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Approx ima t ion
4 OPERATORS
5 SecondOrder2DimensionSystemFunction <e x p r e s s i o n > ( c o r r e c t i o n _ c o e f f : RReal , c o n t r o l A r e a 4 : ℙ ( ( RReal×RReal )×

( RReal×RReal ) ) )
6 d i r e c t d e f i n i t i o n
7 (� ( ( x1↦x2 )↦ ( x3↦x4 ) )↦ ( ( vx↦vy )↦ ( wx↦wy ) ) ⋅
8 ( ( x1↦x2 )↦ ( x3↦x4 ) ) ∈ ( RReal×RReal )× ( RReal×RReal ) ∧ ( ( vx↦vy )↦ ( wx↦wy ) ) ∈ ( RReal×RReal )× (

RReal×RReal ) ∧ ( ( vx↦vy )↦ ( wx↦wy ) ) ∈ c o n t r o l A r e a 4
9 ∣ ( minus ( d i v i d e ( vx↦Rtwo )↦minus ( t i m e s ( c o r r e c t i o n _ c o e f f↦minus ( x3↦wx ) )↦x1 ) )

10 ↦ minus ( d i v i d e ( vy↦Rtwo )↦minus ( t i m e s ( c o r r e c t i o n _ c o e f f↦minus ( x4↦wy ) )↦x2 ) ) )
11 ↦ ( x1
12 ↦ x2 )
13 )
14 FirstOrder2DimensionSystemFunction <e x p r e s s i o n > ( c o n t r o l A r e a 2 : ℙ ( RReal×RReal ) )
15 d i r e c t d e f i n i t i o n
16 (� ( x1↦x2 )↦ ( vx↦vy ) ⋅
17 ( x1↦x2 ) ∈ RReal×RReal ∧ ( vx↦vy ) ∈ RReal×RReal ∧ ( vx↦vy ) ∈ c o n t r o l A r e a 2
18 ∣ ( vx
19 ↦ vy
20 )
21 )
22 SecondOrder2DimensionSystem <e x p r e s s i o n > ( c o r r e c t i o n _ c o e f f : RReal , c o n t r o l A r e a 4 : ℙ ( ( RReal×RReal )× ( RReal

×RReal ) ) , t 0 : RRealPlus , x0 : ( RReal×RReal )× ( RReal×RReal ) )
23 d i r e c t d e f i n i t i o n
24 caode (
25 SecondOrde r2Dimens ionSys t emFunc t ion ( c o r r e c t i o n _ c o e f f , c o n t r o l A r e a 4 ) ,
26 x0 ,
27 t 0
28 )
29 FirstOrder2DimensionSystem <e x p r e s s i o n > ( c o n t r o l A r e a 2 : ℙ ( RReal×RReal ) , t 0 : RRealPlus , y0 : RReal×RReal )
30 d i r e c t d e f i n i t i o n
31 caode (
32 F i r s t O r d e r 2 D i m e n s i o n S y s t e m F u n c t i o n ( c o n t r o l A r e a 2 ) ,
33 y0 ,
34 t 0
35 )
36 PointwiseSlopedControl <e x p r e s s i o n > (DR: ℙ ( RReal ) , vx : RReal , vy : RReal , t 0 : RReal )
37 w e l l−d e f i n e d n e s s t 0 ∈ DR
38 d i r e c t d e f i n i t i o n
39 (� t ⋅ t ∈ DR ∧ t 0 ↦ t ∈ l e q ∣
40 ( vx ↦ vy )
41 ↦
42 ( t i m e s ( vx ↦ minus ( t ↦ t 0 ) ) ↦ t i m e s ( vy ↦ minus ( t ↦ t 0 ) ) )
43 )
44 PointwiseControl <e x p r e s s i o n > (DR: ℙ ( RReal ) , vx : RReal , vy : RReal , t 0 : RReal )
45 w e l l−d e f i n e d n e s s t 0 ∈ DR
46 d i r e c t d e f i n i t i o n
47 (� t ⋅ t ∈ DR ∧ t 0 ↦ t ∈ l e q ∣ ( vx ↦ vy ) )
48 FirstOrderSystemObserver <e x p r e s s i o n > ( )
49 d i r e c t d e f i n i t i o n
50 (� x ⋅ x ∈ RReal×RReal ∣ x )
51 SecondOrderSystemObserver <e x p r e s s i o n > ( )
52 d i r e c t d e f i n i t i o n
53 (� ( x1↦x2 )↦ ( x3↦x4 ) ⋅ ( x1↦x2↦x3↦x4 ) ∈ RReal×RReal×RReal×RReal ∣ x3↦x4 )
54 AXIOMATIC DEFINITIONS p c _ c o n t r o l :
55 AXIOMS
56 second_order_control :
57 ∀ DR, UF , vx , vy , cc , t0 , x0 ⋅
58 cc ∈ RReal ∧
59 DR ⊆ RReal ∧ UF ⊆ RReal×RReal ∧
60 ( vx↦vy ) ∈ UF ∧
61 t 0 ∈ RReal ∧ t 0 ∈ DR ∧
62 x0 ∈ ( RReal×RReal )× ( RReal×RReal ) ⇒
63 S o l v a b l e W i t h (
64 DR,
65 SecondOrder2Dimens ionSys tem ( cc , UF× ( RReal×RReal ) , t0 , x0 ) ,
66 P o i n t w i s e S l o p e d C o n t r o l (DR, vx , vy , t 0 )
67 )
68 first_order_control :
69 ∀ DR, UF , vx , vy , t0 , x0 ⋅

1



70 DR ⊆ RReal ∧ UF ⊆ RReal×RReal ∧
71 ( vx↦vy ) ∈ UF ∧
72 t 0 ∈ RReal ∧ t 0 ∈ DR ∧
73 x0 ∈ RReal×RReal ⇒
74 S o l v a b l e W i t h (
75 DR,
76 F i r s t O r d e r 2 D i m e n s i o n S y s t e m (UF , t0 , x0 ) ,
77 P o i n t w i s e C o n t r o l (DR, vx , vy , t 0 )
78 ) pc_sim :
79 OPERATORS
80 NeighborhoodSimulationCondition < p r e d i c a t e > (mu : RRealPlus , nu : RRealPlus , cc : RReal ) :
81 w e l l−d e f i n e d n e s s Rzero ↦ cc ∈ l t
82 AXIOMS
83 nsc_def :
84 ∀ mu , nu , cc ⋅ mu ∈ RRea lP lus ∧ nu ∈ RRea lP lus ∧ cc ∈ RReal ∧ Rzero ↦ cc ∈ l t ⇒ (
85 N e i g h b o r h o o d S i m u l a t i o n C o n d i t i o n (mu , nu , cc ) ⇔
86 ( t i m e s ( nu ↦ p l u s ( d i v i d e ( Rone ↦ Rtwo ) ↦ p l u s ( t i m e s ( Rtwo ↦ cc ) ↦ s q r t ( p l u s ( Rone ↦ t i m e s (

p l u s ( Rtwo ↦ Rtwo ) ↦ cc ) ) ) ) ) ) ↦ mu ∈ l e q )
87 )
88 first_second_order_simulation_function :
89 ∀ UF1 , UF2 , cc , mu , nu ⋅
90 cc ∈ RReal ∧
91 UF1 ⊆ RReal×RReal ∧ UF2 ⊆ RReal×RReal ∧
92 mu ∈ RRea lP lus ∧ nu ∈ RRea lP lus ∧
93 UF1 ⊆ D e l t a N e i g h b o r h o o d S e t (mu , Rzero↦Rzero ) ∧ UF2 ⊆ D e l t a N e i g h b o r h o o d S e t ( nu , Rzero↦Rzero ) ∧
94 N e i g h b o r h o o d S i m u l a t i o n C o n d i t i o n (mu , nu , cc )
95 ⇒ (
96 ∃ V ⋅ V ∈ S i m u l a t i o n F u n c t i o n s (
97 ( RReal×RReal )× ( RReal×RReal ) , RReal×RReal ,
98 UF1× ( RReal×RReal ) , UF2 ,
99 SecondOrde r2Dimens ionSys temFunc t ion ( cc , UF1× ( RReal×RReal ) ) , SecondOrderSys temObserver ,

100 F i r s t O r d e r 2 D i m e n s i o n S y s t e m F u n c t i o n ( UF2 ) , F i r s t O r d e r S y s t e m O b s e r v e r
101 )
102 )
103 first_second_order_simulation_delta :
104 ∀ UF1 , UF2 , cc , mu , nu ,V ⋅
105 cc ∈ RReal ∧
106 UF1 ⊆ RReal×RReal ∧ UF2 ⊆ RReal×RReal ∧
107 mu ∈ RRea lP lus ∧ nu ∈ RRea lP lus ∧
108 N e i g h b o r h o o d S i m u l a t i o n C o n d i t i o n (mu , nu , cc ) ∧
109 V ∈ S i m u l a t i o n F u n c t i o n s (
110 ( RReal×RReal )× ( RReal×RReal ) , RReal×RReal ,
111 UF1× ( RReal×RReal ) , UF2 ,
112 SecondOrde r2Dimens ionSys t emFunc t ion ( cc , UF1× ( RReal×RReal ) ) , SecondOrderSys temObserver ,
113 F i r s t O r d e r 2 D i m e n s i o n S y s t e m F u n c t i o n ( UF2 ) , F i r s t O r d e r S y s t e m O b s e r v e r
114 ) ⇒
115 boundedBy ( ( ( RReal×RReal )× ( RReal×RReal ) )× ( RReal×RReal ) ,V, Rzero , t i m e s ( Rtwo↦nu ) ) d i s t a n c e :
116 OPERATORS
117 plannar_distance <e x p r e s s i o n > ( r1 : RReal×RReal , r2 : RReal×RReal ) : RReal
118 AXIOMS
119 dist_sym :
120 ∀ x , y ⋅ x ∈ RReal×RReal ∧ y ∈ RReal×RReal ⇒
121 p l a n n a r _ d i s t a n c e ( x , y ) = p l a n n a r _ d i s t a n c e ( y , x )
122 dist_sep :
123 ∀ x , y ⋅ x ∈ RReal×RReal ∧ y ∈ RReal×RReal ⇒
124 ( p l a n n a r _ d i s t a n c e ( x , y ) = Rzero ⇔ x = y )
125 dist_tri :
126 ∀ x , y , z ⋅ x ∈ RReal×RReal ∧ y ∈ RReal×RReal ∧ z ∈ RReal×RReal ⇒
127 p l a n n a r _ d i s t a n c e ( x , z ) ↦ p l u s ( p l a n n a r _ d i s t a n c e ( x , y )↦ p l a n n a r _ d i s t a n c e ( y , z ) ) ∈ l e q
128 open_ball_is_open :
129 ∀ x , d e l t a ⋅ x ∈ RReal×RReal ∧ d e l t a ∈ RRea lP lus ∧ Rzero ↦ d e l t a ∈ l t ⇒
130 IsOpen ( { y ∣ p l a n n a r _ d i s t a n c e ( x , y ) ↦ d e l t a ∈ g t } )
131 dist_choice :
132 ∀ P , d ⋅ P ∈ RReal×RReal ∧ d ∈ RReal ∧ Rzero ↦ d ∈ l t ⇒ (
133 ∃ Q ⋅ Q ∈ RReal×RReal ∧ d ↦ p l a n n a r _ d i s t a n c e ( P ,Q) ∈ l t
134 )
135 neighborhood_plannar_distance :
136 ∀ a , b , d e l t a ⋅
137 a ∈ RReal×RReal ∧ b ∈ RReal×RReal ∧ d e l t a ∈ RRea lP lus ∧ Rzero ↦ d e l t a ∈ l t ∧
138 De l t aNe ig hbo rho od ( d e l t a , a , b )
139 ⇒ p l a n n a r _ d i s t a n c e ( a , b ) ↦ d e l t a ∈ l t
140 THEOREMS
141 first_order_system_solvable :
142 ∀ DR, UF , t0 , y0 , vx , vy ⋅
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143 DR ⊆ RReal ∧
144 UF ⊆ RReal×RReal ∧
145 t 0 ∈ DR ∧ y0 ∈ RReal×RReal ∧
146 vx↦vy ∈ UF ⇒
147 S o l v a b l e W i t h (DR, F i r s t O r d e r 2 D i m e n s i o n S y s t e m (UF , t0 , y0 ) , P o i n t w i s e C o n t r o l (DR, vx , vy , t 0 ) )
148 second_order_system_solvable :
149 ∀ DR, UF , t0 , x0 , vx , vy , cc ⋅
150 DR ⊆ RReal ∧
151 UF ⊆ RReal×RReal ∧
152 t 0 ∈ DR ∧ x0 ∈ ( RReal×RReal )× ( RReal×RReal ) ∧
153 vx↦vy ∈ UF ∧
154 cc ∈ RReal ⇒
155 S o l v a b l e W i t h (DR, SecondOrder2Dimens ionSys tem ( cc , UF× ( RReal×RReal ) , t0 , x0 ) ,

P o i n t w i s e S l o p e d C o n t r o l (DR, vx , vy , t 0 ) )
156 END
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