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Abstract
In this paper, we propose to define the update of a scenario (sequence of observations at different time points) by a piece of information (value of a fluent or event
occurrence) at a given time point. This operation computes the possible world evolutions (called trajectories) satisfying this piece of information that are the most in
accordance with the initial scenario. It enables us to identify the consequences that
a modification may involve on the evolution of the world.
Updating scenarios allows us to define formally the counter-factual aspect of
causation: to check if an event is a cause in a given scenario amounts to update this
scenario by the non-occurrence of this event.

1 Introduction
The question tackled in this article is the following one: being given a scenario describing the evolution of a system by means of a series of observations (events occurrences
or facts) at various moments, what would have happened if something in the scenario
had been different? In many situations, this question is fundamental, since it may help
to assign responsibilities, it may clarify causal relations, and enable people to distinguish variables which have a determining impact on the future from those which finally
have no influence.
As far as we know, this simple question does not have been formalized in artificial
intelligence. It seems close to the field of diagnosis. But diagnosis aims at detecting the
reasons of the failures of a system, whereas, here, one wishes to infer what would occur
if the current scenario were modified. Diagnosis uses models of behaviors and uses the
notion of distance between the observed behavior and the behavior predicted by the
model. This distance is used to determine which component of the system can be at the
origin of a failing behavior. Scenario update also uses the concept of distance between
trajectories but the principle is different and the interesting distances are not the same
ones. The update of scenario consists in selecting for each trajectory compatible with
the initial scenario, the trajectories compatible with a new piece of information and
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that are the closest to it. The most interesting distances for the update of scenarios are
asymmetrical compared to the moment in which the change takes place in the scenario.
One of the most important field of application of scenario update is causal reasoning. Indeed, in order to determine if an event causes a fact, one is brought to calculate
mentally what would have occurred if this event had not taken place. If this modification has no influence on this precise fact then the event is not a possible cause of it.
The update of scenario can thus clarify causal relations.
In this article, we use the framework of belief extrapolation [9] since it enables
us to carry out the first stage of the computation. Indeed, given a scenario, belief
extrapolation computes the less surprising evolutions of the world (called trajectories)
compatible with this scenario. In this framework, several order relations were proposed
to compare trajectories, allowing to define various extrapolation operators. The only
condition imposed on these relations is inertia, i.e., trajectories in which no change occurred should be preferred. Here, we propose to extend the framework of basic belief
extrapolation, in which there are no events nor static or dynamic laws, with a framework in which events can occur with a given degree of surprise. Extrapolation within
a wider framework makes it possible to calculate the preferred trajectories satisfying a
complex scenario (which may contain event occurrences). The second stage consists
in selecting the trajectories closest to each one of them which satisfy the new piece of
information.

2 Belief Extrapolation
2.1 Temporal Formulas and Trajectories
We consider a propositional language L built on a finite set of variables (or fluents)
V = {v 1 , ..., v n }, the connectors ∧ (and), ∨ (or), ¬ (not), → (implies) and ↔ (equivalent) and the Boolean constants ⊤ (tautology) and ⊥ (contradiction). M = 2V is the
set of interpretations for V . Formulas of L are denoted by lowercase Greek letters (ϕ,
ψ etc.) and interpretations are denoted by mi , mj etc. If ϕ ∈ L then M od(ϕ) is the
set of models of ϕ. |= is the classical logic consequence. A literal is a variable or its
negation; if l = v i (resp. ¬v i ) then ¬l is equal to ¬v i (resp. v i ). The set of literals is
LIT = {v 1 , ¬v 1 , ..., v n , ¬v n }.
Let N be an integer representing the number of considered time-points. A timestamped propositional variable is a propositional variable indexed by one time point.
If v ∈ V and t ∈ J1, N K then the intuitive meaning of v(t) is that v(t) is true iff
v is true at time-point t. V(N ) = {v(t) |v ∈ V , t ∈ J1, N K} stands for the set of
every time-stamped propositional variables (w.r.t. V and N ). L(N ) is the language
generated from V(N ) and the usual connectors. A formula of L(N ) is called temporal
formula. The temporal formulas are denoted by uppercase Greek letter (Φ, Ψ etc.).
An instantaneous formula is a formula whose variables are stamped by the same timepoint. A scenario Σ is a particular temporal formula which can be written in the form
of a conjunction of N instantaneous formulas ϕ1(1) ∧ . . . ∧ ϕN
(N ) . The formula of timepoint i of the scenario Σ, is denoted by Σ(i). T RAJ(N ) = 2V(N ) is the set of every
interpretations of V(N ) , called trajectories. A trajectory τ can be represented by a
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Figure 1: Trajectories τ 0 and τ 1 of Example 1
sequence τ = hτ (1), ..., τ (N )i of interpretations of M (i.e, ∀i ∈ J1, N K, τ (i) ∈ M ) .
Finally, a trajectory τ is said static iff τ (1) = ... = τ (N ).
Example 1 We consider a system which can be described by 3 variables: d, s and w.
This system is an office whose door and window can be opened or closed, and whose
occupant can be sitting or standing. The variables are defined by d is true if the door
is opened, s is true if the occupant is sitting and w is true if the window is opened.
Let us consider the scenario in which the door is opened at time point 1, the door
or the window is opened at 2, the occupant is sitting at 3, the door is closed or the
occupant is standing at 4, the window is closed at 5. This scenario is represented by
the following formula Σ = d(1) ∧ (d(2) ∨ w(2) ) ∧ s(3) ∧ (¬d(4) ∨ ¬s(4) ) ∧ ¬w(5) . The
set of interpretations, M = {m1 , . . . , m8 }, is described Figure 1. Many trajectories
satisfy Σ (trajectories passing by the black spots of the Figure), for instance: τ 0 =
hm3 , m7 , m5 , m5 , m8 i and τ 1 = hm2 , m2 , m2 , m4 , m4 i.

2.2 Standard Belief Extrapolation
Given a temporal formula Φ, belief extrapolation [9] consists to supplement it by using persistence assumptions (this process is called chronicle completion in [22]). The
guiding idea of extrapolation is that, as long as nothing prevents it, the fluents value do
not change. The goal is thus to find the best trajectories (i.e., the most static) satisfying
the observations. This is why, it is necessary to have a preference relation on trajectories, this relation  should be reflexive and transitive in T RAJ(N ) (it is not necessarily
complete1). We use τ ≺ τ ′ (read “τ is strictly preferred to τ ′ ”) for (τ  τ ′ and not
τ ′  τ ), τ ∼ τ ′ for (τ  τ ′ and τ ′  τ ). Let X ⊆ T RAJ(N ) , a trajectory τ ∈ X is
minimal w.r.t.  in X iff it does not exist any trajectory τ ′ in X s.t. τ ′ ≺ τ .
Definition 1 (Inertial Preference Relation)
The relation  on T RAJ(N ) is inertial iff
- for any two static trajectories, it holds that τ ∼ τ ′ and
- for any static trajectory τ and any not static trajectory τ ′ , it holds that τ ≺ τ ′ .
1 For example, the “change-set-inclusion” relation prefers a trajectory to another one if the changes which
characterize the first one are included in those characterizing the second one. This preference relation is not
complete, since, for instance, τ 0 and τ 1 of Example 1 can not be compared.
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The preference for inertia implies that if there exists a static trajectory satisfying
a temporal formula Φ then every preferred trajectories satisfying Φ must be static as
well. It means that if one can suppose consistently that no change occurred, completion
consists in imposing it.
Definition 2 (Extrapolation Operator)
Any inertial preference relation  on T RAJ(N ) allows to induce an extrapolation operator which maps a temporal formula Φ to a formula E (Φ) characterizing the preferred trajectories for  which satisfy Φ:
E : L(N ) → L(N ) such that:
M od(E (Φ)) = {τ | τ ∈ min(, M od(Φ))}
Definition 3 (Changes in a Trajectory)
The set of changes Ch(τ ) of the trajectory τ is defined by :


l ∈ LIT, t ∈ J2, N K,
Ch(τ ) = hl, ti
τ (t − 1) |= ¬l and τ (t) |= l
Example 1 (continued): Note that τ 1 is more static than τ 0 w.r.t. the number of
changes, denoted by τ 0 nc τ 1 , since Ch(τ 0 ) = {h¬d, 2i, hs, 3i, h¬s, 5i, h¬w, 5i}
and Ch(τ 1 ) = {h¬d, 4i}. It seems indeed more natural to explain the sequence of
observation of the example by only one change: the door was closed at time-point
4 rather than to explain it by the fact that the door was closed at 2, the occupant sat
down at 3, then raised at 5 while the window was closed. Besides, τ 1 is one of the three
preferred trajectory for nc satisfying Σ. The two others are hm2 , m2 , m6 , m6 , m6 i
and hm2 , m2 , m2 , m6 , m6 i. Hence, Enc (Σ) = d(1) ∧ s(1) ∧ ¬w(1) ∧ d(2) ∧ s(2) ∧
¬w(2) ∧ s(3) ∧ ¬w(3) ∧ (d(4) ⊕ s(4) ) ∧ ¬w(4) ∧ (¬d(3) → ¬d(4) ) ∧ ¬w(5) ∧ (d(4) ↔
d(5) ) ∧ (s(4) ↔ s(5) ) where ⊕ stands for “exclusive or”2 .
In [9], several other preference relations on trajectories have been proposed. They
all are based on the minimization of the changes. They take into account the number
of literals that changed, or the costs of the changes (w.r.t. the penalties associated with
the change of each literal), or the old or recent character of the changes.

2.3 Event-Based Extrapolation
In this section, we develop an extension of standard belief extrapolation by introducing
the concept of event. An event is an operation which induces a change in the normal
course of the evolution. In the literature, events are often described by their effects
and their preconditions. Here, we assume that the system evolution is described by
static and dynamic laws. The encoding of these laws is out of the scope of this article,
but we suppose that we two functions ke and km are available. ke quantifies the
surprise degree associated with every set of events in a given situation. km measures
the surprise degree attached to every transition. An infinite surprise degree means
that the occurrence of the event (resp. the transition) is impossible. ke generalizes
2a

⊕ b ≡ (a ∧ ¬b) ∨ (¬a ∧ b).
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the function “Precond” (for preconditions) of STRIPS [12] which defines necessary
conditions for the occurrence of one event. It is supposed to be defined for any set
of events (events which took place simultaneously). This function may be computed
from a representation of the dynamic and static laws and an event encoding. Here, the
function km does not impose to have deterministic events as in the case of the function
Result of the situations calculus [17]. If no event occurs the function, applied to
the current situation and an empty set of event, will describe the normal evolution of
the system (it will give preference to the same situation if the system is inert or to a
different situation if there exists temporary fluents3 ).
Definition 4 (Events) Let Ev be a set of event symbols (denoted ε1 , . . . , εP )4 . The
two following functions are available:
- the function ke measures the surprise degree associated with the simultaneous occurrence of a set of events in a situation: ke : M × 2Ev → N ∪ ∞
- the function km that allows to obtain a penalty distribution over the possible situations (representing the surprise degree associated with the different situations after the
simultaneous occurrences of a set of events in a situation): km : M × 2Ev × M →
N ∪ ∞.
The two available characteristic functions ke and km are supposed to be coherent
with a given action theory. Note that this definition is under the strong assumption of
a Markovian behavior of the system, i.e., the evolution of the system does not depend
on its history but only on its current state. Taking into account not Markovian fluents
would need a more heavy formalism and is left outside the scope of scenario update.
An “inert” system (in the classification of [21]) is a system where no fluent is temporary. Thus, if no event occurs then the state of the world does not change and the
occurrence of any event is surprising.
Definition 5 (Inert System) The system is inert iff ∀m, m′ ∈ M , ∀ev ⊆ Ev,
1. km(m, ∅, m′ ) = 0 ⇔ m = m′ and
2. ke(m, ev) = 0 ⇔ ev = ∅
Now, it is possible to handle scenarios containing at the same time observations of
facts and observations of event occurrences.
Definition 6 (Mixed Temporal Formula) Let V ′ = V ∪ Ev and V ′ (N ) = {v(t) |(v ∈
V and t ∈ J1, N K) or (v ∈ Ev, and t ∈ J1, N −1K)} its set of associated time-stamped
variables. We denote by LIT ′ the set of literals built from V ′ . A mixed temporal
formula is built on the variables of V ′ (N ) with the usual connectors and constants. Let
L ′ (N ) be the set of this formulas.
The formula: d(1) ∧ εcd
(1) ∧ ¬d(2) is an example of mixed temporal formula expressing that the door was open (d was true) at time point 1 and the event εcd has occurred
(meaning for instance that “somebody has closed the door”) at time point 1 and at time
point 2 the door was closed.
3 Temporary fluents (also called “dynamic” in [22]) are not persistent fluents, they correspond to variables
whose values are not naturally constant during time.
4 More precisely, the symbol εi does not denote the event itself but its occurrence.
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Definition 7 (Cost of Mixed Trajectory) A mixed situation s is an interpretation of
V ′ . Let f (s) denote the facts that hold in the situation s (interpretations of V ) and e(s)
the events that occur in s (interpretations of Ev). A mixed trajectory corresponds to a
truth value assignment to the variables of V ′ (N ) . Every mixed trajectory τ can be rep′
resented by a sequence τ = hτ (1), . . . τ (N )i of interpretations of V ′ . Let T RAJ(N
)
denote the set of mixed trajectories.
A mixed trajectory is called static if

∀t ∈ J1, (N − 1)K, e(τ (t)) = ∅ and
∀t ∈ J1, N K,
f (τ (1)) = ... = f (τ (N )).
The cost k(τ ) of a trajectory τ is:
N
−1
X

ke(f (τ (t)), e(τ (t)) + km(f (τ (t)), e(τ (t)), f (τ (t + 1)))

t=1

The cost of a trajectory thus corresponds to the sum for each time point of the surprise degree associated to the occurrence of the events at this time point added to the
surprise degree to reach the following situation being given the occurrence of these
events at the previous time point. We consider the cost of the events which occurred
between time point 1 and N-1 without taking account of those which occurred at the
last moment since they have no impact. Let us note that, here, the surprise degree associated with the occurrence of an event or the surprise degree associated with obtaining
a given situation are quantified in terms of penalties. Besides, the use of penalties to
characterize surprise degrees has been proposed initially by Sandewall in [21]. This
choice is justified by the intrinsically additive and compensatory character of surprises,
but the use of other measures like probabilities or possibilities is completely possible.
One can refer to [11] for a study of the links between these various measures.
In an inert system, a static trajectory is not surprising, this is expressed by the
following property.
Proposition 1 If the system is inert then
′
∀τ ∈ T RAJ(N
) , τ is static ⇔ k(τ ) = 0.

Proof: Using Definition 7, τ is static ⇔



∀t ∈ J1, (N − 1)K,
∀t ∈ J1, N K,

e(τ (t)) = ∅ and
f (τ (1)) = ... = f (τ (N )).

• P
given a static trajectory τ , let m = f (τ (t)), the cost of τ is k(τ ) =
N−1
t=1 ke(m, ∅) + km(m, ∅, m). Using Definition 5, the system being inert, we get k(τ ) = 0.
P
• Conversely, given a trajectory τ such that k(τ ) = 0, we get N−1
t=1 ke(f (τ (t)), e(τ (t))+
km(f (τ (t)), e(τ (t)), f (τ (t + 1))) = 0. Now, since the penalties are positive. We obtain that each term of the sum should be equal to zero, hence every event occurring in τ is not surprising: ∀t ∈ J1, N −1K, ke(f (τ (t)), e(τ (t))) =
0, since the system is inert it means that ∀t ∈ J1, N − 1K, e(τ (t))) =
∅. It means that no event occurs in τ . Using Definition 5 with ∀t ∈
J1, N − 1K, km(f (τ (t)), ∅, f (τ (t + 1))) = 0, we get that ∀t ∈ J1, N −
1K, f (τ (t)) = f (τ (t + 1)). Hence τ is static.
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Figure 2: Mixed Trajectories for Example 2
Belief extrapolation extended to mixed formulas is defined by means of a preference relation on trajectories which minimizes their cost, i.e., which minimizes the
surprise degree associated with the events of these trajectories.
Definition 8 Given a mixed temporal formula Φ ∈ L ′ (N ) , the extended extrapolation
of Φ is defined by:
EE : L ′ (N ) → L ′ (N ) such that:
M od(EE(Φ)) = {τ | τ ∈ min(k, M od(Φ))}
Example 2 Let V ′ = {d, r, εcd , εb , εrd } where d is a variable representing the fact
that the door is opened, the variable r means that the door is red, εcd is an event
meaning that “somebody is closing the door”, εb means “the wind is blowing”, εrd
means “someone is painting the door in red”. Let us consider the scenario Σ =
d(1) ∧ ¬r(1) ∧ ¬d(3) . Computing the extrapolation of this scenario can be done as
follows: the facts that are true at time point 1 are completely known since d and ¬r are
true, let m2 such a situation (see Figure 2). We suppose that the surprise degree associated to the events are known, with for instance 0 < ke(m2 , {εcd }) = ke(m2 , {εb }) <
ke(m2 , {εcd, εb }) < ke(m2 , {εrd}) < ke(m2 , {εcd , εrd }) = ke(m2 , {εw , εrd }) =
ke(m2 , {εcd, εb , εrd }) = ∞. These constraints mean that in the initial state m2 , the
fact that someone closes the door is as little surprising as a strong gale but less surprising as the simultaneous occurrence of these two events, and even less surprising than
the fact that someone paints the door (regarded as rare). In addition, it is impossible
to paint the door during a strong gale or while it is being closed.
Let us suppose now that we have a description of the events allowing to deduce that
when someone closes the door in the state m the states of the system in which the door
is closed are less surprising, etc. Then, among the 23 × 25 × 22 possible trajectories
satisfying this scenario, four trajectories are preferred: those where only one event
occurs (either the agent closes the door, or the wind blows at time point 1 or 2). In
b
these four trajectories r remains false in 2 and 3. So, EE(Σ) |= (((εcd
(1) ⊕ ε(1) ) ∧
b
¬d(2) ) ∨ (d(2) ∧ (εcd
(2) ⊕ ε(2) ))) ∧ ¬r(2) ∧ ¬r(3) .
Proposition 2 If the system is inert then an extended extrapolation operator EE satisfies the extended postulates of belief extrapolation E1, E2′ . . . E65 E is a belief extrap5 Here E2′ replace the postulate E2 of standard belief extrapolation since P ERS ′ involve event occurrence
where as the initial postulate did not, more precisely E2 refers to the formula P ERS =
V
v∈V ,t∈J1,N−1K (v(t) ↔ v(t+1) ).
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olation operator ⇒ E satisfies : E1 :E(Φ) |= Φ
E2’ : if P ERS ′ ∧ Φ is consistent then E(Φ) ≡ P ERS ′ ∧ Φ
E3 : if Φ is consistent then E(Φ) is consistent
E4 : if Φ ≡ Φ′ then E(Φ) ≡ E(Φ′ )
E5 : E(Φ) ∧ Φ′ |= E(Φ ∧ Φ′ )
E6 : if E(Φ) ∧ Φ′ is consistent then E(Φ ∧ Φ′ ) |= E(Φ) ∧ Φ′
with P ERS ′ =

^

(

^

t∈J1,N−1K v∈V

v(t) ↔ v(t+1) ∧

^

¬ε(t) ).

ε∈Ev

Proof: If the system is inert, then we can prove, using the same principles as in
the proof for the representation theorem of classical extrapolation [10], that for any
′
extrapolation operator EE there exists a revision operator ⋆ on L(N)
such that for
′
′
every Φ ∈ L(N) , EE(Φ) ≡ P ERS ⋆ Φ. Conversely, for any revision operator
′
⋆, there exists a unique extrapolation operator EE such that for every Φ ∈ L(N)
,
EE(Φ) ≡ P ERS ′ ⋆ Φ. This result is based on the fact that k respects inertia
(Proposition 1). The postulates E1, E2′ , E3, . . . E6 correspond to Katsuno and
Mendelzon postulates for belief revision [15] in which the formula to be revised
has been changed into P ERS ′ .


As evoked in the proof, in the case of an inert system traditional extrapolation
amounts revising the knowledge that the values of the fluents persist by the temporal
formula to extrapolate. A similar result holds for extended extrapolation applied to
any system (not necessarily inert). This time, it is the formulas describing the natural
evolution of the system (static and dynamic laws) that must be revised by the formula
to extrapolate.

3 Updating Mixed Temporal Formulas
3.1 The Question of “What would have occurred if...”
The question tackled in this paragraph is: being given a factual story and a knowledge
of the dynamics of the system, what would occur if someone imposes a change in this
story? Within our formal framework, the story is a sequence of observations (events
or facts), i.e., a mixed scenario or more generally, a mixed temporal formula. The
knowledge of the dynamics of the system corresponds to laws of evolution of the world
summarized by the two cost functions ke and km.
Let us examine a toy spy-story example:
Example 3 Two agents are in contact with me, they share their life between Toulouse
and London. I received a postcard from London but I could not read the signature,
it was one of them but I do not know who exactly. Hence a or b was in London at
time point 1: a(1) ∨ b(1) where a(t) (resp. b(t) ) denotes the fact that the first (resp.
second) agent is in London at time point t. I learnt that the day after they met each
other (since they have exchanged secret documents), hence either they were both in
London that day or either they both were elsewhere: a(2) ↔ b(2) . I know that one of
them was seen in Toulouse two days after but I do not know who it was: ¬a(3) ∨ ¬b(3) .
I know that they prefer not to travel together in order to avoid suspicions. Hence, I
can extrapolate four possibilities (considering only the less surprising ones, see Figure
8
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Figure 3: Spy Story
3): either they were both in London, they met there and then one of them left (it makes
two possibilities τ 1 and τ 2 according to the identity of the agent who left), either only
one of them was in London, he left London and they met in Toulouse (it also gives two
possibilities τ 3 and τ 4 ). T raj(EE(Σ)) = {τ 1 , τ 2 , τ 3 , τ 4 }. If we encode the event of
living London to Toulouse by ε¬a for the first agent (and ε¬b ) for the second agent, we
¬b
¬a
¬b
obtain EE(Σ) |= (ε¬a
(1) ⊕ ε(1) ) ⊕ (ε(2) ⊕ ε(2) )
Now, there are two interesting questions:
1. what can I conclude if I learn that Gatwick airport in London was closed (because of a strike of the controllers) at time point 1, preventing any flight between
¬b
London and Toulouse between time point 1 and 2:¬ε¬a
(1) ∧ ¬ε(1) .
2. what would have happened if the police had set up a security check in Gatwick
airport? (and would have been able to arrest any suspect agent, hence forbid¬b
ding them to fly): ¬ε¬a
(1) ∧ ¬ε(1)
While the two questions are expressed by the same formula they do not imply the
same reasoning. The first question implies that I should take into account a new piece
of information about this story, I should complete my knowledge, it means that among
all possible trajectories, I am able to be more selective and pick the ones that are in
agreement with the new piece of information, or if no trajectory is in agreement, I
should correct minimally my beliefs in order to obtain a possible trajectory. In our
case, I will conclude that they were both in London and they left after their meeting.
The second question implies that I should make an hypothetical reasoning about
what the story becomes if something change, hence I should consider every possibility
and see how it may evolve. Hence the four initial trajectories should be reviewed, for
τ 1 and τ 2 the hypothesis does not change anything, if the two agents where in London
and met there then they were not at the airport when the police check point could have
been set up. While for τ 3 and τ 4 corresponding to the trajectories in which an agent
should leave London at time point 1, the consequences of such a supposition could be
more dramatic, since the agent could have been arrested in London and then he could
not have exchange information with its colleague and so on...
In order to analyze the two different kinds of reasoning used in this example, let
us recall that belief revision consists in integrating a new piece of information into old
beliefs while trying to preserve initial information as much as possible. In practice,
that amounts calculating the set of interpretations satisfying new information closest to
the initial beliefs. Belief update is based on another technique (one can refer to [15]
for a discussion on the difference between revision and update) because it relates to the
9

arrival of a piece of information which characterizes an evolution of the world. In that
case, what was believed before is not questioned but must be modified to take into account the fact that the world evolved in accordance with this new piece of information.
In practice, that amounts calculating for each possible initial world, what is the most
natural evolution which leads to a world where the new piece of information is true.
In this toy example, we can see that the first reasoning is a belief revision while
in the second case the reasoning is an update. A main claim of this article is that the
question of “what would have happened if ...” is an update operation. In our problem,
we want to know what would have occurred if something - let us call it ϕ - had been
true at time t in a given story. That does not means that this temporal information ϕ(t)
was actually true. The difference is due to the fact that:
• in the case we learn that ϕ(t) was true, the history must be corrected in order that
ϕ holds at time point t. One must thus find the trajectories satisfying the new
piece of temporal information ϕ(t) closest to the initial scenario: it is a revision.
• in the other case, one wishes to calculate for each trajectory initially compatible
with the history, what it would become if one forced ϕ to hold at time point t: it
is thus typically a belief update operation.
Note that the update of this example has been chosen with a formula containing
only occurrences of events but we could have chosen to update by a fact, for instance
we could have wonder what would have occurred if the first agent had been in Toulouse
at time 2: ¬a(2) . It would mean that if we had initially supposed that he was in London
at time 1 (according to trajectories τ 1 , τ 2 and τ 3 ) we should either suppose that he
has flown or that he was not there at time 1. If we examine each initial possibility: for
trajectories τ 3 and τ 4 the story could have been the same. Meanwhile for trajectories
τ 1 and τ 2 the new hypothesis has a stronger influence (a solution is proposed below).

3.2 Update operators and Preorderings
To define in practice the update of mixed temporal formulas, we need to define a preference relation between trajectories w.r.t. any initial given trajectory. This comes from
the representation theorem of [15] linking any update operator to the existence of a
faithful assignment which maps each interpretation m to a pre-order ≤m . The assignment is called “faithful” if the pre-order associated with m always strictly prefers m
to any other interpretation. Note that it has been shown in [7] that a larger class of
update operator maybe defined without imposing “faithfulness” and allowing for the
existence of unreachable states. A representation theorem links this broader class of
update characterized by a minimal and complete set of postulates to the existence of an
underlying pre-order. These critics about Katsuno and Mendelzon postulates have also
been done by other authors see e.g. [3].
Many preorderings can be proposed to compare two trajectories with respect to a
same third. Following the schema of classical extrapolation, we propose first to define
a change set associated to two trajectories by the set of literals that differ in the two
trajectories associated with their change time point:
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Definition 9 (Changes Between two Trajectories) The set of changes Ch(τ, τ ′ ) between trajectory τ and τ ′ is:


l ∈ LIT ′ , t ∈ J1, N K
′
Ch(τ, τ ) = hl, ti
τ (t) |= l, τ ′ (t) |= ¬l
We also define Ch(τ, τ ′ )(t) = {l | hl, ti ∈ Ch(τ, τ ′ )}
Then we can adapt every change-based preorderings defined for classical extrapolation to obtain preorderings w.r.t. a given trajectory:
number of change:
′′
′
τ ′ ≤nc
τ τ iff | Ch(τ, τ ) |

≤ | Ch(τ, τ ′′ ) |

change set inclusion:
′′
′
′′
τ ′ ≤csi
τ τ iff Ch(τ, τ ) ⊆ Ch(τ, τ )

penalty of changing events:
τ ′ ≤kτ τ ′′ iff kev(τ, τ ′ ) ≤ kev(τ, τ ′′ )
where kev(τ 1 , τ 2 ) is the sum of the surprise degrees associated to events occurrence in τ 1 when these events do not occur in τ 2 added to the symmetric sum for
τ 2 w.r.t. τ 1 :
 P
1

ε∈Ev,hε,ti∈Ch(τ 1,τ 2 ) ke(τ (t), ε)
1 2
+
kev(τ , τ ) =
 P
2
ε∈Ev,h¬ε,ti∈Ch(τ 1 ,τ 2 ) ke(τ (t), ε)

′′
chronological minimization: τ ′ ≤csi
τ τ iff

8
N =1
>
>
< or Ch(τ, τ ′ , 1) ⊂ Ch(τ, τ ′′ , 1)

Ch(τ, τ ′ , 1) = Ch(τ, τ ′′ , 1) and
>
>
: or
′′
′′
hτ ′ (2), . . . τ ′ (N )i ≤chr
hτ (2),...τ (N)i hτ (2), . . . τ (N )i

In this preference relation, priority is given to old similarities as in the chronological
minimization of [24].

All these proposals are valid in order to compare trajectories with respect to a reference trajectory, not that the preference relation ≤csi is included in the three others (it
is less discriminating). Two of them are complete (≤nc and ≤k ) while the two others
are partial. In the following, we define a fifth relation which seems to us better adapted
to the hypothetical reasoning. In principle, we propose that the trajectories that are
identical to the initial trajectory w.r.t. events occurrences should be preferred. However, it seems important to check that not only events but also facts should be identical
since if there are non-deterministic events we suppose that they should give the same
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result, and this, before the change time point. This last supposition seems less natural
after this point. Indeed in the spy story example, we can notice that the facts that were
believed to hold after the change time point are no longer necessarily true. However,
it seems natural to have trajectories that are closest as possible concerning occurrence
of events until the end point. In summary, we choose to minimize chronologically the
event distances on the entire trajectory and minimize chronologically the fact distances
only until the change time point. Before defining the preordering, we need to introduce
chronological event-distance preference relation:
Definition 10 (Chronological Event-distance Preference) Given two mixed trajectories τ and τ ′ , let kev(τ, τ ′ )(t) be the surprise degree associated to distinct events
in τ and τ ′ at time point t:
 P

ε∈Ev,ε∈Ch(τ,τ ′ )(t) ke(τ (t), ε)
′
+
kev(τ, τ )(t) =
 P
′
ε∈Ev,¬ε∈Ch(τ,τ ′ )(t) ke(τ (t), ε)

Now, given three mixed trajectories τ , τ ′ and τ ′′ , τ ′ is
closer to τ for event-distance
N =1


 or kev(τ, τ ′ ) < kev(τ, τ ′′ )
(1)
(1)

chronological preference than τ ′′ denoted τ ′ ≤chre
τ ′′ iff
τ
kev(τ, τ ′ )(1) = kev(τ, τ ′′ )(1) and


 or hτ ′ (2) . . . τ ′ (N )i ≤chre
′′
′′
hτ (2)...τ (N )i hτ (2) . . . tau (N
Example 3 (continued): If we compare the trajectories τ 1 , τ 2 , τ 3 , τ 4 and the trajectory τ 5 = h(m2 , ∅), (m2 , {ε¬a }), (m4 , ∅)i with respect to their closeness to τ 2 ,
τ 3 . Considering τ 4 we know that τ 4 will be
τ 1 <chre
τ 5 <chre
we get τ 2 =chre
τ2
τ2
τ2
less preferred than τ 1 , the relation between τ 4 and τ 3 depends on the surprise degree
associated to the events ε¬a and ε¬b .
Now, we need to define fact-distance chronological minimization before a given
time-point.

Definition 11 Given three mixed trajectories τ , τ ′ and τ ′′ and a time point t, τ ′ is
′′
closer to τ before
 t for fact-distance chronological minimization than τ denoted
N
=
1
or
t
=
0



 or |Chf (τ, τ ′ )(1) | < |Chf (τ, τ ′′ )(1) |
(
chrf
′
′′
τ ≤τ,t τ iff
|Chf (τ, τ ′ )(1) | = |Chf (τ, τ ′′ )(1) | and



′′
′′
 or hτ ′ (2) . . . τ ′ (N )i ≤chrf
hτ (2)...τ (N )i,t−1 hτ (2) . . . tau (N )i
where Chf (τ, τ ′ )(t) is the set of literal that are not representing event occurrences
and that differs from τ to τ ′ at time t: Chf (τ, τ ′ )(t) = {l ∈ Ch(τ, τ ′ )(t) ∩ LIT }

Example 3 (continued): Considering τ 1 , τ 2 and τ 6 = h(m3 , {εa }), (m1 , ∅), (m1 , ∅)i,
chrf 6
1
1
2
6
we get τ 2 =chrf
τ 2 ,2 τ <τ 2 ,2 τ . Since, τ differs from τ after time point 2, while τ
differs at the first time point. Note that τ 6 is equal to a trajectory starting with m2
while it will be preferred to any trajectory starting with m4 .
Now, we are in position to define a faithful assignment:
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Definition 12 (Chronological Closeness Assignment) For any time point p ∈ J1, N K,
′
p
given a trajectory τ ∈ T RAJ(N
) , let  be a family of preference relations defined
by:
′
′
p ′′
∀τ ′ , τ ′′ ∈ T RAJ(N
) , τ τ τ iff
 ′ chre ′′
τ <τ
τ
or τ ′ =chre
τ ′′ and τ ′ ≤chrf
τ ′′
τ
τ
Proposition 3 For any time point p ∈ J1, N K, the chronological closeness assignment
is faithful, i.e., for any trajectories τ and τ ′ , we have τ pτ τ ′ .
Proof: We have ∀t ∈ J1, N K, kev(τ, τ )(t) = 0 hence for any τ ′ , τ ≤chre
τ ′,
τ
′
chre ′
if τ =τ
τ then for any time point t, ∅ = f d(τ, τ )(t) ⊆ f d(τ, τ )(t) . Hence,
τ pτ τ ′ .


This property implies that any trajectory is closer to itself than to other trajectories.
Note that this is not a strict preference, i.e., the relation suggested is not strictly faithful
in the sense of Katsuno and Mendelzon, some trajectories may have the same sequence
of events and differ only in the sequence of situations after time point p but be as
preferred as the reference trajectory.
Definition 13 (Updating mixed temporal formula) Given a mixed temporal formula
Φ, the update of Φ by punctual information ϕ at time point t by the update operator ⋄t ,
based on t , is defined by: M od(Φ ⋄t ϕ(t) ) =
[

′
′
{τ |= ϕ(t) , k(τ ) 6= ∞}}
{τ ′ ∈ T RAJ(N
) , τ ∈ min
t
τ

τ ∈EE(Φ)

Intuitively, to update a mixed temporal formula Φ by an instantaneous mixed formula ϕ(t) consists in calculating for each preferred trajectory (i.e., less surprising) τ
satisfying Φ, the possible trajectories satisfying ϕ(t) that are closest to τ . The result
corresponds to the union of the trajectories obtained for each initial trajectory.
Example 3 (continued): If we want to know what would have occurred if the first agent
had been in Toulouse at time point 2 then it is necessary to calculate Σ ⋄2 ¬a(2) . According to Definition 13, it requires to compute the possible trajectories in which ¬a(2)
holds; then select in this set the trajectories closest to each of the 4 initial trajectories
drawn on Figure 3.
In this example, we suppose that the definitions of the surprise degrees associated
with the transitions of the system allow to obtain 32 possible trajectories satisfying
¬a(2) : 16 trajectories passing by ¬a(2) b(2) and 16 by ¬a(2) ¬b(2) see Figure 4. Note
that τ 3 and τ 4 belong to this set. τ 3 is strictly closer to itself than the 31 other trajectories. It is the same for τ 4 . In τ1 there was only one event occurring at time 2,
namely ε¬b . We can found one trajectory having the same curses of events, namely:
τ 5 = h(m3 , ∅), (m3 , {ε¬b }), (m4 , ∅)i. This trajectory is the closest to τ 1 w.r.t. chronological closeness among all the 32 possible trajectories. Concerning τ 2 , there is no
trajectory identical for event occurrences, but two trajectories have only one difference with it: namely the two static trajectories τ 6 = h(m3 , ∅), (m3 , ∅), (m3 , ∅)i and
τ 7 = h(m4 , ∅), (m4 , ∅), (m4 , ∅)i. But according to Definition 12, τ 6 is closer since
13

t:
m1
m2
m3
m4

= a b
= a ¬b
= ¬a b
= ¬a ¬b

1

b

¬a
2

b

3

b
b

b

b

b

b

b

b

Figure 4: Trajectories satisfying ¬a(2)
its situation at time point 1 less differs from τ 2 than τ 7 . Finally, we obtain exactly 4
trajectories satisfying Σ ⋄(2) ¬a(2) : τ 3 , τ 4 ,τ 5 and τ 6 . In each trajectory the first agent
stays in Toulouse at time 3. In this hypothetical reasoning, one cannot conclude on the
fact that the two agents could meet or not.
Let us note that we gave an example of update by a fact, but it is completely possible
to carry out updates with occurrences of event.
Proposition 4 The operator ⋄t based on t satisfies postulates U1, U3bis, U4, U5,
U8, U9 and U10:
U1 (K ⋄ ϕ) implies ϕ.
U3bisK ⋄ ϕ consistent implies K ⋄ (ϕ ∨ ψ) consistent.
U4 If K1 ↔ K2 and ϕ1 ↔ ϕ2 then (K1 ⋄ ϕ1 ) ↔ (K2 ⋄ ϕ2 ).
U5 (K ⋄ ϕ) ∧ ψ implies (K ⋄ (ϕ ∧ ψ)).
U8 (K1 ∨ K2) ⋄ ϕ ↔ (K1 ⋄ ϕ) ∨ (K2 ⋄ ϕ).
U9 If K is deductively closed and (K ⋄ ϕ1 ) ∧ ϕ2 is consistent then (K ⋄ (ϕ1 ∧ ϕ2 ))
implies ((K ⋄ ϕ1 ) ∧ ϕ2 )).
U10 If ϕ is impossible then K ⋄ ϕ is inconsistent.
Proof: Using the representation theorem proposed by [7], ∀t ∈ J1, N K, chronological closeness assignment is a mapping associating to each interpretation
τ of
S
T RAJ(N) a complete pre-ordering tτ such that M od(Φ⋄t ϕ(t) ) = τ ∈EE(Φ){τ ′ ∈
′
T RAJ(N)
, τ ′ ∈ mintτ {τ |= ϕ(t) , τ is not impossible }} where the impossible
trajectories are those that have an infinite surprise degree.


Last proposition shows that ⋄t is an update operator in the sense of [7]6 . Note
that we have chosen to propose a more general update operator than in Katsuno and
Mendelzon framework since we want to allow for impossible models (called trajectories in our context) and also we want to allow not strict faithfulness. This is why
the postulates U2 and U3 of Katsuno Mendelzon have not been considered here. U3
imposes that updates are always possible: U3 If K and ϕ are consistent then (K ⋄ ϕ)
is consistent. U2 has been often discussed in the literature, it is well known to impose
inert update when it is possible: U2 If K implies ϕ then (K ⋄ ϕ) is equivalent to K.
We do not want that U2 necessarily hold because we want to allow not strictly faithful
assignments. Strict faithfulness, in this context, is not always desirable (see Example
4) except in the particular case of a deterministic system. Let us note however that it is
6 In the proposal of [7], the postulate U1 is not necessary since it can be deduce from U3bis, U5 and U10.
The set U3bis, U4, U5, U8, U9 and U10 is minimal and complete with respect to the representation theorem.
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completely possible to particularize the preference relation suggested in order to make
it faithful.
Example 4 Let us consider a scenario Σ in which a die has been rolled on a green
carpet at time point 1 and its face is a six at time point 2. Σ does imply that the “carpet
is green” but if we update Σ by the fact (that we already know) that “the carpet is
green” denoted by cg, we do not necessarily obtain the same result: Σ ⋄2 cg(2) is not
equivalent to Σ, since, if the encoding of ke and km represent the transition of a fair
die (hence non deterministic), it gives 6 possible trajectories.
Note that Proposition 4 holds for update operators based on the complete preorderings ≤nc and ≤k , meanwhile for the partial pre-orderings, the postulates U 6 and
U 7 should be used instead of U 9.

4 Causality and Scenario Update
The problem of causality was explored under many different points of view (one can
refer to [23, 5] for an outline of the various approaches of causality). One point of view
is to try to establish generic causal relations (it is called “causal generalization”), for
example, it allows to affirm that “smoking causes cancer”. One can be interested to discover the cause of a given result in a concrete example (it is called “event causation”),
for example “the fact that Titanic hit an iceberg is the cause of its loss”. One can also
be interested in axiomatizing causality, i.e., characterizing the properties of the relation
of causality: transitivity, asymmetry, decomposability, etc. Besides, axiomatizing can
be studied within the framework of generic or concrete causation. A last aspect is the
investigation into the “perceived cause”, this problem consists in seeking the cause that
would select an intelligent agent among all the possible causes explaining a scenario.
The numerous works in the field of causality lead to obtain several definitions of
causality. One of the first definition was given by [16], which introduces “counterfactuality”. This definition is based on the existence of possible worlds and on a similarity distance between worlds. A causes B in a counter-factual way when one can
affirm that if A had not occurred in a world as close as possible of the current world
then B would not have occurred. Other definitions were given in terms of probabilities
by [4], however, it is admitted that causality is related to probabilities but can not be
only defined by probabilistic dependencies (mainly because of the need of asymmetry).
Another type of definition uses manipulability theory, in particular [25] who formalizes the idea that causality is related to the concept of intervention. A causes B if while
forcing A to be true, one forces B to be true and by doing nothing to change the value
of A then it does not change the value of B. In their structural model approach, [14]
have also proposed a counter-factual definition of causality encoded by causal graphs
in which endogenous variables are distinguished from exogenous variables. A firstorder modeling of this approach have been provided by [13]. A last definition based
on a non-monotonic inference relation was given by [2]: given a series of observations
¬B(t) , A(t) , B(t+k) , a context C and a relation of non-monotonic consequence |∼ , if
the agent believes that C |∼ B, and that C ∧ A |∼ ¬B then the agent will perceive A
as being the cause of B in the context C. This approach requires to define a “context”
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which seems similar to what Halpern and Pearl call “exogenous variables” but this
implies to already know what variables or formulas can not be considered as causes.
Here, we are interested in the research of a concrete cause (“event causation”). Our
definition uses the fact that a cause must be counter-factual (if it had not been there, the
conclusion would not have been obtained) and the assumption of manipulability. Thus,
we will regard as possible causes only the values of the facts at the initial time point
(allowed to be modified) and the events. The values of the facts at various moments
are not considered as possible causes. The counter-factual nature of the cause will be
used in the following way: A causes B if A and B are true in the initial mixed temporal
formula, and if B is false after the update of this initial formula by ¬A. In short, we
propose the following definition:
Definition 14 (cause)
′
Given a mixed temporal
 formula Φ ∈ L (N ) ,
 t = 1 or A ∈ LEv
EE(Φ) |= A(t) ∧ B(N )
A(t) causes B(N ) iff

Φ ⋄t ¬A(t) |= ¬B(N )
where LEv is the set of formulas built on Ev.
The following example come from a database of traffic accident reports submitted
by drivers to insurance companies.
Example 5 (Car accident) “The car B slipped and was found perpendicular to the
road. I was coming behind it and, because of the glaze, I could not stop. My vehicle
struck the vehicle B and my vehicle was projected in the ditch.”
This story can be modelled by the following scenario, Σ = εBslips
∧ Bperp(2) ∧
(1)
Af B(2) ∧glaze(2) ∧¬εAstops
∧acc(3) . We considered the following facts Bperp, Af B,
(2)
glaze, acc, dABok meaning respectively B is perpendicular to the road, A is following
B, there is glaze, an accident has occurred, the distance between A and B is adapted
to the context; and the following events εBslips , εacc , εAstops meaning respectively B
is slipping, an accident is occurring, A is stopping. We assume that glaze, Af B, ¬acc,
¬dABok, Bperp and ¬Bperp are persistent by default (but they may change if some
event occurs). For instance, if the event εBslips occurs then it is normal that the fluent
Bperp change its value. When there is glaze, the event εAstop can occur only if dABok
is true. We suppose also that there is a rule that imposes to stop if possible when there
is an obstacle. With this encoding, we obtain one preferred trajectory corresponding to
the scenario: h( ¬Bperp Af B glaze ¬acc ¬dABok, {εBslips }), (Bperp Af B glaze
¬acc ¬dABok,{εacc }), (Bperp ¬Af B glaze acc ¬dABok,∅)i. It is a trajectory in
which the distance was not adapted to glaze, since if it had been adapted the driver
could have stopped (i.e., εAstop would have occurred instead of εacc ).
Now for instance, if we want to know if εBslips
was a cause of the accident, we
(1)
first check that EE(Σ) |= acc(3) ∧ εBslips
holds. Then we compute the set of possible
(1)
trajectories satisfying ¬εBslips
that are the closest from the initial trajectory. Since
(1)
in all these trajectories the distance is not adapted (¬dABok(1) ) it means that some
preferred trajectories will lead also to an accident (assuming that when the distance is
not adapted for glaze, it is normal that accidents occur). Hence, we will conclude that
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EE(Σ) ⋄1 ¬εBslips
|6= ¬acc(3) , thus that εBslips
is not a cause. A similar computation
(1)
(1)
will lead to conclude that ¬dABok(1) is a cause of the accident.

5 Related Work
Several authors also use chronicles to study causality, for instance, one can refer to
[1] or [18]. These approaches use an interventionist modeling of causality. Indeed,
in [18], the authors define the concept of voluntary cause which implies a deliberated
choice of the agent among its possible actions. In the approach of Belnap et al., the
authors are interested in the representation of the fact that the agent “could have act
differently”. Only actions of agent are regarded as “true” causes. This definition is not
ours because, in this paper, we are not interested in the problem of perceived causality
but in the event causation problem (looking for the particular causes of a fact in a given
scenario). We are however in agreement with the fact that causes should correspond
to actions or events (to reflect that causality is related to manipulability as preached by
Von Wright). The works of [18] and of [1] use modal logic for the definition of the
possible evolutions of the worlds. In our work, we use similar concepts since we also
define a preference relation on trajectories, but we use a less complex formalism based
simply on propositional logic.
In a non logical framework, the trajectory comparison is close to the work of [6]
whose aim is to recognize typical behavior (called temporal scenarios or chronicles)
during the monitoring of an evolving system. It would be possible to use similar techniques to compute sequences of events as well as possible explanations for a given
trajectory. However, it would require to have an inventory of all the possible sequences
of events (which appears rather heavy even if there exist possible factorizations of the
models).
In addition, the definition of the evolution of the world by cost functions is close to
the concepts used in Markovian Decision Processes (MDP) [20] which provide methods to select the most useful actions in a given situation. The main difference carries on
the significance of the weight associated with an event given a situation: here, it corresponds to a degree of surprise, whereas in the MDP, it is a utility (called reward). Moreover, the formalism of the MDP only handles controllable actions, properly speaking,
there is no external events.
In this article, we do not mention the problem of the computation of the cost functions associated with the occurrence of each event and associated with the transitions
between states of the system. We suppose that this computation comes from more or
less defeasible generic laws, this kind of computation is similar to the computation of
possibility distribution associated with possibilistic knowledge bases (see for example
[8]). One can also refer to [11] for this type of approach within a penalty framework.
These two types of computations start from a knowledge base containing weighted
propositional formulas and lead to obtain possibility (or penalty) distributions. Extensions of this type of approach exist that allow to handle at the same time uncertain and
defeasible formulas. This is very useful for representing dynamic systems in order to
be able to avoid the traditional problems of actions representation (like the “frame” and
“qualification” problems which require the use of default reasoning) and to be able to
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differentiate the fluent persistences (on a scale going from switching fluents to completely inert fluents).

6 Conclusion
In this article, our contribution is triple, first we extend the concept of extrapolation
operator in order to handle events. This operator is based on a preference relation on
trajectories which minimizes at the same time the occurrences of surprising events and
the surprising transitions. Let us note that the formalism suggested is able to manage
the simultaneous events. Secondly, we introduced an update operator on temporal formulas. This operator is defined by means of a distance relation between trajectories and
the extended extrapolation operator. The objective of this definition is to be able to provide a logical answer to the question of “what would have occurred if one had modified
such thing in a given history”. This simple question has many interests in particular for
the determination of causal relations and responsibilities. Our third contribution is to
propose a definition of event causation based on the update of scenario.
Let us note that within the framework of causal reasoning, we restricted ourselves
with the computation of the possible causes in a given story. The problem of perceived
causality is a forthcoming stage of our work. We argue that the cause perceived by an
agent depends on what the agent thinks that one will make of his answer. Most of the
time, the cause investigation is done in order to determine responsibilities, this explains
the tendency of the human agents to give priority to intentional causes. But it seems
to us that it is not always the case, hence there is no need to privilege interventionism
systematically. Thus, a promising direction will be to take into account the intention of
the request for a cause.
In this article, we make the assumption that the reported observations are reliable, it
would be interesting to consider the possible existence of bad perceptions of the world.
The discovery of an error of observation in a scenario would require to carry out a revision of it. Thus, it would imply to manage, at the same time, modifications of scenario
in order to take into account corrections in the initial knowledge and modifications
of scenario in order to make hypothetical reasoning. It would require to utilize both
revision and update operators, these two operators being applied to temporal formulas.
The distance between trajectories which we use in this work is rather simple, an
interesting prospect would be to use the DNA sequences alignment techniques used
in bio-data processing in order to calculate events sequence alignments. Thus, as in
the algorithm of [19], we could associate a cost with the addition, the withdrawal, the
substitution or the shift of an event in a sequence. Then we could define the distance
between a trajectory and another by the cost of the best alignment between these two
trajectories.
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