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THEORY Functions
IMPORT THEORY PROJECTS
/SimpleDEq THEORIES /SimpleDEq/Intervals.dtflorg.eventb.theory.core.deployedTheoryRoot#Intervals
TYPE PARAMETERS E,F,G,H, I
OPERATORS
bind <expression> (fab: E +» F,gac: E » G)
direct definition
(4 x - x € dom(fab) n dom(gac) | (fab(x) —» gac(x)))
fprojl <expression> (fa_bc: E -» FXG)
direct definition
(A xpy - x € FAy G| x) o fa_bc
fproj2 <expression> (fa_bc: E -» FXG)
direct definition
(A xpy - x € FAyeG|y) o fa_bc
Rfplus <expression> ()
direct definition
(4 rf » rg - rf € (RReal - RReal) A rg € (RReal — RReal) |
(4 x - x € RReal | plus(rf(x) = rg(x)))
)
Rftimes <expression> ()
direct definition
(A rf » rg - rf € (RReal > RReal) A rg € (RReal - RReal) |
(4 x - x € RReal | times(rf(x) —» rg(x)))
)
Rfscal <expression> ()
direct definition
(A1 » rf -1 € RReal A rf € (RReal » RReal) |
(4 x - x € RReal | times (1l » rf(x)))
)
Rfcste <expression> (1: RReal)
direct definition
(A x - x € RReal | 1)
partiall <expression> (fab_c: ExF+G,y: F)
direct definition
(4 x - (x » y) € dom(fab_c) | fab_c(x—y))
partial2 <expression> (fab_c: ExF+G,x: E)
direct definition
(Ay - (x » y) € dom(fab_c) | fab_c(x—y))
partialComp <expression> (fabb: ExF+G,gab: E-+F)
direct definition
(At -t € dom(gab) A (t —» gab(t)) € dom(fabb) | fabb(t — gab(t)))
unpartializel <expression> (A: P(E),fbc: F+G)
direct definition
(A xPpy - x € AAy € dom(fbc) | fbc(y))
unpartialize2 <expression> (B: P(F),fac: E » G)
direct definition
(A4 xy - x € dom(fac) A’y € B | fac(x))
increasing <predicate> (AR: P(RReal),f: AR — RReal)
direct definition
Vx,y x€ARAYy €A = (
(x » y € leq) © (f(x) » f(y) € leq)
)
strictlyIncreasing <predicate > (AR: P(RReal),f: AR — RReal)
direct definition
Vx,y x€ARAYy €A = (
(x »pye€elt) © (f(x) » f(y) € 1t)
)
decreasing <predicate> (AR: P(RReal),f: AR — RReal)
direct definition
VXx,y x€AR Ay € AR = (
(x »y € leq) & (f(x) » f(y) € geq)
)
strictlyDecreasing <predicate > (AR: P(RReal),f: AR — RReal)
direct definition
Vx,y x€ARAYy €A = (
(x »y € lt) & (f(x) » f(y) € gt)
)
constant <predicate> (A: P(E),fa: A - F)
direct definition
Vx:-x€eA=> (Vy: -yeA=> fa(x) = fa(y))
positive <predicate> (A: P(E),far: A - RReal)
direct definition
V x:-x € A= Rzero » far(x) € leq
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strictlyPositive <predicate> (A: P(E),far: A — RReal)
direct definition
VX :x €A = Rzero » far(x) € It
negative <predicate> (A: P(E),far: A — RReal)
direct definition
V x - x € A= Rzero —» far(x) € geq
strictlyNegative <predicate> (A: P(E),far: A — RReal)
direct definition
V x - x € A= Rzero » far(x) € gt
application <expression> ()
direct definition
(A f_ > e_-f_€E +» FAe_ € dom(f_) | f_(e_))
until <expression> (start: RReal,fre: RReal - E,t0O: RReal, gre: RReal + E)
well—-definedness start — t0 € leq,Closed20pen(start ,t0) C dom(fre),Closed2Infinity (t0) C dom(
gre)
direct definition
(Closed2Open(start ,t0) < fre) U (Closed2Infinity (t0) < gre)
untilF <expression> (start: RReal, fref: RRealxE -» F,t0: RReal, gref: RRealxXE -+ F)
well-definedness start — t0 € leq,Closed20pen(start ,t0)x@J C dom(fref),Closed2Infinity (t0)x@ C
dom( gref)
direct definition
((Closed20Open(start ,t0)XE) « fref) U ((Closed2Infinity (t0)XE) <« gref)
fcste <expression> (A: P(E),v: F)
direct definition
(A x - xe Al v)
boundedBy <predicate> (A: P(E),far: E +» RReal,fmin: RReal,fmax: RReal)
well—-definedness A C dom(far)
direct definition
Vx_+x_ €A = fmin » far(x_) € leq A far(x_) — fmax € leq
AXIOMATIC DEFINITIONS continuity:
OPERATORS
C0 <expression> (A: P(E).,B: P(F)) : P(P(EXF))
well—definedness A # ,B # @
D1 <expression> (A2: P(RReal),B: P(F)) : P(P(RRealxF))
Cn <expression> (n: N,A: P(E),B: P(F)) : P(P(ExF))
Dn <expression> (n: N,A2: P(RReal) ,B: P(F)) : P(P(RRealxF))
well-definedness n > 0

AXIOMS

cid

VABB-ACEABCF=> (CO(A,B) = Cn(0,A,B))
did :

V A.LB-AC RReal AB C F = (DI(A,B) = Dn(1,A,B))
c_in_c:

VAB,k -ACEABCFALkeN=> (Cn(k+1,A,B) ¢ Cn(k,A,B))
d_in_d:

VAB,k - AC RReal ABC FAkeNALKk>0=> (Dn(k+1,A,B) c Dn(k,A,B))
c_in_d:

VAB,k -ACRReal ABCFAkeNALkKk>0>=> (Cn(k,A,B) ¢ Dn(k,A,B))
d_in_c:

VAB,k - ACRReal ABCFAkeNALKk>0>=> (Dn(k,A,B) ¢ Cn(k—-1,A,B))
c_inclusion_stable :

vV A,C,B,k -

ACEACCAABCFALkEN

=
(Cn(k,A,B) € Cn(k,C,B))
d_inclusion_stable :
vV A,C,B,k -
A C RReal ACCAABCFAkKkeNALKk>O
=
(Dn(k,A,B) € Dn(k,C,B))
d_restriction :
VY A,C,B,k,f -

A C RReal ACCAABCFAkeNALk>O0A
f € RReal » B A A C dom(f) A f € Dn(k,A,B) =
(C <« f) € Dn(k,C,B) derivative :
OPERATORS

Der <expression> (A2: P(RReal),B: P(F),fa2b: RReal -+ B) : P(RRealxF)
well—-definedness fa2b € DI(A2,B),A2 C dom(fa2b)

Dern <expression> (n: N,A2: P(RReal),B: P(F),fa2b: RReal -+ B) : P(RRealxF)
well-definedness n > 0,A2 C dom(fa2b)

AXIOMS

derType :

V A,B,f - A C RReal ABC F A f € (RReal » B) A A C dom(f) A f € DI(A,B) = (Der(A,B,f) € (A
- F))
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derDef 1 :
vV A,B,f - A C RReal ABCF A f € (RReal » B) A A C dom(f) A f € Dn(1,A,B) = (
Dern(1,A,B,f) = Der(A,B,f)

)
dernDef n:
V AB,f,k - AC RReal ABC F A f € (RReal + B) AAC dom(f) Ak e NALk>1ATf € Dn(k,A,B)
=> (
Dern(k,A,B,f) = Der(A,B,Dern(k—1,A,B,f))
)
c_def :

V A,B,k,f -AC RReal ABCFAkeNALKk>1ATf e (RReal » B) A dom(f) C A => (
(f € Cn(k,A,B) & (f € Dn(k,A,B) A Dern(k,A,B,f) € CO(A,B)))
) cartesian:
AXIOMS
cartesian_continuity :
vV A,B,C,f,g.k -
ACEABCFACCGAfe (A->B)Age (A->C) Ak eNs=>
(f € Cn(k,A,B) A g € Cn(k,A,C) & (bind(f,g) € Cn(k,A,BxC)))
cartesian_derivability :
Y A,B,C,f,g.k -
ACRReal ABCFACCGATfe A—->B)Age A->C)ArkeNALKk>0=>
(f € Dn(k,A,B) A g € Dn(k,A,C) & (bind(f,g) € Dn(k,A,BxC)))
cartesian_der :
vV A,B,C,f,g -
ACRReal ABCFACCGATfe (A->B)Age (A-C) A
f € DI(A,B) A g € DI(A,C) >
(Der (A,BxC, bind (f,g)) = bind(Der(A,B,f),Der(A,C,g)))
cartesian_dern :
Y A,B,C,f,g.k -
ACRReal ABCFACCGATfe A—->B)Age A->C)AkeNALKk>O0A
f € Dn(k,A,B) A g € Dn(k,A,C) =>
(Dern(k,A,BxC,bind(f,g)) = bind(Dern(k,A,B,f),Dern(k,A,C,g))) partials:

AXIOMS
partial_cue :
vV A,B,C,f,k -
ACEABCFACCGAT € (AXB-C) A k e N => (
f € Cn(k,AxB,C) & ((V y0 - y0O € B = partiall (f,y0) € Cn(k,A,C)) A (V x0 - x0 € A >

partial2 (f,x0) € Cn(k,B,C)))
) real_functions:
AXIOMS
cste_cue :
V1-1€ RReal = (V k - k € N = (Rfcste(l) € Cn(k,RReal,RReal)))
cste_der:
V1-.-1¢€ RReal = (Vk -k eNAk>0=> (Rfcste(l) € Dn(k,RReal ,RReal)))
cste_der_def :
V 1 - 1 € RReal = (Der(RReal,RReal,Rfcste (1)) = Rfcste(Rzero))

plus_cue:
vV A f,g.k -
A C RReal A
f € (A > RReal) A g € (A - RReal) A
k € N A
f € Cn(k,A,RReal) A g € Cn(k,A,RReal) =
(Rfplus(f » g) € Cn(k,A,RReal))
plus_der:
vV A, f,g,k -
A C RReal A
f € (A > RReal) A g € (A - RReal) A
ke NAk>O0A
f € Dn(k,A,RReal) A g € Dn(k,A,RReal) =>

(Rfplus(f » g) € Dn(k,A,RReal))
plus_der_def

v A, f,g,k -
A C RReal A
f € (A - RReal) A g € (A - RReal) A
ke NAk>0A
f € Dn(k,A,RReal) A g € Dn(k,A,RReal) =

(Dern(k,A,RReal ,Rfplus(f » g)) = Rfplus(Dern(k,A,RReal,f) — Dern(k,A,RReal,g)))
times_cue :

vV A, f,g,k -
A C RReal A
f € (A > RReal) A g € (A - RReal) A
k € N A
f € Cn(k,A,RReal) A g € Cn(k,A,RReal) >
(Rftimes (f —» g) € Cn(k,A,RReal))




217 times_der :

218 vV A f,g,k -

219 A C RReal A

220 f € (A - RReal) A g € (A - RReal) A

221 ke NAk>O0A

222 f € Dn(k,A,RReal) A g € Dn(k,A,RReal) =>

223 (Rftimes(f — g) € Dn(k,A,RReal))

224 times_der_def :

225 vV A, f,g -

226 A C RReal A

227 f € (A - RReal) A g € (A - RReal) A

228 f € DI(A,RReal) A g € DI(A,RReal) =

229 (Der(A,RReal ,Rftimes (f — g)) = Rfplus(Rftimes(Der(A,RReal,f) » g) — Rftimes(f — Der(A,
RReal ,g))))

230 scal_cue:

231 vV Al,f k-

232 A C RReal A

233 1 € RReal A f € (A —» RReal) A

234 k € N A

235 f € Cn(k,A,RReal) >

236 (Rfscal(l —» f) € Cn(k,A,RReal))

237 scal_der:

238 vV Al,f,k -

239 A C RReal A

240 1 € RReal A f € (A —» RReal) A

241 k € N Ak >0A

242 f € Dn(k,A,RReal) =>

243 (Rfscal(l —» f) € Dn(k,A,RReal))

244 scal_der_def :

245 vV Al,f, k -

246 A C RReal A

247 1 € RReal A f € (A - RReal) A

248 ke NALk>0A

249 f € Dn(k,A,RReal) =>

250 (Dern(k,A,RReal ,Rfscal(l » f)) = Rfscal(l —» Dern(k,A,RReal,f)))

251 comp_cue:

252 vV A,B,f,g.k -

253 A C RReal A B € RReal A

254 f e A- B A g e B - RReal A

255 k € N A

256 f € Cn(k,A,B) A g € Cn(k,B,RReal) =

257 (g o f € Cn(k,A,RReal))

258 comp_der :

259 Y A,B,f,g.k -

260 A C RReal A B C RReal A

261 f €e A-> B A g€ B - RReal A

262 ke NAk>O0A

263 f € Dn(k,A,B) A g € Dn(k,B,RReal) =

264 (g o f € Dn(k,A,RReal))

265 comp_der_def :

266 vV A,B,f,g -

267 A C RReal A B € RReal A

268 f e A—- B A geB - RReal A

269 f € DI(A,B) A g € DI(B,RReal) =>

270 (Der(A,RReal,g o f) = Rftimes ((Der(B,RReal,g) o f) —» Der(A,B,f))) lipschitz:

271 OPERATORS

272 lipschitzContinuous <predicate > (A: P(E),B: P(F),fab: A - B)

273 kLipschitzContinuous <predicate > (A: P(E),B: P(F),fab: A - B,r: RReal)

274 AXIOMS

275 klip_lip

276 VAB,f - ACEABCFATfeA->B=(

277 lipschitzContinuous (A,B,f) & (3 k - k € RReal = kLipschitzContinuous (A,B,f,k))

278 )

279 lip_cue:

280 VAB,f ACEABCFATf€eA->B=>(

281 lipschitzContinuous (A,B,f) = (f € CO(A,B))

282 )

283 lip_inclusion_stable :

284 vV A,B,C,f -

285 ACEABCFACCAATf€EA->B= (

286 lipschitzContinuous (A,B,f) = lipschitzContinuous (C,B, f)

287 )

288 klip_inclusion_stable :

289 VY A,B,C,f k -




290 ACEABCFACCAATf €A - B Ak € RReal = (

291 kLipschitzContinuous (A,B,f,k) = kLipschitzContinuous (C,B,f k)
292 ) trigo:

293 OPERATORS

294 pi <expression> () : RReal

295 sin <expression> () : P(RRealxRReal)

296 cos <expression> () : P(RRealxRReal)

297 AXIOMS

298 pi_pos:

299 Rzero —» pi € It

300 sin_dom :

301 sin € RReal — RReal

302 cos_dom:

303 cos € RReal - RReal

304 sin_bounded :

305 boundedBy (RReal , sin , uminus (Rone) ,Rone)

306 sin_ran:

307 ran(sin) = Closed2Closed (uminus (Rone) ,Rone)
308 cos_bounded :

309 boundedBy (RReal , cos ,uminus (Rone) ,Rone)

310 cos_ran:

311 ran(cos) = Closed2Closed (uminus (Rone) ,Rone)
312 cos_cinf :

313 Vn-neéeN = cos € Cn(n,RReal ,RReal)

314 sin_cinf :

315 Vn-néeN= sin € Cn(n,RReal,RReal)

316 cos0:

317 cos(Rzero) = Rone

318 cospi :

319 cos(pi) = uminus(Rone)

320 cospi2 :

321 cos(divide (pi—Rtwo)) = Rzero

322 cosmpi2 :

323 cos (uminus(divide (pi—Rtwo))) = Rzero

324 sin0:

325 cos(Rzero) = Rzero

326 Sinpi:

327 cos(pi) = uminus(Rzero)

328 sinpi2

329 cos(divide (pi—Rtwo)) = Rone

330 sinmpi2 :

331 cos (uminus(divide (pi—Rtwo))) = uminus(Rone)
332 sin_odd :

333 V x - x € RReal = sin(uminus(x)) = uminus(sin(x))
334 cos_even:

335 V x - x € RReal = cos(uminus(x)) = cos(x)

336 sin_refl_pi4 :

337 V x - x € RReal = sin(minus(divide (pi—Rtwo) — x)) = cos(x)
338 cos_refl_pi4 :

339 V x - x € RReal = cos(minus(divide (pi~Rtwo) — x)) = sin(x)
340 sin_refl_pi2:

341 V x - x € RReal = sin(minus(pi » x)) = sin(x)
342 cos_refl_pi2:

343 V x - x € RReal = cos(minus(pi —~ x)) = uminus(cos(x))
344 sin_2pi:

345 V x - x € RReal = sin(plus(x +— times(Rtwo —» pi))) = sin(x)
346 cos_2pi:

347 V x - x € RReal = cos(plus(x — times(Rtwo — pi))) = cos(x) basic_topology:
348 OPERATORS

349 IsOpen <predicate> (A: P(E))

350 AXIOMS

351 open_continuity :

352 vV x,f,A,B -

353 X EAANACEABCEFA

354 f e E+» FAACdom(f) A f € CO(A,F) A

355 [sOpen(B) A f(x) € B =

356 (T y-yeAAf(y) €B)

357 open_continuity_R:

358 vV x,f,A,B -

359 A C RReal A B C F A

360 x € RReal A

361 f € RReal » F A f € CO(A,F) A

362 IsOpen(B) A f(x) € B >

363 (Fy-yeAAxpHyelt A f(y) €B)
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THEOREMS
functionEquality
Vi, g-feE+»FAgeE+F=> (
(f = g) © (dom(f) = dom(g) A (V x - x € dom(f) = (f(x) = g(x))))
)
bind_type :
VAB,C,f,gz - ACEABCFACCGAfeA->BAgeA->C>
bind(f,g) € A - BxC
projl_type:
VABCf-ACEABCFACC
fprojl(f) € A - B
)
proj2_type:
VAB,C,f - ACEABCFACC
fproj2(f) € A - C
)
partiall_type:

N
Q
>
-
m

A - BxC => (

N
Q
>
-
m

A —- BxC = (

VAB,C,f,y ACEABCFACCGATfeAXB > CAy€eB=> (
partiall (f,y) € A - C
)
partial2_type :
VAB,C,f,x - ACEABCFACCGATf€eAXXB > CAXx €eA=>(
partial2 (f,x) € B - C

)
partialComp_type :
VY A,B,B2,f,g -
ACEABCFAB2CGA
f e AXB - B2 AgeA—-B=>
partialComp(f,g) € A - B2
projl_bind :
VAB,C,f,z - ACEABCFACCGAfeA->BAgeA->C=> (
fprojl (bind(f,g)) = f
)
proj2_bind :
VAB,C,f,2 - ACEABCFACCGAfeA->BAgeA->C=> (
fproj2 (bind(f,g)) =g
)
bind_proj :
VAB,C,f - ACEABCFACCGATf €A > BxC > (
bind (fprojl (f) ., fproj2(f)) = f
)
proj_cue:
VAB,C,Lf, Kk - ACEABCFACCGATf €eA->BXCAkeN=> (
f € Cn(k,A,BxC) & (fprojl(f) Cn(k,A,B) A fproj2(f) € Cn(k,A,C))
)
unpartializedl_cue :
VAB,C,f,k - ACEABCFACCG
(unpartializel (A,f) € Cn(k,AxB,C))
unpartialized2_cue :
VAB,C,f,k - ACEABCFACCG
(unpartialize2 (B,f) € Cn(k,AxB,C))
unpartialize?_partiall :
VAB,C,f - ACEABCFACCGATfeA->C
=

m

AfeB->CAkeNATFfeCnk,B,C) >

AfeA->CAkeNATeCnk,AC) >

(Vy .-y € B = partiall (unpartialize2(B,f),y) = f)
unpartializel _partial2 :
VAB,C,f - ACEABCFACCGATfeB->C
=
(V x - x € A=> partial2 (unpartializel (A,f),x) = f)
MeanValue :
VY a,b,f M-

a € RReal A b € RReal A a » b € 1t A
f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
M € RReal A (V x - x € Closed2Closed(a,b) = (abs(Der(Closed2Closed(a,b),RReal,f)(x)) » M €
leq)) =
(abs(divide (minus(f(b) — f(a)) ~» minus(b —» a))) » M € leq)
functionConcat :
VA B, f, g-
ACEABCEAfeA->FAgeB - FA
(Vx - -x€ (AnB) = f(x) = g(x)) =
(fug)y e AuB) - F
functionConcatTyping :
v i, g-
feE+»FAgeE+»FA




437 (Vx - x € (dom(f) n dom(g)) = f(x) = g(x)) =

438 (fug) € (dom(f) U dom(g)) - F

439 restrictionTyping :

440 VAB,f - ACEABCAATfeA->F=> (B« f) eB-> F)
441 restrictionDomain :

442 Vf,A-feE-+»FAACE= dom(A« f) =A

443 partialFunction :

444 vV A,B,fl,f2 -

445 ACEABCEAANB=0A

446 fl e A-> FAf2 €eB > F = (

447 (A< (fl U f2)) = fl A

448 (B <« (fl u f2)) = {2

449 )

450 strictlyPositiveWeakening :

451 vV A, f -

452 A C RReal A f € RReal » RReal A A C dom(f) A

453 strictlyPositive (A,f) =

454 positive (A, f)

455 strictlyNegativeWeakening :

456 vV A f -

457 A C RReal A f € RReal + RReal A A C dom(f) A

458 strictlyNegative (A, f) =

459 negative (A, f)

460 positiveDer2Increasing :

461 vV AT -

462 A C RReal A

463 f € A -> RReal A f € DI(A,RReal) = (

464 positive (A, Der(A,RReal,f))

465 =4

466 increasing (A, f)

467 )

468 strictlyPositiveDer2Strictlylncreasing :

469 vV A, f -

470 A C RReal A

471 f € RReal » RReal A A C dom(f) A f € DI(A,RReal) = (
472 strictlyPositive (A, Der(A,RReal,f))

473 <

474 strictlylncreasing (A, f)

475 )

476 negativeDer2Decreasing :

477 vV A, f -

478 A C RReal A

479 f € A - RReal A f € DI(A,RReal) = (

480 negative (A,Der(A,RReal ,f))

481 <

482 decreasing (A, f)

483 )

484 strictlyNegativeDer2StrictlyDecreasing :

485 vV A f -

486 A C RReal A

487 f € RReal » RReal A A C dom(f) A f € DI(A,RReal) = (
488 strictlyNegative (A, Der(A,RReal, f))

489 =4

490 strictlyDecreasing (A, f)

491 )

492 zeroDer2Constant

493 vV A, f -

494 A C RReal A

495 f € RReal » RReal A A C dom(f) A f € DI(A,RReal) = (
496 (V x - x € A > Der(A,RReal,f)(x) = Rzero)

497 =4

498 constant (A, f)

499 )

500 meanValue_geq :

501 VY a,b,m,f -

502 a € RReal A b € RReal A a » b € It A m € RReal A

503 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b) ,RReal) A
504 f(a) » m € geq A positive (Closed2Closed(a,b) ,Der(Closed2Closed(a,b),RReal,f)) =>
505 (Vt -t e Closed2Closed(a,b) = f(t) » m € geq)

506 meanValue_geq_strict :

507 vV a,b,m,f -

508 a € RReal A b € RReal A a » b € It Am € RReal A

509 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
510 f(a) » m € geq A strictlyPositive (Closed2Closed(a,b) ,Der(Closed2Closed(a,b) ,RReal,f)) =




511 (Vt -t € Open2Closed(a,b) = f(t) » m € gt)

512 meanValue_leq :

513 VYV a,b,m,f -

514 a € RReal A b € RReal A a » b € It A m € RReal A

515 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
516 f(a) » m € leq A negative (Closed2Closed(a,b) ,Der(Closed2Closed(a,b),RReal,f)) =
517 (Vt -t e Closed2Closed(a,b) = f(t) » m € leq)

518 meanValue_leq_strict :

519 VY a,b,m,f -

520 a € RReal A b € RReal A a » b € It Am € RReal A

521 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
522 f(a) » m € leq A strictlyNegative (Closed2Closed(a,b),Der(Closed2Closed(a,b) ,RReal,f)) =
523 (VW t -t € Open2Closed(a,b) = f(t) » m € It)

524 meanValue_positivity :

525 Y a,b,f -

526 a € RReal A b € RReal A a » b € It A

527 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
528 f(a) » Rzero € geq A positive (Closed2Closed(a,b) ,Der(Closed2Closed(a,b) ,RReal,f)) =
529 positive (Closed2Closed (a,b) ,f)

530 meanValue_negativity :

531 Y a,b,f -

532 a € RReal A b € RReal A a » b € It A

533 f € RReal » RReal A Closed2Closed(a,b) C dom(f) A f € DI(Closed2Closed(a,b),RReal) A
534 f(a) » Rzero € leq A negative (Closed2Closed(a,b) ,Der(Closed2Closed(a,b) ,RReal,f)) =
535 negative (Closed2Closed (a,b) ,f)

536 bind_bind_partial Comp :

537 v f1,f2,x1,x2,Af,Bf,Cf,Ax,Bx,Cx -

538 Af CEABfCFACHCGA

539 Ax € Af A Bx € Bf A Cx C Cf A

540 f1 € Afx(BfxCf) —» Bf A f2 € Afx(BfxCf) —» Cf A

541 xl € Ax - Bx A x2 € Ax - Cx >

542 partialComp (

543 bind (f1,f2),

544 bind (x1,x2)

545 ) = bind(

546 partialComp (f1,bind (x1,x2)),

547 partialComp (f2,bind (x1,x2))

548 )

549 until_type :

550 vV s,t0,f,g -

551 s € RReal A t0 € RReal A s » t0 € leq A

552 f € RReal »+ E A g € RReal » E A

553 Closed2Open(s,t0) C dom(f) A Closed2Infinity (t0) C dom(g) =

554 until(s,f,t0,g) € Closed2Infinity(s) — E

555 until_restrictl :

556 vV s,t0,f,g -

557 s € RReal A t0 € RReal A s » t0 € leq A

558 f € RReal » E A g € RReal » E A

559 Closed20Open(s,t0) C dom(f) A Closed2Infinity (t0) C dom(g) =

560 (Closed20pen(s,t0) < until(s,f,t0,g)) =

561 until_restrict2 :

562 vV s,t0,f,g -

563 s € RReal A t0 € RReal A s » t0 € leq A

564 f € RReal » E A g € RReal » E A

565 Closed2Open(s,t0) C dom(f) A Closed2Infinity (t0) C dom(g) =

566 (Closed2Infinity (t0) < until(s,f,t0,g)) = g

567 until_bind] :

568 vV s,t0,f1,f2,g -

569 s € RReal A t0 € RReal A s » t0 € leq A

570 fl € RReal » E A f2 € RReal » E A g € RReal + F A

571 Closed2Open(s,t0) C dom(fl) A Closed2Infinity (t0) C dom(f2) = (

572 bind(until (s,fl,t0,f2),g) = until(s,bind(fl,g).t0,bind(f2,g))

573 )

574 until_bind2 :

575 vV s,t0,f,gl,g2 -

576 s € RReal A t0 € RReal A s » t0 € leq A

577 f € RReal » E A gl € RReal »+ F A g2 € RReal » F A

578 Closed2Open(s,t0) C dom(gl) A Closed2Infinity (t0) C dom(g2) = (

579 bind (f,until(s,gl,t0,g2)) = until(s,bind(f,gl),t0,bind(f,g2))

580 )

581 untilF_type:

582 V s,t0,f,g -

583 s € RReal A t0 € RReal A s » t0 € leq A

584 f € RRealxE + F A g € RRealxE » F A




585 Closed20pen(s,t0)xf C dom(f) A Closed2Infinity (t0)x@# C dom(g) =
586 untilF(s,f,t0,g) € RRealxE + F

587 untilF_type_strong :

588 V s,t0,f,g,A -

589 ACEA

590 s € RReal A t0 € RReal A s = t0 € leq A

591 f € RRealxA - F A g € RRealxA - F =

592 untilF(s,f,t0,g) € Closed2Infinity (s)XA — F

593 untilF_bindl :

594 V s,t0,f1,f2,g -

595 s € RReal A t0 € RReal A s » t0 € leq A

596 fl € RRealxE » F A f2 € RRealxE + F A g € RRealxE » G A
597 Closed2O0pen(s,t0)xf C dom(fl) A Closed2Infinity (t0)x@# C dom(f2) = (
598 bind (untilF (s,f1,t0,f2),g) = untilF(s,bind(fl,g),t0,bind(f2,g))
599 )

600 untilF_bind2 :

601 vV s,t0,f,gl,g2 -

602 s € RReal A t0 € RReal A s —» t0 € leq A

603 f € RRealxE + F A gl € RRealxXE + G A g2 € RRealxE » G A
604 Closed2O0pen(s,t0)x@# C dom(gl) A Closed2Infinity (t0)x@ C dom(g2) = (
605 bind (f,untilF(s,gl,t0,g2)) = untilF(s,bind(f,gl),t0,bind(f,g2))
606 )

607 feste_cue :

608 VA1 -ACEAI1l €F => (fcste(A,1) € CO(A,F))

609 feste_type :

610 VA1 -ACEA1 €€eF = fcste(A,1) € A > F

611 PROOF RULES

612 typing:

613 Metavariables

614 A: P(E)

615 B: P(F)

616 C: P(G)

617 fab: P(EXF)

618 gac: P(EXG)

619 fa_bc: P(ExX(FxG))

620 fab_c: P(EXFXG)

621 x: E

622 y: F

623 A2: P(E)

624 Rewrite Rules

625 domainRestrictionlnvolutive: A < (A < fab)

626 rhsl: T = A <« fab

627 domainRestrictionComplete: A < fab

628 rhsl: dom(fab) = A = fab

629 basicDomainRestrictionTyping: (A < fab) € E » F

630 rhsl: T = fab € E » F

631 basicBindTyping: bind (fab ,gac) € E +» FxG

632 rhsl: T = fab € E+» F A gac € E » G

633 bindDomain: dom(bind (fab , gac))

634 rhsl: T = dom(fab) N dom(gac)

635 festeTyping: fcste (A,y) € A - F

636 rhsl: T = T

637 bindDomSubset: A C dom(bind (fab,gac))

638 rhsl: T = A C dom(fab) A A C dom(gac)

639 fprojlTyping: fprojl (fa_bc) € E » F

640 rhsl: T = fa_bc € E + FxG

641 fproj2Typing: fproj2(fa_bc) € E » G

642 rhsl: T = fa_bc € E » FXG

643 fprojlDomain: dom(fprojl (fa_bc))

644 rhsl: T = dom(fa_bc)

645 fproj2Domain: dom( fproj2 (fa_bc))

646 rhsl: T = dom(fa_bc)

647 Inference Rules

648 bindType: fab € A - B,gac € A - C + bind(fab,gac) € A-»BxC
649 projlType: fa_bc € A - BXC + fprojl(fa_bc) € A - B

650 proj2Type: fa_bc € A - BXC + fproj2(fa_bc) € A - C

651 partiallType: fab_c € AXB - C,y € B + partiall (fab_c,y) € A - C
652 partial2Type: fab_c € AXB - C,x € A+ partial2(fab_c,x) € B - C
653 domainRestrictionType: A2 C A,fab € A - B+ (A2 « fab) € A2 - B
654 binding:

655 Metavariables

656 A: P(E)

657 B: P(F)

658 C: P(G)




659 AR: P(RReal)

660 fab: P(ExF)

661 gac: P(ExG)

662 fab2: P(ExF)

663 gac2: P(ExG)

664 fa_bc: P(ExX(FxG))

665 farb: P(RRealxF)

666 garc: P(RRealxG)

667 far_bc: P(RRealx(FxG))

668 n: Z

669 x: E

670 Rewrite Rules

671 bindProjRew: bind (fprojl (fa_bc),fproj2(fa_bc))
672 rhsl: T = fa_bc

673 bindDerRew: Der (AR,BXC, bind (farb , garc))

674 rhsl: T = bind(Der(AR,B, farb) ,Der(AR,C, garc))
675 bindEquality: bind (fab, gac)=bind (fab2 ,gac2)
676 rhsl: T = fab = fab2 A gac = gac2

677 bindCORew: bind (fab , gac) € CO(A,BxC)

678 rhsl: T = fab € CO(A,B) A gac € CO(A,C)
679 bindDIRew: bind (farb , garc) € DI1(AR,BxC)

680 rhsl: T = farb € DI(AR,B) A garc € DI(AR,C)
681 bindCnRew: bind (farb , garc) € Cn(n,AR,BxC)
682 rhsl: n > 0 = farb € Cn(n,AR,B) A garc € Cn(n,AR,C)
683 bindDnRew: bind (farb , garc) € Dn(n,AR,BxC)
684 rhsl: n > 0 = farb € Dn(n,AR,B) A garc € Dn(n,AR,C)
685 bindRestrict: A < bind (fab , gac)

686 rhsl: T = bind(A <« fab, A < gac)

687 bindEvaulate: bind (fab , gac) (x)

688 rhsl: T = fab(x)mgac(x)

689 continuity :

690 Metavariables

691 A: P(E)

692 B: P(F)

693 AR: P(RReal)

694 n: Z

695 Rewrite Rules

696 CO_to_Cn0: CO(A,B)

697 rhsl: T = Cn(0,A,B)

698 DI_toDnl: DI1(AR,B)

699 rhsl: T = Dn(1,AR,B)

700 Cn0O_to_CO: Cn(0,A,B)

701 rhsl: T = CO(A,B)

702 Dnl_to_DI: Dn(1,AR,B)

703 rhsl: T = DI(AR,B)

704 misc:

705 Metavariables

706 f: P(EXF)

707 g: P(ExF)

708 Rewrite Rules

709 fun_equality: f = g

710 rhsl: T = dom(f) = dom(g) A (Vx - x € dom(f) = f(x) = g(x))
711 direct_product:

712 Metavariables

713 fab: P(ExF)

714 gac: P(ExG)

715 Rewrite Rules

716 dirprodType: fab ® gac € E +» FxG

717 rhsl: T => fab € E » F A gac € E » G
718 dirprodDomain: dom(fab ® gac)

719 rhsl: T = dom(fab) N dom(gac)

720 | END




