i sFlow ( st ,DR, Phi ,Qmin ,Qmax)
77 )
78 flow_type :
79 ∀ Qmin ,Qmax, delta_in , delta_out , iov , t0 , q0 ·
80 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
81 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
82 Qmin 7→ Qmax ∈ l e q ∧
83 delta_in ∈ RReal ∧ Rzero 7→ delta_in ∈ l t ∧
84 delta_out ∈ RReal ∧ Rzero 7→ delta_out ∈ l t ∧
85 i ov ∈ InOutValve ∧
86 t0 ∈ RRealPlus ∧
87 q0 ∈ RReal ⇒ (
88 f lowIO (Qmin ,Qmax, delta_in , delta_out ) ( iov ) ( t0 7→q0 ) ∈ RRealPlus×RReal → RReal
89 )
90 flow_lipschitz :
91 ∀ Qmin ,Qmax, delta_in , delta_out , iov , t0 , q0 ·
92 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
93 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
94 Qmin 7→ Qmax ∈ l e q ∧
95 delta_in ∈ RReal ∧ Rzero 7→ delta_in ∈ l t ∧
96 delta_out ∈ RReal ∧ Rzero 7→ delta_out ∈ l t ∧
97 i ov ∈ InOutValve ∧
98 t0 ∈ RRealPlus ∧
99 q0 ∈ RReal ∧ Rzero 7→ q0 ∈ l e q ∧ q0 7→ Qmax ∈ l e q ⇒ (

100 ∀ t_ · t_ ∈ RRealPlus ⇒
101 l i p s ch i t zCont inuou s (RReal , RReal , p a r t i a l 2 ( flowIO (Qmin ,Qmax, delta_in , delta_out ) ( iov ) ( t0 7→

q0 ) , t_) )
102 )
103 flow_piecewise_continuous :
104 ∀ Qmin ,Qmax, delta_in , delta_out , iov , t0 , q0 ·
105 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
106 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
107 Qmin 7→ Qmax ∈ l e q ∧
108 delta_in ∈ RReal ∧ Rzero 7→ delta_in ∈ l t ∧
109 delta_out ∈ RReal ∧ Rzero 7→ delta_out ∈ l t ∧
110 i ov ∈ InOutValve ∧
111 t0 ∈ RRealPlus ∧
112 q0 ∈ RReal ∧ Rzero 7→ q0 ∈ l e q ∧ q0 7→ Qmax ∈ l e q ⇒ (
113 par t i a lP i e c ew i s eCont inuous (
114 f lowIOParts (Qmax,Qmin , delta_in , delta_out , iov , t0 , q0 ) ,
115 RReal , RReal ,
116 f lowIO (Qmin ,Qmax, delta_in , delta_out ) ( iov ) ( t0 7→q0 )
117 )
118 )
119 flow_pw_CL_cond :
120 ∀ Qmin ,Qmax, delta_in , delta_out , iov , t0 , q0 ·
121 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
122 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
123 Qmin 7→ Qmax ∈ l e q ∧
124 delta_in ∈ RReal ∧ Rzero 7→ delta_in ∈ l t ∧
125 delta_out ∈ RReal ∧ Rzero 7→ delta_out ∈ l t ∧
126 i ov ∈ InOutValve ∧
127 t0 ∈ RRealPlus ∧
128 q0 ∈ RReal ∧ Rzero 7→ q0 ∈ l e q ∧ q0 7→ Qmax ∈ l e q ⇒ (
129 PiecewiseCauchyLipsch i tzCondit ion (
130 f lowIOParts (Qmin ,Qmax, delta_in , delta_out , iov , t0 , q0 ) ,
131 RReal ,
132 FlowIOODE(Qmin ,Qmax, delta_in , delta_out ) ( iov ) ( t0 7→q0 )
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133 )
134 )
135 flowio_is_flowode_single_tank_policy :
136 ∀ DR,Qmin ,Qmax, delta_in , delta_out , s t a t e ·
137 DR ⊆ RRealPlus ∧
138 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
139 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
140 Qmin 7→ Qmax ∈ l e q ∧
141 delta_in ∈ RReal ∧ Rzero 7→ delta_in ∈ l t ∧
142 delta_out ∈ RReal ∧ Rzero 7→ delta_out ∈ l t ∧
143 s t a t e ∈ TankState
144 ⇒ (
145 ∀ iov , t0 , q0 ·
146 i ov ∈ Sing leTankPol icy ( s t a t e ) ∧
147 t0 ∈ DR ∧ q0 ∈ RReal ∧
148 Qmin 7→ q0 ∈ l e q ∧ q0 7→ Qmax ∈ l e q
149 ⇒
150 isFlowODE( state ,DR, flowIO (Qmin ,Qmax, delta_in , delta_out ) ( iov ) ( t0 7→q0 ) ,Qmin ,Qmax)
151 )
152 flow_LC :
153 ∀ DR,
154 Phi1 , l , Q1min , Q1max,
155 Phi2 , m, Q2min , Q2max ·
156 DR ⊆ RReal ∧
157 l ∈ RReal ∧ Rzero 7→ l ∈ l t ∧
158 Q1min ∈ RReal ∧ Q1max ∈ RReal ∧ Q1min 7→ Q1max ∈ l e q ∧
159 Rzero 7→ Q1min ∈ l e q ∧ Rzero 7→ Q1max ∈ l t ∧
160 Phi1 ∈ RRealPlus 7→ RReal ∧ DR ⊆ dom( Phi1 ) ∧
161 m ∈ RReal ∧ Rzero 7→ m ∈ l t ∧
162 Q2min ∈ RReal ∧ Q2max ∈ RReal ∧ Q2min 7→ Q2max ∈ l e q ∧
163 Rzero 7→ Q2min ∈ l e q ∧ Rzero 7→ Q2max ∈ l t ∧
164 Phi2 ∈ RRealPlus 7→ RReal ∧ DR ⊆ dom( Phi2 ) ⇒ (
165 (∀ s t · s t ∈ TankState ⇒ i sFlow ( st ,DR, Phi1 , Q1min ,Q1max) ∧ i sFlow ( st ,DR, Phi2 , Q2min ,Q2max) )
166 ⇔
167 (∀ s t · s t ∈ TankState ⇒ i sFlow (
168 st ,
169 DR,
170 LinComb2( l , Phi1 ,m, Phi2 ) ,
171 sLinComb2 ( l , Q1min ,m, Q2min) ,
172 sLinComb2 ( l ,Q1max,m,Q2max)
173 )
174 )
175 )
176 flowODE_LC :
177 ∀ DR,
178 Phip1 , l , Q1min , Q1max,
179 Phip2 , m, Q2min , Q2max ·
180 DR ⊆ RReal ∧
181 Q1min ∈ RReal ∧ Q1max ∈ RReal ∧ Q1min 7→ Q1max ∈ l e q ∧
182 Rzero 7→ Q1min ∈ l e q ∧ Rzero 7→ Q1max ∈ l t ∧
183 Phip1 ∈ RRealPlus×RReal 7→ RReal ∧ DR×Closed2Closed (Q1min ,Q1max) ⊆ dom( Phip1 ) ∧
184 m ∈ RReal ∧ Rzero 7→ m ∈ l t ∧
185 Q2min ∈ RReal ∧ Q2max ∈ RReal ∧ Q2min 7→ Q2max ∈ l e q ∧
186 Rzero 7→ Q2min ∈ l e q ∧ Rzero 7→ Q2max ∈ l t ∧
187 Phip2 ∈ RRealPlus×RReal 7→ RReal ∧ DR×Closed2Closed (Q2min ,Q2max) ⊆ dom( Phip2 ) ⇒ (
188 (∀ s t · s t ∈ TankState ⇒ isFlowODE( st ,DR, Phip1 , Q1min ,Q1max) ∧ isFlowODE( st ,DR, Phip2 , Q2min

,Q2max) )
189 ⇔
190 (∀ s t · s t ∈ TankState ⇒ isFlowODE(
191 st ,
192 DR,
193 LinComb2( l , Phip1 ,m, Phip2 ) ,
194 sLinComb2 ( l , Q1min ,m, Q2min) ,
195 sLinComb2 ( l ,Q1max,m,Q2max)
196 )
197 )
198 )
199 flowode_is_floweq :
200 ∀ DR,Qmin ,Qmax, Phip , st , t0 , q0 ·
201 DR ⊆ RRealPlus ∧
202 Qmin ∈ RReal ∧ Rzero 7→ Qmin ∈ l e q ∧
203 Qmax ∈ RReal ∧ Rzero 7→ Qmax ∈ l t ∧
204 Qmin 7→ Qmax ∈ l e q ∧
205 s t ∈ TankState ∧
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206 t0 ∈ DR ∧ q0 ∈ RReal ∧
207 Phip ∈ RRealPlus×RReal 7→ RReal ∧ DR×Closed2Closed (Qmin ,Qmax) ⊆ dom( Phip ) ∧
208 isFlowODE( st ,DR, Phip ,Qmin ,Qmax) ∧
209 So lvab l e (DR, ode (Phip , q0 , t0 ) )
210 ⇒
211 isFlowEq ( st ,DR, ode (Phip , q0 , t0 ) ,Qmin ,Qmax)
212 END

4


