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INTRODUCTION: A HISTORICAL PERSPECTIVE

The representation of human-originated information and the formalization of commonsense reasoning has motivated different schools of research in Artificial or
Computational Intelligence in the second half of the 20th century. This new trend
has also put formal logic, originally developed in connection with the foundations
of mathematics, in a completely new perspective, as a tool for processing information on computers. Logic has traditionally put emphasis on symbolic processing
at the syntactical level and binary truth-values at the semantical level. The idea
of fuzzy sets introduced in the early sixties [Zadeh, 1965] and the development of
fuzzy logic later on [Zadeh, 1975a] has brought forward a new formal framework
for capturing graded imprecision in information representation and reasoning devices. Indeed, fuzzy sets membership grades can be interpreted in various ways
which play a role in human reasoning, such as levels of intensity, similarity degrees,
levels of uncertainty, and degrees of preference.
Of course, the development of fuzzy sets and fuzzy logic takes its roots in concerns already encountered in non-classical logics in the first half of the century,
when the need for intermediary truth-values and modalities emerged. We start
by briefly surveying some of the main issues raised by this research line before
describing the historical development of fuzzy sets, fuzzy logic and related issues.
Jan Lukasiewicz (1878-1956) and his followers have developed three-valued logics, and other many-valued systems, since 1920 [Lukasiewicz, 1920]. This research
was motivated by philosophical concerns as well as some technical problems in logic
but not so much by issues in knowledge representation, leaving the interpretation
of intermediate truth-values unclear. This issue can be related to a misunderstanding regarding the law of excluded middle and the law of non-contradiction,
and the connections between many-valued logics and modal logics. The principle
of bivalence,
Every proposition is either true or false,
Handbook of the History of Logic. Volume 8
Dov M. Gabbay and John Woods (Editors)
c 2007 Elsevier BV. All rights reserved.

2

Didier Dubois, Francesc Esteva, Lluı́s Godo, Henri Prade

formulated and strongly defended by Chrisippus and his school in antique Greece,
was for instance questioned by Epicureans, and even rejected by them in the case
of propositions referring to future contingencies.
Let us take an example considered already by Aristotle, namely the proposition:
“There will be a sea battle to-morrow (p) and
there will not be a sea battle to-morrow (¬p)”
This proposition “p and ¬p” is ever false, because of the non-contradiction law and
the proposition “p or ¬p” is ever true, because tertium non datur. But we may
fail to know the truth of both propositions “there will be a sea battle to-morrow”
and “there will not be a sea battle to-morrow”. In this case, at least intuitively, it
seems reasonable to say that it is possible that there will be a sea battle to-morrow
but at the same time, it is possible that there will not be a sea battle to-morrow.
There has been a recurrent tendency, until the twentieth century many-valued
logic tradition, to claim the failure of the bivalence principle on such grounds,
and to consider the modality possible as a third truth value. This was apparently
(unfortunately) the starting motivation of Lukasiewicz for introducing his threevalued logic. Indeed, the introduction of a third truth-value was interpreted by
Lukasiewicz as standing for possible. However the proposition “possible p” is not
the same as p, and “possible ¬p” is not the negation of “possible p”. Hence the
fact that the proposition
“possible p” ∧ “possible ¬p”
may be true does not question the law of non-contradiction since “possible p”
and “possible ¬p” are not mutually exclusive. This situation leads to interpretation problems for a fully truth-functional calculus of possibility, since even if p is
“possible” and ¬p is “possible”, still p ∧ ¬p is ever false.
On the contrary, vague or fuzzy propositions are ones such that, due to the
gradual boundary of their sets of models, proposition “p and ¬p” is not completely
false in some interpretations. This is why Moisil [1972] speaks of fuzzy logics as
Non-Chrisippean logics.
A similar confusion seems to have prevailed in the first half of the century between probability and partial truth. Trying to develop a quantitative concept of
truth, H. Reichenbach [1949] proposed his probability logic in which the alternative true-false is replaced by a continuous scale of truth values. In this logic he
introduces probability propositions to which probabilities are assigned, interpreted
as grades of truth. In a simple illustrative example, he considers the statement
“I shall hit the center”. As a measure of the degree of truth of this statement,
Reichenbach proposes to measure the distance r of the hit to the center and to
take the truth-value as equal to 1/(1 + r). But, of course, this can be done only
after the shot. However, quantifying the proposition after the hit is not a matter
of belief assessment when the distance to the center is known. It is easy to figure
out retrospectively that this method is actually evaluating the fuzzy proposition
“I hit close to the center”. Of course we cannot evaluate the truth of the above
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sentence before the shot, because now it is a matter of belief assessment, for which
probability can be suitable.
Very early, when many-valued logics came to light, some scholars in the foundations of probability became aware that probabilities differ from what logicians call
truth-values. De Finetti [1936], witnessing the emergence of many-valued logics
(especially the works of Lukasiewicz, see [Lukasiewicz, 1970]), pointed out that
uncertainty, or partial belief, as captured by probability, is a meta-concept with
respect to truth degrees, and goes along with the idea that a proposition, in its
usual acceptance, is a binary notion. On the contrary, the notion of partial truth
(i.e. allowing for intermediary degrees of truth between true -1- and false -0-) as
put forward by Lukasiewicz [1930], leads to changing the very notion of proposition. Indeed, the definition of a proposition is a matter of convention. This remark
clearly points out the fact that many-valued logics deal with many-valuedness in
the logical status of propositions (as opposed to Boolean status), not with belief
or probability of propositions. On the contrary, uncertainty pertains to the beliefs
held by an agent, who is not totally sure whether a proposition of interest is true
or false, without questioning the fact that ultimately this proposition cannot be
but true or false.
Probabilistic logic, contrary to many-valued logics, is not a substitute of binary
logic. It is only superposed to it. However this point is not always clearly made by
the forefunners of many-valued logics. Carnap [1949] also points out the difference
in nature between truth-values and probability values (hence degrees thereof),
precisely because “true” (resp: false) is not synonymous to “known to be true”
(resp: known to be false), that is to say, verified (resp: falsified). He criticizes
Reichenbach on his claim that probability values should supersede the two usual
truth-values.
In the same vein, H. Weyl [1946] introduced a calculus of vague predicates
treated as functions defined on a fixed universe of discourse U , with values in the
unit interval. Operations on such predicates f : U → [0, 1] have been defined as
follows:
f ∩ g = min(f, g) (conjunction);
f ∪ g = max(f, g) (disjunction);
f c = 1 − f (negation).
Clearly, this is one ancestor of the fuzzy set calculus. However, one of the approaches discussed by him for interpreting these connectives again considers truth
values as probabilities. As shown above, this interpretation is dubious, first because probability and truth address different issues, and especially because probabilities are not compositional for all logical connectives (in fact, only for negation).
The history of fuzzy logic starts with the foundational 1965 paper by Lotfi Zadeh
entitled “Fuzzy Sets” [Zadeh, 1965]. In this paper, motivated by problems in pattern classification and information processing, Zadeh proposes the idea of fuzzy
sets as generalized sets having elements with intermediary membership grades. In
this view, a fuzzy set is characterized by its membership function, allocating a
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membership grade to any element of the referential domain. The unit interval is
usually taken as the range of these membership grades, although any suitable partially ordered set could also be used (typically: a complete lattice [Goguen, 1967].
Then, extended set theoretic operations on membership functions are defined by
means of many-valued connectives, such as minimum and maximum for the intersection and the union respectively. Later, due to other researchers, it has been
recognised that the appropriate connectives for defining generalized intersection
and union operations was a class of associative monotonic connectives known as
triangular norms (t-norms for short), together with their De Morgan dual triangular co-norms (t-conorms for short) (see Section 2.1). These operations are at the
basis of the semantics of a class of mathematical fuzzy logical systems that have
been thoroughly studied in the recent past, as it will be reported later in Section
3.
While the many-valued logic stream has mainly been developed in a mathematical logic style, the notion of fuzzy set-based approximate reasoning as imagined by
Zadeh in the seventies is much more related to information processing: he wrote in
1979 that “the theory of approximate reasoning is concerned with the deduction
of possibly imprecise conclusions from a set of imprecise premises” [Zadeh, 1979a].
Fuzzy logic in Zadeh’s sense, as it can be seen in the next section, is both a framework allowing the representation of vague (or gradual) predicates and a framework
to reason under incomplete information. By his interest in modeling vagueness,
Zadeh strongly departs from the logical tradition that regards vague propositions
as poor statements to be avoided or to be reformulated more precisely [Russell,
1923]. Moreover, the view of local fuzzy truth-values emphasized by Bellman and
Zadeh [1977] really means that in fuzzy logic, what is called truth is evaluated
with respect to a description of a state of (vague, incomplete) knowledge, and not
necessarily with respect to an objective, completely and precisely known state of
the world.
Many-valued logics are a suitable formalism to deal with an aspect of vagueness, called fuzziness by Zadeh, pertaining to gradual properties. It should be
emphasized that the fuzziness of a property is not viewed as a defect in the linguistic expression of knowledge (e.g., lack of precision, sloppiness, limitation of the
natural languages), but rather as a way of expressing gradedness. In that sense,
fuzzy sets do not have exactly the same concern as other approaches to vagueness.
For instance, K. Fine [1975] proposes that statements about a vague predicate be
taken to be true if and only if they hold for all possible ways of making the predicate clear-cut. It enables classical logic properties to be preserved, like the mutual
exclusiveness between a vague predicate A and its negation not-A. In contrast, the
fuzzy set view maintains that in some situations there is no clear-cut predicate underlying a fuzzy proposition due to the smooth transition from one class to another
induced by its gradual nature. In particular, A and not-A will have a limited overlap; see [Dubois et al., 2005] for a detailed discussion. The presence of this overlap leads to a logical view of interpolative reasoning [Klawonn and Novák, 1996;
Dubois et al., 1997].
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However, when only imprecise or incomplete information is available, truthvalues (classical or intermediate) become ill-known. Then belief states can be
modeled by sets of truth-values. Actually, what are called fuzzy truth-values by
Zadeh turn out to be ill-known truth-values in this sense. They are fuzzy sets of
truth-values and not so much an attempt to grasp the linguistic subtleties of the
word true in natural languages.
Strictly speaking, fuzzy set theory deals with classes with unsharp boundaries
and gradual properties, but it is not concerned with uncertainty or partial belief.
The latter is rather due to a lack of precise (or complete) information, then making
truth-values ill-known. This is the reason why Zadeh [1978a] introduced possibility
theory, which naturally complements fuzzy set theory for handling uncertainty
induced by fuzzy and incomplete pieces of information. Possibility theory turns out
to be a non-probabilistic view of uncertainty aiming at modeling states of partial
or complete ignorance rather than capturing randomness. Based on possibility
theory, a logical formalism has been developed in the last twenty years under the
name of possibilistic logic (see Section 4.1).
Therefore we can distinguish:
• states with Boolean information from states with gradual information (leading to intermediate uncertainty degrees) and,
• statements that can be only true or false from statements that may have an
intermediate truth-values because they refer to vague or gradual properties.
This analysis leads us to four noticeable classes of formalisms: (i) classical logic
where both truth and belief (understood as the status of what can be inferred from
available information) are Boolean, (ii) many-valued logics where truth is a matter
of degree but consequencehood is Boolean, (iii) possibilistic logic for graded belief
about Boolean statements, and (iv) the general case of non-Boolean statements
leading to graded truth and imprecise information leading to graded beliefs, which
motivated Zadeh’s proposal.
In the last twenty years, while researchers have been developing formal manyvalued logics and uncertainty logics based on fuzzy sets, Zadeh rather emphasized
computational and engineering issues by advocating the importance of soft computing (a range of numerically oriented techniques including fuzzy rules-based control
systems, neural nets, and genetic algorithms [Zadeh, 1994b]) and then introduced
new paradigms about computational intelligence like granular computing [Zadeh,
1997], computing with words [Zadeh, 1995] and perception-based reasoning [Zadeh,
1999], trying to enlarge his original motivation for a computational approach to
the way humans handle information.
Since fuzzy sets, fuzzy logic, possibility theory, and soft computing have the
same father, Zadeh, these notions are too often confused although they refer to
quite different tasks and have been developed in sometimes opposite directions. On
the one hand, the term fuzzy logic, understood in the narrow/technical sense refers
to many-valued logics that handle gradual properties (that are a matter of degree,
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e.g. “large”, “old”, “expensive”, . . . ). These logics are developed by logicians or
artificial intelligence theoreticians. Technicaly speaking, they are compositional
w.r.t. to all logical connectives, while uncertainty logics (like possibilistic logic)
cannot never be compositional w.r.t. to all logical connectives. On the other
hand, “fuzzy logics”, in the broad sense, is a generic expression that most of the
time refers to that part of soft computing where fuzzy sets and fuzzy rules are
used. Lastly, “soft computing” is a buzz-word sometimes referring to the same
research trend as “computational intelligence” (viewed as an alternative problem
solving paradigm to classical artificial intelligence methods that are found to be
too symbolically-oriented).
The remaining part of the chapter is structured as follows. Section 2 provides a
detailed account of the fuzzy set-based approach to approximate reasoning. It
starts with a review of fuzzy set connectives and the possibility theory-based
representation of information under the form of flexible constraints. Then the
approximate reasoning methodology based on the combination and projection of
such flexible constraints is described, before providing a detailed discussion on the
specially important notion of fuzzy truth value in this setting. The last part of
this section is devoted to the representation of different types of fuzzy if-then rules
and to the discussion of the generalized modus ponens and some related issues
such as basic inference patterns.
Section 3 contains a survey of the main many-valued logical systems more recently developed in relation to the formalization of fuzzy logic in narrow sense.
The so-called t-norm based fuzzy logics are first introduced, providing Hilbert-style
axiomatizations of main systems, their algebraic semantics as well as analytical
proof calculi based on hypersequents for some of these logics. Extensions of these
logics with truth-constants and additional connectives are also reported. Then, an
overview of other systems of many-valued logic with deduction based on resolutionstyle inference rules is presented. A more abstract point of view, the consequence
operators approach to fuzzy logic, is also surveyed. Finally, a many-valued logic
encoding of major approximate reasoning patterns is described.
Section 4 is devoted to fuzzy set-based logical formalisms handling uncertainty
and similarity, including possibilistic logic, its extension to deal with fuzzy constants, similarity-based inference, modal fuzzy theories of uncertainty, and logics
handling fuzzy truth values in their syntax.
2

A GENERAL THEORY OF APPROXIMATE REASONING

Zadeh proposed and developed the theory of approximate reasoning in a long
series of papers in the 1970’s [1973; 1975a; 1975b; 1975c; 1976; 1978b; 1979a],
at the same time when he introduced possibility theory [Zadeh, 1978a] as a new
approach to uncertainty modeling. His original approach is based on a fuzzy
set-based representation of the contents of factual statements (expressing elastic
restrictions on the possible values of some parameters) and of if-then rules relating
such fuzzy statements.
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The phrase fuzzy logic appears rather early [Zadeh, 1973]: “[...] the pervasiveness of fuzziness in human thought processes suggests that much of the logic
behind human reasoning is not the tradidional two-valued or even multivalued
logic, but a logic with fuzzy truths, fuzzy connectives and fuzzy rules of inference.
In our view, it is this fuzzy, and as yet not well-understood, logic1 that plays a
basic role in what may well be one of the most important facets of human thinking
[...]”. Clearly, after its founder, fuzzy logic strongly departs at first glance from
the standard view of logic where inference does not depend on the contents of
propositions. Indeed from p and p0 → q one always infers q whenever p ` p0 for
any propositions p, p0 and q, while in Zadeh’s generalized modus ponens, which is
a typical pattern of approximate reasoning, from “X is A∗ ” and “if X is A then Y
is B”, one deduces “Y is B ∗ ” where B ∗ = f (A∗ , A, B) depends on the implication
chosen, and may differ from B while being non-trivial. Thus, in this approach,
the content of an inference result does depend on the semantic contents of the
premises.
Strictly speaking, the presentation in retrospect, below, of Zadeh’s theory of
approximate reasoning does not contain anything new. Still, we emphasize how
altogether its main features contribute to a coherent theory that turns to encompass several important particular cases of extensions of classical propositional
logic, at the semantic level. Moreover, we try to point out the importance of the
idea of fuzzy truth as compatibility, and of the converse notion of truth qualification, two key issues in the theory of approximate reasoning which have been
often overlooked or misunderstood, as well as the role of the minimal specificity
principle in the representation of information in possibility theory. The section
below can be viewed as a revised and summarized version of [Bouchon-Meunier et
al., 1999], where more details can be also found about various approaches that are
more loosely inspired from Zadeh’s proposal.

2.1

Fuzzy sets

This section provides basic definitions of fuzzy set theory and its main connectives.
The emphasis is also put here on the various representations of a fuzzy set, that
are instrumental when extending formal notions from sets to fuzzy sets.
Membership Functions
L. A. Zadeh has given in his now famous paper [Zadeh, 1965] the following definition: A fuzzy set is a class with a continuum of membership grades. So, a fuzzy
set (class) F in a referential U is characterized by a membership function which
associates with each element u ∈ U a real number in the interval [0, 1]. The value
of the membership function at element u represents the “grade of membership”of
u in F . A fuzzy set F is thus defined as a mapping
F : U → [0, 1],
1 Italics

are ours
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and it is a kind of generalization of the traditional characteristic function of a subset A : U → {0, 1}.There is a tendency now to identify the theory of fuzzy sets with
a theory of generalized characteristic functions2 . In particular, F (u) =1 reflects
full membership of u in F , while F (u) = 0 expresses absolute non-membership in
F . Usual sets can be viewed as special cases of fuzzy sets where only full membership and absolute non-membership are allowed. They are called crisp sets, or
Boolean sets. When 0 < F (u) < 1, one speaks of partial membership. For instance, the term young (for ages of humans) may apply to a 30-year old individual
only at degree 0.5.
A fuzzy set can be also denoted as a set of pairs made of an element of U and its
membership grade when positive: {(u, F (u)), u ∈ (0, 1]}. The set of fuzzy subsets
of U is denoted F(U ). The membership function attached to a given word (such
as young) depends on the contextual intended use of the word; a young retired
person is certainly older than a young student, and the idea of what a young
student is also depends on the user. However, in the different contexts, the term
young will be understood as a gradual property generally. Membership degrees are
fixed only by convention, and the unit interval as a range of membership grades,
is arbitrary. The unit interval is natural for modeling membership grades of fuzzy
sets of real numbers. The continuity of the membership scale reflects the continuity
of the referential. Then a membership degree F (u) can be viewed as a degree of
proximity between element u and the prototypes of F , that is, the elements v
such that F (v) = 1. The membership grade decreases as elements are located
farther from such prototypes. This representation points out that there is no
precise threshold between ages that qualify as young and ages that qualify as not
young. More precisely there is a gap between protopypes of young and proptypes
of not young. It is clear that fuzzy sets can offer a natural interface between
linguistic representations and numerical representations. Of course, membership
grades never appear as such in natural languages. In natural language, gradual
predicates are those to which linguistic hedges such as very can be applied. Such
linguistic hedges are the trace of gradual membership in natural language. Clearly
the numerical membership grade corresponding to very is itself ill-defined. It is a
fuzzy set of membership degrees as suggested by Zadeh [1972]. He suggested to
build the membership function of very young from the one of young and the one of
very, by letting very-young(·) = very(young(·)). So, fuzzy subsets of membership
grades (represented by a function from [0, 1] to itself) model linguistic hedges that
can modify membership functions of fuzzy predicates.
However if the referential set U is a finite set of objects then the use of the
unit interval as a set of membership grades is more difficult to justify. A finite
totally ordered set L will then do. It results from a partitioning of elements of U
with respect to a fuzzy set F , each class in the partition gathering elements with
equal membership, and the set of classes being ordered from full membership to
non-membership.
2 This is why in the following we shall equivalently denote the membership grade of u to a
fuzzy set F as F (u) or the more usual µF (u), according to best convenience and clarity
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Parikh [1983] questions the possibility of precisely assessing degrees of truth
for a vague predicate. In practice, however membership degrees have mainly an
ordinal meaning. In other words it is the ordering induced by the membership
degrees between the elements that is meaningful, rather than the exact value of
the degrees. This is in agreement with the qualitative nature of the most usual
operations that are used on these degrees (min, max and the complementation to
1 as an order-reversing operation in [0, 1], as recalled below).
Obviously a fuzzy membership function will depend on the context in various
ways. First, the universe of discourse (i.e., the domain of the membership function)
has to be defined (e.g., young is not the same thing for a man or for a tree).
Second, it may depend on the other classes which are used to cover the domain.
For instance, with respect to a given domain, young does not mean exactly the
same thing if the remaining vocabulary includes only the word old, or is richer
and contains both mature and old. Lastly, a fuzzy membership function may vary
from one person to another. However, what is really important in practice is to
correctly represent the pieces of knowledge provided by an expert and capture the
meaning he intends to give to his own words. Whether there can be a universal
consensus on the meaning of a linguistic expression like young man is another
matter.
Level Cuts
Another possible and very convenient view of fuzzy set is that of a nested family of
classical subsets, via the notion of level-cut. The α-level cut Fα of a fuzzy set F is
the set {u ∈ U : F (u) ≥ α}, for 1 ≥ α > 0. The idea is to fix a positive threshold
α and to consider as members of the set the elements with membership grades
above the threshold. Moving the threshold in the unit interval, the family of crisp
sets {Fα : 1 ≥ α > 0} is generated. This is the horizontal view of a fuzzy set. For
α = 1, the core of F is obtained. It gathers the prototypes of F . Letting α vanish,
the support s(F ) of F is obtained. It contains elements with positive membership
grades, those which belong to some extent to F . Note that the support is different
from F0 = U . Gentilhomme[1968]’s “ensembles flous” were fuzzy sets with only a
core and a support.
The set of level-cuts of F is nested in the sense that :
(1) α < β implies Fβ ⊆ Fα
Going from the level-cut representation to the membership function and back
is easy. The membership function can be recovered from the level-cut as follows:
(2) F (u) = sup{α : u ∈ Fα }
Conversely, given an indexed nested family {Aα : 1 ≥ α > 0} such that A0 = U
and condition (1) (plus a continuity requirement in the infinite case) holds, then
there is a unique fuzzy set F whose level-cuts are precisely Fα = Aα for each
α ∈ [0, 1]. This representation theorem was obtained by Negoita and Ralescu
[1975].
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Fuzzy Connectives: Negations, Conjunctions and Disjunctions
The usual set-theoretic operations of complementation, intersection and union
were extended by means of suitable operations on [0, 1] (or on some weaker ordered
structure), that mimic, to some extent, the properties of the Boolean connectives
on {0, 1} used to compute the corresponding characteristic functions. Namely,
denoting (·)c , ∩, ∪, the fuzzy set complementation, intersection and union, respectively, these connectives are usually understood as follows:
(3) Ac (u) = n(A(u))
(4) (A ∩ B)(u, v) = T (A(u), B(v))
(5) (A ∪ B)(u, v) = S(A(u), B(v))
where A is a fuzzy subset of a universe U , B a fuzzy subset of a universe V , and
where n is a so-called negation function, T is a so-called triangular norms and S
a triangular conorms, whose characteristic properties are stated below. Note that
strictly speaking, equations 4-5 define the intersection and union of fuzzy sets only
if U = V and u = v; otherwise they define the Cartesian product of A and B and
the dual co-product. All these connective operations are actually extensions of the
classical ones, i.e., for the values 0 and 1, they behave classically, and give rise to
different multiple-valued logical systems when they are taken as truth-functions
for connectives (see Section 3 of this chapter).
It is worth noticing that in his original paper, acknowledgedly inspired in part
by Kleene’s many-valued logics [Kleene, 1952], Zadeh proposed to interpret complementation, intersection and union by means of 1 − (·), min and max operations
respectively. These operations are the only ones that are compatible with the
level cuts view of fuzzy sets. Zadeh also mentioned the possibility of using other
operations, namely the algebraic product for intersection-like, and its De Morgan
dual as well as algebraic sum (when not greater than 1) for union-like fuzzy set
theoretic operations. Axioms for fuzzy set operations were proposed as early as
1973, starting with [Bellman and Giertz, 1973] and later Fung and Fu [Fung and
Fu, 1975]. However the systematic study of fuzzy set connectives was only started
in the late seventies by several scholars, like Alsina, Trillas, Valverde [1980; 1983],
Hoehle [1979], Klement[1980], Dubois and Prade[1979a; 1980] (also [Dubois, 1980],
[Prade, 1980]) and many colleagues, and led to a general framework outlined below.
A negation n is a unary operation in [0, 1] [Trillas, 1979] satisfying the following
properties:
n(0) = 1;
n(1) = 0;
n(a) ≥ n(b),
n(n(a)) ≥ a.

if a ≤ b;

(6)
(7)
(8)
(9)

Furthermore, if n(n(a)) = a, i.e., if n is an involution, n is called a strong
negation. The most typical strong negation is n(a) = 1 − a, for all a ∈ [0, 1].
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Gödel’s negation, defined as n(0) = 1 and n(a) = 0 for all a ∈ (0, 1], is an example
of non-strong negation.
Triangular norms (t-norms for short) and triangular conorms (t-conorms for
short) were invented by Schweizer and Sklar [1963; 1983], in the framework of
probabilistic metric spaces, for the purpose of expressing the triangular inequality.
They also turn out to the most general binary operations on [0, 1] that meet natural
and intuitive requirements for conjunction and disjunction operations. Namely, a
t-norm T is a binary operation on [0, 1], i.e., T : [0, 1]× : [0, 1] → [0, 1], that
satisfies the following conditions:
• commutative : T (a, b) = T (b, a);
• associative: T (a, T (b, c)) = T (T (a, b), c);
• non-decreasing in both arguments: T (a, b) ≤ T (a0 , b0 ) if a ≤ a0 and b ≤ b0 ;
• boundary conditions: T (a, 1) = T (1, a) = a.
It can be proved that T (a, 0) = T (0, a) = 0. The boundary conditions and the
latter conditions respectively express the set-theoretic properties A ∩ U = A and
A ∩ ∅ = ∅. It is known that the minimum operation is the greatest t-norm, i.e., for
any t-norm T , T (a, b) ≤ min(a, b) holds for all a, b ∈ [0, 1]. Typical basic examples
of t-norms are
• the minimum : T (a, b) = min(a, b),
• the product: T (a, b) = a · b
• the linear t-norm: T (a, b) = max(0, a + b − 1)
The linear t-norm is often referred to as Lukasiewicz’s t-norm3 . Note the inequalities,
max(0, a + b − 1) ≤ a · b ≤ min(a, b).
The De Morgan-like dual notion of a t-norm (w.r.t. negation n(a) = 1 − a, or
a more general strong negation) is that of a t-conorm. A binary operation S on
[0, 1] is called a t-conorm if it satisfies the same properties as the ones of a tnorm except for the boundary conditions, namely, here 0 is an identity and 1 is
absorbent. Namely the following conditions express that A ∪ ∅ = A:
boundary conditions: S(0, a) = S(a, 0) = a.
Hence S(a, 1) = S(1, a) = 1, expressing that A ∪ U = U . Dually, the maximum
operation is the smallest t-conorm (S(a, b) ≥ max(a, b)).
T-norms and t-conorms are dual with respect to strong negations in the following sense: if T is a (continuous) t-norm and n a strong negation then the function
3 because it is closely related to the implication connective min(1, 1−a+b) originally introduced
by Lukasiewicz
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S defined as S(a, b) = n(T (n(a), n(b))) is a (continuous) t-conorm, and conversely,
if S is a t-conorm, then the function T defined as T (a, b) = n(S(n(a), n(b))) is a
t-norm.
Typical basic examples of t-conorms are the duals of minimum, product and
Lukasiewicz’ t-norms, namely the maximum S(a, b) = max(a, b), the so-called
probabilistic sum S(a, b) = a + b − ab and the bounded sum S(a, b) = min(1, a + b).
Note now the inequalities
max(a, b) ≤ a + b − a · b ≤ min(1, a + b).
A t-norm (resp. a t-conorm) is said to be continuous if it is a continuous mapping
from [0, 1]2 into [0, 1] in the usual sense. For continuous t-norms commutativity is
a consequence of the other properties (see Theorem 2.43 in [Klement et al., 2000]).
All the above examples are continuous. An important example of non-continuous
t-norm is the so-called nilpotent minimum [Fodor, 1995] defined as

min(a, b), if a + b ≥ 1
T (a, b) =
0,
otherwise.
See the monographs by Klement, Mesiar and Pap [2000] and by Alsina, Frank and
Schweizer [2006] for further details on triangular norms, conorms and negation
functions.
Fuzzy Implications
Most well-known fuzzy implication functions I : [0, 1] × [0, 1] → [0, 1], are generalizations, to multiple-valued logical systems, of the classical implication function.
In classical logic the deduction theorem states the equivalence between the entailments r ∧ p |= q and r |= p → q, and this equivalence holds provided that
p → q ≡ ¬p ∨ q. In terms of conjunction and implication functions, this can be
expressed as
c ≤ I(a, b) ⇐⇒ T (a, c) ≤ b
where a, b, c ∈ {0, 1}. In the Boolean setting it is easy to see that I(a, b) =
S(n(a), b), where S coincide with disjunction and n with classical negation.
However these two interpretations give rise to distinct families of fuzzy implications, extending the set {0, 1} to the unit interval. The strong and residuated
implication functions (S-implications and R-implications for short) are respectively
defined as follows [Trillas and Valverde, 1981].
1. S-implications are of the form IS (a, b) = S(n(a), b), where S is a t-conorm
and n is a strong negation function, hence the name of strong implication,
also due to the fact that when S = max, or probabilistic sum, it refers to
a strong fuzzy set inclusion requiring that the support of one fuzzy set be
included into the core of the other one).
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2. R-implications are of the form IR (a, b) = sup{z ∈ [0, 1] : T (a, z) ≤ b}, where
T is a t-norm. This mode of pseudo-inversion of the t-norm is a generalization
of the traditional residuation operation in lattices, e.g. [Galatos et al., 2007]
for a recent reference.
Residuated implications make sense if and only if the generating t-norm is leftcontinuous. Both kinds of implication functions share the following reasonable
properties:
• Left-decreasingness: I(a, b) ≥ I(a0 , b) if a ≤ a0 ;
• Right-increasingness: I(a, b) ≤ I(a, b0 ) if b ≤ b0 ;
• Neutrality: I(1, b) = b;
• Exchange: I(a, I(b, c)) = I(b, I(a, c)).
Notice that another usual property like
Identity: I(a, 1) = 1
easily comes from the neutrality and monotonicity properties. The main difference
between strong and residuated implications lies in the fact that the contraposition
property, i.e.
Contraposition: I(a, b) = I(n(b), n(a)),
symbol n being some negation function, holds for all strong implications but fails
for most residuated implications. In contrast, the following property
Ordering: I(a, b) = 1 iffa ≤ b,
which establishes the fact that implication defines an ordering, holds for all residuated implications but fails for most strong ones. The failure of the contraposition
property for the residuated implications enables a third kind of implication functions to be defined, the so-called reciprocal R-implications, in the following way:
IC (a, b) = IR (n(b), n(a))
for some residuated implication IR and negation n. The above monotonicity and
exchange properties still hold for these reciprocal implications, but now the neutrality principle is no longer valid for them. However, the following properties do
hold for them:
• Negation: IC (a, 0) = n(a)
• Ordering: IC (a, b) = 1 iff a ≤ b
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generating
t-norm

S-implication

R-implication

n(a) = 1 − a

max(1 − a, b)

min(a, b)

Kleene-Dienes


1, if a ≤ b
b, otherwise

Gödel
1, if a ≤ b
b/a, otherwise

Reciprocal
R-implication
n(a) = 1 − a

1,
if a ≤ b
1 − a, otherwise



1,

if a ≤ b
otherwise

a·b

1−a+a·b

max(0, a + b − 1)

Reichenbach
min(1, 1 − a + b)

Goguen
min(1, 1 − a + b)

min(1, 1 − a + b)

Lukasiewicz

Lukasiewicz

Lukasiewicz

1−a
,
1−b

Table 1. Main multiple-valued implications
Notice that the first one also holds for strong implications while the second, as
already noticed, holds for the residuated implications as well. Table 1 shows the
corresponding strong, residuated and reciprocal implications definable from the
three main t-norms and taking the usual negation n(a) = 1 − a. Notice that
the well-known Lukasiewicz implication I(a, b) = min(1, 1 − a + b) is both an Simplication and an R-implication, and thus a reciprocal R-implication too. The
residuated implication induced by the nilpotent minimum is also an S-implication
defined by:

1,
if a ≤ b
IR (a, b) =
max(1 − a, b), otherwise.
More generally all R-implications such that IR (a, 0) define an involutive negation
are also S-implications.
Considering only the core of R-implications gives birth to another multiplevalued implication of interest, usually named Gaines-Rescher implication, namely

1, if a ≤ b
IR (a, b) =
0, otherwise.
Let us observe that this implication fails to satisfy the neutrality property, we only
have I(1, b) ≤ b, since I(1, b) = 0 when b < 1. Moreover, by construction, this
connective is all-or-nothing although it has many-valued arguments.
For more details the reader is referred to studies of various families of fuzzy
implication functions satisfying some sets of required properties, for instance see
[Baldwin and Pilsworth, 1980; Domingo et al., 1981; Gaines, 1976; Smets and Magrez, 1987; Trillas and Valverde, 1985a; Weber, 1983]. See also [Fodor and Yager,
2000] for a more extensive survey of fuzzy implications.
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Remark: Non-Commutative Conjunctions. Dubois and Prade[1984a] have
shown that S-implications and R-implications could be merged into a single family,
provided that the class of triangular norms is enlarged to non-commutative conjunction operators. See [Fodor, 1989] for a systematic study of this phenomenon.
For instance, the Kleene-Dienes S-implication a → b = max(1 − a, b) can be obtained by residuation from the non-commutative conjunction

0, if a + b ≤ 1
T ? (a, b) =
.
b, otherwise
Note that the nilpotent minimum t-norm value for the pair (a, b) is the minimum
of T ? (a, b) and T ? (b, a).

2.2

The possibility-theoretic view of reasoning after Zadeh

The core of Zadeh’s approach to approximate reasoning [Zadeh, 1979a] can retrospectively be viewed as relying on two main ideas: i) the possibility distributionbased representation of pieces of knowledge, and ii) a combination / projection
method that makes sense in the framework of possibility theory. This what is
restated in this section.
Possibility distributions and the minimal specificity principle
Zadeh’s knowledge representation framework is based on the idea of expressing
restrictions on the possible values of so-called variables. These variables are more
general than the notion of propositional variable in logic, and refer to parameters
or single-valued attributes used for describing a situation, such as for instance, the
pressure, the temperature of a room, the size, the age, or the sex for a person.
Like in the case of random variables and probability distributions, the ill-known
value of these variables can be associated with distributions mapping the domain
of the concerned parameter or attribute to the real unit real interval [0, 1]. These
distributions are named possibility distributions. Thus, what is known about the
value of a variable x, whose domain is a set U , is represented by a possibility
distribution πx . A value πx (u) is to be understood as the degree of possibility that
x = u (variable x takes value u). When πx (u) = 0, it means that the value u (in
U ) is completely impossible for x, while πx (u) is all the larger as u is considered
to be a more possible (or in fact, less impossible) value for x; πx (u) = 1 expresses
that absolutely nothing forbids to consider u as a possible value for x, but there
may exist other values u0 such πx (u0 ) = 1. In that sense, πx expresses potential
possibility.
Since knowledge is often expressed linguistically in practice, Zadeh uses fuzzy
sets as a basis for the possibilistic representation setting that he proposes. Then a
fuzzy set E is used to represent an incomplete piece of information about the value
of a single-valued variable x, the membership degree attached to a value expresses
the level of possibility that this value is indeed the value of the variable. This is
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what happens if the available information is couched in words, more precisely in
fuzzy statements S of the form “x is E”, like in, e.g.“Tom is young”. Here the
fuzzy set “young” represents the set of possible values of the variable x = age
of Tom. The fuzzy set E is then interpreted as a possibility distribution [Zadeh,
1978a], which expresses the levels of plausibility of the possible values of the illknown variable x. Namely if the only available knowledge about x is that “x lies in
E” where E is a fuzzy subset of U , then the possibility distribution of x is defined
by the equation:
(10) πx (u) = µE (u), ∀u ∈ U,
where E (with membership function µE ) is considered as the fuzzy set of (more
or less) possible values of x and where πx ranges on [0, 1]. More generally, the range
of a possibility distribution can be any bounded linearly ordered scale (which may
be discrete, with a finite number of levels). Fuzzy sets, viewed as possibility distributions, act as flexible constraints on the values of variables referred to in natural
language sentences. The above equation represents a statement of the form “x lies
in E” or more informally “x is E”. It does not mean that possibility distributions
are the same as membership functions, however. The equality πx = µE is an
assignment statement since it means: given that the only available knowledge is
“x lies in E”, the degree of possibility that x = u is evaluated by the degree of
membership µE (u).
If two possibility distributions pertaining to the same variable x, πx and πx0 are
such that πx < πx0 , πx is said to be more specific than πx0 in the sense that no value
u is considered as less possible for x according to πx0 than to πx . This concept of
specificity whose importance has been first stressed by Yager [1983a] underlies the
idea that any possibility distribution πx is provisional in nature and likely to be
improved by further information, when the available one is not complete. When
πx < πx0 , the information πx0 is redundant and can be dropped.
When the available information stems from several reliable sources, the possibility distribution that accounts for it is the least specific possibility distribution
that satisfies the set of constraints induced by the pieces of information given by
the different sources. This is the principle of minimal specificity. Particularly, it
means that given a statement “x is E”, then any possibility distribution π such
that π(u) ≤ µE (u), ∀u ∈ U , is in accordance with “x is E”. However, in order to represent our knowledge about x, choosing a particular π such that ∃u,
π(u) < µE (u) would be arbitrarily too precise. Hence the equality πx = µE is naturally adopted if “x is E” is the only available knowledge, and already embodies
the principle of minimal specificity.
Let x and y be two variables taking their values on domains U and V respectively. Any relation R, fuzzy or not, between them can be represented by a joint
possibility distribution, πx,y = µR , which expresses a (fuzzy) restriction on the
Cartesian product U × V . Common examples of such fuzzy relations R between
two variables x and y are representations of “approximately equal” (when U = V ),
“much greater than” (when U = V is linearly ordered), or function-like relations
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such that the one expressed by the fuzzy rule “if x is small then y is large” (when
U and V are numerical domains). Joint possibility distributions can be easily
extended to more than two variables. Generally speaking, we can thus represent
fuzzy statements S of the form “(x1 , . . . , xn ) are in relation R” (where R may be
itself defined from more elementary fuzzy sets, as seen later in the case of fuzzy
rules).
Possibility and necessity measures
The extent to which the information “x is E”, represented by the possibility distribution πx = µE , is consistent with a statement like “the value of x is in subset
A” is estimated by means of the possibility measure Π, defined by Zadeh[1978a]:
(11) Π(A) = sup πx (u).
u∈A

where A is a classical subset of U . The value of Π(A) corresponds to the element(s)
of A having the greatest possibility degree according to πx ; in the finite case, “sup”
can be changed into “max” in the above definition of Π(A) in eq. (11). Π(A) = 0
means x ∈ A is impossible knowing that “x is E” . Π(A) estimates the consistency
of the statement “x ∈ A” with what we know about the possible values of x. It
corresponds to a logical view of possibility. Indeed, if πx models a non-fuzzy piece
of incomplete information represented by an ordinary subset E, the definition of
a possibility measure reduces to

1, if A ∩ E 6= ∅
(x ∈ A and x ∈ E are consistent)
(12) ΠE (A) =
0, otherwise
(A and E are mutually exclusive).
Any possibility measure Π satisfies the following max-decomposability characteristic property
(13) Π(A ∪ B) = max(Π(A), Π(B)).
Among the features of possibility measures that contrast with probability measures, let us point out the weak relationship between the possibility of an event A
and that of its complement Ac (’not A’). Either A or Ac must be possible, that is
max(Π(A), Π(Ac )) = 1 due to A∪Ac = U and Π(U ) = 1 (normalization of Π). The
normalization of Π requires that supu∈U πx (u) = 1 ; if U is finite, it amounts to
requiring the existence of some u0 ∈ U such that πx (u0 ) = 1. This normalization
expresses consistency of the information captured by πx (it will be even clearer
when discussing possibilistic logic). Π(U ) estimates the consistency of the statement “x ∈ U ” (it is a tautology if U is an exhaustive set of possible values), with
what we know about the possible values of x. Indeed, it expresses that not all the
values u are somewhat impossible for x (to a degree 1−πx (u) > 0) and that at least
one value u0 will be fully possible. In case of total ignorance, ∀u ∈ U, π(u) = 1.
Then, all contingent events are fully possible: Π(A) = 1 = Π(Ac ), ∀A 6= ∅, U . Note
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that this leads to a representation of ignorance (E = U and ∀A 6= ∅, ΠE (A) = 1)
which presupposes nothing about the number of elements in the reference set U
(elementary events), while the latter aspect plays a crucial role in probabilistic
modeling. The case when Π(A) = 1, Π(Ac ) > 0 corresponds to partial ignorance
about A. Besides, only Π(A ∩ B) ≤ min(Π(A), Π(B)) holds. It agrees with the
fact that in case of total ignorance about A, Π(A) = Π(Ac ) = 1, while for B = Ac ,
Π(A ∩ B) = 0 since Π(∅) = 0.
The index 1 − Π(Ac ) evaluates to the impossibility of ’not A’, hence about the
certainty (or necessity) of occurrence of A since when ’not A’ is impossible then A
is certain. It is thus natural to use this duality and define the degree of necessity
of A [Dubois and Prade, 1980; Zadeh, 1979b] as
(14) N (A) = 1 − Π(Ac ) = inf 1 − πx (u).
u6∈A

Clearly, a necessity measure N satisfies N (A ∩ B) = min(N (A), N (B)). In case
of a discrete linearly ordered scale, the mapping s 7→ 1 − s would be replaced by
the order-reversing map of the scale. The above duality relation is clearly reminiscent of modal logics that handle pairs of modalities related by a relation of the
form 2p ≡ ¬3¬p. But here possibility and necessity are graded. Note that the
definitions of possibility and necessity measures are qualitative in nature, since
they only require a bounded linearly ordered scale. Modal accounts of possibility theory involving conditional statements have been proposed in [Lewis, 1973b]
(this is called the VN conditional logic), [Fariñas and Herzig, 1991; Boutilier, 1994;
Fariñas et al., 1994; Hájek et al., 1994; Hájek, 1994]. Before Zadeh, a graded notion of possibility was introduced as a full-fledged approach to uncertainty and
decision in the 1940-1970’s by the English economist G. L. S. Shackle [1961], who
called degree of potential surprise of an event its degree of impossibility, that is,
the degree of necessity of the opposite event. It makes the point that possibility,
in possibility theory, is understood as being potential, not actual. Shackle’s notion
of possibility is basically epistemic, it is a “character of the chooser’s particular
state of knowledge in his present.” Impossibility is then understood as disbelief.
Potential surprise is valued on a disbelief scale, namely a positive interval of the
form [0, y ∗ ], where y ∗ denotes the absolute rejection of the event to which it is
assigned. The Shackle scale is thus reversed with respect to the possibility scale.
In case everything is possible, all mutually exclusive hypotheses have zero surprise
(corresponding to the ignorant possibility distribution where π(u) = 1, ∀u). At
least one elementary hypothesis must carry zero potential surprise (the normalization condition π(u) = 1, for some u). The degree of surprise of an event, a
set of elementary hypotheses, is the degree of surprise of its least surprising realization (the basic “maxitivity” axiom of possibility theory). The disbelief notion
introduced later by Spohn [1990] employs the same type of convention as potential
surprise, but using the set of natural integers as a disbelief scale.
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Inference in approximate reasoning
Inference in the framework of possibility theory as described by Zadeh [1979a] is a
four-stepped procedure that can be respectively termed i) representation; ii) combination; iii) projection; iv) interpretation. Namely, given a set of n statements
S1 , . . . , Sn expressing fuzzy restrictions that form a knowledge base, inference proceeds in the following way:
i) Representation. Translate S1 , . . . , Sn into possibility distributions π 1 , . . . , π n
restricting the values of involved variables. In particular, facts of the form
St = “x is F ” translate into πxt = µF . Statements of rules of the form St =
t
“if x is F then y is G” translate into possibility distributions πx,y
= µR
with µR = f (µF , µG ) where f depends on the intended semantics of the
rule, as explained below in section 2.4. Let x = (x1 , . . . , xk , . . . , xm ) be a
vector made of all the variables involved in statements S1 , . . . , Sn . Assume
St only involves variables x1 , . . . , xk , then its possibility distribution can be
cylindrically extended to x as
πxt (u1 , . . . , uk , uk+1 , . . . , um ) = π t (u1 , . . . , uk ), ∀uk+1 , . . . , um
which means that the possibility that x1 = u1 , . . . , xk = uk according to
St does not depend on the values uk+1 , . . . , um taken by the other variables
xk+1 , . . . , xm .
ii) Combination. Combine the possibility distributions πx1 , . . . , πxn obtained at
step (i) in a conjunctive way in order to build a joint possibility distribution
πx expressing the contents of the whole knowledge base, namely,
πx = min(πx1 , . . . , πxn ).
Indeed each granule of knowledge “x is Ei ”, for i = 1, . . . , n, as already said,
translates into the inequality constraint
(15) ∀u, πx (u) ≤ µEi (u).
Thus given several pieces of knowledge of the form “x is Ei ”, for i = 1, . . . , n,
we have
(16) ∀i, πx ≤ µEi , or equivalently πx ≤ min µEi .
i=1,...,n

Taking into account all the available pieces of knowledge S1 = “x is E1 ”,. . . ,
Sn = “x is En ”, the minimal specificity principle is applied. It is a principle
of minimal commitment that stipulates that anything that is not explicitly
declared impossible should remain possible (in other words, one has not to
be more restrictive about the possible situations than what is enforced by
the available pieces of knowledge). Thus, the available information should
be represented by the possibility distribution:
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(17) πx (u) = min µEi .
i=1,...,n

iii) Projection. Then πx is projected on the domain(s) corresponding to the
variable(s) of interest, i.e., the variable(s) for which one wants to know the
restriction that can be deduced from the available information. Given a
joint possibility distribution πx,y involving two variables defined on U × V
(the extension to n variables is straightforward), its projection πy on V is
obtained [Zadeh, 1975b]:
(18) πy (v) = sup πx,y (u, v).
u∈U

Clearly, what is computed is the possibility measure for having y = v given
πx,y . Generally, πx,y ≤ min(πx , πy ) where πx (u) = Π({u} × V ). When
equality holds, πx,y is then said to be min-separable, and the variables x and
y are said to be non-interactive [Zadeh, 1975b]. It is in accordance with the
principle of minimal specificity, since πy (v) is calculated from the highest
possibility value of pairs (x, y) where y = v. When modeling incomplete
information, non-interactivity expresses a lack of knowledge about potential
links between x and y. Namely, if we start with two pieces of knowledge
represented by πx and πy , and if we do not know if x and y are interactive
or not, i.e., πx,y is not known, we use the upper bound min(πx , πy ) instead,
which is less informative (but which agrees with the available knowledge).
The combination and projection steps are also in agreement with Zadeh’s
entailment principle, which states that if “x is E” then “x is F ”, as soon
as the fuzzy set inclusion E ⊆ F holds, i.e.,∀u, µE (u) ≤ µF (u), where x
denotes a variable or a tuple of variables, and u any instantiation of them.
Indeed, if F is entailed by the knowledge base, i.e., mini=1,...,n µEi ≤ µF ,
F can be added to the knowledge base without changing anything, since
πx = min(mini=1,...,n µEi , µF ) = mini=1,...,n µEi .
iv) Interpretation. This last step, which is not always used, aims at providing
conclusions that are linguistically interpretable [Zadeh, 1978b]. Indeed, at
step (i) one starts with linguistic-like statements of the form “xi is Ei ”, and
at step (iii) what is obtained is a possibility distribution πy (or πy in case
of a subset of variables), and not something of the form “y is F ”. F as
the best linguistic approximation of the result of step (iii) should obey three
conditions:
(a) F belongs to some subsets of fuzzy sets (defined on the domain V of y)
that represent linguistic labels or some combinations of them that are authorized (e.g. “not very young and not very old”, built from the elementary
linguistic labels “young” and “old”);
(b) F should agree with the entailment principle, i.e. obey the constraint
πy ≤ µF ;
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(c) F should be maximally specific, i.e. as small as possible (in the sense
of fuzzy set inclusion); in order to have a conclusion that is meaningful for
the end-user (condition a), valid (condition b), and as precise as permitted
(condition c), see, e.g. [Baldwin, 1979] for a solution to this optimization
problem.
Observe that if the pieces of knowledge are not fuzzy but clear-cut, this four
steps procedure reduces to classical deduction, since a classical logic knowledge
base is generally viewed as equivalent to the logical conjunction of the logical
formulas pi that belong to the base. Moreover, in the case of propositional logic,
asserting pi , where pi is a proposition, amounts to saying that any interpretation
(situation) that falsifes pi is impossible, because it would not be compatible with
the state of knowledge. So, at the semantic level, pi can be represented by the
possibility distribution π i = µ[pi ] , where [pi ] is the set of models of pi , and µ[pi ]
its characteristic function.
It also encompasses possibilistic logic (see section 4.1) as a particular case
[Dubois and Prade, 1991a], where pieces of knowledge are semantically equivalent to prioritized crisp constraints of the form N (Ei ) ≥ αi and N is a necessity
measure. Such an inequality has a unique minimally specific solution, namely the
possibility distribution πxi = max(µEi , 1 − αi ). Propositional logic corresponds to
the case where ∀i, αi = 1 (and Ei = [pi ]).
The combination and projection steps applied to a fact S1 = “x is F 0 ”, and a
rule S2 = “if x is F then y is G”, yields
πy (v) = sup min(µF 0 (u), µR (u, v)),
u∈U

where µR represents the rule S2 . Then, the fact “y is G0 ” is inferred such that
µG0 (v) = πy (v). This is called the generalized modus ponens, first proposed by
Zadeh[1973]. However, µG0 = µG follows from µF 0 = µF only for a particular
choice of f in µR = f (µF , µG ), as discussed below in Section 2.5.

2.3

Fuzzy truth-values - Degree of truth vs. degree of uncertainty

Zadeh [1978b; 1979a] also emphasizes that his theory of approximate reasoning can
be interpreted in terms of what he calls “fuzzy truth-values” (see also [Bellman and
Zadeh, 1977]). This terminology has led to many misunderstandings (e.g., [Haack,
1979]), that brings us back to the often made confusion (already mentioned in the
introduction) between intermediate truth and uncertainty, hence between degree
of truth and degree of belief. This is the topic of this section.
Fuzzy truth-values as compatibility profiles
It was emphasized earlier that Zadeh’s approach to approximate reasoning is based
on a representation of the contents of the pieces of information. This led Bellman
and Zadeh [1977] to claim that the notion of truth is local rather than absolute:
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a statement can be true only with respect to another statement held for sure. In
other words, truth is viewed as the compatibility between a statement and “what
is known about reality”, understood as the description of some actual state of facts
as stored in a database. Namely, computing the degree of truth of a statement S
comes down to estimating its conformity with the description D of what is known
about the actual state of facts. This point of view is in accordance with the testscore semantics for natural languages of Zadeh [1981]. It does not lead to scalar
degrees of truth, but to fuzzy sets of truth-values in general.
Bellman and Zadeh [1977] define the fuzzy truth-value of a fuzzy statement
S = “x is A” given that another one, D = “x is B”, is taken for granted. When
B = {u0 }, i.e. D = “x is (equal to) u0 ”, the degree of truth of S is simply µA (u0 ),
the degree of membership of u0 to the fuzzy set A. More generally, the information
on the degree of truth of S given D will be described by a fuzzy set τ (S; D) (or
simply τ for short) of the unit interval [0, 1], understood as the compatibility
COM (A; B) of the fuzzy set A with respect to the fuzzy set B, with membership
function:

sup{B(u) | A(u) = α}, if A−1 (α) 6= ∅
(19) τ (α) = µCOM (A;B) (α)
0,
otherwise
for all α ∈ [0, 1]. As can be checked, τ (S; D) is a fuzzy subset of truth-values and
τ (α) is the degree of possibility, according to the available information D, that
there exists an interpretation that makes S true at degree α. In fact, τ (S; D) is
an epistemic state. As a consequence, truth evaluation comes down to a semantic
pattern matching procedure. Six noticeable situations can be encountered [Dubois
and Prade, 1988b], [Dubois et al., 1991c]. In each situation, a particular case of
τ (S; D) is obtained.
a) Boolean statement evaluated under complete information: S is a
classical statement and D is a precise (i.e., complete) description of the actual
state of facts. Namely A is not fuzzy and B = {u0 }. Either D is compatible with
S and S is true (this is when u0 ∈ A) and τ (S; D) = {1}; or D is not compatible
with S and S is false (this is when u0 6∈ A) and τ (S; D) = {0}. This situation
prevails for any Boolean statement S. When B is the set of models of a classical
knowledge base K, then this situation is when K is logically complete.
b) Fuzzy statement evaluated under complete information: In that case
D is still of the form x = u0 but the conformity of S with respect to D becomes a
matter of degree, because A is a fuzzy set. The actual state of facts B = {u0 } can
be borderline for A. For instance, the statement S to evaluate is “John is tall” and
it is known that D = “John’s height is 1.75 m”. Then τ (S; D) = {A(u0 )}, a precise
value in [0, 1]. Then what can be called a degree of truth can be attached to the
statement S (in our example τ (S; D) = tall(1.75)); by convention τ (S; D) = {1}
implies that S is true, and τ (S; D) = {0} implies that S is false. But S can

Fuzzy Logic

23

be half-false as well. In any case, the truth-value of S is precisely known. This
situation is captured by truth-functional many-valued logics.
c) Fuzzy statement; incomplete non-fuzzy information: In this case, the
information D does not contain fuzzy information but is just incomplete, and A
is a fuzzy set. Then, it can be checked that τ (S; D) is a crisp set of truth values
{A(u) : u ∈ B}. This set is lower bounded by inf u∈B A(u) and upper bounded by
supu∈B A(u) and represents the potential truth-values of S.
d) Boolean statement evaluated under incomplete non-fuzzy information: In that case, S and D are representable in classical logic, neither A nor
B are fuzzy, and the conformity of S with respect to D is still an all-or-nothing
matter but may be ill-known due to the fact that D does not precisely describe the
actual state of facts, i.e., there may be two distinct states of facts u and u0 that
are both compatible with D such that u is compatible with S but u0 is compatible
with “not S”. Hence the truth-value of S, which is either true or false (since A is
not fuzzy), may be unknown. Namely, either D classically entails S, so S is certainly true (this is when B ⊆ A), and τ (S; D) = {1}; or D is not compatible with
S, so S is certainly false (this is when B ∩ A = ∅) and τ (S; D) = {0}. But there
is a third case, namely when D neither classically entails S nor does it entail its
negation (this is when B ∩ A 6= ∅ and B ∩ Ac 6= ∅). Then the (binary) truth-value
of S is unknown. This corresponds to the fuzzy truth-value τ (S; D) = {0, 1}. This
situation is fully described in classical logic. The logical view of possibility is to
let ΠB (A) = 1 when B ∩ A 6= ∅, ΠB (A) = 0 otherwise. It can be checked that,
generally:
τ (S; D)(0) = µCOM (A;B) (0) = ΠB (Ac )
τ (S; D)(1) = µCOM (A;B) (1) = ΠB (A).
Equivalently, NB (A) = 1 − ΠB (Ac ) = 1 is interpreted as the assertion of the
certainty of S. Hence the fuzzy truth-value provides a complete description of the
partial belief of S. So, fuzzy truth-values describe uncertainty as much as truth
(see also Yager[1983b]).
e) Boolean statement evaluated under fuzzy information: In that case,
S is a classical logic statement (A is an ordinary set) but D contains fuzzy information. The conformity of S with respect to the actual state of facts is still an
all-or-nothing matter but remains ill-known as in the previous case. The presence
of fuzzy information in D leads to qualify the uncertainty about the truth-value
of S in a more refined way. A grade of possibility Π(A), intermediary between 0
and 1, can be attached to S. This grade is interpreted as the level of consistency
between S and D. The dual level NB (A) = 1 − ΠB (Ac ) = 1 is interpreted as the
degree the certainty of S and expresses the extent to which S is a consequence
of D. These are standard possibility and necessity measures as recalled above.
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Clearly these numbers are not degrees of truth, but only reflect a state of belief about the truth or the falsity of statement S. In such a situation, the fuzzy
truth-value τ (S; D) reduces to a fuzzy set τ of {0, 1}, such that τ (0) = ΠB (Ac )
and τ (1) = ΠB (A). Moreover, if the fuzzy sets A and B are normalized, we have
max(τ (0), τ (1)) = 1, i. e., τ is a normalized fuzzy set of {0, 1}.
f ) Fuzzy statement evaluated under fuzzy incomplete information:
When both S and D can be expressed as fuzzy sets, the fuzzy truth-value τ (S; D)
is a genuine fuzzy subset of [0, 1]. It restricts the more or less possible values of
the degree of truth. Indeed, in this case, truth may altogether be a matter of
degree and may be ill-known. In other words, to each truth-value α = τ (S; u)
representing the degree of conformity of the fuzzy statement S with some precise
state of facts u compatible with D, a degree of possibility τ (α) that S has truthvalue α is assigned. It reflects the uncertainty that u be the true state of facts.
This is the most complex situation.
In the particular case where S = “x is A” and D = “x is A” (i.e., B = A), the
compatibility COM (A; A) reduces to

α, if A−1 (α) 6= ∅
(20) τ (α) = µCOM (A;A) (α)
0, otherwise
When A−1 (α) 6= ∅ for all α, τ (α) = α, ∀α ∈ [0, 1]. This particular fuzzy
truth value corresponds to the idea of “certainly true” (“u-true” in Zadeh’s original terminology) . In case A−1 (α) = ∅, ∀α except 0 and 1, i.e., A is nonfuzzy, “certainly true” enforces standard Boolean truth (our case (a) above), since
then COM (A; A) = {1}, whose membership function is µCOM (A;A) (1) = 1 and
µCOM (A;A) (0) = 0 on the truth set {0, 1}.
The fuzzy truth-value COM (A; B) thus precisely describes the relative position
of fuzzy set A (involved in statement S) with respect to fuzzy set B (involved in
statement D). It can be summarized, by means of two indices, the possibility and
necessity of fuzzy events, respectively expressing degree of consistency of S with
respect to D, and the degree of entailment of S from D, namely:
ΠB (A)

=

sup min(A(u), B(u)),
u∈U

NB (A)

=

inf max(A(u), 1 − B(u)).

u∈U

Indeed, ΠB (A) and NB (A) can be directly computed from the fuzzy truth-value
COM (A; B). Namely, as pointed out in [Baldwin and Pilsworth, 1979; Prade,
1982; Yager, 1983b; Dubois and Prade, 1985a] :
ΠB (A)

=

sup min(α, µCOM (A;B) (α))

(21)

α∈[0,1]

NB (A)

=

inf max(α, 1 − µCOM (A;B) (α)).

α∈[0,1]

(22)
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Truth qualification
This view of local truth leads Zadeh [1979a] to reconstruct a statement “x is B”
from a fuzzy truth-qualified statement of the form “(x is A) is τ -true”, where τ
is a fuzzy subset of [0, 1] (that may mean for instance “almost true”, “not very
true”. . . ), according to the following equivalence:
(x is A) is τ ⇔ x is B
So, given that “(x is A) is τ -true”, the fuzzy set B such that “(x is A) is τ -true
given that x is B” is any solution of the following functional equation:
∀α ∈ [0, 1], τ (α) = µCOM (A;B) (α)
where τ and A are known. The principle of minimal specificity leads us to consider
the greatest solution B to this equation, defined as, after [Bellman and Zadeh,
1977; Sanchez, 1978]:
(23) B(u) = τ (A(u)), ∀u.
This is also supported by an equivalent definition of COM(A; B)[Godo, 1990]
which is
µCOM (A;B) = inf{f | f : [0, 1] → [0, 1], f ◦ A ≥ B}
where inf and ≥ refer respectively to the point-wise infimum and inequality, that is,
COM (A; B) represents the minimal functional modification required for the fuzzy
subset A in order to include the fuzzy subset B, in agreement with the entailment
principle. The similarity of B(u) = τ (A(u)) with the modeling of linguistic modifiers [Zadeh, 1972], such as “very” (veryA (u) = (A(u))2 ) has been pointed out.
Indeed, linguistic hedges can can be viewed as a kind of truth-qualifiers. This is
not surprising since in natural language, truth-qualified sentences like “It is almost
true that John is tall” stand for “John is almost tall”.
Using this representation, fuzzy sets of [0, 1] can be interpreted in terms of fuzzy
truth-values [Bellman and Zadeh, 1977; Baldwin, 1979; Yager, 1985b]. Especially
• “It is true that x is A” must be equivalent to “x is A” so that the fuzzy
set of [0, 1] with membership function τ (α) = α has been named true in the
literature (while it really means “certainly true”).
• “It is false that x is A” is often equivalent to the negative statement “x is
not-A”, that is, “x is Ac ” with Ac (·) = 1 − A(·), hence the fuzzy set of [0, 1]
with membership function τ (α) = 1 − α has been named false (while it really
means “certainly false”).
• “It is unknown if x is A” must be equivalent to “x is U ” where U is the whole
domain of x. Hence, the set [0, 1] ifself corresponds to the case of a totally
unknown truth-value. This is a clear indication that what Zadeh calls a fuzzy
truth value is not a genuine truth-value: unknown is not a truth-value, it
expresses a state of (lack of) knowledge.
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It clearly appears now that what is called a fuzzy truth-value above is not a
genuine truth-value. In the Boolean setting, what this discussion comes down to
is to distinguish between an element of {0, 1}, where 0 means false and 1 means
true, from a singleton in 2{0,1} , where the set {0} means certainly false and {1}
means certainly true. So, fuzzy truth-values true and false are misnomers here.
The natural language expression “it is true that x is A” really means “it is certainly
true that x is A”, and “it is false that x is A” really means “it is certainly false
that x is A”. One thus may argue that the fuzzy set with membership function
τ (α) = α could be better named certainly true, and is a modality, the fuzzy set
with membership function τ (α) = 1 − α could be named certainly false; this is in
better agreement with the representation of “unknown” by the set [0, 1] itself, not
by a specific element of the truth set.
In a nutshell, Zadeh’s fuzzy truth-values are epistemic states modeled by (fuzzy)
subsets of the truth-sets.
The term fuzzy truth-value could wrongly suggest a particular view of Fuzzy
Logic as a fuzzy truth-valued logic, i.e., a logic where truth-values are fuzzy sets
(represeting linguistic labels). Viewed as such, fuzzy logic would be just another
multiple-valued logic whose truth set is a family of fuzzy sets. This view is not
sanctioned by the above analysis of fuzzy truth-values. Zadeh’s fuzzy logic is a
logic where truth-qualified statements can be expressed using (linguistic) values
represented by fuzzy sets of the unit interval. That is, the truth set is just the
unit interval, and fuzzy truth-values described here express uncertainty about
precise truth-values. The situation where a fuzzy set of the unit interval could
be viewed as a genuine truth-value would be in the case of a fuzzy statement S
represented by a type 2 fuzzy set (a fuzzy set with fuzzy set-valued membership
grades, [Mizumoto and Tanaka, 1976; Dubois and Prade, 1979b] and a reference
statement D expressing complete information x = u0 . Then A(u0 ) is a fuzzy set
of the unit interval which could be interpreted as a genuine (fuzzy) truth-value.
Type 2 fuzzy logic, and especially the particular case of interval-valued fuzzy logic,
have been developed at a practical level in the last ten years for trying to cope
with engineering needs [Mendel, 2000].
As seen above, COM (A; B) has its support in {0, 1} if A is not fuzzy. It makes
no sense, as a consequence, to assert “it is τ -true that x is A” using a fuzzy
(linguistic) truth-value τ , namely a fuzzy set τ whose support extends outside
{0, 1}. This is because one is not entitled, strictly speaking, to attach intermediary
grades of truth to Boolean statements, e.g., formulas in classical logic. However
it is possible to give a meaning to sentences such as “it is almost true that x =
5”. It clearly intends to mean that “x is almost equal to 5”. This can be done by
equipping the set of interpretations of the language with fuzzy proximity relations
R such that saying “x is A” means in fact “x is R ◦ A” (see [Prade, 1985], p. 269),
where the composition R ◦ A (defined by (R ◦ A)(u) = supv∈A R(u, v) is a fuzzy
subset which is larger than A, while A may be Boolean. Then R◦A corresponds to
an upper approximation of A which gathers the elements in A and those which are
close to them. This indicates a dispositional use of Boolean statements that need
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to be fuzzified before their meaning can be laid bare. This view has been specially
advocated by Ruspini [1991]. This latter dispositional use of Boolean statements
contrasts with the one related to usuality described by Zadeh [1987], for whom
“snow is white” is short for “usually, snow is white””, which is in the spirit of
default rules having potential exceptions, as studied in nonmonotonic reasoning
(see also section 4.1).
This fuzzification of Boolean concepts is related to Weston [1987]’s idea of approximate truth as reflecting a distance between a statement and the ideal truth,
since fuzzy proximity relations are closely related to distances. Niskanen [1988]
also advocates in favor of a distance view of approximate truth where the degree of
truth of a statement S with respect to the available information D is computed as
a relative distance between the (fuzzy) subsets representing S and D (by extending
to fuzzy sets a relative distance which is supposed to exist on the referential). This
distance-based approach corresponds to an “horizontal view” directly related to
the distance existing between elements of the referential corresponding to D and
S, and completely contrasts with the “vertical view” of the information system
approach presented here where membership functions of the representations of S
and D are compared, in terms of degrees of inclusion and non-empty intersection.
Truth qualification and R.C.T. Lee’s fuzzy logic
An interesting particular case of truth qualification is the one of statements of the
form “(x is A) is at least γ-true”, where γ ∈ [0, 1]. This means that “(x is A) is τ γ true”, with τ γ (α) = 0 if α < γ and τ γ (α) = 1 if α ≥ γ. This is a truth-qualified
fuzzy proposition “p is at least γ-true” with p = “x is A”. Applying Zadeh’s
view, it precisely means that the truth-qualified statement is equivalent to “x is
Aγ ”, where Aγ is the γ-level cut of the fuzzy set A, a classical subset defined by
Aγ = {u | µA (u) ≥ γ}. This enables us to retrieve a noticeable particular case of
multiple-valued logics of Lee [1972] and Yager [1985], see [Dubois et al., 1991c] for
a survey.
Assume we have the two statements “(x is A or B) is at least γ1 -true” and
“(x is not A or C) is at least γ2 -true”. First, note that in Zadeh’s approach, the
disjunction “(x is A) or (x is B)” is represented by the disjunction of constraints
“(πx ≤ µA ) or (πx ≤ µB )”, which entails πx ≤ max(µA , µB ). This leads to take
πx = max(µA , µB ) as a representation of the disjunction “(x is A) or (x is B)”,
in agreement with the spirit of the minimal specificity principle (since there is no
µ such that “(πx ≤ µA ) or (πx ≤ µB )” entails πx ≤ µ, with µ < max(µA , µB )).
Then, taking µAorB = max(µA , µB ), which is the most commonly used definition
of the union of fuzzy sets, “x is A or B” is equivalent to“(x is A) or (x is B)”,
while observe that “[(x is A) is at least γ-true ] or [(x is B) is at least γ-true]” only
entails “(x is A or B) is at least γ-true” (since µA (u) ≥ γ or µB (u) ≥ γ implies
max(µA (u), µB (u)) ≥ γ). Moreover, “x is not A” is assumed to be represented
by the constraint πx ≤ µnotA = 1 − µA . Thus, the two statements “(x is A or
B) is at least γ1 -true” and “(x is not A or C) is at least γ2 -true” are respectively
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represented by the constraints
γ1 ≤ max(µA , µB )
γ2 ≤ max(1 − µA , µC ),
and thus
min(γ1 , γ2 ) ≤ min(max(µA , µB ), max(1 − µA , µC ))
which implies min(γ1 , γ2 ) ≤ max(min(µB , µC ), min(µA , 1 − µA )) and also min(γ1 ,
γ2 ) ≤ max(min(µB , µC ), 0.5), since min(µA , 1 − µA )) ≤ 0.5. Thus, assuming
min(γ1 , γ2 ) > 0.5, we get min(γ1 , γ2 ) ≤ max(µB , µC ).
Hence the following inference pattern (where p, q, and r are fuzzy propositions)
is again in agreement with Zadeh’s theory of approximate reasoning:
v(p ∨ q) ≥ γ1 , v(¬p ∨ r) ≥ γ2
, if 0.5 < min(γ1 , γ2 )
v(q ∨ r) ≥ min(γ1 , γ2 )
with v(p ∨ q) = max(v(p), v(q)) and v(¬p) = 1 − v(p), as in [Lee, 1972].
Truth qualification and possibilistic logic
This corresponds to situation (e) above of a Boolean statement in the face of fuzzy
information. But now, the fuzzy information “x is B” should be retrieved from the
equations τ (0) = ΠB (Ac ) = 1 − NB (A) and τ (1) = ΠB (A) with max(τ (0), τ (1)) =
1, where A is an ordinary subset and thus p = “x is A” is a classical proposition.
Assume τ (1) = 1. It means that p = “(x is A) is certain to degree 1−τ (0)” (or if we
prefer that “it is certain to degree 1 − τ (0) that p is true”), since NB (A) = 1 − τ (0)
(with B unknown), which is then equivalent to the fuzzy statement “x is B”
represented by
∀u, πx (u) = B(u) = max(A(u), τ (0)),
by application of the minimal specificity principle. If τ (0) = 1, it means that
p = “(x is not A) is certain at degree 1 − τ (1)”, then one obtains ∀u, πx (u) =
B(u) = max(Ac (u), τ (1)). As can be seen, if τ (1) = 1 = τ (0), then we are in
the situation of complete ignorance, i.e. ∀u, B(u) = 1 (neither A nor ’not A’
are somewhat certain). The latter particular case of certainty qualification of
Boolean statements corresponds to the semantical side of possibilistic logic, as
explained in section 4.1. The distinction between thresholding degrees of truth
and thresholding degrees of certainty is first emphasized in [Dubois et al., 1997],
further elaborated in [Lehmke, 2001b], where a more general logical framework is
proposed that attaches fuzzy truth-values τ to fuzzy propositions.
Certainty qualification of fuzzy propositions
Informally, asserting “It is true that x is A” is viewed as equivalent to “x is
A”. Then what is considered as true, stricto sensu, is that πx = A(·) is certain.
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Interpreting true in a very strong way as the certainty that the truth value is
maximal, i.e., τ 0 (α) = 0 if α < 1 and τ 0 (1) = 1, would come down to postulating
that “It is true that x is A” is equivalent to “x is in core(A)”, where core(A) =
{u | A(u) = 1}, or in other words, “A(x) = 1”. So, as already said, the fuzzy set of
[0, 1] with membership function τ (α) = α modeling ’true’ here means more than
pointing to a single truth value, it is the invariant operator in the set of (linguistic)
modifiers of membership functions, such that true(A(u)) = A(u). Similarly, “it is
false that x is A” is understood as “x is Ac ” (equivalent to “‘it is true that x is
Ac ”). It follows the linguistic exchange rule between linguistic modifiers and fuzzy
truth-values, with f alse(α) = 1 − α, and f alse(A(u)) = 1 − A(u) = Ac (u). It is
not the same as asserting that “(x is in core(A)) is false”, nor that “A(x) = 0”,
although all these views coincide in the non-fuzzy case. It also differs from the
(meta) negation, bearing on the equality, of the assertion πx = A(·).
More generally, it is natural to represent the certainty-qualified statement “it is
certain at degree α that x is A”, when A is fuzzy, by πx = max(1 − α, A(·))[Dubois
and Prade, 1990]. Indeed, first consider the simpler case of “x is A is certain”,
where A is fuzzy. Clearly the formula gives back πx = A(·) for α = 1. Let us
observe that “x is A” is equivalent to say that “(x is Aλ ) is 1 − λ certain”, for
λ ∈ [0, 1), where Aλ is the strict λ-cut of A, i.e., Aλ = {u ∈ U | A(u) > λ},
since N (Aλ ) ≥ 1 − λ where N is the necessity measure defined from πx = A(·).
In the general case of statements of the form “(x is A) is (at least) α-certain”, it
is natural to forbid the certainty of any level cut to overpass α. It amounts to
stating that ∀λ, “(x is Aλ ) is (at least) min(α, 1 − λ)-certain”. This is satisfied by
keeping πx = max(1 − α, A(·)).
Observe, however, that πx cannot be retrieved as the least specific solution of
equation N (A) ≥ α using the definition of the necessity of a fuzzy event given
by N (A) = inf u∈U max(A(u), 1 − π(u)) = 1 − sup u ∈ U min(1 − A(u), π(u)) =
1 − Π(Ac ), since N (A) is then not equal to 1 for πx = A(·). Nevertheless, πx =
max(1 − α, A(·)) is still the least specific solution of an equation of the form
C(A) ≥ α, where C(A) is defined by
C(A) = inf πx (u) → A(u)
u

where α → β is the reciprocal of Gödel’s implication, namely α → β = 1 if α ≤ β
and α → β = 1−α otherwise. The equivalence C(A) ≥ α ⇔ πx ≤ max(1−α, A(·))
is easy to prove using the equivalence γ ≤ max(1 − α, β) ⇔ γ → β ≥ α. C(A)
is a particular case of a degree of inclusion of B (with πx = µB (·)) into A. Then
C(A) = 1 yields πx ≤ A(·), while N (A) = 1 would yield πx ≤ µcore(A) (·) (since
N (A) = 1 if and only if {u ∈ U | πx (u) > 0} ⊆ core(A)). As expected, “it
is true that x is A”, represented by πx = A(·), indeed means “it is certain that
(x is A) is true”, since then C(A) = 1, and “it is false that x is A”, represented by πx = 1 − A(·), indeed means “it is certain that (x is A) is false”
since then C(Ac ) = 1. While if ’true’ refers to the usual truth-value (represented here by τ 1 (α) = 0 if α < 1 and τ 1 (1) = 1), “it is true that x is A” is
represented by πx = mucore(A) (·), and N (A) = 1. Moreover, note that both N
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and C still enjoy the characteristic properties N (A ∩ B) = min(N (A), N (B)) and
C(A ∩ B) = min(C(A), C(B)), when the intersection of two fuzzy sets is defined
by combining pointwisely their membership functions by the operation min.

Graded truth versus degrees of uncertainty: the compositionality problem
The frequent confusion pervading the relationship between truth and (un)certainty
in the approximate reasoning literature is apparently due to the lack of a dedicated paradigm for interpreting partial truth and degrees of uncertainty in a single
framework, although the distinction between the two concepts has been made a
long time ago e.g. [Carnap, 1949; de Finetti, 1936]. Such a paradigm has been provided above. An important consequence of our information-based interpretation
of truth is that degrees of uncertainty cannot be compositional for all connectives
[Dubois and Prade, 1994; Dubois and Prade, 2001]. Let g stand for a [0, 1]-valued
function that intends to estimate degrees of confidence in propositions. Let A
be the set of situations where proposition S is true. It corresponds to assuming
a fuzzy truth value in Zadeh’s sense, defined on {0, 1}, letting τ (1) = g(A) and
τ (0) = g(Ac ). Then, Ac , A1 ∩ A2 , A1 ∪ A2 , respectively denote the set of situations
where the propositions “not-S”, “S1 and S2 ”, S1 or S2 ” hold, g(A) is the degree
of confidence in proposition S. It can be proved that there cannot exist operations ⊗ and ⊕ on [0, 1], nor negation functions f such that the following identities
simultaneously hold for all propositions whose meaning is described by crisp sets
A1 , A2 , A:
(i) g(Ac ) = f (g(A));
(ii) g(A1 ∩ A2 ) = g(A1 ) ⊗ g(A2 );
(iii) g(A1 ∪ A2 ) = g(A1 ) ⊕ g(A2 ).
More precisely, (i)-(ii)-(iii) entail that for any A, g(A) ∈ {0, 1}, and either g(A) = 0
or g(A) = 1, i.e., this the case of complete information, where all statements are
either certainly true or certainly false and g is isomorphic to a classical truthassignment function. This result is proved independently in [Weston, 1987], [Dubois
and Prade, 1988b].
However weak forms of compositionality are allowed; for instance Π(A1 ∪ A2 ) =
max(Π(A1 ), Π(A2 )) in possibility theory, but generally, Π(A1 ∩ A2 ) < min(Π(A1 ),
Π(A2 )); the equality Π(A1 ∩ A2 ) = min(Π(A1 ), Π(A2 )) holds for propositions “x1
is A1 ” and “x2 is A2 ” that refer to non-interactive variables x1 and x2 (see the
previous section 2.2). Similarly, with grades of probability P (A) = 1 − P (Ac ) but
P (A1 ∩ A2 ) = P (A1 ) · P (A2 ) holds only in situations of stochastic independence
between A1 and A2 . The above impossibility result is another way of stating a
well-known fact, i.e., that the unit interval cannot be equipped with a Boolean
algebra structure.
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This result is based on the assumption that the propositions to evaluate are
not fuzzy and thus belong to a Boolean algebra. By contrast, confidence values
of fuzzy (or non-fuzzy) propositions may be assumed to be compositional when
these propositions are evaluated under complete information, since then, sets of
possible truth-values reduce to singletons. The possibility of having g(A) 6∈ {0, 1}
is because sets of fuzzy propositions are no longer Boolean algebras. For instance,
using max, min, 1 − (·) for expressing disjunction, conjunction and negation of
fuzzy propositions, sets of such propositions are equipped with a distributive lattice structure weaker than a Boolean algebra, which is compatible with the unit
interval. Sometimes, arguments against fuzzy set theory rely on compositionality
issues, (e.g.,[Weston, 1987], [Elkan, 1994]). These arguments are based either on
the wrong assumptions that the algebra of propositions to be evaluated is Boolean,
or that intermediate degrees of truth can model uncertainty.
As a consequence, fuzzy truth-values à la Zadeh are not truth-functional, generally, since they account for uncertainty. Namely COM (A1 ∩ A2 ; B) is not a
function of COM (A1 ; B) and COM (A2 ; B); COM (A1 ∪ A2 ; B) is not a function
of COM (A1 ; B) and COM (A2 ; B). This lack of compositionality is one more
proof that fuzzy truth-values are not intermediate truth-values in the sense of a
compositional many-valued logic. Neither is Zadeh’s fuzzy logic a type 2 fuzzy
logic in the sense of [Dubois and Prade, 1979b], who use 2[0,1] as a truth set, and
define compositional connectives by extending those of multiple valued logic to
fuzzy set-valued arguments.
The presence or absence of compositional rules is a criterion to distinguish
between the problem of defining truth tables in logics with gradual propositions,
and the problem of reasoning under uncertainty (logics that infer from more or
less certainly true classical propositions under incomplete information). However
it does not mean that all logics of graded truth are compositional (for instance,
similarity logics using crisp propositions fuzzified by a fuzzy proximity relation
(as done in [Ruspini, 1991]), are not compositional [Dubois and Prade, 1998b].
The information system paradigm underlying Zadeh’s view of fuzzy truth values
nevertheless questions the comparison made in [Gaines, 1978] between probabilistic
logics which are not compositional, and a particular (max-min) many-valued logic
which is truth-functional. The setting in which this comparison takes place (i.e.,
abstract distributive lattices equipped with a valuation) does not allow for a proper
conceptual discrimination between graded truth and uncertainty. The meaning of
valuations attached to propositions is left open, so that grades of probability and
degrees of truth in fuzzy logic are misleadingly treated as special cases of such
abstract valuations. As a consequence Gaines’ comparison remains at an abstract
level and has limited practical significance. Moreover the chosen abstract setting
is not general enough to encompass all many-valued logics. For instance Gaines
“standard uncertainty logic” (SUL) assumes that conjunction and disjunction are
idempotent; this assumption rules out most of the compositional many-valued
calculi surveyed in Section 3 of this chapter, where operations other than min
and max are used to represent conjunctions and disjunctions of fuzzy predicates.
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Moreover, when the SUL is compositional, it suffers from the above trivialization.
Alternative views of fuzzy truth
The above approach to truth and uncertainty has been tailored for a special purpose, i.e., that of dealing with knowledge-based reasoning systems. It suggests
fuzzy matching techniques between the meaning of a proposition and a state of
knowledge as natural procedures for effectively computing degrees of uncertainty,
modeled as fuzzy truth-values in the presence of fuzziness. Clearly other empirical
settings for defining truth-values exist. Gaines [1978] suggests a systematic way of
generating valuations in a SUL by resolving paradoxes (such as the Barber Paradox). This approach, also advocated by Smets and Magrez [1988], does not make
a clear distinction between graded truth and uncertainty; moreover its relevance
and practical usefulness for dealing with knowledge-based systems is questionable.
Another view of truth is the one proposed in [Giles, 1988a; Giles, 1988b].
Namely the truth of a vague statement S in a supposedly known state of fact
D = {u} reflects the “gain in prestige” an individual would get by asserting S in
front of a society of people. This gain is expressed as a pay-off function. When the
state of facts is ill-known, Giles assumes that it can be represented by a subjective
probability distribution and the degree of truth of S is viewed as the expected
pay-off for asserting S. Giles’ metaphor provides a nice device to elicit degrees
of membership in terms of utility values. His view is in accordance with our
data base metaphor where only probability distributions would be admitted to
represent uncertainty. However the distinction between truth-values and degrees
of belief (viewed by Giles as “the subjective form of degrees of truth”) is again
hard to make. Especially the expected pay-off of S is the probability P (S) of the
fuzzy event S, i.e., a grade of uncertainty; but it is also an expected truth-value.
The use of expectations mixes truth-values and degrees of belief. Note that the
two equations (21) and (22) consider possibility and necessity as a kind of qualitative expected values of the compatibility. So, expectation-based evaluations,
summarizing distributions over truth values, are not compositional.

2.4

Fuzzy if-then rules

Fuzzy if-then rules are conditional statements of the form “if x is A then y is B”,
or more generally “if x1 is A1 and . . . and xn is An then y is B”, where A, Ai , B are
fuzzy sets. They appear originally in [Zadeh, 1973], that provides an outline of his
future theory of approximate reasoning. From this initial proposal, a huge amount
of literature was produced aiming at proposing different encoding of fuzzy rules
or some mechanisms for processing them, often motivated by some engineering
concerns such as fuzzy rules-based control, e.g., [Mamdani, 1977; Sugeno and
Takagi, 1983; Sugeno, 1985]. It is out of the scope of the present chapter to review
all the approximate reasoning literature in detail (see [Bouchon-Meunier et al.,
1999] for a detailed overview). In the following, we first provide the representation
of different kinds of fuzzy rules that make sense in the possibility theory-based
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setting presented above, and then discuss how drawing inferences in this setting.
Understanding the semantics of the different models of fuzzy rules is a key issue
for figuring out their range of applicability and their proper processing. For the
sake of clarity we start the presentation with non-fuzzy rules and we then extend
the discussion to the general case of fuzzy rules.
Two understandings of if-then rules
Consider the rule “if x ∈ A then y ∈ B” where x and y are variables ranging on
domains U and V , and A and B are ordinary (i.e., non fuzzy) subsets of U and V
respectively. The partial description of a relationship R between x and y that the
rule provides can be equivalently formulated in terms of (Boolean) membership
functions as the condition:
if A(u) = 1 then B(v) = 1.
If we think of this relationship as a binary relation R on U × V , then clearly pairs
(u, v) of values of the variables (x, y) such that A(u) = B(v) = 1 must belong to
the relation R, while pairs such that A(u) = 1 and B(v) = 0 cannot belong to
R. However, this condition says nothing about pairs (u, v) for which A(u) = 0.
That is, these pairs may or may not belong to the relation R. Therefore, the only
constraints enforced by the rule on relation R are the following ones:
min(A(u), B(v)) ≤ R(u, v) ≤ max(1 − A(u), B(v)).
In other words, R contains at least all the pairs (u, v) such that A(u) = B(v) = 1
and at most those pairs (u, v) such that either A(u) = 0 or B(v) = 1. Thus, the
above inequalities express that any representation of the rule “if x ∈ A then
y ∈ B” is lower bounded by the representation of the conjunction “x ∈ A and
y ∈ B” and upper bounded by the representation of the material implication
“x ∈ A implies y ∈ B”, i.e.,“ x 6∈ A or y ∈ B”. In set notation, it reads
A × B ⊆ R ⊆ (Ac × V ) ∪ (U × B).
Thus, in terms of the constraints induced on the joint possibility distribution
πx,y restricting the possible values of the two-dimensional variable (x, y), the above
inequalities lead to the two following types of constraints:
• the inequality
πx,y (u, v) ≤ max(1 − A(u), B(v))
expresses that values outside B are impossible values for y when x takes
value in A (i.e., πx,y (u, v) = 0 if A(u) = 1 and B(v) = 0), while the possible
values for y are unrestricted (πx,y (u, v) ≤ 1) when x does not take value in
A. Thus, the meaning of this inequality can be read: if x ∈ A, it is certain
that the value of y is in B.
• the inequality
πx,y (u, v) ≥ min(A(u), B(v))

34

Didier Dubois, Francesc Esteva, Lluı́s Godo, Henri Prade

means that all values v ∈ B are possible when x takes value in A (that is,
πx,y (u, v) = 1 if A(u) = B(v) = 1), while no constraint is provided for the
values of y when x does not take value in A. Thus, the semantics of the
latter inequality reads: if x ∈ A, all the values in B are possible (admissible,
feasible) for y.
We immediately recognize in the right-hand side of the two above inequalities
a (binary) implication and a (binary) conjunction respectively. They respectively
define the conjunction-based and the implication-based models of rules. But even
if they are of different nature, both models stem from considering a rule as a
(partial) specification of a binary relation R on the product space U × V . Note
that R ⊆ (Ac × V ) ∪ (U × B) is equivalent to A ◦ R ⊆ B in the Boolean case, A ◦ R
being the usual image of A via R (A◦R = {v ∈ V | ∃u ∈ U, A(u) = 1, R(u, v) = 1}).
Implication-based models of rules correspond to a type of constraints that
we have already encountered when introducing the possibility theory setting.
Conjunction-based models of rules cannot be processed using the minimal specificity principle. As we shall see they correspond to another type of information
than the one usually considered in classical logical reasoning and involve a notion
of possibility different from the one estimated by Π.
The existence and the proper use of implication-based and conjunction-based
representations of fuzzy rules has been often misunderstood in various fields of
applications. As pointed out in a series of papers by Dubois and Prade [1989;
1991a; 1992a; 1992b; 1996a], there are several types of fuzzy rules with different
semantics, corresponding to several types of implications or conjunctions. As seen
above, the meaning of a rule of the form “if x is A then y is B” is significantly
different when modeled using a genuine implication A → B or using a Cartesian
product A × B.
Implication-based fuzzy rules
Let us consider the rule “if x is A then y is B” where A and B are now fuzzy
subsets of U and V respectively. In this case, the intuitive idea underlying such
a rule is to say that if the value of x is no longer in the core of A, but still close
to it, the possible values of y lie in some fuzzy subset not too much different
from B. The ways B can be modified in order to accommodate the possible values of y depend on the intended meaning of the fuzzy rule, as expressed by the
connective relating A and B. In this subsection a fuzzy rule is viewed as a constraint πx,y (u, v) ≤ I(A(u), B(v)) for some many-valued implicationI. However,
contrary to the Boolean case, R ⊆ (Ac × V ) ∪ (U × B) is no longer equivalent to
A◦R ⊆ B, due to the difference between two types of multiple-valued implications:
S-implications and R-implications. It gives birth to two types of fuzzy rules.
Certainty rules. A first way of relaxing the conclusion B is to attach some
level of certainty to it, independently of whether B is fuzzy or not, in such a way
that the possibility degrees of the values outside the support of B become strictly
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positive. This corresponds to rules of the type “the more x is A, the more certain y
is B” and they are known in the literature as certainty rules. A simple translation
of this type of constraint is the inequality
∀u, A(u) ≤ C(B)
where C(B) stands for the certainty of B under the unknown possibility distribution πx,y (as for certainty-qualified fuzzy statements), i. e.
C(B) = inf I(πx,y (u, v), B(v)),
v

where the implication I is the reciprocal of an R-implication IR (the previous
definition of the certainty of a fuzzy statement introduced in Section 2.3 is here
enlarged to any reciprocal of an R-implication). Then, in agreement with the minimal specificity principle, the greatest solution of this certainty-qualification problem provides the solution to the problem of representing certainty rules, namely
πx,y (u, v) ≤ IS (A(u), B(v)) = S(n(A(u)), B(v))
where the right hand side of the inequality corresponds to the strong implication
defined from the negation function n and the t-conorm S which is n-dual of the
t-norm T generator of IR . In particular, if n(α) = 1 − α, T (α, β) = min(α, β),
S(α, β) = max(α, β), we obtain
πx,y (u, v) ≤ max(1 − A(u), B(v))
where Kleene-Dienes implication α → β = max(1 − α, β) can be recognized.
Gradual Rules. The second way of relaxing the conclusion amounts to enlarging
the core of B, in such a way that if x takes value in the α-cut of A, then the values
in the α-cut of B become fully possible for y. This interpretation, which requires
B to be fuzzy, corresponds to the so-called gradual rules, i.e., rules of the type
“the more x is A, the more y is B”, as in the piece of knowledge “the bigger a
truck, the slower its speed”. (Statements involving “the less” are easily obtained
by duality, using the fuzzy set complementation). The name ‘gradual rule’ was
coined by Prade [1988]; see also [Dubois and Prade, 1992b]. The intended meaning
of a gradual rule, understood as “the greater the membership degree of the value
of x to the fuzzy set A, the greater the membership degree of the value of y to the
fuzzy set B should be” is captured by the following inequality:
min(A(u), πx,y (u, v)) ≤ B(v)
or equivalently,
πx,y (u, v) → A(u) → B(v),
where → denotes Gödel’s implication. The above inequality can be relaxed by
introducing a triangular norm T , i.e.,
T (A(u), πx,y (u, v)) ≤ B(v).
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Then → will be replaced by the corresponding R-implication generated by T .
Clearly, in this type of rules the degree of truth of the antecedent constrains
the degree of truth of the consequent, since A(u) → B(v) = 1 if and only if
A(u) ≤ B(v) for R-implications.
Impossibility rules. A third category of implication-based rule is obtained by
writing a constraint expressing that “the more x is A, the less possible the complement of B is a range for y”. Such rules are interpreted as saying, “if x = u then
the complement of B is at most (1 − A(u))-possible”. This corresponds to the
following inequality as interpretation of the fuzzy rule (where the usual definition
of the possibility of a fuzzy event is extended using a triangular norm T instead
of the minimum operation only):
Π(B c ) = sup T (1 − B(v), πx,y (u, v)) ≤ 1 − A(u),
v

this reads “the more x is A, the more impossible not-B”. It leads to the following
equivalent inequality
πx,y (u, v) ≤ (1 − B(v)) ≤ (1 − A(u))
where → is the R-implication associated with T . If T = min, then we get the
following constraint πx,y (u, v) ≤ 1 − A(u) if A(u) > B(v). If T = product,
the upper bound of πx,y (u, v) is the reciprocal of Goguen implication from A(u)
to B(v). In practice these rules are close to certainty rules since they coincide
when B is a non-fuzzy set (as expected from the semantics). However, when B is
fuzzy, impossibility rules combine the main effects of certainty and gradual rules:
apparition of a level of uncertainty and widening of the core of B: the more x is
A, the more certain y is in a smaller subset of values around the core of B. Thus,
they could also be named certainty-gradual rules so as to account for this double
effect.
Note that in the implication-based models, πx,y is always upper bounded; then
applying the minimal specificity principle leads to a possibility distribution which
is normalized (if B is normalized).
The three types of implication-based fuzzy rules correspond to the three basic
types of implication functions recalled above. In the fuzzy logic literature, other
models of implication functions have been considered. For instance, let us mention
QL-implications [Trillas and Valverde, 1981]. They are based on interpreting p → q
as ¬p ∨ (p ∧ q), which is used in quantum logic (in classical logic it obviously
reduces to material implication). This view leads to implication functions of the
form I(α, β) = S(n(α), T (α, β)) where S is a t-conorm, n a strong negation and
T is the n-dual t-norm of S. The so-called Zadeh’s implication [Zadeh, 1973]
corresponds to taking S = max, i.e.,I(α, β) = max(1 − α, min(α, β)), and is the
basis for another type of fuzzy rules.
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Conjunction-based fuzzy rules
Conjunction-based fuzzy rules first appear as an ad hoc proposal in the first fuzzy
rule-based controllers [Mamdani, 1977]. Later, they were reinterpreted in the
setting of possibility theory, using a new type of possibility evaluation. Namely,
interpreting “x is A is (at least) β-possible” as “all elements in A are possible
values for x, at least with degree β”, i.e., ∆(A) = inf u∈A πx (u) ≥ β, leads to state
the following constraint on πx :
∀u, πx (u) ≥ min(A(u), β).
This approach is actually in the spirit of a proposal also briefly discussed in [Zadeh,
1978b] and more extensively in [Sanchez, 1978]. See [Dubois and Prade, 1992b]
for the introduction of the measure of guaranteed possibility ∆, and [Dubois et al.,
2000], [Dubois et al., 2003] for the development of a bipolar view of possibility
theory allowing for the representation of positive and negative pieces of information. Constraints enforcing lower bounds on a possibility distribution, as above,
are positive pieces of information, since it guarantees a minimum level of possibility for some values or interpretations. This contrasts with constraints enforcing
upper bounds on a possibility distribution, which are negative pieces of information, since they state that some values are to some extent impossible (those values
whose degree of possibility is strictly less than 1 and may be close to 0). Note that
classical logic handles negative information in the above sense. Indeed, knowing
a collection of propositional statements of the form “x is Ai ” (where the Ai ’s are
classical subsets of a universe U ) is equivalent to saying that values for x outside
∩i Ai are impossible.
Note that positive information should obey a maximal specificity principle that
states that only what is reported as being actually possible should be considered
as such (and to a degree that is not higher than what is stated). This means that
we only know that ∀u, πx (u) ≥ min(A(u), β), as far as positive information is concerned, then the positive part of the information will be represented by the smallest
possibility distribution obeying the constraint, here, ∀u, πx (u) = min(A(u), β). In
case of several pieces of positive information stating that “x is Ai ” is guaranteed to
be possible, then we can conclude from πx (u) ≥ Ai (u), that πx (u) ≥ maxi Ai (u),
(“x is ∪i Ai ” in case of classical subsets), which corresponds to a disjunctive combination of information. Note that both the minimal specificity principle for negative
information and the maximal specificity principle for positive information are the
two sides of the same coin. They are in fact minimal commitment principles.
Together they state that potential values for x cannot be considered as more impossible (in the Π-sense), nor as more possible (in the ∆-sense) than what follows
from the constraints representing the available negative or positive information.
In the case where A is a fuzzy set, the representation of statements of the form
“x is A is (at least) β-possible” by πx (u) ≥ min(A(u), β), is still equivalent to
∆(A) ≥ β, provided that ∆(A) is extended to fuzzy events by
∆(A) = inf A(u) → πx (u)
u
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where → is Gödel ’s implication. This can be easily shown using the equivalence
α → β ≥ γ ⇔ β ≥ min(α, γ). This is the basis for defining possibility rules.
Possibility rules. They correspond to rules of the form “the more x is A, the
more possible y is B”, understood as if x = u, any value compatible with “y
is B” is all the more guaranteed as being possible for y as A(u) is higher, in
agreement with the sense of the set function ∆. Thus, the representation of such
possibility-qualified statements obey the constraint:
A(u) ≤ ∆(B).
Hence the constraint on the conditional possibility distribution πx,y (u, ·) for y is
min(A(u), B(v)) ≤ πx,y (u, v)
or, more generally T (A(u), B(v)) ≤ πx,y (u, v) if we allow the use of any t-norm
T in place of min. As already mentioned, this type of rules (using T = min or
product) pervades the literature on fuzzy control, since it is in accordance with
viewing fuzzy rules as partial descriptions of a fuzzy graph R relating x and y, in
the sense that “if x is A then y is B” says nothing but the fuzzy set A × B belongs
to the graph of R, i.e., A × B ⊆ R. This interpretation helps us understand why
the fuzzy output of fuzzy rules-based controllers is generally subnormalized: the
obtained output is nothing but a lower bound on the actual possibility distribution.
When A and B become fuzzy, the equivalence between A×B ⊆ R and A◦Rc ⊆ B c
no longer holds. This leads to a new conjunction-based kind of fuzzy rules, called
antigradual rules, where the guaranteed possible range of values for y is reduced
when x moves away from the core of A.
Antigradual rules. They correspond to a rule of the type “the more x is A and
the less y is related to x, the less y is B”, and to the corresponding constraint
T (A(u), 1 − πx,y (u, v)) ≤ 1 − B(v)
where T is a triangular norm. This can be equivalently written
T ∗ (A(u), B(v)) =def 1 − (A(u) →R (1 − B(v))) ≤ πx,y (u, v)
where →R is the residuated implication based on T . T ∗ is a non-commutative
conjunction that is the right adjoint of a strong implication, i. e., the strong implication a →S b = n(T (a, n(b)) can be obtained from T ∗ by residuation, starting
with a continuous t-norm T [Dubois and Prade, 1984a]. It can be checked that
πx,y (u, v) ≥ B(v) if and only if A(u) > 1 − B(v) for T = min. Thus, the values v
such that B(v) > 1−A(u) are guaranteed to be possible for y, and the larger A(u),
the larger the subset of values v for y guaranteed as possible (at degree B(v)). In
other words, the subset of values for y with some positive guaranteed possibility
becomes smaller as x moves away from the core of A.
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Note that the same non-commutative conjunction where A and B are permuted
corresponds to a third kind of rules expressed by the constraint “the more y is B
and the less y is related to x, the less x is A”, i.e.
T (B(v), 1 − πx,y (u, v)) ≤ 1 − A(u).
For T = min, it leads to the constraint
πx,y (u, v) ≥ T ∗ (B(v), A(u)).
Viewed as a rule from A to B, this is very similar to a possibility rule, since both
types of rules coincide when B is non-fuzzy. When B is fuzzy, the behaviour of
the above inequality is somewhat similar to the ones of both possibility and antigradual rules: truncation of B and skrinking of its support. Namely, the more x
is A, the more possible a larger subset of values around the core of B. However
this is not really a different kind of rule: it is an antigradual rule of the form “if
y is B then x is A”.
Remark. The different fuzzy rules surveyed above can be understood in terms of
the modification applied to the conclusion part “y is B”, when a precise input
x = u0 matches the condition “x is A” at the level A(u0 ) = α. For min-based
models of fuzzy rules, B is modified into B 0 such that B 0 (v) = τ (B(v)), ∀v where
τ is a modifier (or equivalently a fuzzy truth value in Zadeh’sense) defined by
∀t ∈ [0, 1],
τ (θ) = 1 if θ ≥ α ; τ (θ) = θ if θ < α (gradual rule);
τ (θ)) = max(θ, 1 − α) (certainty rule);
τ (θ) = min(θ, α) (possibility rule);
τ (θ) = 0 if θ ≤ 1 − α; τ (θ) = θ > 1 − α (antigradual rule).
It can be seen that some modifiers introduce a level of uncertainty, while others rather provide a variation around the fuzzy set B by increasing high degrees
of membership or decreasing low degrees.
Meta-rules
Besides the relational view presented in the two above subsections, we can think of
a rule “if x is A then y is B” as specifying some constraints between the marginal
possibility distributions πx and πy describing the available knowledge about the
variables x and y. Indeed, the meanings of the individual components of the rule,
in terms of their induced constraints, are πx ≤ µA and πy ≤ µB . Therefore, a
possible understanding of the rule is just the following condition
if πx ≤ µA then πy ≤ µB
which, in turn, has the following easy possibilistic interpretation in case A and
B are not fuzzy: “if A is certain (Nx (A) = 1) then B is certain (Ny (B) = 1)”,
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where Nx and Ny denote the necessity and possibility measures generated by the
possibility distributions πx and πy respectively.
Having in mind the logical equivalence in classical logic of the material implication p → q with the disjunction ¬p ∨ q, one could yet think of another interpretation of the fuzzy rule “if x is A then y is B” as “(x is Ac ) or (y is B)”, that is
“πx ≤ 1 − µA or πy ≤ µB ”, or, put it in another way,
if not(πx ≤ 1 − µA ) then πy ≤ µB
In possibilistic terms it also reads (since A is non-fuzzy) “if A is possible (Πx (A) =
1) then B is certain (Ny (B) = 1)”. The difference between the two readings can
be seen as relying on the two types of negation at work here, namely not(πx ≤ µA )
and πx ≤ 1 − µA respectively. With such meta-level models, we no longer need to
apply the combination/projection principle on their representations because πy is
directly assessed once the condition part of the rule is satisfied.
In the fuzzy case, the two above readings can be generalized, turning them
respectively into the inequalities
inf u πx (u) → µA (u) ≤ inf v πy (v) → µB (v),
supu T ∗ (πx (u), µA (u)) ≤ inf v πy (v) → µB (v),
where T ∗ (α, β) = 1 − (α → (1 − β)) is the non-commutative conjunction adjoint of
t-norm T . Observe that Cx (A) = inf u πx (u) → µA (u) and Cy (B) = inf v πy (v) →
µB (v) are certainty-like indices, while P osx (A) = supx T ∗ (πx (u), µA (u)) = 1 −
Cx (Ac ) is a possibility-like index. Certainty rules described in the previous section
mean that “y is B” is certain as much as “x is A (µA (u) = 1), while the first meta
rule reading states here that “y is B” is certain as much as “x is A” is certain. Its
fuzzy extension above expresses that “the more certain x is A, the more certain y
is B”, while the second one means “the more possible x is A, the more certain y
is B”. Solving the above inequalities yields respectively
πy (v) ≤ Cx (A) → µB (v), and
πy (v) ≤ P osx (A) → µB (v),
where → is a R-implication, which lays bare the behavior of such models. Namely,
they modify the output by widening the core of B on the basis of some amount of
uncertainty α, thus producing less restrictive outputs (since α → µB (v) ≥ µB (v),
∀α). Notice that as soon as the uncertainty degree is as low as µB (v), πy (v) is
unrestricted. The two considered meta-level models of fuzzy rule coincide for a
precise input x = u0 with gradual rules due to the use of R-implications in the
approach.
This meta-level view has been less investigated than the other ones (see [Esteva et al., 1997a]). However it underlies the so-called compatibility-modification
inference of Cross and Sudkamp [1994].
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Inference with fuzzy if-then rules

This section does not aim at providing a survey of the different fuzzy logic mechanisms that have been proposed in the literature in the eighties and in the nineties,
nor an overview of the problems raised by their practical use and implementation. See [Bouchon-Meunier et al., 1999] in that respect. We focus our interest
on a local pattern of inference of particular importance, usually called generalized
modus ponens, which sufficiently illustrates the main issues. As we shall see, the
properties of this pattern of inference heavily depend on the connective used for
modeling the if-then rule. Moreover, classical modus ponens can be retrieved as a
particular case for fuzzy premises only for appropriate choices of the implication in
the fuzzy rule and of the operation for combining the two premises in the pattern.
We shall discuss the meaning of this state of fact.
The generalized modus ponens
The generalized modus ponens can be viewed as a particular case of a more general
rule, the compositional rule of inference, introduced by Zadeh [1979a]:
From:

S = “(x, y) is F ”
S 0 = “(y, z) is G”

Infer:

S 00 = “(x, z) is F ◦ G”.

where:
1. x, y and z are linguistic variables taking values in U , V and W respectively,
2. F is a fuzzy subset of U × V , and G a fuzzy subset of V × W , and
3. F ◦ G is the fuzzy subset of U × W defined by sup-min composition of F and
G, i.e., F ◦ G(u, w) = supv∈V min(F (u, v), G(v, w)).
This is a direct consequence of the combination-projection method underlying the
possibility theory-based treatment of inference. Indeed S and S 0 translate into the
constraints πx,y (u, v) ≤ F (u, v) and πy,z (u, v) ≤ G(u, v). So, by combining them,
after a cylindrical extension, we get
πx,y,z (u, v, w) ≤ min(F (u, v), G(v, w)).
Finally, projecting this constraint on the joint variable (x, z) we get
πx,z (u, w) ≤ sup min(F (u, v), G(v, w)),
v∈V

which yields, after application of the minimal specificity principle, the representation of the statement S 00 in the above rule. This rule has found various applications.
For instance, assume F = “approximately equal to”, G = “much greater than”,
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S = “x is approximately equal to y”, S 0 = “y is somewhat greater than z”. Using parameterized representations of F and G, one can compute the parameters
underlying F ◦ G, and then interpret it [Dubois and Prade, 1988a].
The generalized modus ponens inference pattern proposed by Zadeh [1973] is of
the form:
From:

S = “x is A∗ ”
S 0 = “if x is A then y is B”

Infer:

S 00 = “y is B ∗ ”.

It is a particular case of the compositional rule of inference where A and A∗ are
fuzzy subsets of U , B is a fuzzy subset of V , and where statement S is represented
by πx (u) ≤ A∗ (u), and S 0 is interpreted as a statement of the form “(x, y) is
R”, represented by πx,y (u, v) ≤ R(u, v), where R is the fuzzy relation defined by
R(u, v) = I(A(u), B(v)), I being some suitable implication connective. Then
B ∗ = A∗ ◦ R.
Speaking in an informal way, the idea is that the closer A∗ is to A, the closer the
conclusion “y is B ∗ ”. is to the consequent “y is B” (however the underlying notion
of closeness varies according to the modeling of the rule). For instance, when I
is Kleene-Dienes implication, i.e., when we interpret the fuzzy rule as a certainty
rule (see section 3.1), we get
B ∗ (v) = sup min(A∗ (u), max(1 − A(u), B(v))) = max(1 − NA∗ (A), B(v)),
u

where NA∗ (A) = inf u max(A(u), 1 − A∗ (u)) is the usual necessity measure of A,
computed with π(u) = A∗ (u). B ∗ means that “y is B” is certain to the degree
NA∗ (A). This agrees with the understanding of certainty rules as “the more certain
x is A, the more certain y is B” in the presence of a fuzzy input “x is A∗ ”. It is
also very similar to what is obtained in the meta-rule view (where there is more
freedom left in the evaluation of certainty degrees when A is fuzzy).
Note that with Kleene-Dienes implication (i.e., with certainty rules), we have
A ◦ I(A, B) = B ∗ , where B ∗ = max(1 − NA (A), B), and when A is fuzzy it
is only guaranteed that NA (A) ≥ 1/2, so the output B ∗ corresponds to “(y is
B) is NA (A)-certain” and not to “y is B” (which is however obtained when A
is not fuzzy). This means that the coincidence with classical modus ponens is
lost. However, it holds that core(A) ◦ I(A, B) = B, which is well in agreement
with the intended meaning of certainty rules. Indeed “y is B” is obtained only if
NA∗ (A) = 1, which requires that the support of A∗ contains only typical elements
of A (A∗ ⊆ core(A)). For instance, if A = “bird” (here a fuzzy set, the set of more
or less typical birds) and B = “able to fly” (B is non-fuzzy), then B follows for
sure only if x designates a typical bird.
This contrasts with the situation encountered with gradual rules and Gödel
implication, for which it holds that A ◦ I(A, B) = B in any case. In fact, it has
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been noticed quite early that the use of the min operation in the combination
step of the inference process (as stipulated by the possibilistic framework) is not
compatible with the requirement that B ∗ = B can be derived when A∗ = A,
except for Gödel implication.
More generally, if we require that classical modus ponens continue to hold for
fuzzy premises, more solutions are found if a combination operation T other than
min (thus departing from the possibility theory setting) is allowed. Namely, we
start with the functional equation expressing this requirement
sup T (A(u), I(A(u), B(v))) = B(v).
u

This problem has been addressed from two slightly different points of view in
[Trillas and Valverde, 1985a; Valverde and Trillas, 1985] and [Dubois and Prade,
1984b; Dubois and Prade, 1985b]. Solutions to the above equation are provided by
choosing T as a continuous t-norm and I as its associated residuated implication.
Apart from the perfect coincidence with classical modus ponens, other natural
or desirable requirements have been proposed for the generalized modus ponens by
different authors who have looked for the appropriate implications (and possibly
combination operations) that ensure these required properties (see e.g., [Baldwin and Pilsworth, 1980; Fukami et al., 1980; Mizumoto and Zimmermann, 1982;
Whalen and Schott, 1983; Whalen and Schott, 1985; Whalen, 2003]). Some of
these requirements like monotonicity (A∗1 ⊆ A∗2 implies B1∗ ⊆ B2∗ , where fuzzy
set inclusion is pointwisely defined by an inequality between membership degrees)
are always satisfied, while some other “natural” ones, like B ∗ ⊇ B (nothing more
precise than what the rule says can be inferred) may sometimes be debatable (e.g.,
if we are modeling interpolative reasoning), and are violated by some implications
such as Rescher-Gaines implication which is defined by I(α, β) = 1 if α ≤ β and
I(α, β) = 0 if α > β, and which corresponds to the core of Gödel implication.
Systems of parallel fuzzy if-then rules
Let us now briefly consider the case of a system of parallel implication-based fuzzy
if-then rules { “if x is Ai then y is Bi ” }i=1,n . Each rule i is represented by the
inequality
∀i, πx,y (u, v) ≤ I(Ai (u), Bi (v)).
This leads to
πx,y (u, v) ≤ min I(Ai (u), Bi (v)).
i

By projection and applying the minimal specificity principle, the inference from
the set of parallel implication-based rules, and a fact “x is A∗ ”, produces “y is
B ∗ ” defined by
B ∗ (v) = sup min(A∗ (u), min I(Ai (u), Bi (v))).
u

i
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Denoting the above inference B ∗ = A∗ ◦ [∩i (Ai → Bi )], the following inclusion can
be easily established
A∗ ◦ [∩i=1,n (Ai → Bi )] ⊆ ∩i=1,n [A∗ ◦ (Ai → Bi )].
This expresses that the combination/projection principle should be performed
globally (which can be computationally heavy), if one wants to obtain an exact
result rather than a valid but imprecise result. In other words, it might be rather
uninformative to perform each inference Bi∗ = A∗ ◦ (Ai → Bi ) separately and then
combine the Bi∗ ’s in a conjunctive manner. For instance if A∗ = Ai ∪ Aj for some
i and j such that Ai ∩ Aj = ∅ then A∗ ◦ (Ai → Bi ) = V (nothing is inferred) while
(Ai ∪ Aj ) ◦ [(Ai → Bi ) ∩ (Aj → Bj )] = Bi ∪ Bj , for Gödel implication. This property points out a major weakness in the traditional rule by rule strategy used in
many expert system inference engines (that prescribe to trigger rules separately),
in the presence of fuzziness, or even incomplete Boolean information. Techniques
for reasoning with parallel fuzzy implication-based rules in the presence of imprecise outputs have been little studied in the literature (see [Ughetto et al., 1997] for
gradual rules, and a more general theoretical study in [Morsi and Fahmy, 2002]).
Inference with fuzzy conjunctive rules
Let us examine the situation with a conjunction-based model for fuzzy rules (see
Section 2.4). For an input “x is A∗ ” and a fuzzy rule “if x is A then y is B” assumed
to be represented by πx,y (u, v) = min(A(u), B(v)), the combination/projection
method yields the output
B ∗ (v) = sup min(A∗ (u), min(A(u), B(v)))
u∈U

This expression, which corresponds to Mamdani[1977]’s model, can be simplified
into
B ∗ (v) = min(ΠA∗ (A), B(v))
where ΠA∗ (A) = supu∈U min(A∗ (u), A(u)) is the possibility of A computed with
π = A∗ (·). Let us denote this fuzzy inference A∗ ◦ (A × B) = B ∗ . Note that
A◦(A×B) = B if A is normalized. However, we should go back to the understanding of such rules as positive pieces of information (see section 3.1) for explaining
why parallel conjunction-based fuzzy rules should be combined disjunctively, as in
Mamdani’s model of fuzzy control inference.
Indeed from a bipolar possibility theory point of view, a system of conjunctionbased rules (where each rule is modeled by the Cartesian product Ai × Bi , i. e.,
∀i, πx,y (u, v) ≥ min(Ai (u), Bi (v)) leads to the inequality
πx,y (u, v) ≥ max min(Ai (u), Bi (v)).
i

Then, given a set of fuzzy if-then rules {“if x is Ai then y is Bi ” : i = 1, n} and
an input “x is A∗ ”, Mamdani’s method consists in three steps:
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(i) The output Bi∗ for each rule is computed as follows:
Bi∗ (v) = sup min(A∗ (u), min(Ai (u), Bi (v))) = min(ΠA∗ (Ai ), Bi (v)).
u

(ii) The global output B ∗ is then the disjunctive combination of the outputs of
each rule, which allows for a rule by rule computation. Indeed applying the
maximal specificity principle to the representation of the set of rules, and
then the combination/projection method, we get
B ∗ (v) = sup min(A∗ (u), max min(Ai (u), Bi (v))) = max Bi∗ (v).
i

u

i

(iii) Finally, there is a defuzzification process in order to come up with a single
value v0 ∈ B ∗ for y. This defuzzication step is out of the scope of logic and
then of this paper.
Still, problems remain with the inference with conjunction-based rules in case
of a fuzzy input. Indeed, the above approach is questionable because adding a
rule then may lead to a more imprecise conclusion (before defuzzification), and
Aj ◦ ∪i (Ai × Bi ) 6= Bj except if the Ai ’s are disjoint as pointed out in [Di Nola et
al., 1989].
To overcome these difficulties, it is useful to consider the fuzzy relation obtained
from a set of conjunction-based rules for what it really is, namely, positive information, as proposed in [Dubois et al., 2003]. A conjunctive rule base actually is a
memory of fuzzy cases. Then, what appeared to be anomalies under the negative
information view, becomes natural. It is clear that adding a new conjunctive rule
to a fuzzy case memory should expand the possibilities, not reduce them. The
fuzzy input still consists in a restriction on the values of the input variable and
thus is of a different nature. It is in some sense negative information. So, the
question is “how to exploit a set of fuzzy cases, which for each input value describes the fuzzy set of guaranteed possible output values, on the basis of negative
imprecise information on the input?” In fact, what has to be computed, via an
appropriate projection, are the output values that are guaranteed possible for y,
for all values of x compatible with the restriction A∗ on the input value. The expected conclusion, in terms of guaranteed possible values, is given for a nonfuzzy
input A∗ by
B∗ (v) = inf max min(Ai (u), Bi (v)).
u∈A∗

i

What is computed is the intersection of the sets of images of precise inputs compatible with A∗ . Any value y = v in this intersection is guaranteed possible, by
any input value compatible with A∗ . The term B∗ is the lower image of A∗ via the
fuzzy relation aggregating the fuzzy cases conjunctively. In the case where none
of the sets are fuzzy,
B∗ = {v ∈ V | ∀u ∈ A∗ , ∃i s.t. u ∈ Ai and v ∈ Bi } = A∗ → ∪i (Ai × Bi )
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In the case where A∗ is fuzzy, B ∗ is defined by
B∗ (v) = inf {A∗ (u) → max min(Ai (u), Bi (v))}
u

i

where → is Gödel implication. Indeed, starting that, from the constraints
πx,y (u, v) ≥

max min(Ai (u), Bi (v)), for i = 1, . . . , n

i=1,n
∗

πx (u) ≤ A (u)
representing respectively the positive information given by the set of conjunctivebased fuzzy rules and the negative information corresponding to the input, one
can derive by simple computations the following further constraint
πy (v) ≥ inf {A∗ (u) → max min(Ai (u), Bi (v))},
u

i=1,n

provided that πx is normalized (i.e. supu πx (u) = 1). For any fixed value v of y,
B∗ (v) is nothing but the guaranteed possibility measure ∆v (A∗ ) of A∗ as being in
relation with v through the fuzzy relation aggregating the fuzzy cases (while B ∗ (v)
was the possibility measure Πv (A∗ ) of the same event). It can be checked that for
usual fuzzy partitions (such that Ai (u) = 1 ⇒ Aj (u) < 1 for j 6= i), if A∗ = Ai ,
then B∗ = Bi , a result that cannot be obtained using the sup-min composition.
Di Nola et al. [1985] have pointed out that, when the rule is modeled by means
of a t-norm T , R(u, v) = T (A(u), B(v)) is the least solution of the fuzzy relational
equation
inf I(A(u), R(u, v)) = B(v),
u

where I is the residuated implication associated with T . When T = min, I is
Gödel implication. Note that this definition of R as a least solution is well in
accordance with the interpretation of the possibility rules, to which a principle of
maximal specificity must be applied.
Capturing interpolation in approximate reasoning
Many authors, including Zadeh [1992], have pointed out that approximate reasoning techniques in fuzzy control, such as Mamdani’s method, perform an interpolation between the conclusions of the rules of the fuzzy controller, on the basis
of the degrees of matching of the (usually precise) input measurements (describing the current state of the system to be controlled), with the condition parts of
these rules. However the interpolative effect is achieved by defuzzification and is
not part of the logical inference step. Klawonn and Novak [1996] have contrasted
fuzzy interpolation on the basis of an imprecisely known function (described by
fuzzy points Ai × Bi ) and logical inference in the presence of fuzzy information.
Besides, Sudkamp [1993] discusses the construction of fuzzy rules from sets of pairs
of precise values (ai , bi ) and similarity relations on U and V .
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Sugeno and Takagi [1983]’s fuzzy modeling method (see also [Sugeno, 1985] for
control) can be viewed as a special case of Mamdani’s and a generalization thereof.
It starts from n rules with precise numerical conclusion parts, of the form “if x1
(i)
(i)
is A1 and . . . and xp is Ap then y is b(i) (x)”, where x = (x1 , . . . , xp ). Here the
conclusions in the rules depend on the input value, contrary to the fuzzy rules
(i)
(i)
in Mamdani’s approach. Let αi (u) = min(A1 (u1 ), . . . , Ap (up )) be the level of
matching between the input and the conditions of rule i. Sugeno and Takagi define
the relation between x and y to be the following function:
y=

Σi αi (x) · b(i) (x)
Σi αi (x)

which indeed performs a weighted interpolation. This result can be retrieved using
Mamdani’s method, noticing that in this case B ∗ = {b(i) (u)/αi (u) : i = 1, n},
where b/µ indicates that element b has membership value µ, and applying the
center of gravity method for selecting a value representing B ∗ .
When the conclusions b(i) (x) = bi do not depend on x, and assuming single
condition rules, this interpolation effect can be obtained within the inference step,
by applying Zadeh’s approximate reasoning combination and projection approach.
For this purpose, consider the rules as pure gradual rules (based on RescherGaines implication rather than on Gödel’s), expressing that “the closer x is to
ai , the closer y is to bi ”, where (ai , bi ), i = 1, n are pairs of scalar values, where
we assume a1 < . . . < ai−1 < ai < ai+1 < . . . < an . The first problem is to
represent “close to ai ”, by means of a fuzzy set Ai . It seems natural to assume
that Ai (ai−1 ) = Ai (ai+1 ) = 0 since there are special rules adapted to the cases
x = ai−1 , x = ai+1 . Moreover if u 6= ai , Ai (u) < 1 for u ∈ (ai−1 , ai+1 ), since
information is only available for u = ai . Hence Ai should be a fuzzy interval with
support (ai−1 , ai+1 ) and core {ai }. Since the closer x is to ai−1 , the farther it
is from ai , Ai−1 should decrease when Ai increases, and by symmetry, Ai ((ai +
ai+1 )/2) = Ai−1 ((ai−1 + ai )/2) = 1/2. The simplest way of achieving this is to let
∀u ∈ [ai−1 , ai ], Ai−1 (u) + Ai (u) = 1, an example of which are triangular-shaped
fuzzy sets. Clearly the conclusion parts of the rules should involve fuzzy sets Bi
whose meaning is “close to bi ”, with similar conventions.
In other words, each rule is understood as “the more x is Ai , the more y is Bi ”.
Pure gradual rules are modeled by inequality constraints of the form Ai (u) ≤
Bi (v). Then the subset of V obtained by combining the results of the rules for the
input x = u0 is given by
B ∗ (v) = min Ai (u0 ) → Bi (v)
i=1,n

where the implication is the one of Rescher-Gaines, defined by a → b = 1 if a ≤ b
and a → b = 0 if a > b. In that case the output associated with the precise input
u0 where ai−1 < u0 < ai , is
B ∗ = (αi−1 → Bi−1 ) ∩ (αi → Bi ) = [Bi−1 ]αi−1 ∩ [Bi ]αi
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since α → B(·) corresponds to the level cut [B]α , αi−1 = Ai−1 (u0 ), αi = Ai (u0 ),
and αi−1 + αi = 1. Due to the latter assumption it can be easily proved (without the assumption of triangular shaped fuzzy sets), that there exists a unique
value y = b such that B ∗ (b) = 1, which exactly corresponds to the result of the
linear interpolation, i.e., b = αi−1 · bi−1 + αi · bi . The conclusion thus obtained
is nothing but the singleton value computed by Sugeno and Takagi’s method. It
is a theoretical justification for this inference method in the one-dimensional case.
Hence reasoning with gradual rules does model interpolation, linear interpolation
being retrieved as a particular case. The more complicated case of gradual rules
with compound conditions, i.e., rules of the form “the more x1 is A1 , . . . , and the
more xp is Ap , the more y is B” is also studied in detail in [Dubois et al., 1994].
Then provided that the rules satisfy a coherence condition, the output of a system
of pure gradual rules, where conditions and conclusions are fuzzy intervals, is an
interval.

2.6

Concluding remarks on approximate reasoning

The presentation has emphasized the basic ideas underlying Zadeh’s original proposal, showing their consistency, their close relation to the representation setting
of possibility theory. Various inference machineries can be handled at the semantic level. Still many issues of interest considered elsewhere in the literature (see
[Bouchon-Meunier et al., 1999]), like computational tractability, coherence of a set
of fuzzy rules, special applications to temporal or to order-of-magnitude reasoning, the handling of fuzzy quantifiers (viewed as imprecisely known conditional
probabilities) in reasoning patterns, fuzzy analogical reasoning, interpolative reasoning with sparse fuzzy rules, etc, have been left apart, let alone more practically
oriented research works. This framework can express pieces of information with
rich contents. The important but sometimes misleading, notion of fuzzy truthvalue, encompassing both notions of intermediate degrees of truth and (degrees
of ) uncertainty about truth has been discussed at length. It is crucial for a
proper appraisal of the line of thought followed by the founder of fuzzy logic, and
in order to situate the role of fuzzy logic in the narrow sense, mainly developed
in the nineties and summarized in the remainder of this paper, for the purpose
of knowledge representation. In the meantime, in the last twenty years, Zadeh
[1988; 1989; 1997; 1999; 2001; 2005] has continued to elaborate his semantic, nonlinear optimization approach to human fuzzy and uncertain reasoning, to precisiate
as well as to enlarge it, to propose new perspectives, emphasizing the importance
of key-notions like computing with words and perceptions as opposed to numbers
and measurements, and information granulation.
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MANY VALUED LOGICAL SYSTEMS BASED ON FUZZY SET
CONNECTIVES

In the preface of the book [Zadeh, 1994a], Zadeh made a very clear distinction
between the two main meanings of the term fuzzy logic. Indeed, he writes:
The term “fuzzy logic” has two different meanings: wide and narrow.
In a narrow sense it is a logical system which aims a formalization
of approximate reasoning. In this sense it is an extension of multivalued logic. However the agenda of fuzzy logic (FL) is quite different
from that of traditional many-valued logic. Such key concepts in FL
as the concept of linguistic variable, fuzzy if-then rule, fuzzy quantification and defuzzification, truth qualification, the extension principle,
the compositional rule of inference and interpolative reasoning, among
others, are not addressed in traditional systems. In its wide sense, FL,
is fuzzily synonymous with the fuzzy set theory of classes of unsharp
boundaries.
Hájek, in the introduction of his monograph [Hájek, 1998a] makes the following
comment to Zadeh’s quotation:
Even if I agree with Zadeh’s distinction (. . . ) I consider formal calculi
of many-valued logic to be the kernel of fuzzy logic in the narrow sense
and the task of explaining things Zadeh mentions by means of this
calculi to be a very promising task.
On the other hand, Novák et al., also in the introduction of their monograph
[Novák et al., 1999], write:
Fuzzy logic in narrow sense is a special many-valued logic which aims
at providing formal background for the graded approach to vagueness.
According to Hájek and Novák et al.’s point of view, this section is devoted to
the formal background of fuzzy logic in narrow sense, that is, to formal systems of
many-valued logics having the real unit interval as set of truth values, and truth
functions defined by fuzzy connectives that behave classically on extremal truth
values (0 and 1) and satisfy some natural monotonicity conditions. Actually, these
connectives originate from the definition and algebraic study of set theoretical
operations over the real unit interval, essentially developed in the eighties, when
this field had a great development. It was in that period when the use of tnorms and t-conorms as operations to model fuzzy set conjunction and disjunction
respectively was adopted, and related implication and negation functions were
studied, as reported in Section 2.1. Therefore, the syntactical issues of fuzzy logic
have followed the semantical ones.
The main many-valued systems described in this section are the so-called tnorm based fuzzy logics. They correspond to [0, 1]-valued calculi defined by a
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conjunction and an implication interpreted respectively by a (left-continuous) tnorm and its residuum, and have had a great development over the past ten years
and from many points of view (logical, algebraic, proof-theoretical, functional
representation, and complexity), as witnessed by a number of important monographs that have appeared in the literature, see [Hájek, 1998a; Gottwald, 2001;
Novák et al., 1999]. Actually, two prominent many-valued logics that fall in
this class, namely Lukasiewicz and Gödel infinitely-valued logics [Lukasiewicz,
1930; Gödel, 1932], were defined much before fuzzy logic was born. They indeed
correspond to the calculi defined by Lukasiewicz and min t-norms respectively.
Lukasiewicz logic L has received much attention from the fifties, when completeness results were proved by Rose and Rosser [1958], and by algebraic means by
Chang [1958; 1959], who developed the theory of MV-algebras largely studied in
the literature. Moreover McNaughton theorem [McNaughton, 1951] provides a
functional description of its logical functions. Many results about Lukasiewicz
logic and MV-algebras can be found in the book [Cignoli et al., 1999]. On the
other hand, a completeness theorem for Gödel logic was already given in the fifties
by Dummett [1959]. Note that the algebraic structures related to Gödel logic are
linear Heyting algebras (known as Gödel algebras in the context of fuzzy logics),
that have been studied in the setting of intermediate or superintuitionistic logics,
i.e. logics between intuitionistic and classical logic.
The key ideas of these logical systems are described in the first three subsections. Then, in the next two subsections, more complex systems resulting from the
addition of new connectives, as well as a number of further issues related to t-norm
based fuzzy logics, are briefly surveyed. The sixth subsection shows how to embed
the main patterns of approximate reasoning inside a residuated fuzzy logic. The
following subsection is devoted to variants of fuzzy logic systems, including clausal
and resolution-based fuzzy logics. The former are mainly systems related to the
logical calculi on the real unit interval defined by a De Morgan triple: a t-norm
for conjunction, a strong negation and the dual t-connorm for disjunction. The
section concludes with a subsection dealing with notions of graded consequence
and their relationship to closure operators, in a Tarski-style. This is a different
approach to formalize a form of fuzzy logic which, in particular, has been the topic
of Gerla’s monograph [2001] and partially also in [Bělohlávek, 2002b].
Even if the set of topics addressed in this section is very wide, we acknowledge
the fact that we do not cover for sure all the approaches and aspects of formal
systems of fuzzy logic that have been proposed in the literature. This is the case
for instance of a whole research stream line on fuzzifying modal logics, started
indeed very early by Schotch [1975], and then enriched by a number of significant
contributions, like Gabbay’s general fibring method for building modal fuzzy logics
[Gabbay, 1996; Gabbay, 1997] or the introduction of various types of modalities in
the frame of the above mentioned t-norm based fuzzy logics [Hájek, 1998a, Chap.
8], to cite only a very few of them.
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BL and related logics

Probably the most studied and developed many-valued systems related to fuzzy
logic are those corresponding to logical calculi with the real interval [0, 1] as set of
truth-values and defined by a conjunction & and an implication → interpreted respectively by a (left-continuous) t-norm ∗ and its residuum ⇒, and where negation
is defined as ¬ϕ = ϕ → 0, with 0 being the truth-constant for falsity.
In the framework of these logics, called t-norm based fuzzy logics, each (left
continuous) t-norm ∗ uniquely determines a semantical (propositional) calculus
P C(∗) over formulas defined in the usual way from a countable set of propositional variables, connectives ∧, & and → and truth-constant 0 [Hájek, 1998a].
Further connectives are defined as follows:
ϕ∨ψ
¬ϕ
ϕ≡ψ

is
is
is

((ϕ → ψ) → ψ) ∧ ((ψ → ϕ) → ϕ),
ϕ → 0̄,
(ϕ → ψ)&(ψ → ϕ).

Evaluations of propositional variables are mappings e assigning each propositional
variable p a truth-value e(p) ∈ [0, 1], which extend univocally to compound formulas as follows:
e(0) = 0
e(ϕ ∧ ψ) = min(e(ϕ), e(ψ))
e(ϕ&ψ) = e(ϕ) ∗ e(ψ)
e(ϕ → ψ) = e(ϕ) ⇒ e(ψ)
Note that, from the above defintions, e(ϕ ∨ ψ) = max(e(ϕ), e(ψ)), ¬ϕ = e(ϕ) ⇒ 0
and e(ϕ ≡ ψ) = e(ϕ → ψ) ∗ e(ψ → ϕ). A formula ϕ is a said to be a 1-tautology
of P C(∗) if e(ϕ) = 1 for each evaluation e. The set of all 1-tautologies of P C(∗)
will be denoted as T AU T (∗).
Three outstanding examples of (continuous) t-norm based fuzzy logic calculi
are:
Gödel logic calculus: defined by the operations
x ∗G y
x ⇒G y

=

min(x, y)

1, if x ≤ y
=
y, otherwise.

Lukasiewicz logic calculus: defined by the operations
x ∗L y
x ⇒L y

max(x + y − 1, 0)

1,
if x ≤ y
=
1 − x + y, otherwise.

=
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Product logic calculus: defined by the operations
x ∗Π y
x ⇒Π y

= x · y (product of reals)

1,
if x ≤ y
=
y/x, otherwise.

These three cases are important since each continuous t-norm is definable as an
ordinal sum of copies of Lukasiewicz, Minimum and Product t-norms (see e.g.
[Klement et al., 2000]), and the min and max operations are definable from ∗ and
⇒. Indeed, for each continuous t-norm ∗ and its residuated implication ⇒, the
following identities are true:
min(x, y) = x ∗ (x ⇒ y),
max(x, y) = min((x ⇒ y) ⇒ y, (y ⇒ x) ⇒ x).
Actually, two of these logics correspond to many-valued systems already studied
before fuzzy logic was born. These are the well-known infinitely-valued Lukasiewicz
[1930] and Gödel [1932] logics4 which are the logical systems corresponding to the
so-called Lukasiewicz and minimum t-norms and their residuated implications respectively (see, for example, [Cignoli et al., 1999; Gottwald, 2001] for excellent
descriptions of these logics). Much later, already motivated by research on fuzzy
logic, Product logic, the many-valued logic corresponding to Product t-norm and
its residuum, was also axiomatized in [Hájek et al., 1996]. All these logics enjoy
standard completeness, that is, completeness with respect to interpretations over
the algebra on the unit real interval [0, 1] defined by the corresponding t-norm and
its residuum. Namely, it holds that:
ϕ is provable in Lukasiewicz logic
ϕ is provable in Gödel logic
ϕ is provable in Product logic

iff
iff
iff

ϕ ∈ T AU T (∗L )
ϕ ∈ T AU T (∗G )
ϕ ∈ T AU T (∗Π ).

A main step in the formalization of fuzzy logic in narrow sense is Hájek’s monograph [Hájek, 1998a], where the author introduced the Basic Fuzzy logic BL as a
common fragment of the above mentioned three outstanding many-valued logics,
and intending to syntactically capture the common tautologies of all propositional
calculi P C(∗) for ∗ being a continuous t-norm. The language of BL logic is built
(in the usual way) from a countable set of propositional variables, a conjunction
&, an implication → and the constant 0. Since for a continuous t-norm ∗ and its
residuum ⇒ we have min(x, y) = x ∗ (x ⇒ y), in BL the connective ∧ is taken as
definable from & and →:
4 Gödel logic is also known as Dummett logic, referring to the scholar who proved its completeness.
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ϕ&(ϕ → ψ)

Other connectives (∨, ¬, ≡) are defined as in P C(∗).
The following formulas are the axioms5 of BL:
(A1)
(A2)
(A3)
(A4)
(A5a)
(A5b)
(A6)
(A7)

(ϕ → ψ) → ((ψ → χ) → (ϕ → χ))
(ϕ&ψ) → ϕ
(ϕ&ψ) → (ψ&ϕ)
(ϕ&(ϕ → ψ) → (ψ&(ψ → ϕ))
(ϕ → (ψ → χ)) → ((ϕ&ψ) → χ)
((ϕ&ψ) → χ) → (ϕ → (ψ → χ))
((ϕ → ψ) → χ) → (((ψ → ϕ) → χ) → χ)
0̄ → ϕ

The deduction rule of BL is modus ponens.
Axiom (A1) captures the transitivity of the residuum, axioms (A2) and (A3)
stand for the weakening and commutativity properties of the conjunction, axiom
(A4) forces the commutativity of the defined ∧ connective and it is related to the
divisibility and the continuity of the &, axioms (A5a) and (A5b) stand for the
residuation property of the pair (&, →), axiom (A6) is a form of proof-by-cases
property and is directly related to the pre-linearity axiom (ϕ → ψ) ∨ (ψ → ϕ),
which is an equivalent formulation of (A6), and finally axiom (A7) establishes that
0 is the least truth-value.
These axioms and deduction rule defines a notion of proof, denoted `BL , in
the usual way. As a matter of fact, Lukasiewicz, Gödel and Product logics are
axiomatic extensions of BL. Indeed, it is shown in [Hájek, 1998a] that Lukasiewicz
logic is the extension of BL by the axiom
(L)

¬¬ϕ → ϕ,

forcing the negation to be involutive, and Gödel logic is the extension of BL by
the axiom
(G)

ϕ → (ϕ&ϕ).

forcing the conjunction to be idempotent. Finally, product logic is just the extension of BL by the following two axioms:
(Π1)
(Π2)

¬¬χ → (((ϕ&χ) → (ψ&χ)) → (ϕ → ψ)),
ϕ ∧ ¬ϕ → 0̄.

The first axiom indicates that if c 6= 0, the cancellation of c on both sides of
the inequality a · c ≤ b · c is possible, hence the strict monotony of the conjunction
5 These are the original set of axioms proposed by Hájek in [Hájek, 1998a]. Later Cintula
showed [Cintula, 2005a] that (A3) is redundant.
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on (0, 1]. The last axiom is due to the fact that negation in product logic behaves
such that n(a) = a → 0 = 0 if a > 0.
From a semantical point of view, if one takes a continuous t-norm ∗ for the
truth function of & and the corresponding residuum ⇒ for the truth function of
→ (and evaluating 0 by 0) then all the axioms of BL become 1-tautologies (have
identically the truth value 1). And since modus ponens preserves 1-tautologies, all
formulas provable in BL are 1-tautologies, i.e. if `BL ϕ then ϕ ∈ ∩{T AU T (∗) :
∗ is a continuous t-norm}. This shows that BL is sound with respect to the
standard semantics, i.e. with respect to evaluations on [0, 1] taking as truthfunctions continuous t-norms and their residua.
Actually, standard semantics is a particular case of a more general algebraic
semantics. Indeed, the algebraic counterpart of BL logic are the so-called BLalgebras. A BL-algebra is an algebra L = hL, ∗, ⇒, ∧, ∨, 0, 1i with four binary
operations and two constants such that:
(i) (L, ∧, ∨, 0, 1) is a lattice with the largest element 1 and the least element 0
(with respect to the lattice ordering ≤),
(ii) (L, ∗, 1) is a commutative semigroup with the unit element 1, i.e. ∗ is commutative, associative and 1 ∗ x = x for all x,
(iii) the following conditions hold:
(1) z ≤ (x ⇒ y) iff x ∗ z ≤ y for all x, y, z.

(residuation)

(2) x ∧ y = x ∗ (x ⇒ y)

(divisibility)

(3) (x ⇒ y) ∨ (y ⇒ x) = 1.

(pre-linearity)

Thus, in other words, a BL-algebra is a bounded, integral commutative residuated
lattice satisfying (2) and (3). The class of all BL-algebras forms a variety. Due to
(3), each BL-algebra can be decomposed as a subdirect product of linearly ordered
BL-algebras. BL-algebras defined on the real unit interval [0, 1], called standard
BL-algebras, are determined by continuous t-norms, i.e. any standard BL-algebra
is of the form [0, 1]∗ = h[0, 1], ∗, ⇒, min, max, 0, 1i for some continuous t-norm ∗,
where ⇒ is its residuum.
By defining ¬x = x ⇒ 0, it turns out that the algebraic semantics of Lukasiewicz
logic, defined by the class of MV-algebras (or Wajsberg algebras), correspond to the
subvariety of BL-algebras satisfying the additional condition ¬¬x = x, while the
algebraic semantics of Gödel logic, defined by the class of G-algebras, corresponds
to the subvariety of BL-algebras satisfying the additional condition x ∗ x = x.
Finally, Product algebras, which define the algebraic semantics for Product logic,
are just BL-algebras further satisfying
x ∧ ¬x = 0,
¬¬z ⇒ ((x ∗ z = y ∗ z) ⇒ x = y) = 1.
Given a BL-algebra L, one can define L-evaluations of formulas in the same way
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as in [0, 1] just by taking as truth-functions the operations of L. An L-evaluation
e is called a model of a formula ϕ when e(ϕ) = 1 (1 being the top element of the
algebra), and it is a model of a set of formulas Γ if it is a model of every formula of
Γ. A L-tautology is then a formula getting the value 1 for each L-evaluation, i.e.
any L-evaluation is a model of the formula. In particular, when L = [0, 1]∗ , the
set of L-tautologies is the set T AU T (∗) introduced before. Then, the logic BL is
sound with respect to L-tautologies: if ϕ is provable in BL then ϕ is an L-tautology
for each BL-algebra L. Moreover, Hájek proved the following completeness results
for BL, namely the following three conditions are proved in [Hájek, 1998a] to be
equivalent:
(i) Γ `BL ϕ,
(ii) for each BL-algebra L, any L-evaluation which is a model of Γ, it is a model
of ϕ as well,
(iii) for each linearly ordered BL-algebra L, any L-evaluation which is a model
of Γ, it is a model of ϕ as well,
Hájek’s conjecture was that BL captured the 1-tautologies common to all manyvalued calculi defined by a continuous t-norm. In fact this was proved [Hájek,
1998b; Cignoli et al., 2000] to be the case soon after, that is, it holds that
ϕ is provable in BL

iff

ϕ∈

T

{T AU T (∗) : ∗ is a continuous t-norm}

This is the so-called standard completeness property for BL. More than that, a
stronger completeness property holds: if Γ is a finite set of formulas, then Γ `BL ϕ
if and only if for each standard BL-algebra L, any L-evaluation which is a model
of Γ, it is a model of ϕ. This result is usually referred as finite strong standard
completeness of BL.
On the other hand, in [Esteva et al., 2004] the authors provide a general method
to get a finite axiomatization, as an extension of BL, of each propositional calculus
P C(∗), for ∗ being a continuous t-norm. Therefore, for each of these logics, denoted
L∗ , one has that a formula ϕ is provable in L∗ iff ϕ ∈ T AU T (∗). Note that L∗ is
equivalent to Gödel logic G when ∗ = min, to Lukasiewicz logic L when ∗ is the
Lukasiewicz t-norm ∗L and to Product logic when ∗ is the product of real numbers.
Actually, the book [Hájek, 1998a] was the starting point of many fruitful and
deep research works on BL logic and their extensions, as well as on its algebraic
counterpart, the variety of BL-algebras. See the special issue [Esteva and Godo
(eds.), 2005] for a quite exhaustive up-to-date overview on recent results on BLalgebras and BL-logics.
The well-known result that a t-norm has residuum if and only if the t-norm is
left-continuous makes it clear that BL is not the most general t-norm-based logic
(in the setting of residuated fuzzy logics). In fact, a weaker logic than BL, called
Monoidal t-norm-based Logic, MTL for short, was defined in [Esteva and Godo,
2001] and proved in [Jenei and Montagna, 2002] to be the logic of left-continuous
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t-norms and their residua. Thus MTL is indeed the most general residuated tnorm-based logic. The basic difference between BL and MTL is the divisibility
axiom (or algebraically the equality x ∧ y = x ∗ (x ⇒ y)), which characterizes the
continuity of the t-norm and which is not satisfied in MTL. This means that the
min-conjunction ∧ is not definable in MTL and, as opposed to BL, it has to be
introduced as a primitive connective into the language together with BL primitive
connectives (strong conjunction &, implication → and the truth constant 0). Axioms of MTL are obtained from those of BL by replacing axiom (A4) by the three
following ones:
(A4a)
(A4b)
(A4c)

ϕ∧ψ →ϕ
ϕ∧ψ →ψ∧ϕ
ϕ&(ϕ → ψ) → ϕ ∧ ψ

Most of well-known fuzzy logics (among them Lukasiewicz logic, Gödel logic,
Hájek’s BL logic and Product logic)—as well as the Classical Propositional Calculus6 —can be presented as axiomatic extensions of MTL. Tables 2 and 3 collect
some axiom schemata7 and the axiomatic extensions of MTL they define8 . Notice
that in extensions of MTL with the divisibility axiom (Div), i.e. in extensions of
BL, the additive conjunction ∧ is in fact definable and therefore it is not considered as a primitive connective in their languages. For the sake of homogeneity we
will keep L = {&, →, ∧, 0} as the common language for all MTL extensions.
The algebraic counterpart of MTL logic is the class of the so-called MTLalgebras. MTL-algebras are in fact pre-linear residuated lattices (understood as
commutative, integral, bounded residuated monoids). Of particular interest are
the MTL-algebras defined on the real unit interval [0, 1], which are defined in fact
by left-continuous t-norms and their residua. Jenei and Montagna proved that
MTL is (strongly) complete with respect to the class of MTL-algebras defined on
the real unit interval. This means in particular that
ϕ is provable in MTL

iff

ϕ∈

T

{T AU T (∗) : ∗ is a left-continuous t-norm}.

One common property of all MTL extensions is that they enjoy a local form of the
deduction theorem, namely, for any MTL axiomatic extension L it holds that
Γ ∪ {ϕ} `L ψ iff there exists n ∈ N such that Γ `L ϕn → ψ,
6 Indeed,

Classical Propositional Calculus can be presented as the extension of MTL (and of
any of its axiomatic extensions) with the excluded-middle axiom (EM).
7 Axioms of pseudo-complementation (PC) and n-contraction (C ) are also known respectively
n
by the names of weak contraction and n-potence, see e.g. [Galatos et al., 2007].
8 Of course, some of these logics were known well before MTL was introduced. We only want
to point out that it is possible to present them as the axiomatic extensions of MTL obtained by
adding the corresponding axioms to the Hilbert style calculus for MTL given above. Moreover,
these tables only collect some of the most prominent axiomatic extensions of MTL, even though
many other ones have been studied in the literature (see e.g. [Noguera, 2006], [Wang et al.,
2005b] and [Wang et al., 2005a]).
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Axiom schema
¬¬ϕ → ϕ
¬ϕ ∨ ((ϕ → ϕ&ψ) → ψ)
¬(ϕ&ψ) ∨ ((ψ → ϕ&ψ) → ϕ)
ϕ → ϕ&ϕ
ϕ ∧ ψ → ϕ&(ϕ → ψ)
ϕ ∧ ¬ϕ → 0
ϕ ∨ ¬ϕ
(ϕ&ψ → 0) ∨ (ϕ ∧ ψ → ϕ&ψ)
ϕn−1 → ϕn
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Name
Involution (Inv)
Cancellation (C)
Weak Cancellation (WC)
Contraction (Con)
Divisibility (Div)
Pseudo-complementation (PC)
Excluded Middle (EM)
Weak Nilpotent Minimum (WNM)
n-Contraction (Cn )

Table 2. Some usual axiom schemata in fuzzy logics.
where ϕn stands for ϕ& . n. . &ϕ. It is local in the sense that n depends on particular
formulas involved Γ, ϕ and ψ. It turns out that the only axiomatic extension of
MTL for which the classical (global) deduction theorem
Γ ∪ {ϕ} `L ψ iff Γ `L ϕ → ψ
holds is for L being Gödel fuzzy logic. This fact clearly indicates, that in general,
syntactic inference ϕ `L ψ in BL, MTL and any of their extensions L does not
implement Zadeh’s entailment principle of approximate reasoning in the semantics
(except in Gödel logic). For Zadeh, the inference of a fuzzy proposition ψ from ϕ
means that ψ is always at least as true as ϕ in all interpretations. At the syntactic
level, it generally corresponds to proving `L ϕ → ψ, not ϕ `L ψ. At the semantic
level, the latter only corresponds to the inclusion of cores of the corresponding
fuzzy sets (that is, the preservation of the highest membership value 1).
Regarding this issue, the NM logic can be considered the closest to Gödel logic,
since it also enjoys a global form of deduction theorem, but with n = 2 in the
above deduction theorem expression, i.e. it holds that
Γ ∪ {ϕ} `N M ψ iff Γ `N M ϕ&ϕ → ψ .
for all Γ, ϕ, ψ. Actually, NM is a genuine MTL-extension (i.e. it is not a BLextension) that axiomatizes the calculus defined by the nilpotent minimum t-norm
∗N M (see Section 2.1), and satisfies the following standard completeness property:
ϕ is provable in NM

iff

ϕ ∈ T AU T (∗N M )

where x ∗N M y = min(x, y) if x > 1 − y, x ∗N M y = 0 otherwise. This logic,
introduced in [Esteva and Godo, 2001], has very nice logical properties besides the
above global deduction theorem, as having an involutive negation (like Lukasiewicz
logic), or being complete for deduction from arbitrary theories (not only for theorems). Indeed, this logic has received much attention by the Chinese school leaded
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Logic
SMTL
ΠMTL
WCMTL
IMTL
WNM
NM
Cn MTL
Cn IMTL
BL
SBL
L
Π
G

Additional axiom schemata
(PC)
(C)
(WC)
(Inv)
(WNM)
(Inv) and (WNM)
(Cn )
(Inv) and (Cn )
(Div)
(Div) and (PC)
(Div) and (Inv)
(Div) and (C)
(Con)

References
[Hájek, 2002]
[Hájek, 2002]
[Montagna et al., 2006]
[Esteva and Godo, 2001]
[Esteva and Godo, 2001]
[Esteva and Godo, 2001]
[Ciabattoni et al., 2002]
[Ciabattoni et al., 2002]
[Hájek, 1998a]
[Esteva et al., 2000]
[Hájek, 1998a]
[Hájek et al., 1996]
[Hájek, 1998a]

Table 3. Some axiomatic extensions of MTL obtained by adding the corresponing
additional axiom schemata and the references where they have been introduced
(in the context of fuzzy logics).
by G.J. Wang. It turns out that he independently introduced in [Wang, 1999;
Wang, 2000] a logic in the language (¬, ∨, →), called L∗ , with an algebraic semantics consisting of a variety of algebras called R0 -algebras. Pei later showed [Pei,
2003] that both R0 algebras and NM were in fact definitionally equivalent, and
hence that logics NM and L∗ were equivalent as well. A similar relation was also
found for IMTL and weaker version of L∗ .
In the tradition of substructural logics, both BL and MTL are logics without
contraction (see Ono and Komori’s seminal work [1985]). The weakest residuated
logic without contraction is Höhle’s Monoidal Logic ML [Höhle, 1995], equivalent to FLew (Full Lambek calculus with exchange and weakening)9 introduced
by Kowalski and Ono [2001] as well as to Adillon and Verdú’s IPC∗ \c (Intuitionistic Propositional Calculus without contraction) [Adillon and Verdú, 2000],
and that is the logic corresponding to the variety of (bounded, integral and commutative) residuated lattices. From them, MTL can be obtained by adding the
prelinearity axiom and from there, a hierarchy of all t-norm-based fuzzy logics
can be considered as different schematic extensions [Kowalski and Ono, 2001;
Esteva et al., 2003]. Figure 1 shows a diagram of this hierarchy with the main
logics involved.
The issue of completeness of these and other t-norm based fuzzy logics extending
of MTL has been addressed in the literature. In fact, several kinds of algebraic
completeness have been considered, depending on the number of premises. Here we
9 Also known as aMALL or aMAILL (affine Multiplicative Additive fragment of (propositional)
Intuitionistic Linear logic or HBCK [Ono and Komori, 1985].
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BL
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MONOIDAL (FL
(FLew , Intuitionistic without contraction)

Figure 1. Hierarchy of some substructural and fuzzy logics.
will only refer to the completeness properties with respect to the usually intended
semantics (standard semantics) on the real unit interval [0, 1].
For any L axiomatic extension of MTL and for every set of L-formulas Γ ∪ {ϕ},
we write Γ |=L ϕ when for every evaluation e of formulas on the any standard
L-algebra (L-chain on [0, 1]) one has e(ϕ) = 1 whenever e(ψ) = 1 for all ψ ∈ Γ.
Then:
• L has the property of strong standard completeness, SSC for short, when for
every set of formulae Γ, Γ `L ϕ iff Γ |=L ϕ.
• L has the property of finite strong standard completeness, FSSC for short,
when for every finite set of formulae Γ, Γ `L ϕ iff Γ |=L ϕ.
• L has the property of (weak) standard completeness, SC for short, when for
every formula ϕ, `L ϕ iff |=L ϕ.
Of course, the SSC implies the FSSC, and the FSSC implies the SC. Table 4
gathers the different standard results for some of the main t-norm based logics.
Note that for some of these logics one may restrict to check completeness with
respect to a single standard algebra defined by a distinguished t-norm, like in the
cases of G, L, Π and NM logics.
In the literature of t-norm based logics, one can find not only a number of axiomatic extensions of MTL but also extensions by means of expanding the language
with new connectives. Some of these expansions (like those with Baaz[1996]’s ∆
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Logic
MTL
IMTL
SMTL
ΠMTL
BL
SBL
L
Π
G
WNM
NM

SC
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes

FSSC
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes
Yes

SSC
Yes
Yes
Yes
No
No
No
No
No
Yes
Yes
Yes

References
[Jenei and Montagna, 2002]
[Esteva et al., 2002]
[Esteva et al., 2002]
[Horčı́k, 2005b; Horčı́k, 2007]
[Hájek, 1998a; Cignoli et al., 2000]
[Esteva et al., 2000]
see [Hájek, 1998a]
[Hájek, 1998a]
see [Hájek, 1998a]
[Esteva and Godo, 2001]
[Esteva and Godo, 2001]

Table 4. Standard completeness properties for some axiomatic extensions of MTL
and their references. For the negative results see [Montagna et al., 2006].

connective, an involutive negation, with other conjunction or implication connectives, or with intermediate truth-constants) will be addressed later in Sections 3.3
and 3.4. All of MTL extensions and most of its expansions defined elsewhere share
the property of being complete with respect to a corresponding class of linearly
ordered algebras. To encompass all these logics and prove general results common
to all of them, Cintula introduced the notion of core fuzzy logics10 in [Cintula,
2006]. Namely, a finitary logic L in a countable language is a core fuzzy logic if:
(i) L expands MTL;
(ii) L satisfies the congruence condition: for any ϕ, ψ, χ, ϕ ≡ ψ `L χ(ϕ) ≡ χ(ψ);
(iii) L satisfies the following local deduction theorem:
Γ, ϕ `L ψ iff there a is natural number n such that Γ `L ϕ& . n. . &ϕ → ψ.
Each core fuzzy logic L has a corresponding notion of L-algebra (defined as usual)
and a corresponding class L of L-algebras, and enjoys many interesting properties.
Among them we can highlight the facts that L is algebraizable in the sense of Blok
and Pigozzi [1989] and L is its equivalent algebraic semantics, that L is indeed
a variety, and that every L-algebra is representable as a subdirect product of Lchains, and hence L is (strongly) complete with respect to the class of L-chains.
Predicate fuzzy logics Predicate logic versions of the propositional t-norm
based logics described above have also been defined and studied in the literature.
Following [Hájek and Cintula, 2007] we provide below a general definition of the
predicate logic L∀ for any core fuzzy logic L.
10 Actually, Cintula also defines the class of ∆-core fuzzy logics to capture all expansions having
the ∆ connective (see Section 3.4), since they have slightly different properties.
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As usual, the propositional language of L is enlarged with a set of predicates
P red, a set of object variables V ar and a set of object constants Const, together
with the two classical quantifiers ∀ and ∃. The notion of formula trivially generalizes taking into account that now, if ϕ is a formula and x is an object variable,
then (∀x)ϕ and (∃x)ϕ are formulas as well.
In first-order fuzzy logics it is usual to restrict the semantics to L-chains only.
For each L-chain A an L-interpretation for a predicate language PL = (P red, Const)
of L∀ is a structure
M = (M, (rP )P ∈P red , (mc )c∈Const )
where M 6= ∅, rP : M ar(P ) → A and mc ∈ M for each P ∈ P red and c ∈ Const.
For each evaluation of variables v : V ar → M , the truth-value kϕkA
M,v of a formula
(where v(x) ∈ M for each variable x) is defined inductively from
kP (x, · · · , c, · · ·)kA
M,v = rP (v(x), · · · , mc · · ·),
taking into account that the value commutes with connectives, and defining
A
0
k(∀x)ϕkA
M,v = inf{kϕkM,v 0 | v(y) = v (y) for all variables, except x}
A
0
k(∃x)ϕkA
M,v = sup{kϕkM,v 0 | v(y) = v (y) for all variables, except x}

if the infimum and supremum exist in A, otherwise the truth-value(s) remain
undefined. An structure M is called A-safe if all infs and sups needed for definition
of the truth-value of any formula exist in A. Then, the truth-value of a formula ϕ
in a safe A-structure M is just
A
kϕkA
M = inf{kϕkM,v | v : V ar → M }.

When kϕkA
M = 1 for a A-safe structure M, the pair (M, A) is said to be a model
for ϕ, written (M, A) |= ϕ.
The axioms for L∀ are the axioms resulting from those of L by substitution of
propositional variables with formulas of PL plus the following axioms on quantifiers (the same used in [Hájek, 1998a] when defining BL∀):
(∀1)
(∃1)
(∀2)
(∃2)
(∀3)

(∀x)ϕ(x) → ϕ(t) (t substitutable for x in ϕ(x))
ϕ(t) → (∃x)ϕ(x) (t substitutable for x in ϕ(x))
(∀x)(ν → ϕ) → (ν → (∀x)ϕ) (x not free in ν)
(∀x)(ϕ → ν) → ((∃x)ϕ → ν) (x not free in ν)
(∀x)(ϕ ∨ ν) → ((∀x)ϕ ∨ ν) (x not free in ν)

Rules of inference of MTL∀ are modus ponens and generalization: from ϕ infer
(∀x)ϕ.
A completeness theorem for first-order BL was proven in [Hájek, 1998a] and
the completeness theorems of other predicate fuzzy logics defined in the literature
have been proven in the corresponding papers where the propositional logics were
introduced. The following general formulation of completeness for predicate core
and ∆-core fuzzy logics is from the paper [Hájek and Cintula, 2006]: for any be a
(∆-)core fuzzy logic L over a predicate language PL, it holds that
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T `L∀ ϕ iff (M, A) |= ϕ for each model (M, A) of T ,
for any set of sentences T and formula ϕ of the predicate language PL.
For some MTL axiomatic extensions L there are postive and negative results
of standard completeness of the corresponding predicate logic L∀. For instance,
for L being either Gödel, Nilpotent Minimum, MTL, SMTL or IMTL logics, the
corresponding predicate logics G∀, NM∀, MTL∀, SMTL∀ and IMTL∀ have been
proved to be standard complete for deductions from arbitrary theories (see [Hájek,
1998a; Esteva and Godo, 2001; Montagna and Ono, 2002]). However, the predicate
logics L∀, Π∀, BL∀, SBL∀ and ΠMTL∀ are not standard complete [Hájek, 1998a;
Montagna et al., 2006; Horčı́k, 2007].
For more details on predicate fuzzy logics, including complexity results and
model theory, the interested reader is referred to [Hájek and Cintula, 2006] and to
the excellent survey [Hájek and Cintula, 2007].

3.2

Proof theory for t-norm based fuzzy logics

From a proof-theoretic point of view, it is well known that Hilbert-style calculi are
not a suitable basis for efficient proof search (by humans or computers). For the
latter task one has to develop proof methods that are “analytic”; i.e., the proof
search proceeds by step-wise decomposition of the formula to be proved. Sequent
calculi, together with natural deduction systems, tableaux or resolution methods,
yield suitable formalisms to deal with the above task. In this section we survey
some analytic calculi that have been recently proposed for MTL (e.g. see [Gabbay
et al., 2004] for a survey) and some of its extensions using hypersequents, a natural
generalization of Gentzen’s sequents introduced by Avron [1991].
Cut-free sequent calculi provide suitable analytic proof methods. Sequents are
well-known structures of the form
ϕ1 , . . . , ϕ n ` ψ 1 , . . . , ψ m
which can be intuitively understoof as “ϕ1 and . . . and ϕn implies ψ1 or . . . ψm ”.
Sequent calculi have been defined for many logics, however they have problems
with fuzzy logics, namely to cope with the linear ordering of truth-values in [0, 1].
To overcome with this problem when devising a sequent calculus for Gödel logic,
Avron [1991] introduced a natural generalization of sequents called hypersequents.
A hypersequent is an expression of the form
Γ1 ` ∆1 | . . . | Γn ` ∆n
where for all i = 1, . . . n, Γi ` ∆i is an ordinary sequent. Γi ` ∆i is called a
component of the hypersequent. The intended interpretation of the symbol “|”
is disjunctive, so the above hypersequent can be read as stating that one of the
ordinary sequents Γ1 ` ∆1 holds.
Like in ordinary sequent calculi, in a hypersequent calculus there are axioms and
rules which are divided into two groups: logical and structural rules. The logical
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rules are essentially the same as those in sequent calculi, the only difference is the
presence of dummy contexts G and H, called side hypersequents which are used
as variables for (possibly empty) hypersequents. The structural rules are divided
into internal and external rules. The internal rules deal with formulas within
components. If they are present, they are the usual weakening and contraction
rules. The external rules manipulate whole components within a hypersequent.
These are external weakening (EW) and external contraction (EC):
H |Γ`A|Γ`A

H
(EC)

(EW )
H |Γ`A

H |Γ`A

In hypersequent calculi it is possible to define further structural rules which simultaneously act on several components of one or more hypersequents. It is this
type of rule which increases the expressive power of hypersequent calculi with respect to ordinary sequent calculi. An example of such a kind of rule is Avron’s
communication rule:
H | Π1 , Γ1 ` A

G | Π2 , Γ2 ` B

(com)
H | G | Π1 , Π2 ` A | Γ1 , Γ2 ` B
Indeed, by adding (com) to the hypersequent calculus for intuitionistic logic one
gets a cut-free calculus for Gödel logic [Avron, 1991]. Following this approach, a
proof theory for MTL has been investigated in [Baaz et al., 2004], where an analytic hypersequent calculus has been introduced. This calculus, called HMTL,
has been defined by adding the (com) rule to the hypersequent calculus for intuitionistic logic without contraction IPC∗ \ c (or equivalently Monidal logic ML or
Full Lambek with exchange and weaking FLew ). More precisely, axioms and rules
of HMTL are those of Table 3.2.
In fact, in [Baaz et al., 2004] it is shown that HMTL is sound and complete
for MTL and that HMTL admits cut-elimination. Cut-free hypersequent calculi
have also been obtained by Ciabattoni et al. [Ciabattoni et al., 2002] for IMTL
and SMTL.
Elegant hypersequent calculi have also been defined by Metcalfe, Olivetti and
Gabbay for Lukasiewicz logic [Metcalfe et al., 2005] and Product logic [Metcalfe
et al., 2004a], but using different rules for connectives. A generalization of both
hypersequents and sequents-of-relations, called relational hypersequents is introduced in [Ciabattoni et al., 2005]. Within this framework, they are able to provide
logical rules for Lukasiewicz, Gödel and Product logics that are uniform i.e., identical for all three logics and then purely syntactic calculi with very simple initial
relational hypersequents are obtained by introducing structural rules reflecting the
characteristic properties of the particular logic. Such a framework is also used by
Bova and Montagna in a very recent paper [Bova and Montagna, 2007] to provide
a proof system for BL, a problem which has been open for a long time.
Finally, let us comment that other proof search oriented calculi include a tableaux
calculus for Lukasiewicz logic [Hähnle, 1994], decomposition proof systems for
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0`A

(cut)

Internal and External Structural Rules :
H |Γ`C
(iw)
H | Γ, B ` C
M ultiplicative f ragment :
H | Γ, A, B ` C
(&, l)
H | Γ, A&B ` C
G | Γ ` A H | Γ0 , B ` C
(→, l)
G | H | Γ, Γ0 , A → B ` C
Additive f ragment :
H | Γ, Ai ` C
(∧, li )i=1,2
H | Γ, A1 ∧ A2 ` C
H | Γ, A ` C G | Γ, B ` C
(∨, l)
H | G | Γ, A ∨ B ` C

(EC),

(&, r)
(→, r)

(∧, r)

H |Γ`A

G | A, Γ0 ` C

H | G | Γ, Γ0 ` C
(EW ),

H |Γ`A

(com)

G | Γ0 ` B

H | G | Γ, Γ0 ` A&B
H | Γ, A ` B
H |Γ`A→B
G|Γ`A

(∨, ri )i=1,2

H |Γ`B

G | H | Γ`A∧B
H | Γ ` Ai
H | Γ ` A1 ∨ A2

Table 5. Axioms and rules of the hypersequent calculus HMTL.
Gödel logic [Avron and Konikowska, 2001], and goal-directed systems for Lukasiewicz and Gödel logics [Metcalfe et al., 2004b; Metcalfe et al., 2003]. Also, a
general approach is presented in [Aguzzoli, 2004] where a calculus for any logic
based on a continuous t-norm is obtained via reductions to suitable finite-valued
logics, but not very suitable for proof search due to a very high branching factor
of the generated proof trees. For an exhaustive survey on proof theory for fuzzy
logics, the interested reader is referred to the forthcoming monograph [Metcalfe et
al., to appear].

3.3 Dealing with partial truth: Pavelka-style logics with truth-constants
The notion of deduction in t-norm based fuzzy logics is basically crisp, in the sense
it preserves the distinguished value 1. Indeed, a deduction
T `L ψ
in a complete logic L actually means that ψ necessarily takes the truth-value 1 in
all evaluations that make all the formulas in T 1-true. However, from another point
of view, more in line with Zadeh’s approximate reasoning, one can also consider
t-norm based fuzzy logics as logics of comparative truth. In fact, the residuum ⇒ of
a (left-continuous) t-norm ∗ satisfies the condition x ⇒ y = 1 if, and only if, x ≤ y
for all x, y ∈ [0, 1]. This means that a formula ϕ → ψ is a logical consequence
of a theory T , i.e. if T `L ϕ → ψ, if the truth degree of ϕ is at most as high
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as the truth degree of ψ in any interpretation which is a model of the theory T .
Therefore, implications indeed implicitly capture a notion of comparative truth.
This is fine, but in some situations one might be also interested to explicitly
represent and reason with partial degrees of truth. For instance, in any logic L∗
of a left-continuous t-norm ∗, any truth-evaluation e satisfying e(ϕ → ψ) ≥ α and
e(ϕ) ≥ β, necessarily satisfies e(ψ) ≥ α ∗ β as well. Therefore, having this kind
of graded (semantical) form of modus ponens inside the logic (as many applied
fuzzy systems do [Dubois et al., 1991c]) may seem useful when trying to devise
mechanisms for allowing deductions from partially true propositions.
One convenient and elegant way to allow for an explicit treatment of degrees of
truth is by introducing truth-constants into the language. In fact, if one introduces
in the language new constant symbols α for suitable values α ∈ [0, 1] and stipulates
that
e(α) = α
for all truth-evalutations, then a formula of the kind α → ϕ becomes 1-true under
any evaluation e whenever α ≤ e(ϕ).
This approach actually goes back to Pavelka [1979] who built a propositional
many-valued logical system PL which turned out to be equivalent to the expansion
of Lukasiewicz Logic by adding into the language a truth-constant r for each real
r ∈ [0, 1], together with a number of additional axioms. The semantics is the same
as Lukasiewicz logic, just expanding the evaluations e of propositional variables
in [0, 1] to truth-constants by requiring e(r) = r for all r ∈ [0, 1]. Although
the resulting logic is not strong standard complete (SSC in the sense defined in
Section 3.1) with respect to that intended semantics, Pavelka proved that his logic
is complete in a different sense. Namely, he defined the truth degree of a formula
ϕ in a theory T as
kϕkT = inf{e(ϕ) | e is a PL-evaluation model of T },
and the provability degree of ϕ in T as
|ϕ|T = sup{r ∈ [0, 1] | T `PL r → ϕ}
and proved that these two degrees coincide. This kind of completeness is usually known as Pavelka-style completeness, and strongly relies on the continuity of
Lukasiewicz truth functions. Note that kϕkT = 1 is not equivalent to T `P L ϕ,
but only to T `P L r → ϕ for all r < 1. Novák extended Pavelka’s approach to
Lukasiewicz first order logic [Novák, 1990a; Novák, 1990b].
Later, Hájek [1998a] showed that Pavelka’s logic PL could be significantly simplified while keeping the completeness results. Indeed he showed that it is enough
to extend the language only by a countable number of truth-constants, one for each
rational in [0, 1], and by adding to the logic the two following additional axiom
schemata, called book-keeping axioms:
r&s ↔ r ∗L s
r → s ↔ r ⇒L s

66

Didier Dubois, Francesc Esteva, Lluı́s Godo, Henri Prade

for all r ∈ [0, 1]∩Q, where ∗L and ⇒L are the Lukasiewicz t-norm and its residuum
respectively. He called this new system Rational Pavelka Logic, RPL for short.
Moreover, he proved that RPL is strong standard complete for finite theories
(FSSC in the usual sense). He also defined the logic RPL∀, the extension of RPL
to first order, and showed that RPL∀ enjoys the same Pavelka-style completeness.
Similar rational expansions for other t-norm based fuzzy logics can be analogously defined, but unfortunately Pavelka-style completeness cannot be obtained
since Lukasiewicz Logic is the only fuzzy logic whose truth-functions (conjunction
and implication) are continuous functions.
However, several expansions with truth-constants of fuzzy logics different from
Lukasiewicz have been studied, mainly related to the other two outstanding continuous t-norm based logics, namely Gödel and Product logic. We may cite [Hájek,
1998a] where an expansion of G∆ (the expansion of Gödel Logic G with Baaz’s
projection connective ∆) with a finite number of rational truth-constants, [Esteva et al., 2000] where the authors define logical systems obtained by adding
(rational) truth-constants to G∼ (Gödel Logic with an involutive negation) and
to Π (Product Logic) and Π∼ (Product Logic with an involutive negation). In
the case of the rational expansions of Π and Π∼ an infinitary inference rule (from
{ϕ → r : r ∈ Q ∩ (0, 1]} infer ϕ → 0) is introduced in order to get Pavelkastyle completeness. Rational truth-constants have been also considered in some
stronger logics (see Section 3.4) like in the logic LΠ 12 [Esteva et al., 2001], a logic
that combines the connectives from both Lukasiewicz and Product logics plus the
truth-constant 1/2, and in the logic PL [Horčı́k and Cintula, 2004], a logic which
combines Lukasiewicz Logic connectives plus the Product Logic conjunction (but
not implication), as well as in some closely related logics.
Following this line, Cintula gives in [Cintula, 2005d] a definition of what he calls
Pavelka-style extension of a particular fuzzy logic. He considers the Pavelka-style
extensions of the most popular fuzzy logics, and for each one of them he defines an
axiomatic system with infinitary rules (to overcome discontinuities like in the case
of Π explained above) which is proved to be Pavelka-style complete. Moreover he
also considers the first order versions of these extensions and provides necessary
conditions for them to satisfy Pavelka-style completeness.
Recently, a systematic approach based on traditional algebraic semantics has
been considered to study completeness results (in the usual sense) for expansions
of t-norm based logics with truth-constants. Indeed, as already mentioned, only
the case of Lukasiewicz logic was known according to [Hájek, 1998a]. Using this algebraic approach the expansions of the other two distinguished fuzzy logics, Gödel
and Product logics, with countable sets of truth-constants have been reported in
[Esteva et al., 2006] and in [Savický et al., 2006] respectively. Following [Esteva et
al., 2007a; Esteva et al., 2007b], we briefly describe in the rest of this section the
main ideas and results of this general algebraic approach.
If L∗ is a logic of (left-continuous) t-norm ∗, and C = hC, ∗, ⇒, min, max, 0, 1i
is a countable subalgebra of the standard L∗ -algebra [0, 1]∗ , then the logic L∗ (C)
is defined as follows:
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(i) the language of L∗ (C) is the one of L∗ expanded with a new propositional
variable r for each r ∈ C
(ii) the axioms of L∗ (C) are those of L∗ plus the bookeeping axioms
r&s ↔ r ∗ s
r → s ↔ r ⇒∗ s
for each r, s ∈ C. The algebraic counterpart of the L∗ (C) logic consists of the class
of L∗ (C)-algebras, defined as structures
A = hA, &, →, ∧, ∨, {rA : r ∈ C}i
such that:
A A
1. hA, &, →, ∧, ∨, 0 , 1 i is an L∗ -algebra, and
2. for every r, s ∈ C the following identities hold:
rA &sA = r ∗ sA
rA → sA = r ⇒ sA .
A L∗ (C)-chain defined over the real unit interval [0, 1] is called standard. Among
the standard chains, there is one which reflects the intended semantics, the socalled canonical L∗ (C)-chain
[0, 1]L∗ (C) = h[0, 1], ∗, ⇒, min, max, {r : r ∈ C}i,
i. e. the one where the truth-constants are interpreted by themselves. Note that,
for a logic L∗ (C) there can exist multiple standard chains, as soon as there exist
different ways of interpreting the truth-constants on [0, 1] respecting the bookkeeping axioms. For instance, for the case of Gödel logic, when ∗ = min and
C = [0, 1] ∩ Q, the algebra A = h[0, 1], &, →, ∧, ∨, {rA : r ∈ C}i where

1, if r ≥ α
A
r =
0, otherwise
is a standard L∗ (C) algebra for any α > 0.
Since the additional symbols added to the language are 0-ary, L∗ (C) is also an
algebraizable logic and its equivalent algebraic semantics is the variety of L∗ (C)algebras, This, together with the fact that L∗ (C)-algebras are representable as
a subdirect product of L∗ (C)-chains, leads to the following general completeness
result of L∗ (C) with respect to the class of L∗ (C)-chains: for any set Γ ∪ {ϕ} of
L∗ (C) formulas,
Γ `L∗ (C) ϕ if, and only if,
A

for each L∗ (C)-chain A, e(ϕ) = 1

for all A-evaluation e model of Γ.

The issue of studying when a logic L∗ (C) is also complete with respect to the
class of standard L∗ (C)-chains (called standard completeness) or with respect to the
canonical L∗ (C)-chain (called canonical completeness) has been addressed in the
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literature for some logics L∗ . Hájek already proved in [Hájek, 1998a] the canonical
completeness of the expansion of Lukasiewicz logic with rational truth-constants
for finite theories. More recently, the expansions of Gödel (and of some t-norm
based logic related to the nilpotent minimum t-norm) and of Product logic with
countable sets of truth-constants have been proved to be canonical complete for
theorems in [Esteva et al., 2006] and in [Savický et al., 2006] respectively. A rather
exhaustive description of completeness results for the logics L∗ (C) can be found in
[Esteva et al., 2007a; Esteva et al., 2007b] and about complexity in [Hájek, 2006b].
One negative result for many of these logics (with the exception of Lukasiewicz
logic) is that they are not canonical complete for deductions from non-empty
theories. However, such canonical completeness can be recovered in some cases
(see e.g. [Esteva et al., 2007a]) when the one considers the fragment of formulas
of the kind
r → ϕ,
where ϕ is a formula without additional truth-constants. Actually, this kind of
formulas, under the notation as a pair (r, ϕ), have been extensively considered
in other frameworks for reasoning with partial degrees of truth, like in Novák’s
formalism of fuzzy logic with evaluated syntax based on Lukasiewicz Logic (see
e.g. [Novák et al., 1999]), in Gerla’s framework of abstract fuzzy logics [Gerla,
2001] or in fuzzy logic programming (see e.g. [Vojtáš, 2001]).

3.4

More complex residuated logics

Other interesting kinds of fuzzy logics are those expansions obtained by joining
the logics of different t-norms or by adding specific t-norm related connectives to
certain logics. In this section we describe some of them, in particular expansions
with Baaz’s ∆ connective, expansions with an involutive negation, and the logics
LΠ, LΠ 12 and PL combining connectives from Lukasiewicz and Product logics.
Logics with ∆ Here below we describe L∆ , the expansion of an axiomatic extension L of MTL with Baaz’s ∆ connective. The intended semantics for the ∆
unary connective, introduced in [Baaz, 1996], is that ∆ϕ captures the crisp part of
a fuzzy proposition ϕ (similar to the core of a fuzzy set). This is done by extending
the truth-evaluations e on formulas with the additional requirement:

1, if e(ϕ) = 1
e(∆ϕ) =
0, otherwise
Therefore, for any formula ϕ, ∆ϕ behaves as a classical (two-valued) formula. At
the syntactical level, axioms and rules of L∆ are those of L plus the following
additional set of axioms:
(∆1) ∆ϕ ∨ ¬∆ϕ,
(∆2) ∆(ϕ ∨ ψ) → (∆ϕ ∨ ∆ψ),
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(∆3) ∆ϕ → ϕ,
(∆4) ∆ϕ → ∆∆ϕ,
(∆5) ∆(ϕ → ψ) → (∆ϕ → ∆ψ).
and the Necessitation rule for ∆: from ϕ derive ∆ϕ11 . The notion of proof in L∆
is the usual one.
Notice that in general the local deduction theorem for MTL and its extensions
L fails for the logics L∆ . Indeed, ϕ `L∆ ∆ϕ, but for each n it may be the case
6`L∆ ϕn → ∆ϕ. Take, for example, a strict continuous t-norm ∗, hence isomorphic
to the product. Then for all 0 < x < 1, xn > 0. However, every logic L∆ satisfies
another form of deduction theorem, known as [Hájek, 1998a]:
Γ ∪ {ϕ} ` ψ iff Γ ` ∆ϕ → ψ.
The algebraic semantics of L∆ is given by L∆ -algebras, i.e. L-algebras expanded
with a unary operator δ, satisfying the following conditions for all x, y:
(δ1)
(δ2)
(δ3)
(δ4)
(δ5)
(δ6)

δ(x) ∨ ¬δ(x) = 1
δ(x ∨ y) ≤ (δ(x) ∨ δ(y))
δ(x) ≤ x
δ(x) ≤ δ(δ(x))
δ(x ⇒ y) ≤ (δ(x) ⇒ δ(y))
δ(1) = 1

Notice that in any linearly ordered L∆ -algebra δ(x) = 1 if x = 1, and δ(x) = 0
otherwise. The notions of evaluation, model and tautology are obviously adapted
from the above case. Then the following is the general completeness results for
L∆ logics [Hájek, 1998a; Esteva and Godo, 2001]: for each set of L∆ -formulas Γ
and each L∆ -formula ϕ the following are equivalent:
1. Γ `L∆ ϕ,
2. for each L∆ -chain A and each A-model e of Γ, e(ϕ) = 1,
3. for each L∆ -algebra A and each A-model e of Γ, e(ϕ) = 1.
Standard completeness for L∆ logics have been proved in the literature whenever
the logic L has been shown to be standard complete, like e.g. it is the case for all
the logics listed in Table 3.
Logics with an involutive negation Basic strict fuzzy logic SBL was introduced in [Esteva et al., 2000] as the axiomatic extension of BL by the single axiom
(PC) ¬(ϕ ∧ ¬ϕ), and SMTL in an analogous way as extension of MTL [Hájek,
2002]. Note that Gödel logic G and Product logic Π are extensions of SBL (and
11 Note that this rule holds because syntactic derivation only preserves the maximal truth value,
contrary to Zadeh’s entailment principle
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thus of SMTL as well). In any extension of SMTL, the presence of the axiom (PC)
forces the negation ¬ to be strict, i.e. any evaluation e model of (PC) one has

1, if e(ϕ) = 0
e(¬ϕ) =
0, otherwise
This kind of “two-valued” negation is also known in the literature as Gödel negation. In the logics with Gödel negation, one cannot define a meaningful (strong)
disjunction ∨ by duality from the conjunction &, i.e. to define ϕ∨ψ as ¬(¬ϕ&¬ψ),
as well as a corresponding S-implication ϕ →S ψ as ¬ϕ∨ψ. It seems therefore natural to introduce in these logics an involutive negation ∼ as an extra connective.
To do so, and noticing that a suitable combination of both kinds of negations
behaves like the ∆ connective, i.e.


1, if e(ϕ) = 1
e(¬ ∼ ϕ) =
= e(∆ϕ),
0, otherwise
the logic SBL∼ , where the ∆ connective is in fact a derivable connective (∆ϕ is
¬ ∼ ϕ) was introduced in [Esteva et al., 2000] as an axiomatic extension of the
logic SBL∆ by the following two axioms:
(∼1)
(∼2)

∼∼ ϕ ≡ ϕ
∆(ϕ → ψ) → (∼ ψ →∼ ϕ)

Axiom (∼1) forces the negation ∼ to be involutive and axiom (∼2) to be order reversing. Similar extensions have been defined for Gödel logic (G∼ ), Product
logic (Π∼ ) and SMTL (SMTL∼ ).
Standard completeness for these logics was proved but, interestingly enough,
these two axioms are not enough to show completeness of SBL (Π, SMTL, resp.)
with respect to SBL-algebras (Π-algebras, SMTL-algebras resp.) on [0, 1] expanded only by the standard negation n(x) = 1 − x, one needs to consider all
possible involutive negations in [0, 1], even though all of them are isomorphic.
This was noticed in [Esteva et al., 2000], and has been deeply studied by Cintula et al. in [2006] where the expansions of SBL with an involutive negation are
systematically investigated. The addition of an involutive negation in the more
general framework of MTL has also been addressed by Flaminio and Marchioni in
[2006].
The logic LΠ 21 . LΠ 21 is a logic “putting Lukasiewicz and Product logics together”, introduced an studied in [Esteva and Godo, 1999; Montagna, 2000; Esteva et al., 2001] and further developed by Cintula in [2001a; 2001c; 2003; 2005b].
The language of the LΠ logic is built in the usual way from a countable set of
propositional variables, three binary connectives →L (Lukasiewicz implication),
(Product conjunction) and →Π (Product implication), and the truth constant 0̄.
A truth-evaluation is a mapping e that assigns to every propositional variable a
real number from the unit interval [0, 1] and extends to all formulas as follows:
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e(ϕ

ψ) = e(ϕ) · e(ψ),
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e(ϕ →L ψ) = min(1
− e(ϕ) + e(ψ), 1),

1,
if e(ϕ) ≤ e(ψ)
e(ϕ →Π ψ) =
.
e(ψ)/e(ϕ), otherwise

The truth constant 1 is defined as ϕ →L ϕ. In this way we have e(1) = 1 for any
truth-evaluation e. Moreover, many other connectives can be defined from those
introduced above:
¬L ϕ
ϕ∧ψ
ϕ⊕ψ
ϕ ψ
∆ϕ

is
is
is
is
is

ϕ →L 0̄,
ϕ&(ϕ →L ψ),
¬L ϕ →L ψ,
ϕ&¬L ψ,
¬Π ¬L ϕ,

¬Π ϕ
ϕ∨ψ
ϕ&ψ
ϕ≡ψ
∇ϕ

is
is
is
is
is

ϕ →Π 0̄,
¬L (¬L ϕ ∧ ¬L ψ),
¬L (¬L ϕ ⊕ ¬L ψ),
(ϕ →L ψ)&(ψ →L ϕ),
¬Π ¬Π ϕ,

with the following interpretations:


e(¬L ϕ) = 1 − e(ϕ),
e(ϕ ∧ ψ) = min(e(ϕ), e(ψ)),
e(ϕ ⊕ ψ) = min(1, e(ϕ) + e(ψ)),
e(ϕ ψ) = max(0,
e(ϕ) − e(ψ)),

1, if e(ϕ) = 1
e(∆ϕ) =
,
0, otherwise

e(¬Π ϕ) =
e(ϕ ∨ ψ) =
e(ϕ&ψ) =
e(ϕ ≡ ψ) =
e(∇ϕ) =

1, if e(ϕ) = 0
,
0, otherwise
max(e(ϕ), e(ψ)),
max(0, e(ϕ) + e(ψ) − 1),
1− |e(ϕ) − e(ψ)|,
1, if e(ϕ) > 0
.
0, otherwise

The logical system LΠ is the logic whose axioms are12 :
(L)
(Π)
(¬)
(∆)
(LΠ5)

Axioms of Lukasiewicz logic (for →L , &, 0̄);
Axioms for product logic (for →Π , , 0̄);
¬Π ϕ →L ¬L ϕ
∆(ϕ →L ψ) ≡L ∆(ϕ →Π ψ)
ϕ (ψ χ) ≡L (ϕ ψ) (ϕ χ)

and whose inference rules are modus ponens (for →L ) and necessitation for ∆:
from ϕ infer ∆ϕ.
The logic LΠ 21 is then obtained from LΠ by adding a truth constant 12 together
with the axiom:
(LΠ 12 )

1
2

≡ ¬L 12

Obviously, a truth-evaluation e for LΠ is easily extended to an evaluation for
LΠ 21 by further requiring e( 12 ) = 12 .
The notion of proof in LΠ 21 is as usual and it is indeed strongly complete for
finite theories with respect to the given semantics. That is, if T is a finite set of
formulas, then T `LΠ 1 ϕ iff e(ϕ) = 1 for any LΠ 21 -evaluation e model of T .
2

It is interesting to remark that LΠ and LΠ 12 are indeed very powerful logics. Indeed LΠ conservatively extends Lukasiewicz, Product and Gödel logics (note that
12 This definition, proposed in [Cintula, 2003], is actually a simplified version of the original
definition of LΠ given in [Esteva et al., 2001].
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Gödel implication →G is also definable by putting ϕ →G ψ as ∆(ϕ → ψ) ∨ ψ).
Moreover, as shown in [Esteva et al., 2001], rational truth constants r̄ (for each
rational r ∈ [0, 1]) are definable in LΠ 12 from the truth constant 12 and the connectives. Therefore, in the language of LΠ 21 there is a truth-constant for each rational
in [0, 1], and due to completeness of LΠ 12 , the following book-keeping axioms for
rational truth constants are provable:
(RLΠ1)
(RLΠ3)

¬L r
r s

≡
≡

1 − r,
r · s,

(RLΠ2)
(RLΠ4)

r →L s
r →Π s

≡
≡

min(1, 1 − r + s),
r ⇒P s,

where r ⇒P s = 1 if r ≤ s, r ⇒P s = s/r otherwise. Moreover, Cintula [2003]
shows (see also [Marchioni and Montagna, 2006]) that, for each continuous t-norm
∗ that is an ordinal sum of finitely many copies of Lukasiewicz, product and minimum t-norms, L∗ (the logic of the t-norm ∗) is interpretable in LΠ 12 . Indeed, he
defines a syntactical translation of L∗ -formulas into LΠ 12 -formulas, say ϕ 7→ ϕ0 ,
such that L∗ proves ϕ if and only if LΠ 12 proves ϕ0 . Connections between the
logics LΠ and Π∼ (the extension of product logic Π with an involutive negation,
see above) have been also investigated in [Cintula, 2001c].
The predicate LΠ and LΠ 21 logics have been studied in [Cintula, 2001a], showing
in particular that they conservatively extend Gödel predicate logic.
To conclude, let us remark that the so-called LΠ 12 -algebras, the algebraic counterpart of the logic LΠ 12 , are in strong connection with ordered fields. Indeed,
Montagna has shown [Montagna, 2000; Montagna, 2001], among other things,
that LΠ 12 -algebras are substructures of fields extending the field of rational numbers. Morever, as recently shown in [Marchioni and Montagna, 2006; Marchioni
and Montagna, to appear], that the theory of real closed fields is faithfully interpretable in LΠ 21 . See also [Montagna and Panti, 2001; Montagna, 2005] for further
deep algebraic results regarding LΠ-algebras.
The logic PL. Starting from algebraic investigations on MV-algebras with additional operators by Montagna [2001; 2005], the logic PL, for Product-Lukasiewicz,
was introduced by Horčı́k and Cintula in [2004]. Basically, PL is an expansion of
Lukasiewicz logic by means of the product conjunction, and its language is built
up from three binary connectives, & (Lukasiewicz conjunction), → (Lukasiewicz
implication),
(Product conjunction), and the truth constant 0̄. The axioms of
PL are those of Lukasiewicz logic, plus the following additional axioms:
(PL1) ϕ

(ψ&(χ → 0)) ↔ (ϕ

(PL2) ϕ

(χ

(PL3) ϕ → ϕ

ψ) ↔ (ϕ
1,

(PL4) ϕ

ψ → ϕ,

(PL5) ϕ

ψ→ψ

ϕ

ψ)

ψ)&((ϕ
χ,

χ) → 0),
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They also consider the logic PL0 as the extension of PL by the deduction rule:
(ZD) from ¬(ϕ

ϕ), derive ¬ϕ.

PL0 is shown to be standard complete with respect to the standard Lukasiewicz
algebra expanded with the product (of reals) operation (see also [Montagna, 2001]),
hence w. r. t. the intended semantics, while PL is not. In fact, it is the inference
rule (ZD) that makes the difference, forcing the interpretation of the product
connective to have no zero divisors. At the same time, in contrast to all the other
algebraic semantics surveyed so far, the class of algebras associated to the PL0
does not form a variety but a quasi-variety.
In [Horčı́k and Cintula, 2004], the authors also study expansions of these logics
by means of Baaz’s ∆ connective and by rational truth constants, as well as their
predicate versions.
A logic which is very related to these systems is Takeuti and Titani’s logic [1992].
It is a predicate fuzzy logic based on the Gentzen’s system LJ of intuitionistic
predicate logic. The connectives used by this logic are just the connectives of
the predicate PL logic with a subset of rational truth-constants but Takeuti and
Titani’s logic has two additional deduction rules and 46 axioms and it is sound
and complete w.r.t. the standard PL∆ -algebra (cf. [Takeuti and Titani, 1992,
Th. 1.4.3]). In [Horčı́k and Cintula, 2004] it is shown it exactly corresponds to
the expansion of predicate PL∆ logic with truth-constants which are of the form
k/2n , for natural numbers k and n.

3.5

Further issues on residuated fuzzy logics

The aim in the preceding subsections has been to survey main advances in the
logical formalization of residuated many-valued systems underlying fuzzy logic in
narrow sense. This field has had a great development in the last 10-15 years, and
many scholars from different disciplines like algebra, logic, computer science or
artificial intelligence joined efforts. Hence, our presentation is not exhaustive by
far. A lot of aspects and contributions have not been covered by lack of space
reasons, although they deserve to be commented. At the risk of being again
incomplete, we briefly go through some of them in the rest of this subsection.
A. Other existing expansions and fragments of MTL and related logics
Hoop fuzzy logics: In [Esteva et al., 2003] the positive (falsehood-free) fragments of BL and main extensions (propositional and predicate calculi) are axiomatized and they are related 0-free subreducts of the corresponding algebras,
which turn out to be a special class of algebraic structures known as hoops (hence
the name of hoop fuzzy logic). Similar study is carried for MTL and extensions,
introducing the related algebraic structures which are called semihoops. Issues of
completeness, conservativeness and complexity are also addressed. The class of
the so-called basic hoops, hoops corresponding to BLH, the hoop variant of BL,
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have an important role in the algebraic study of linearly ordered chains [Aglianó
et al., to appear].
Rational Lukasiewicz logic and DMV-algebras:
A peculiar kind of expansion which allows the representation of rational truth-constants is given by the
indexRational Lukasiewicz logicRational Lukasiewicz logic RL introduced by Gerla
[2001b]. RL is obtained by extending Lukasiewicz logic by the unary connectives
δn , for each n ∈ N, plus the following axioms:
(D1) δn ϕ⊕ . n. . ⊕δn ϕ ↔ ϕ

(D2) ¬δn ϕ ⊕ ¬(δn ϕ⊕ . n. . ⊕δn ϕ).

where ⊕ is Lukasiewicz strong disjunction. The algebraic semantics for RL is given
by DMV-algebras (divisible MV-algebras). A Lukasiewicz logic evaluation e into
the real unit interval is extended to the connectives δn by e(δn ϕ) = e(ϕ)/n. In this
way one can define in RL all rationals in [0, 1]. RL was shown to enjoy both finite
strong standard completeness and Pavelka-style completeness (see [Gerla, 2001b]
for all details). In particular, Hájek’s Rational Pavelka logic can be faithfully
interpreted in RL.
Fuzzy logics with equality: The question of introducing the (fuzzy) equality
predicate in different systems of fuzzy logic has been dealt with in several papers,
see e.g. [Liau and Lin, 1988; Bělohlávek, 2002c; Hájek, 1998a; Novák et al., 1999;
Novák, 2004; Bělohlávek and Vychodil, 2005] . Actually, in most of the works,
fuzzy equality is a generalization of the classical equality because it is subject to
axioms which are formally the same as the equality axioms in classical predicate
logic. Semantically, fuzzy equality is related to the characterization of graded
similarity among objects, with the meaning that the more similar are a couple of
objects, the higher is the degree of their equality.
B. About computational complexity
The issue of complexity of t-norm based logics has also been studied in a number of
papers starting with Mundici’s [1994] pioneering work regarding NP-completeness
of Lukasiewicz logic and flourishing during the nineties, with some problems still
left open. It has to be pointed out that the dichotomy of the SAT and TAUT
problems in classical logic, where checking the tautologicity of ϕ is equivalent to
check that ¬ϕ is not satisfiable and vice-versa, is no longer at hand in many-valued
logics. Unlike in classical logic, for a many-valued semantics there need not be a
simple relationship between its TAUT and SAT problems. This is the reason why,
given a class K of algebras of the same type, it is natural to distinguish the following sets of formulas (as suggested in [Baaz et al., 2002] for the SAT problems):
T AU T1K = {ϕ | ∀A ∈ K, ∀eA , eA (ϕ) = 1}
K
T AU Tpos
= {ϕ | ∀A ∈ K, ∀eA , eA (ϕ) > 0}
SAT1K = {ϕ | ∃A ∈ K, ∃eA , eA (ϕ) = 1}
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K
SATpos
= {ϕ | ∃A ∈ K, ∃eA , eA (ϕ) > 0}

The interested reader is referred to two excellent surveys on complexity results
and methods used: the one by Aguzzoli, Gerla and Hanniková [2005] concerning
a large family of propositional fuzzy logics (BL and several of its expansions) as
well as some logics with the connective ∆; and the one by Hájek’s [2005b] for the
case of prominent predicate fuzzy logics.
C. Weaker systems of fuzzy logic
Non commutative fuzzy logics: Starting from purely algebraic motivations
(see [Di Nola et al., 2002]), several authors have studied generalizations of BL and
MTL (and related t-norm based logics) with a non-commutative conjunction &,
e.g. [Hájek, 2003a; Hájek, 2003b; Jenei and Montagna, 2003]. These logics have
two implications, corresponding to the left and right residuum of the conjunction.
The algebraic counterpart are the so-called pseudo-BL and pseudo-MTL algebras.
Interestingly enough, while there are pseudo-MTL algebras over the real unit interval [0, 1], defined by left continuous pseudo-t-norms (i.e. operations satisfying
all properties of t-norms but the commutativity), there are not pseudo-BL algebras, since continuous pseudo-t-norms are necessarily commutative. Still a weaker
fuzzy logic, the so-called flea logic is investigated in [Hájek, 2005c], which is a
common generalization of three well-known generalizations of the fuzzy (propositional) logic BL, namely the monoidal t-norm logic MTL, the hoop logic BHL and
the non-commutative logic pseudo-BL.
Weakly implicative fuzzy logics: Going even further on generalizing systems
of fuzzy logic, Cintula [2006] has introduced the framework of weakly implicative
fuzzy logics. The main idea behind this class of logics is to capture the notion of
comparative truth common to all fuzzy logics. Roughly speaking, they are logics
close to Rasiowa’s implicative logics [Rasiowa, 1974] but satisfying a proof-bycases property. This property ensures that these logics have a semantics based on
linearly ordered sets of truth-values, hence allowing a proper notion of comparative
truth. The interested reader is referred to [Behounek and Cintula, 2006b] where
the authors advocate for this view of fuzzy logic.
D. Functional representation issues
McNaughton famous theorem [McNaughton, 1951], establishing that the class of
functions representable by formulas of Lukasiewicz logic is the class of piecewise
linear functions with integer coefficients, has been the point of departure of many
research efforts trying to generalize it for other important fuzzy logics, i.e. trying to
describe the class of real functions which can be defined by the truth tables of formulas of a given fuzzy logic. For instance we may cite [Gerla, 2000; Gerla, 2001a;
Wang et al., 2004; Aguzzoli et al., 2005; Aguzzoli et al., 2006] for the case of
Gödel, Nilpotent Minimum and related logics, [Cintula and Gerla, 2004] for the
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case of product logic, [Montagna and Panti, 2001] for the case of the Lukasiewicz
expansions like L∆ , PL∆ , LΠ, LΠ 12 logics. It is interesting to notice that the
problem of whether the class of functions (on [0, 1]) defined by formulas of Product Lukasiewicz logic PL (see Section 3.4) amounts to the famous Pierce-Birkhoff
conjecture: “Is every real-valued continuous piecewise polynomial function on real
affine n-space expressible using finitely many polynomial functions and the operations of (pointwise) supremum and infimum?” This has been actually proved true
for the case of functions of three variables, but it remains an open problem for the
case of more variables.

3.6

T-norm based fuzzy logic modelling of approximate reasoning

We have already referred in previous sections to the distinction between fuzzy
logic in a narrow sense and in a broad sense. In Zadeh’s opinion [1988], fuzzy logic
in the narrow sense is an extension of many-valued logic but having a different
agenda, in particular including the approximate reasoning machinery described in
Section 2 (flexible constraints propagation, generalized modus ponens, etc. ) and
other aspects not covered there, such as linguistic quantifiers, modifiers, etc. In
general, linguistic and semantical aspects are mainly stressed.
The aim of this section is to show that fuzzy logic in Zadeh’s narrow sense can
be presented as classical deduction in the frame of the t-norm based fuzzy logics
described in previous subsections, and thus bridging the gap between the contents
of Section 2 and Section 3.
In the literature one can find several approaches to cast main Zadeh’s approximate reasoning constructs in a formal logical framework. In particular, Novák and
colleagues have done much in this direction, using the model of fuzzy logic with
evaluated syntax, fully elaborated in the monograph [Novák et al., 1999] (see the
references therein and also [Dvořák and Novák, 2004]), and more recently he has
developed a very powerful and sophisticated model of fuzzy type theory [Novák,
2005; Novák and Lehmke, 2006]. In his monograph, Hájek [1998a] also has a part
devoted to this task.
In what follows, we show a simple way of how to capture at a syntactical level,
namely in a many-sorted version of predicate fuzzy logic calculus, say MTL∀,
some of the basic Zadeh’s approximate reasoning patterns, basically from ideas
in [Hájek, 1998a; Godo and Hájek, 1999]. It turns out that the logical structure
becomes rather simple and the fact that fuzzy inference is in fact a (crisp) deduction becomes rather apparent. The potential advantges of this presentation are
several. They range from having a formal framework which can be common or
very similar for various kinds of fuzzy logics to the availability of well-developed
proof theoretical tools of many-valued logic.
Consider the simplest and most usual expressions in Zadeh’s fuzzy logic of the
form
“x is A”,
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discussed in Section 2.2, with the intended meaning the variable x takes the value
in A, represented by a fuzzy set µA on a certain domain U . The representation of
this statement in the frame of possibility theory is the constraint
(∀u)(πx (u) ≤ µA (u))
where πx stands for the possibility distribution for the variable x. But such a
constraint is very easy to represent in MTL∀ as the
(∀x)(X(x) → A(x))
(Caution!: do not confuse the logical variable x in this logical expression from the
linguistic (extra-logical) variable x in “x is A”) where A and X are many-valued
predicates of the same sort in each particular model M. Their interpretations
(as fuzzy relations on their common domain) can be understood as the membership function µA : U −→ [0, 1] and the possibility distribution πx respectively.
Indeed, one can easily observe that k (∀x)(X(x) → A(x)) kM = 1 if and only if
kX(x)kM,e ≤kA(x)kM,e , for all x and any evaluation e. From now on, variables
ranging over universes will be x, y; “x is A” becomes (∀x)(X(x) → A(x)) or just
X ⊆ A; if z is 2-dimmensional variable (x, y), then an expression “z is R” becomes
(∀x, y)(Z(x, y) → R(x, y)) or just Z ⊆ R.
In what follows, only two (linguistic) variables will be involved x, y and z =
(x, y). Therefore we assume that X, Y (corresponding to the possibility distributions πx and πy ) are projections of a binary binary fuzzy predicate Z (corresponding to the joint possibility distribution πx,y ). The axioms we need to state in order
to formalize this asumption are:
Π1 :

(∀x, y)(Z(x, y) → X(x)) & (∀x, y)(Z(x, y) → Y (y))

Π2 :

(∀x)(X(x) → (∃y)Z(x, y)) & (∀y)(Y (y) → (∃x)Z(x, y))

Condition Π1 expresses the monotonicity conditions πx,y (u, v) ≤ πx (u) and πx,y (u, v)
≤ πy (v), whereas both conditions Π1 and Π2 used together express the marginalization conditions πx (u) = supv πx,y (u, v) and πy (v) = supv πx,y (u, v). These can
be equivalently presented as the only one condition P roj, as follows:
Proj:

(∀x)(X(x) ≡ (∃y)Z(x, y)) & (∀y)(Y (y) ≡ (∃x)Z(x, y))

Next we shall consider several approximate reasoning patterns described in Section 2, and for each pattern we shall present a corresponding tautology and its
derived deduction rule, which will automatically be sound.
1. Entailment Principle: From “x is A” infer “x is A∗ ”, whenever µA (u) ≤
µA∗ (u) for all u.
Provable tautology:
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(A ⊆ A∗ ) → (X ⊆ A → X ⊆ A∗ )
Sound rule:

A ⊆ A∗ , X ⊆ A
X ⊆ A∗

2. Cylindrical extension: From “x is A” infer “(x, y) is A+ ”, where µA+ (u, v) =
µA (u) for each v.
Provable tautology:
Π1 → [(X ⊆ A) → ((∀xy)(A+ (x, y) ↔ A(x)) → (Z ⊆ A+ ))]
Sound rule:

Π1, X ⊆ A, (∀xy)(A+ (x, y) ↔ A(x))
Z ⊆ A+

3. min–Combination: From “x is A1 ” and “x is A2 ” infer “x is A1 ∩ A2 ”, where
µA1 ∩A2 (u) = min(µA1 (u), µA2 (u)).
Tautology:
(X ⊆ A1 ) → ((X ⊆ A2 ) → (X ⊆ (A1 ∧ A2 )))
Rule:

X ⊆ A1 , X ⊆ A2
X ⊆ (A1 ∧ A2 )

where (A1 ∧ A2 )(x) is an abbreviation for A1 (x) ∧ A2 (x).
4. Projection: From “(x, y) is R” infer “y is RY ”, where µRY (y) = supu µR (u, v)
for each v.
Provable tautology:
Π2 → ((Z ⊆ R) → (∀y)(Y (y) → (∃x)R(x, y)))
Sound rule:

Π2, Z ⊆ R
(∀y)(Y (y) → (∃x)R(x, y))

Note that the formalization of the max–min composition rule (from “x is A” and
“(x, y) is R” infer “y is B”, where µB (y) = supu min(µA (u), µR (u, v)))
Cond, P roj, (X ⊆ A), (Z ⊆ R)
,
Y ⊆B
where Cond is the formula (∀y)(B(y) ≡ (∃x)(A(x) ∧ R(x, y))), is indeed a derived
rule from the above ones.
More complex patterns like those related to inference with fuzzy if-then rules
“if x is A then y is B” can also be formalized. As we have seen in Section 2, there
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are several semantics for the fuzzy if-then rules in terms of the different types
constraints on the joint possibility distribution πx,y it may induce. Each particular
semantics will obviously have a different representation. We will describe just a
couple of them.
Within the implicative interpretations of fuzzy rules, gradual rules are interpreted by the constraint πx,y (u, v) ≤ A(u) ⇒ B(v), for some residuated implication ⇒. According to this interpretation, the folllowing is a derivable (sound)
rule
Cond, P roj, X ⊆ A∗ , Z ⊆ A → B
,
Y ⊆ B∗
where (A → B)(x, y) stands for A(x) → B(y) and Cond is (∀y)[B ∗ (y) ≡ (∃x)(A∗ (x)
∧(A(x) → B(y)))]. If one wants to strengthen this rule as to force to derive
(∀y)(B ∗ (y) ≡ B(y)) when adding the condition (∀x)(A∗ (x) ≡ A(x)) to the premises,
then one has to move to another generalized modus ponens rule that is also derivable
Cond, Π20 , X ⊆ A∗ , Z ⊆ A → B
,
Y ⊆ B∗
where Cond is now (∀y)(B ∗ (y) ≡ (∃x)[A∗ (x) & (A(x) → B(y)))] and where condition Π20 is (∀y)(Y (y) → (∃x)(X(x) & Z(x, y))), a slightly stronger condition than
Π2.
Finally, within the conjunctive model of fuzzy rules, where a rule “if x is A
then y is B” is interpreted by the constraint πx,y (u, v) ≥ A(u) ∧ B(v), and an
observation “x is A∗ ” by a positive constraint πx (u) ≥ A∗ (u), one can easily
derive the Mamdani model (here with just one rule)
Cond, P roj, X ⊇ A∗ , Z ⊇ A ∧ B
,
Y ⊇ B∗
where Cond is (∀y)[B ∗ (y) ≡ (∃x)(A∗ (x) ∧ A(x)) ∧ B(y)]. Interestingly enough, if
the observation is instead modelled as a negative constraint πx (u) ≤ A∗ (u), then
one can derive the following rule,
Cond, P roj, (∃x)X(x), X ⊆ A∗ , Z ⊇ A ∧ B
,
Y ⊇ B∗
where Cond is now (∀y)[B ∗ (y) ≡ (∀x)(A∗ (x) → (A(x)) ∧ B(y))], which is in
accordance with the discussion in Section 2.5.

3.7

Clausal and resolution-based fuzzy logics

S-fuzzy logics.
Another family of fuzzy logics, very different from the class
of logics presented in the previous subsections, can be built by taking as basic
connectives a conjunction u, a disjunction t and a negation ¬, rather than a conjunction and a (residuated) implication. These connectives are to be interpreted
in [0, 1] by the triple (max, min, 1 − ·), or more generally by a De Morgan triple
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(T, S, N ) where T is a t-norm, N a strong negations function and S is the N -dual
t-conorm, i.e. S(x, y) = N (T (N (x), N (y)). See [Klement and Navara, 1999] for a
comparison of these two fuzzy logic traditions.
Butnariu and Klement [1995] introduced the so-called S-fuzzy logics, associated
to the family of Frank t-norms. This is a parametrized family of continuous tnorms {Tλ }λ∈[0,∞] , strictly decreasing with respect to the parameter λ, and which
has three interesting limit cases λ = 0, 1, ∞ corresponding to the three well known
t-norms: T0 = min, T1 = ∗Π (product t-norm) and T∞ = ∗L (Lukasiewicz t-norm).
For λ ∈ (0, ∞),
(λx − 1)(λy − 1)
)
Tλ (x, y) = logλ (1 +
λ−1
is a t-norm isomorphic to ∗Π .
The language of S-fuzzy logics Lλ is built over a countable set of propositional
variables and two connectives u and ¬. Disjunction t and implication → are
defined conenctives, ϕ t ψ is ¬(¬ϕ u ¬ψ) and ϕ → ψ is ¬(ϕ u ¬ψ). Semantics
of Lλ is defined by evaluations of propositonal variables into [0, 1] that extend to
arbitrary propositions by defining
e(ϕ u ψ) = Tλ (e(ϕ), e(ψ)), e(¬ϕ) = 1 − e(ϕ).
Notice that the interpretation of the implication is given by
e(ϕ → ψ) = ISλ (e(ϕ), e(ψ)),
where ISλ (x, y) = Sλ (1 − x, y) is an S-implication (see Section 2.1), with Sλ being
the dual t-conorm of Tλ . This is the main reason why these logics are called Sfuzzy logics. When λ = 0, L0 is the so-called max-min S-logic, while for λ = ∞,
L∞ corresponds to Lukasiewicz logic L.
In S-fuzzy logics Lλ for λ 6= ∞ there are no formulas that take the value 1 under
all truth-evaluations, but on the other hand, the set of formulas which are always
evaluated to an strictly positive value is closed by modus ponens. This leads to
define that a formula ϕ is a Lλ -tautology whenever e(ϕ) > 0 for all Lλ -evaluation
e. Then the authors prove the following kind of completeness: the set of Lλ tautologies coincide with classical (two-valued) tautologies. This is in accordance
with the well-known fact that, in the frame of Product logic Π (and more generally
in SMTL), the fragment consisting of the double negated formulas ¬¬ϕ is indeed
equivalent to classical logic.
Fuzzy logic programming systems.
Many non-residuated logical calculi
that have early been developed in the literature as extensions of classical logic
programming systems are related to some form of S-fuzzy logic, and a distinguishing feature is that the notion of proof is based on a kind of resolution rule, i.e.
computing the truth value kψ t χk from kϕ t ψk and k¬ϕ t χk.
The first fuzzy resolution method was defined by [Lee, 1972] and it is related
to the max-min S-fuzzy logic mentioned above. At the syntactic level, formulas
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are classical first-order formulas (thus we write below ∧, and ∨ instead of u and
t resp.) but at the semantic level, formulas have a truth value which may be
intermediary between 0 and 1. An interpretation M is defined by an assignment
of a truth value to each atomic formula, from which truth values of compound
formulas are computed in the following way:
k¬ϕkM = 1 − kϕkM ,
kϕ ∧ ψkM = min(kϕkM , kψkM ),
kϕ ∨ ψkM = max(kϕkM , kψkM ).
The notions of validity, consistency and inconsistency are generalized to fuzzy
logic: Let ϕ be a fuzzy formula. ϕ is valid iff kϕkM ≥ 0.5 for each interpretation
M, i.e the set of designated truth values is [0.5, 1]. ϕ is inconsistent iff kϕkM ≤ 0.5
for each interpretation M. And, ϕ entails another formula ψ, denoted ϕ |= ψ, if
kψkM ≥ 0.5 for each interpretation M such that kϕkM ≥ 0.5. [Lee and Chang,
1971] proved that a fuzzy formula is valid (respec. inconsistent) iff the formula is
classically valid (respectively, inconsistent), i.e. considering the involved predicates
and propositions as crisp; and that ϕ |= ψ in fuzzy logic iff ϕ |= ψ in classical
logic. The resolvent of two clauses C1 and C2 is defined as in classical first-order
logic. [Lee, 1972] proved that provided that C1 and C2 are ground clauses, and if
min(kC1 k, kC2 k) = a > 0.5 and max(kC1 k, kC2 k) = b, then a ≤ kR(C1 , C2 )k ≤ b
for each resolvent R(C1 , C2 ) of C1 and C2 (see the discussion in section 2.3).
This is generalized to resolvents of a set of ground clauses obtained by a number
of successive applications of the resolution principle. Hence, Lee’s resolution is
sound . This result also holds for intervals of truth values with a lower bound
greater than 0.5. Lee’s proof method does not deal with refutation, hence it is not
complete (since resolution is not complete for deduction). Many subsequent works
have been based on Lee’s setting. In [Shen et al., 1988; Mukaidono et al., 1989]
Lee’s resolution principle was generalized by introducing a fuzzy resolvent. Let C1
and C2 be two clauses of fuzzy logic and let R(C1 , C2 ) be a classical resolvent of
C1 and C2 . Let l be the literal on the basis of which R(C1 , C2 ) has been obtained.
Then, the fuzzy resolvent of C1 and C2 is R(C1 , C2 ) ∨ (l ∧ ¬l) with the truth value
max(kR(C1 , C2 )k, k(l ∧ ¬l)k). It is proved that a fuzzy resolvent is always a logical
consequence of its parent clauses, which generalizes Lee’s result. See also [Chung
and Schwartz, 1995] for a related approach.
One of the drawbacks of these and other early approaches is that they are based
on the language of classical logic, and thus, does not make it possible to deal with
intermediate truth values at the syntactic level. Nevertheless, the trend initiated
by [Lee, 1972] blossomed in the framework of logic programming giving birth to a
number of fuzzy logic programming systems. An exhaustive survey on fuzzy logic
programming before 1991 is in [Dubois et al., 1991c, Sec. 4.3]. Most of them are
mainly heuristic-based and not with a formal logical background. This is in part
due to the difficulty of adapting resolution-based proof methods to fuzzy logics with
residuated implication, with the exception of Lukasiewicz logic (whose implication
is also an S-implication). Indeed, a resolution rule for Lukasiewicz-based logics has
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been proposed in [Thiele and Lehmke, 1994; Lehmke, 1995; Klawonn and Kruse,
1994; Klawonn, 1995]. Lehmke and Thiele defined a resolution system for so-called
weighted bold clauses. Clauses are of the form C = l1 t · · · t ln , where li are literals
in classical way (they consider only propositional logic) and t is the Lukasiewicz
(strong) disjunction (i.e. kC1 t C2 k = min(kC1 k + kC2 k, 1)). They introduce the
resolution rule as follows:
T ` C1 , and p occurs in C1
T ` C2 , and ¬p occurs in C2
,
T ` ((C1 t C2 )\p)\¬p
where \ denotes the operation of omitting the corresponding literal. Then, they
get the following result:
If T ` C then T |= C, and if T has no 1-model then T ` ⊥.
Klawonn and Kruse [1994] turned to predicate fuzzy logic in the setting of finitelyvalued Lukasiewicz logics. They introduce special implication clauses of the form
(∀x1 . . . xn )(ϕ ⇒ A) and (∀x1 . . . xn )ϕ, where A is an atomic formula and ϕ contains only “and” and “or” types of connectives and no quantifiers. In this framework they define a prolog system (called LULOG) with a complete proof procedure
for deriving the greatest lower bound for the truth-value of implication clauses,
and based on the following graded resolution rule: from (¬ϕtψ, α) and (¬ψ tχ, β)
derive (¬ϕ t χ, max(α + β − 1, 0).
Soundness and completeness results can be also found in the literature for
fuzzy prolog systems where rules (without negation) are interpreted by as formulas p1 & . . . &pn → q of genuine residuated logic. For instance we may cite
[Mukaidono and Kikuchi, 1993] for the case of Gödel semantics, and [Vojtáš, 1998]
for the general case where & and → are interpreted by a left-continous t-norm
and its residdum. Moreover, Vojtáš [2001] presented a soundness and completeness proof for fuzzy logic programs without negation and with a wide variety of
connectives, and generalized in the framework of multi-adjoint residuated lattices
by Medina et al. [2001].

3.8

Graded consequence and fuzzy consequence operators

The systems of t-norm-based logics discussed in the previous sections aim at formalizing the logical background for fuzzy set based approximate reasoning, and
their semantics are based on allowing their formulas to take intermediary degrees
of truth. But, as already pointed out in Section 3.3, they all have crisp notions
of consequence, both of logical entailment and of provability. It is natural to ask
whether it is possible to generalize these considerations to the case that one starts
from fuzzy sets of formulas, and that one gets from them, as logical consequence,
fuzzy sets of formulas.
One form of attacking this problem is by extending the logic with truth-constants
as described in Section 3.3. However, there is also another approach, more algebraically oriented toward consequence operations for the classical case, originating
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from Tarski [1930], see also [Wójcicki, 1988]. This approach treats consequence operations as closure operators. Many works have been devoted to extend the notions
of closure operators, closure systems and consequence relations from two-valued
logic to many-valued / fuzzy logics.
Actually, both approaches have the origin in the work of Pavelka. Although one
of the first works on fuzzy closure operators, was done by Michálek [1975] in the
framework of Fuzzy Topological Spaces, the first and best well-known approach to
fuzzy closure operators in the logical setting is due to Pavelka [1979] and the basic
monograph elaborating this approach is Novák, Perfilieva and Močkoř’s [1999]. In
this approach, closure operators (in the standard sense of Tarski) are defined as
mappings from fuzzy sets of formulas to fuzzy sets of formulas. In some more detail
(following [Gottwald and Hájek, 2005]’s presentation), let L be a propositional
language, P(L) be its power set and F(L) the set of L-fuzzy subsets of L, where
L = (L, ∗, ⇒, ∧, ∨, ≤, 0, 1) is a complete MTL-algebra. Propositions of L will be
denoted by lower case letters p,q, . . . , and fuzzy sets of propositions by upper case
letters A,B, etc. For each A ∈ F(L) and each p ∈ L, A(p) ∈ L will stand for the
membership degree of p to A. Moreover, the lattice structure of L induces a related
lattice structure on F(L), (F(L), ∩, ∪, ⊆, 0̄, 1̄), which is complete and distributive
as well, where ∩, ∪ are the pointwise extensions of the lattice operations ∧ and ∨
to F(L), i.e.
(A ∩ B)(p)
(A ∪ B)(p)

=
=

A(p) ∧ B(p), for all p ∈ L
A(p) ∨ B(p), for all p ∈ L,

and where the lattice (subsethood) ordering and top and bottom elements are
defined respectively by
A⊆B
0̄(p) = 0

iff
and

A(p) ≤ B(p) for all p ∈ L
1̄(p) = 1, for all p ∈ L .

For any k ∈ L, we shall also denote by k̄ the constant fuzzy set defined by k̄(p) = k
for all p ∈ L. The Pavelka-style approach is an easy matter as long as the semantic
consequence is considered. An L-evaluation e is a model of a fuzzy set of formulas
A ∈ F(L) if and only if
A(p) ≤ e(p)
holds for each formula p. This leads to define as semantic consequence of A the
following fuzzy sets of formulas:
\
C sem (A)(p) = {e(p) | e model of A}, for each p ∈ L
For a syntactic characterization of this consequence relation it is necessary to
have some logical calculus K which treats formulas of the language together with
truth degrees. So the language of this calculus has to extend the language of the
basic logical system by having also symbols for the truth degrees (truth-constants)
denoted r for each r ∈ L, very similar to what has been described in Section 3.3.
Once this is done, one can consider evaluated formulas, i.e. pairs (r, p) consisting of
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a truth constant and a formula. Using this notion, one can understand in a natural
way each fuzzy set of formulas A as a (crisp) set of evaluated formulas {(A(p), p) |
p ∈ L}. Then, assuming the calculus K has a suitable notion of derivation for
evaluated formulas `K , then each K-derivation of an evaluated formula (r, p) can
be understood as a derivation of p to the degree r ∈ L. Since p can have multiple
derivations, it is natural to define the provability degree of p as the supremum
of all these degrees. This leads to the following definition of fuzzy syntactical
consequence of a fuzzy set of formulas A:
[
C syn (A)(p) = {r ∈ L | {(A(q), q) | q ∈ L} `K (r, p)}
This is in fact an infinitary notion of provability, that can be suitably handled
by Lukasiewicz logic L since it has their truth-functions continuous. Indeed, by
defining the derivation relation `K from the set of axioms of L written in the form
(1, ϕ), and having as inference rule the following kind of evaluated modus ponens
(r, p) (s, p → q)
,
(r ∗ s, q)
where ∗ is Lukasiewicz t-norm, it can be shown (see e.g. [Novák et al., 1999]) that
one gets the following strong completeness result:
C sem (A)(p) = C syn (A)(p)
for any formula p and any fuzzy set of formulas A, that establishes the equivalence
between the semantical and syntactical definitions of the consequence operators in
the setting of Lukasiewicz logic.
Thus Pavelka’s fuzzy consequence operators map each fuzzy set of formulas A
(i.e. each set of evaluated formulas) to a fuzzy set of formulas denoted generically
C̃(A) (i.e. a set of evaluated formulas) that corresponds to the set of evaluated
formulas that are consequences of the initial set represented by A. And this
mapping fulfills the properties of a fuzzy closure operator as defined by Pavelka
[1979]. Namely, a fuzzy closure operator on the language L is a mapping C̃ :
F(L) 7→ F(L) fulfilling, for all A, B ∈ F(L), the following properties:
C̃1) fuzzy inclusion: A ⊆ C̃(A)
C̃2) fuzzy monotony: if A ⊆ B then C̃(A) ⊆ C̃(B)
C̃3) fuzzy idempotence: C̃(C̃(A)) ⊆ C̃(A).
This generalization of the notion of consequence operators leads to study closure
operators and related notions like closure systems and consequence relations in
other, more general fuzzy logic settings. In the rest of this section we review some
of the main contributions.
Gerla [1994a] proposes a method to extend any classical closure operator C
defined on P(L), i.e. on classical sets of formulas, into a fuzzy closure operator
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C̃ ∗ defined in F(L), i.e. on fuzzy sets of formulas. This approach is further
delevoped in [Gerla, 2001, Chap. 3]. In the following, we assume F(L) to be
fuzzy sets of formulas valued on a complete linearly-ordered Gödel BL-algebra L,
i.e. a BL-chain (L, ∧, ∨, ⊗, ⇒, 0, 1) where ⊗ = ∧. Then, given a closure operator
C : P(L) 7−→ P(L), the canonical extension of C is the fuzzy operator C̃ ∗ :
F(L) 7−→ F(L) defined by
C̃ ∗ (A)(p) = sup{α ∈ L | p ∈ C(Aα )},
where Aα stands for the α-cut of A, i.e. Aα = {p ∈ L | A(p) ≥ α}. According
to this definition, the canonical extension C̃ ∗ is a fuzzy closure operator such
that C̃ ∗ (A)(p) = 1 if p ∈ C(∅) and C̃ ∗ (A)(p) ≥ sup{A(q1 ) ∧ . . . ∧ A(qn ) | p ∈
C({q1 , . . . , qn })}. If C is compact, then the latter inequality becomes an equality.
It also follows that a fuzzy set A is closed by C̃ ∗ then any α-cut of A is closed
by C̃. Canonical extensions of classical closure operators were characterized in
[Gerla, 2001] in the following terms: a fuzzy closure operator C̃ is the canonical
extension of a closure operator if, and only if, for every meet-preserving function
f : L 7−→ L such that f (1) = 1, if C̃(A) = A then C̃(f ◦ A) = f ◦ A. In other
words, this characterization amounts to requiring that if A belongs to the closure
system defined by C̃, then so does f ◦ A.
As regards the generalization of the notion of consequence relation, Chakraborty
[1988; 1995] introduced the notion of graded consequence relation as a fuzzy relation
between crisp sets of formulas and formulas. To do this, he assumes to have
a monoidal operation ⊗ in L such that (L, ⊗, 1, ≤, ⇒) is a complete residuated
lattice. Then a fuzzy relation gc : P(L) × L 7−→ L is called a graded consequence
relation by Chakraborty if, for every A, B ∈ P(L) and p, q ∈ L, gc fulfills:
gc1) fuzzy reflexivity: gc(A, p) = 1 for all p ∈ A
gc2) fuzzy monotony: if B ⊆ A then gc(B, p) ≤ gc(A, p)
gc3) fuzzy cut: [inf q∈B gc(A, q)] ⊗ gc(A ∪ B, p) ≤ gc(A, p).13
Links between fuzzy closure operators and graded consequence relations were examined by Gerla [1996] and by Castro Trillas and Cubillo [1994]. In particular
Castro et al. point out that several methods of approximate reasoning used in
Artificial Intelligence, such as Polya’s models of plausible reasoning [Polya, 1954]
or Nilsson’s probabilistic logic [Nilsson, 1974], are not covered by the formalism of
graded consequence relations, and they introduce a new concept of consequence
relations, called fuzzy consequence relations which, unlike Chakraborty’s graded
consequence relation, apply over fuzzy sets of formulas. Namely, a fuzzy relation
f c : F(L) × L 7−→ L is called a fuzzy consequence relation in [Castro et al., 1994]
if the following three properties hold for every A, B ∈ F(L) and p, q ∈ L:
f c1) fuzzy reflexivity: A(p) ≤ f c(A, p)
13 By

residuation, this axiom is equivalent to [inf q∈B gc(A, q)] ≤ gc(A ∪ B, p) ⇒ gc(A, p)
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f c2) fuzzy monotony: If B ⊆ A then f c(B, p) ≤ f c(A, p)
f c3) fuzzy cut: if for all p, B(p) ≤ f c(A, p), then for all q, f c(A ∪ B, q) ≤ f c(A, q)
However, it is worth noticing that fuzzy consequence relations as defined above,
when restricted over crisp sets of formulas, become only a particular class of graded
consequence relations. Namely, regarding the two versions of the fuzzy cut properties, (gc3) and (f c3), it holds that for A, B ∈ P(L), if B(p) ≤ f c(A, p) for all
p ∈ L, it is clear that inf q∈B f c(A, q) = 1.
Let us point out that, in the classical setting, there are well known relationships
of interdefinability among closure operators, consequence relations and closure
systems. In the fuzzy framework, fuzzy closure operators and fuzzy consequence
relations are related in a analogous way, as proved in [Castro et al., 1994]:
• if C̃ is a fuzzy closure operator then f c, defined as f c(A, p) = C̃(A)(p), is a
fuzzy consequence relation.
• if f c is a fuzzy consequence relation then C̃, defined as C̃(A) = f c(A, ·), is
a fuzzy closure operator.
Therefore, via these relationships, the fuzzy idempotence property (C̃3) for closure operators and the fuzzy cut property (f c3) for consequence relations become
equivalent.
In the context of MTL-algebra L = (L, ∧, ∨, ⊗, ⇒, 0, 1), using the notation of
closure operators and the notion of degree of inclusion between L-fuzzy sets of
formulas defined as as
[A ⊆⊗ B] = inf A(p) ⇒ B(p),
p∈L

the relation between Chakraborty ’s graded consequence and Castro et. al.’s fuzzy
consequence relation becomes self evident. As already mentioned, the former is
defined only over classical sets while the latter is defined over fuzzy sets, but both
yield a fuzzy set of formulas as output. Nevertheless, having this difference in
mind, the two first conditions of both operators become syntactically the same as
C̃1 and C̃2 of Pavelka’s definition of fuzzy closure operators while the fuzzy cut
properties (the third ones) become very close one to another:
gc3) fuzzy cut: ([B v⊗ C̃(A)] ⊗ C̃(A ∪ B)) ⊆ C̃(A),
where [B v⊗ C̃(A)] = inf q∈B C̃(A)(q) (recall that B is a classical set).
f c3) fuzzy cut: if B ⊆ C̃(A) then C̃(A ∪ B) ⊆ C̃(A)
In [Rodrı́guez et al., 2003] a new class of fuzzy closure operators is introduced,
the so-called implicative closure operators, as a generalization of Chakraborty’s
graded consequence relations over fuzzy sets of formulas. The adjective implicative
is due to the fact that they generalize the Fuzzy Cut property (gc3) by means of
the above defined degree of inclusion, which in turn depends on the implication
operation ⇒ of the algebra L. More precisely, a mapping C̃ : F(L) 7−→ F(L) is
called an implicative closure operator if, for every A, B ∈ F(L), C̃ fulfills:
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C̃1) fuzzy inclusion: A ⊆ C̃(A)
C̃2) fuzzy monotony: If B ⊆ A then C̃(B) ⊆ C̃(A)
C̃3) fuzzy cut14 [B v⊗ C̃(A)] ≤ [C̃(A ∪ B) v⊗ C̃(A)]
The corresponding implicative consequence relation, denoted by Ic , is defined as
Ic (A, p) = C̃(A)(p). The translation of the properties of Implicative closure operators to implicative consequence relations read as follows:
ic1) fuzzy reflexivity: A(p) ≤ Ic (A, p)
ic2) fuzzy monotony: If B ⊆ A then ic(B, p) ≤ Ic (A, p)
ic3) fuzzy cut: [B v⊗ C̃(A)] ≤ Ic (A ∪ B, p) ⇒ Ic (A, p).
Now, it is easy to check that the restriction of implicative consequence relations
over classical sets of formulas are exactly Chakraborty’s graded consequence relations, since if B is a crisp set, [B v⊗ C̃(A)] = inf p∈B Ic (A, p). On the other hand,
fuzzy consequence relations are implicative as well, since property (ic3) clearly implies (f c3). Therefore, implicative consequence relations generalize both graded
and fuzzy consequence relations.
The relationship of implicative consequence operators to deduction in fuzzy logics with truth constants (as reported in Section 3.3) is also addressed in [Rodrı́guez
et al., 2003]. An it turns out that, although implicative closure operators are very
general and defined in the framework of BL-algebras, strangely enough, they do
not capture graded deduction (Pavelka-style) in any of the extensions of BL, except
for Gödel’s logic.
Belohlávek [2001; 2002a] proposes yet another notion of closure operator over
fuzzy sets with values in a complete residuated lattice L, with the idea of capturing
what he calls generalized monotonicity condition that reads as “‘if A is almost a
subset of B then the closure of A is almost a subset of the closure of B”. Using the
degree of inclusion defined before15 , for every order filter K of L, a new closure
operator is defined as follows. An LK -closure operator on F(L) is a mapping
C̃ : F(L) → F(L) satisfying for all A, A1 , A2 ∈ F(L) the conditions:
(B̃1) A ⊆ C̃(A)
(B̃2) [A1 v⊗ A2 ] ≤ [C̃(A1 ) v⊗ C̃(A2 )] whenever [A1 v⊗ A2 ] ∈ K.
(B̃3) C̃(A) = C̃(C̃(A))
14 The original and equivalent presentation of this property in [Rodrı́guez et al., 2003] is [B v
⊗
C̃(A)] ⊗ C̃(A ∪ B) ⊆ C̃(A), directly extending (gc 3).
15 Actually, in Belohlávek’s paper it is considered as a fuzzy relation denoted as S(A , A ),
1
2
instead of [A1 v⊗ A2 ] used above.
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It is clear that for L = {0, 1}, L{1} -closure operators are classical closure operators
and for L = [0, 1]G , L{1} -closure operators are precisely the fuzzy closure operators
studied by Gerla.
In fact, although introduced independently, this notion is very close to implicative closure operators. Indeed, it is shown in [Bělohlávek, 2001] that conditions
(B̃2) and (B̃3) can be equivalently replaced by the following condition:
(B̃4) [A1 v⊗ C̃(A2 )] ≤ [C̃(A1 ) v⊗ C̃(A2 )] whenever [A1 v⊗ C̃(A2 )] ∈ K.
Notice the similarity between (B̃4) and (C̃3). Indeed, when K = L, (C̃3) alone
is slightly stronger than (B̃4), this shows that in that case implicative closure
operators are LK -closure operators. But in [Rodrı́guez et al., 2003] it is proved that
in the presence of (C̃1) and (C̃2), (C̃3) is actually equivalent to (B̃4). Therefore,
when K = L, both implicative operators and LK -closure operators are exactly the
same, as also witnessed by the very similar characterizations of these two kinds of
fuzzy closure operators provided in [Rodrı́guez et al., 2003] and [Bělohlávek, 2001;
Bělohlávek, 2002a] in terms of their associated fuzzy closure systems.
The study of the relationships between fuzzy closure operators and fuzzy similarities and preorders have also received some attention in the literature. In
classical logic it is clear that the relation R(ϕ, ψ) iff ϕ ` ψ defines a preorder in
the set of formulas and E(ϕ, ψ) = R(ψ, ϕ) ∧ R(ϕ, ψ) defines and equivalence relation. This is not the case in the fuzzy setting, but there exist some relations that
have been analyzed in several papers, e.g. [Castro and Trillas, 1991; Gerla, 2001;
Rodrı́guez et al., 2003; Elorza and Burillo, 1999; Bělohlávek, 2002a].
Finally, let us briefly comment that in the literature, different authors have
studied the so-called fuzzy operators defined by fuzzy relations. Given a L-fuzzy
relation R : L × L 7−→ L on a given logical language L, the associated fuzzy
operator C̃R over F(L) is defined by:
W
C̃R (A)(q) = p∈L {A(p) ⊗ R(p, q)}
for all A ∈ F(L), that is C̃R computes the image of fuzzy sets by sup −⊗ composition with R. Properties of these operators have been studied for instance when R
is a fuzzy preorder [Castro and Trillas, 1991] or when is a fuzzy similarity relation
[Castro and Klawonn, 1994; Esteva et al., 1998]. A special class of fuzzy operators
appearing in the context of approximate reasoning patterns has been studied by
Boixader and Jacas [Boixader and Jacas, 1998]. These operators, called extensional inference operators, are required to satisfy a extensionality condition which
is very similar to condition (B2) above, and they can be associated to particular
models of fuzzy if-then rules.

3.9

Concluding remarks: what formal fuzzy logic is useful for?

From the contents of the section it will probably become clear that the concept
of fuzzy logic, even understood as a formal system of many-valued logic, admits
of multiple formalizations and interpretations. This may be felt as a shortcoming
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but it can also be thought as an indication of the richness and complexity of the
body of existing works. It may be particularly interesting for the reader to consult
a recent special issue [Novák, 2006] of the journal Fuzzy Sets and Systems devoted
to discuss the question of what fuzzy logic is. So far no definitive answer exists.
The other important conceptual question is: what formal fuzzy logic is useful
for?. The use of fuzzy logic (in narrow sense) to model linguistic vagueness would
seem to be the most obvious application, however it is not generally accepted yet
within the philosophic community. In fact vagueness often refers to semantic ambiguity and this is often confused with the gradual nature of linguistic categories.
Fuzzy logic clearly accounts for the latter, but it is true as well that linguistic
categories can be both gradual and semantically ambiguous. Also, fuzzy logic is
not often used for knowledge representation in Artificial Intelligence (AI) because
of the lack of epistemic concepts in it, and because there is a strong Boolean logic
tradition in AI. However, introducing many-valuedness in AI epistemic logics can
be handled in fuzzy logic as explained in next section. Fuzzy logic may prove on
the other hand to be very useful for the synthesis of continuous functions, like
Karnaugh tables were used for the synthesis of Boolean functions. This problem has no relationship to approximate reasoning, but this topic is close to fuzzy
rule-based systems used as neuro-fuzzy universal approximators of real functions.
New uses of first order logic related to the Semantic Web, such as description
logics, can also benefit from the framework of fuzzy logic, so as to make formal
models of domain ontologies more flexible, hence more realistic. This subjectmatter may well prove to be a future prominent research trend, as witnessed
by the recent blossoming of publications in this area, briefly surveyed below..
Description logics [Baader et al., 2003], initially named “terminological logics”,
are tractable fragments of first-order logic representation languages that handle
the notions of concepts (or classes), of roles (and properties), and of instances or
objects, thus directly relying at the semantic level on the notions of set, binary
relations, membership, and cardinality. They are especially useful for describing
ontologies that consist in hierarchies of concepts in a particular domain.
Since Yen’s [1991] pioneering work, many proposals have been made for introducing fuzzy features in description logic [Tresp and Molitor, 1998; Straccia, 1998;
Straccia, 2001; Straccia, 2006a], and in semantic web languages, since fuzzy sets
aim at providing a representation of classes and relations with gradual membership, which may be more suitable for dealing with concepts having a somewhat
vague or elastic definition. Some authors have recently advocated other settings
for a proper handling of fuzzy concepts, such as the fuzzy logic BL [Hájek, 2005a;
Hájek, 2006a], or an approach to fuzzy description logic programs under the answer
set semantics [Lukasiewicz, 2006].
Moreover, some authors [Hollunder, 1994; Straccia, 2006b; Straccia, 2006c] have
also expressed concern about handling uncertainty and exceptions in description
logic. Hollunder [1994] has introduced uncertainty in terminological logics using
possibilistic logic (see Section 4.1). Recently, Dubois, Mengin and Prade [2006]
have discussed how to handle both possibilistic uncertainty and fuzziness prac-
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tically in description logic (by approximating fuzzy classes by finite families of
nested ordinary classes).
4

FUZZY SET-BASED LOGICAL HANDLING OF UNCERTAINTY AND
SIMILARITY

Fuzzy logics as studied in the previous section can be viewed as abstract formal
machineries that can make syntactic inferences about gradual notions, as opposed
to classical logic devoted to binary notions. As such it does not contain any
epistemic ingredient, as opposed to Zadeh’s approximate reasoning framework.
Indeed, a fuzzy set, viewed as a possibility distribution, can model graded incomplete knowledge, hence qualifies as a tool for handling uncertainty that differs from
a probability distribution. However, it should be clear that a fuzzy set can capture
incomplete knowledge because it is a set, not because it is fuzzy (i.e. gradual).
Hence no surprise if some logics of uncertainty can be devised on the basis of
fuzzy set theory and the theory of approximate reasoning. This is naturally the
case of possibilistic logic and its variants, which bridge the gap with knowledge
representation concerns in artificial intelligence, such as non-monotonic reasoning.
The gradual nature of fuzzy sets also lead to logics of graded similarity. Moreover, being abstract machines handling gradual notions, fuzzy logic can embed
uncertainty calculi because belief is just another (usually) gradual notion. This
section surveys the application of fuzzy logic to current trends in reasoning about
knowledge and beliefs.

4.1

Possibilistic logic

Zadeh’s approach to approximate reasoning can be particularized to offer proper
semantics to reasoning with a set of classical propositions equipped with a complete
pre-ordering that enable reliable propositions to be distinguished from less reliable
ones. Conclusions are all the safer as they are deduced from more reliable pieces of
information. The idea of reasoning from sets of (classical) logic formulas stratified
in layers corresponding to different levels of confidence is very old. Rescher [1976]
proposed a deductive machinery on the basis of the principle that the strength of a
conclusion is the strength of the weakest argument used in its proof, pointing out
that this idea dates back to Theophrastus (372-287 BC)16 . However, Rescher did
not provide any semantics for his proposal. The contribution of the possibilistic
logic setting is to relate this idea (measuring the validity of an inference chain by
its weakest link) to fuzzy set-based necessity measures in the framework of Zadeh
[1978a]’s possibility theory, since the following pattern, first pointed out by Prade
[1982], then holds
N (¬p ∨ q) ≥ α and N (p) ≥ β imply N (q) ≥ min(α, β),
16 A disciple of Aristotle, who was also a distinguished writer and the creator of the first botanic
garden!
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where N is a necessity measure; see section 2.2 equation (14). This interpretative
setting provides a semantic justification to the claim that the weight attached to
a conclusion should be the weakest among the weights attached to the formulas
involved in a derivation.
Basic formalism
Possibilistic logic (Dubois and Prade [1987; 2004]; Dubois, Lang and Prade [2002;
1994b], Lang[1991; 2001]) manipulates propositional or first order logical formulas
weighted by lower bounds of necessity measures, or of possibility measures. A
first-order possibilistic logic formula is essentially a pair made of a classical first
order logic formula and a weight expressing certainty or priority. As already said,
in possibilistic logic [Dubois et al., 1994a; Dubois et al., 1994b; Dubois and Prade,
1987], weights of formulas p are interpreted in terms of lower bounds α ∈ (0, 1]
of necessity measures, i.e., the possibilistic logic expression (p, α) is understood as
N (p) ≥ α, where N is a necessity measure.
Constraints of the form Π(p) ≥ α could be also handled in the logic but they
correspond to very poor pieces of information [Dubois and Prade, 1990; Lang et al.,
1991], while constraint N (p) ≥ α ⇔ Π(¬p) ≤ 1 − α expresses that ¬p is somewhat
impossible, which is much more informative. Still, both kinds of constraints can
be useful for expressing situations of partial or complete ignorance about p by
stating both Π(p) ≥ α and Π(¬p) ≥ α0 and then propagating this ignorance to
be able to determine what is somewhat certain and what cannot be such due to
acknowledged ignorance (to be distinguished from a simple lack of knowledge when
no information appears in the knowledge base). A mixed resolution rule [Dubois
and Prade, 1990]
N (¬p ∨ q) ≥ α and Π(p ∨ r) ≥ β imply Π(q ∨ r) ≥ β if α > 1 − β
(if α ≤ 1 − β, Π(q ∨ r) ≥ 0)
is at the basis of the propagation mechanism for lower possibility bound information in a logic of graded possibility and certainty (Lang, Dubois, and Prade
[1991]). In the following, we focus on the fragment of possibilistic logic handling
only lower necessity bound information.
Syntax
An axiomatisation of 1st order possibilistic logic is provided by Lang [1991]; see
also [Dubois et al., 1994a]. In the propositional case, the axioms consist of all
propositional axioms with weight 1. The inference rules are:
• {(¬p ∨ q, α), (p, β)} ` (q, min(α, β)) (modus ponens)
• for β ≤ α, (p, α) ` (p, β) (weight weakening),
where ` denotes the syntactic inference of possibilistic logic. The min-decomposability of necessity measures allows us to work with weighted clauses without lack of
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generality, since N (∧i=1,n pi ) ≥ α iff ∀i, N (pi ) ≥ α. It means that possibilistic
logic expressions of the form (∧i=1,n pi , α) can be interpreted as a set of n formulas
(pi , α). In other words, any weighted logical formula put in Conjunctive Normal
Form is equivalent to a set of weighted clauses. This feature considerably simplifies
the proof theory of possibilistic logic. The basic inference rule in possibilistic logic
put in clausal form is the resolution rule:
(¬p ∨ q, α); (p ∨ r, β) ` (q ∨ r, min(α, β)).
Classical resolution is retrieved when all the weights are equal to 1. Other valid
inference rules are for instance:
• if p classically entails q, (p, α) ` (q, α) (formula weakening)
• ((∀x)p(x), α) ` (p(s), α) (particularization)
• (p, α); (p, β) ` (p, max(α, β)) (weight fusion).
Observe that since (¬p ∨ p, 1) is an axiom, formula weakening is a particular case
of the resolution rule (indeed (p, α); (¬p ∨ p ∨ r, 1) ` (p ∨ r, α)). Formulas of the
form (p, 0) that do not contain any information (∀p, N (p) ≥ 0 always holds), are
not part of the possibilistic language.
Refutation can be easily extended to possibilistic logic. Let K be a knowledge
base made of possibilistic formulas, i.e., K = {(pi , αi )}i=1,n . Proving (p, α) from
K amounts to adding (¬p, 1), put in clausal form, to K, and using the above
rules repeatedly until getting K ∪ {(¬p, 1)} ` (⊥, α). Clearly, we are interested
here in getting the empty clause with the greatest possible weight [Dubois et al.,
1987]. It holds that K ` (p, α) if and only if Kα ` p (in the classical sense), where
Kα = {p | (p, β) ∈ K, β ≥ α}. Proof methods for possibilistic logic are described
by Dubois, Lang and Prade [1994a], Liau and Lin [1993], and Hollunder [1995].
See [Lang, 2001] for algorithms and complexity issues.
Remarkably enough, the repeated use of the probabilistic counterpart to the
possibilistic resolution rule (namely, P rob(¬p ∨ q) ≥ α; P rob(p ∨ r) ≥ β ` P rob(q ∨
r) ≥ max(0, α+β−1)) is not in general sufficient for obtaining the best lower bound
on the probability of a logical consequence, in contrast to the case of possibilistic
logic.
An important feature of possibilistic logic is its ability to deal with inconsistency.
The level of inconsistency of a possibilistic logic base is defined as
Inc(K) = max{α | K ` (⊥, α)}
where, by convention max ∅ = 0. More generally, Inc(K) = 0 if and only if
K ∗ = {pi | (pi , αi ) ∈ K)} is consistent in the usual sense. Note that this not true in
case αi would represent a lower bound of the probability of pi in a probabilistically
weighted logic.
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Semantics
Semantic aspects of possibilistic logic, including soundness and completeness results with respect to the above syntactic inference machinery, are presented in
[Lang, 1991; Lang et al., 1991; Dubois et al., 1994b; Dubois et al., 1994a]. From
a semantic point of view, a possibilistic knowledge base K = {(pi , αi )}i=1,n is
understood as the possibility distribution πK representing the fuzzy set of models
of K:
πK (ω) = min max(µ[pi ] (ω), 1 − αi )
i=1,n

where [pi ] denotes the sets of models of pi such that µ[pi ] (ω) = 1 if ω ∈ [pi ] (i.e. ω |=
pi ), and µ[pi ] (ω) = 0 otherwise). In the above formula, the degree of possibility of
ω is computed as the complement to 1 of the largest weight of a formula falsified
by ω. Thus, ω is all the less possible as it falsifies formulas of higher degrees. In
particular, if ω is a counter-model of a formula with weight 1, then ω is impossible,
i.e. πK (ω) = 0. It can be shown that πK is the largest possibility distribution
such that NK (pi ) ≥ αi , ∀i = 1, n, i.e., the possibility distribution which allocates
the greatest possible possibility degree to each interpretation in agreement with
the constraints induced by K (where NK is the necessity measure associated with
πK , namely NK (p) = minv∈[¬p] (1 − πK (v)) ). It may be that NK (pi ) > αi , for
some i, due to logical constraints between formulas in K. The possibilistic closure
corrects the ranking of formulas for the sake of logical coherence.
Moreover, it can be shown that πK = πK 0 if and only if, for any level α, Kα and
Kα0 are logically equivalent in the classical sense. K and K 0 are then said to be
semantically equivalent. The semantic entailment is then defined by K |= (p, α) if
and only if NK (p) ≥ α, i.e., if and only if ∀ω, πK (ω) ≤ max(µ[p] (ω), 1 − α).
Besides, it can be shown that Inc(K) = 1 − maxω πK (ω). Soundness and
completeness are expressed by
K ` (p, α) ⇔ K |= (p, α).
In this form of possibilistic entailment, final weights attached to all formulas
are at least equal to the inconsistency level of the base. The inconsistency-free
formulas, which are above this level, entail propositions that have higher weights.
Biacino and Gerla [1992] provide an algebraic analysis of possibility and necessity
measures generated by this form of inference. The closure of a possibilistic knowledge base is an example of canonical extension of the closure operator of classical
logic in the sense of [Gerla, 2001, Chap. 3].
To summarize, a possibilistic logic base is associated with a fuzzy set of models.
This fuzzy set is understood as either the set of more or less plausible states of the
world (given the available information), or as the set of more or less satisfactory
states, according to whether we are dealing with uncertainty or with preference
modeling. Conversely, it can be shown that any fuzzy set F representing a fuzzy
piece of knowledge, with a membership function µF defined on a finite set is
semantically equivalent to a possibilistic logic base.
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There is a major difference between possibilistic logic and weighted many-valued
logics of Pavelka-style [Pavelka, 1979; Hájek, 1998a], especially fuzzy Prolog languages like Lee’s fuzzy clausal logic [Lee, 1972], although they look alike syntactically. Namely, in the latter, a weight t attached to a (many-valued) formula p
often acts as a truth-value threshold, and (p, t) in a fuzzy knowledge base expresses
the requirement that the truth-value of p should be at least equal to t for (p, t)
to be valid. So in such fuzzy logics, while truth is many-valued, the validity of a
weighted formula is two-valued. For instance, in Pavelka-like languages, (p, t) can
be encoded as t → p adding a truth-constant t to the language. Using RescherGaines implication, t → p has validity 1 if p has truth-value at least t, and 0
otherwise; then (p, t) is Boolean. Of course, using another many-valued implication, (p, t) remains many-valued. On the contrary, in possibilistic logic, truth is
two valued (since p is Boolean), but the validity of (p, α) with respect to classical
interpretations is many-valued [Dubois and Prade, 2001]. In some sense, weights
in Pavelka style may defuzzify many-valued logics, while they fuzzify Boolean formulas in possibilistic logic. Moreover inferring (p, α) in possibilistic logic can be
viewed as inferring p with some certainty, quantified by the weight α, while in
standard many valued logics (i.e. with a standard notion of proof) a formula is
either inferred or not [Hájek, 1998a].
Since possibilistic logic bases are semantically equivalent to fuzzy sets of interpretations, it makes sense to use fuzzy set aggregation operations for merging the
bases. Pointwise aggregation operations applied to fuzzy sets can be also directly
performed at the syntactic level. This idea was first pointed out by Boldrin [1995]
(see also [Boldrin and Sossai, 1995]), and generalized [Benferhat et al., 1998c] to
two possibilistic bases K1 = {(pi , αi ) | i ∈ I} and K2 = {(qj , βj ) | j ∈ J}. It can
be, in particular, applied to triangular norm and triangular co-norm operations.
Let πT and πS be the result of the combination of πK1 and πK2 based on a t-norm
operation T , and the dual t-conorm operation S(α, β) = 1 − T (1 − α, 1 − β) respectively. Then, πT and πS are respectively associated with the following possibilistic
logic bases:
• KT = K1 ∪ K2 ∪ {(pi ∨ qj , S(αi , βj )) | (pi , αi ) ∈ K1 , (qj , βj ) ∈ K2 },
• KS = {(pi ∨ qj , T (αi , βj )) | (pi , αi ) ∈ K1 , (qj , βj ) ∈ K2 }.
With T = min, Kmin = K1 ∪ K2 in agreement with possibilistic logic semantics.
This method also provides a framework where symbolic approaches for fusing
classical logic bases [Konieczny and Pino-Pérez, 1998] can be recovered by making
the implicit priorities induced from Hamming distances between sets of models,
explicit [Benferhat et al., 2002; Konieczny et al., 2002].
Bipolar possibilistic logic
A remarkable variant of possibilistic logic is obtained by no longer interpreting
weights as lower bounds of necessity (nor possibility) measures, but as constraints
in terms of yet another set function expressing guaranteed possibility. Section 2.2
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recalled how a possibility measure Π and a necessity measure N are defined from a
possibility distribution π. However, given a (non-contradictory, non-tautological)
proposition p, the qualitative information conveyed by π pertaining to p can be
assessed not only in terms of possibility and necessity measures, but also in terms
of two other functions. Namely, ∆(p) = minω∈[p] π(ω) and ∇(p) = 1 − ∆(¬p).
∆ is called a guaranteed possibility function [Dubois and Prade, 1992c]17 . Thus
a constraint of the form ∆(p) ≥ α expresses the guarantee that all the models
of p are possible at least at degree α. This is a form of positive information,
which contrasts with constraints of the form N (p) ≥ α (⇔ Π(¬p) ≤ 1 − α) that
rather expresses negative information in the sense that counter-models are then
(somewhat) impossible [Dubois et al., 2000].
Starting with a set of constraints of the form ∆(pj ) ≥ βj for j = 1, . . . , n,
expressing that (all) the models of pj are guaranteed to be possible at least at
level βj , and applying a principle of maximal specificity that minimizes possibility
degrees, the most informative possibility distribution π∗ such that the constraints
are satisfied is obtained. Note that this principle is the converse of the one used
for defining πK , and is in the spirit of a closed-world assumption: only what is
said to be (somewhat) guaranteed possible is considered as so. Namely
π∗ (ω) = max min(µ[pj ] (ω), βj ).
j=1,n

By contrast with Π and N , the function ∆ is non-increasing (rather than nondecreasing) w. r. t. logical entailment. Fusion of guaranteed possibility-pieces of
information is disjunctive rather than conjunctive (as expressed by π∗ by contrast
with the definition of πK ). ∆ satisfies the characteristic axiom
∆(p ∨ q) = min(∆(p), ∆(q)),
and the basic inference rules, in the propositional case, associated with ∆ are
• [¬p ∧ q, α], [p ∧ r, β] ` [q ∧ r, min(α, β)] (resolution rule)
• if p entails q classically, [q, α] ` [p, α] (formula weakening)
• for β ≤ α, [p, α] ` [p, β] (weight weakening)
• [p, α]; [p, β] ` [p, max(α, β)] (weight fusion).
where [p, α] stands for ∆(p) ≥ α. The first two properties show the reversed
behavior of ∆-based formulas w. r. t. usual entailment. Indeed, if all the models
of q are guaranteed to be possible, then it holds as well to any subset of models,
e.g. the models of p, knowing that p entails q. Besides, observe that the formula
[p ∧ q, α] is semantically equivalent to [q, min(v(p), α)], where v(p) = 1 if p is true
and v(p) = 0 if p is false. This means that p ∧ q is guaranteed to be possible at
least to the level α, if q is guaranteed to be possible to this level when p is true.
17 Not

to be confused with Baaz ∆ operator in Section 3.4.
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This remark can be used in hypothetical reasoning, as in the case of standard
possibilistic formulas. So, ∆-based formulas behave in a way that is very different
and in some sense opposite to the one of standard (N -based) formulas (since the
function ∆ is non-increasing).
When dealing with uncertainty, this leads to a twofold representation setting
distinguishing between
• what is not impossible because not ruled out by our beliefs; this is captured
by constraints of the form N (pi ) ≥ αi associated with a possibility distribution π ∗ expressing the semantics of a standard possibilistic knowledge base,
• and what is known as feasible because it has been observed; this is expressed
by constraints of the form ∆(qj ) ≥ βj associated with π∗ .
In other words, it offers a framework for reasoning with rules and cases (or examples) in a joint manner. Clearly, some consistency between the two types of
information (what is guaranteed possible cannot be ruled out as impossible) should
prevail, namely
∀ω, π∗ (ω) ≤ π ∗ (ω)
and should be maintained through fusion and revision processes [Dubois et al.,
2001]. The idea of a separate treatment of positive information and negative
information has been also proposed by Atanassov [1986; 1999] who introduces the
so-called intuitionistic fuzzy sets 18 as a pair of membership and non-membership
functions constrained by a direct counterpart of the above inequality (viewing
1 − π ∗ as a non-membership function). However, apart from the troublesome use
of the word ‘intuitionistic’ here, the logic of intuitionistic fuzzy sets (developed
at the semantic level) strongly differs from bipolar possibilitic logic. See [Dubois
et al., 2005] for a discussion. A proposal related to Atanassov’s approach, and
still different from bipolar possibilitic logic (in spite of its name) can be found in
[Zhang and Zhang, 2004].
Possibilistic logic can be used as a framework for qualitative reasoning about
preference [Liau, 1999; Benferhat et al., 2001d; Dubois et al., 1999]. When modeling preferences, bipolarity enables us to distinguish between positive desires encoded using ∆, and negative desires (states that are rejected) where N-based constraints describe states that are not unacceptable [Benferhat et al., 2002c]. Deontic reasoning can also be captured by possibilistic logic as shown by Liau [1999].
Namely, necessity measures encode obligation and possibility measures model implicit permission. Dubois et al. [2000] have pointed out that ∆ functions may
account for explicit permission.

4.2

Extensions of possibilistic logic

Possibilistic logic is amenable to different extensions. A first idea is to exploit
refined or generalized scales, or yet allows weights to have unknown, or variable
18 This is a misleading terminology as the underlying algebra does not obey the properties of
intuitionistic logic; see [Dubois et al., 2005]
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values, while preserving classical logic formulas and weights interpreted in terms
of necessity measures. Variable weights enables a form of hypothetical reasoning
to be captured, as well as accounting for some kinds of fuzzy rules as we shall see.
Lattice-valued possibilistic logics
The totally ordered scale used in possibilistic logic can be replaced by a complete
distributive lattice. Examples of the interest of such a construct include:
• multiple-source possibilistic logic [Dubois et al., 1992b], where weights are
replaced by fuzzy sets of sources that more or less certainly support the truth
of formulas;
• timed possibilistic logic [Dubois et al., 1991b] where weights are fuzzy sets
of time points where formulas are known as being true with some timedependent certainty levels
• a logic of supporters [Lafage et al., 2000], where weights are sets of irredundant subsets of assumptions that support formulas.
A formal study of logics where formulas are associated with general “weights”
in a complete lattice has been carried out by Lehmke [2001b]. Necessity values attached to formulas can be encoded as a particular case of such “weights”.
More generally, a partially ordered extension of possibilistic logic whose semantic
counterpart consists of partially ordered models has been recently proposed by
(Benferhat, Lagrue and Papini, [2004b]).
A recent extension [Dubois and Prade, 2006] of possibilistic logic allows a calculus where formulas, which can be nested, encode the beliefs of different agents
and their mutual beliefs. One can for instance express that all the agents in a
group have some beliefs, or that there is at least one agent in a group that has a
particular belief, where beliefs may be more or less entrenched.
Symbolic weights
Rather than dealing with weights in a partially ordered structure, one may consider weights belonging to a linearly ordered structure, but handled in a symbolic
manner in such a way that the information that some formulas are known to
be more certain than others (or equally certain as others) can be represented by
constraints on the weights. This may be useful in particular in case of multiple
source knowledge. This idea already present in Benferhat et al. [1998a] (where
constraints encodes a partial order on the set of sources), has been more recently
reconsidered by encoding the constraints as propositional formulas and rewriting
the propositional possibilitic logic knowledge base in a two-sorted propositional
logic [Benferhat et al., 2004a]. The principle is to translate (p, α) into p ∨ A (understood as “p is true or situation is A-abnormal”) and α ≤ β into ¬B ∨ A (a
statement is all the more certain, as it is more abnormal to have it false, and

98

Didier Dubois, Francesc Esteva, Lluı́s Godo, Henri Prade

strong abnormality implies weaker abnormality). This view appears to be fruitful
by leading to efficient compilation techniques both when the constraints partially
order the weights [Benferhat and Prade, 2005], or linearly order them as in standard possibilistic logic [Benferhat and Prade, 2006].
Variable weights and fuzzy constants
It has been noticed that subparts of classical logic formulas may be ‘moved’ to
the weight part of a possibilistic logic formula. For instance, the possibilistic
formula (¬p(x)∨q(x), α) is semantically equivalent to (q(x), min(µP (x), α)), where
µP (x) = 1 if p(x) is true and µP (x) = 0 if p(x) is false. It expresses that q(x) is
α-certainly true given the proviso that p(x) is true. This is the basis of the use of
possibilistic logic in hypothetical reasoning [Dubois et al., 1991a] and case by case
reasoning [Dubois and Prade, 1996b], which enables us to compute under what
conditions a conclusion could be at least somewhat certain, when information is
missing for establishing it unconditionally.
Such variable weights can be also useful for fuzzifying the scope of a universal
quantifier. Namely, an expression such that (¬p(x) ∨ q(x), α) can be read “∀x ∈
P, (q(x), α)” where the set P = {x | p(x) is true}. Making one step further, P
can be allowed to be fuzzy [Dubois et al., 1994c]. The formula (q(x), µP (x)) then
expresses a piece of information of the form “the more x is P , the more certain
q(x) is true”. A fuzzy restriction on the scope of an existential quantifier can be
also introduced in the following way [Dubois et al., 1998]. From the two classical
first order logic premises “∀x ∈ A, ¬p(x, y) ∨ q(x, y)”, and “∃x ∈ B, p(x, c)”, where
c is a constant, we can conclude that “∃x ∈ B, q(x, c)” provided that B ⊆ A. Let
p(B, c) stand for that ∃x ∈ B, q(x, c)”. Then B can be called imprecise constant.
Letting A and B be fuzzy sets, the following pattern can be established:
(¬p(x, y) ∨ q(x, y), min(µA (x), α)); (p(B, c), β) ` (q(B, c), min(NB (A), α, β).
where NB (A) = inf t max(µA (t), 1 − µB (t)) is the necessity measure of the fuzzy
event A based on fuzzy information B and it can be seen as a (partial) degree of
unification of A given B. See [Alsinet et al., 1999 ; Alsinet, 2001; Alsinet et al.,
2002] for a further development and logical formalization of these ideas in a logic
programming framework. In particular, in that context the above pattern can be
turned into a sound rule by replacing B by the cut Bβ in NB (A). A complete proof
procedure based on a similar resolution rule dealing only with fuzzy constants has
been defined [Alsinet and Godo, 2000; Alsinet and Godo, 2001]. This framework
has been recently extended in order to incorporate elements of argumentation
theory in order to deal with conflicting information [Chesñevar et al., 2004; Alsinet
et al., 2006].
Embedding possibilistic logic in a non-classical logic
Another type of extension consists in embedding possibilistic logic in a wider object
language adding new connectives between possibilistic formulas. In particular, it is
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possible to cast possibilistic logic inside a (regular) many-valued logic such as Gödel
or Lukasiewicz logic. The idea is to consider many-valued atomic sentences ϕ of the
form (p, α) where p is a formula in classical logic. Then, one can define well-formed
formulas of the form ϕ ∨ ψ, ϕ ∧ ψ, ϕ → ψ, etc. where the “external” connectives
linking ϕ and ψ are those of the chosen many-valued logic. From this point of view,
possibilistic logic can be viewed as a fragment of Gödel or Lukasiewicz logic that
uses only one external connective: conjunction ∧ interpreted as minimum. This
approach involving a Boolean algebra embedded in a non-classical one has been
proposed by Boldrin and Sossai [1997; 1999] with a view to augment possibilistic
logic with fusion modes cast at the object level. Hájek et al. [1995] use this method
for both probability and possibility theories, thus understanding the probability
or the necessity of a classical formula as the truth degree of another formula. This
kind of embedding inside a fuzzy logic works for other uncertainty logics as well
as explained in section 4.5.
Lastly, possibilistic logic can be cast in the framework of modal logic. Modal
accounts of qualitative possibility theory involving conditional statements were
already proposed by Lewis [1973a] (this is called the VN conditional logic, see
[Dubois and Prade, 1998a; Fariñas and Herzig, 1991]). Other embeddings of
possibilistic logic in modal logic are described in [Boutilier, 1994; Hájek, 1994;
Hájek et al., 1994].
Possibilistic extensions of non-classical logics
One may consider counterparts to possibilistic logic for non-classical logics, such as
many-valued logics. A many-valued logic is cast in the setting of possibility theory
by changing the classical logic formula p present in the possibilistic logic formula
(p, α) into a many-valued formula, in Gödel or Lukasiewicz logic, for instance. Now
(p, α) is interpreted as C(p) ≥ α, where C(p) is the degree of necessity of a fuzzy
event as proposed by Dubois and Prade [Dubois and Prade, 1990] (see section 2.3).
Alsinet and Godo [Alsinet, 2001; Alsinet and Godo, 2000] cast possibilistic logic
in the framework of Gödel many-valued logic. A possibilistic many-valued formula
can also be obtained in first-order logic by making a fuzzy restriction of the scope
of an existential quantifier pertaining to a standard first order possibilistic formula,
as seen above.
Besnard and Lang [1994] have proposed a possibilistic extension of paraconsistent logic in the same spirit. Quasi-possibilistic logic (Dubois, Konieczny, and
Prade [2003]) encompasses both possibilistic logic and quasi-classical logic (a paraconsistent logic due to Besnard and Hunter [1995]; see also [Hunter, 2002]). These
two logics cope with inconsistency in different ways, yet preserving the main features of classical logic. Thus, quasi-possibilistic logic preserves their respective
merits, and can handle plain conflicts taking place at the same level of certainty
(as in quasi-classical logic), while it takes advantage of the stratification of the
knowledge base into certainty layers for introducing gradedness in conflict analysis (as in possibilistic logic).
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Lehmke [2001a; 2001b] has tried to cast Pavelka-style fuzzy logics and possibilistic logic inside the same framework, considering weighted many-valued formulas
of the form (p, τ ), where p is a many-valued formula with truth set T , and τ is a
“label” defined as a monotone mapping from the truth-set T to a validity set L. T
and L are supposed to be complete lattices, and the set of labels has properties that
make it a fuzzy extension of a filter in LT . Labels encompass what Zadeh [1975a]
called “fuzzy truth-values” of the form “very true”, “more or less true”. They are
continuous increasing mappings from T = [0, 1] to L = [0, 1] such that τ (1) = 1. A
(many-valued) interpretation V al, associating a truth-value θ ∈ T to a formula p,
satisfies (p, τ ), to degree λ ∈ L, whenever τ (θ) = λ. When T = [0, 1], L = {0, 1},
τ (θ) = 1 for θ ≥ t, and 0 otherwise, then (p, τ ) can be viewed as a weighted formula
in some Pavelka-style logic. When T = {0, 1}, L = [0, 1], τ (θ) = 1 − α for θ = 0,
and 1 for θ = 1, then (p, τ ) can be viewed as a weighted formula in possibilistic
logic. Lehmke [2001a] has laid the foundations for developing such labelled fuzzy
logics, which can express uncertainty about (many-valued) truth in a graded way.
It encompasses proposals of Esteva et al. [1994] who suggested that attaching a
certainty weight α to a fuzzy proposition p can be modeled by means of a labeled
formula (p, τ ), where τ (θ) = max(1 − α, θ), in agreement with semantic intuitions
formalized in [Dubois and Prade, 1990]. This type of generalization highights the
difference between many-valued and possibilistic logics.
Refining possibilistic inference
A last kind of extension consists in keeping the language and the semantics of
possibilistic logics, while altering the inference relation with a view to make it more
productive. Such inference relations that tolerate inconsistency can be defined
at the syntactic level [Benferhat et al., 1999a]. Besides, proof-paths leading to
conclusions can be evaluated by more refined strategies than just their weakest
links [Dubois and Prade, 2004].

4.3

Possibilistic nonmonotonic inference

A nonmonotonic inference notion can be defined in possibilistic logic as K `pref p
if and only if K ` (p, α) with α > Inc(K). It can be rewritten as K cons ` (p, α),
where K cons = K \ {(pi , αi ) | αi ≤ Inc(K)} is the set of weighted formulas whose
weights are above the level of inconsistency (they are thus not involved in the
inconsistency). Indeed, Inc(K cons ) = 0. This inference is nonmonotonic because
due to the non-decreasingness of the inconsistency level when K is augmented,
K `pref p may not imply K ∪ {(q, 1)} `pref p.
The semantic counterpart to the preferential nonmonotonic inference K `pref p
(that is, K ` (p, α) with α > Inc(K)) is defined as K |=pref p if and only if
NK (p) > Inc(K), where NK derives from the possibility distribution πK that
describes the fuzzy set of models of K. The set {ω | πK (ω) is maximal} forms
the set of best models B(K) of K. It turns out that K |=pref p if and only
if B(K) ⊆ [p] if and only if K `pref p. It can be shown that B(K) ⊆ [p] is
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equivalent to ΠK (p) > ΠK (¬p) where ΠK is the possibility measure defined from
πK [Dubois and Prade, 1991c]. Similarly K ∪ {(p, 1)} |=pref q is equivalent to
ΠK (p ∧ q) > ΠK (p ∧ ¬q). The latter corresponds to the idea of inferring a belief
q from a contingent proposition p in the context of some background knowledge
described by πK (encoded in K), which we denote p |=πK q.
Conversely, a constraint of the form Π(p ∧ q) > Π(p ∧ ¬q) is a proper encoding
of a default rule expressing that in context p, having q true is the normal course
of things. Then a knowledge base made of a set of default rules is associated
with a set of such constraints that induces a family (possibly empty in case of
inconsistency) of possibility measures. Two types of nonmonotonic entailments
can be then defined (see [Benferhat et al., 1992; Benferhat et al., 1997a; Dubois
and Prade, 1995] for details):
1. the above preferential entailment |=π based on the unique possibility distribution π obeying the above constraints (it leads to an easy encoding of
default rules as possibilistic logic formulas);
2. a more cautious entailment, if we restrict to beliefs inferred from all possibility measures obeying the above constraints.
Clearly p |=π q means that when only p is known to be true, q is an expected,
normal conclusion since q is true in all the most plausible situations where p is
true. This type of inference contrasts with the similarity-based inference of Section
4.4 since in the latter the sets of models of q is enlarged so as to encompass the
models of p, while in possibilistic entailment, the set of models of p is restricted
to the best ones. Preferential possibilistic entailment |=π satisfies the following
properties that characterize nonmonotonic consequence relations |∼:
Restricted Reflexivity:
Consistency Preservation:
Left logical equivalence:
Right weakening:
Closure under conjunction:
OR:
Rational monotony:
Cut:

p |∼ p, if 6|= p ≡ ⊥
p 6|∼ ⊥
if |= p ≡ p0 , from p |∼ q deduce p0 |∼ q
from q |= q 0 and p |∼ q deduce p |∼ q 0
p |∼ q and p |∼ r deduce p |∼ q ∧ r
from p |∼ r and q |∼ r deduce p ∨ q |∼ r
from p |∼ r and p 6|∼ ¬q deduce p ∧ q |∼ r
from p ∧ q |∼ r and p |∼ q deduce p |∼ r.

But for the two first properties (replaced by a mere reflexivity axiom), these
are the properties of the so-called rational inference of Lehmann and Magidor
[1992]. Let us explain some of these axioms. Restricted reflexivity just excludes
the assumption that everything follows by default from a contradiction. Consistency preservation ensures the consistency of lines of reasoning from consistent
arguments. Right weakening and closure for conjunction ensures that the set of
plausible consequences of p is a deductively closed set. The OR rule copes with
reasoning by cases. Rational monotony controls the amount of monotonicity of
the possibilistic inference: from p |=π r we can continue concluding r if q is also
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true, provided that it does not hold that, in the context p, ¬q is expected. The
cut rule is a weak form of transitivity.
Liau and Lin [1996] have augmented possibilistic logic with weighted conditionals of the form
hci

hci+

p −→ q and p −→ q
that encode Dempster rule of conditioning (Π(q | p) = Π(p ∧ q)/Π(p)), and correspond to constraints Π(p ∧ q) ≥ c · Π(p) and Π(p ∧ q) > c · Π(p) respectively
with c being a coefficient in the unit interval. Liau [1998] considers more general
conditionals where a t-norm is used instead of the product. Note that if p = >
(tautology), then
hci

h1−ci+

> −→ q and ¬(> −→ ¬q)
stands for Π(q) ≥ c for N (q) ≥ c respectively. This augmented possibilistic logic
enables various forms of reasoning to be captured such as similarity-based and
default reasoning as surveyed in [Liau and Lin, 1996].

4.4

Deductive Similarity Reasoning

The question raised by interpolative reasoning is how to devise a logic of similarity,
where inference rules can account for the proximity between interpretations of the
language. This kind of investigation has been started by Ruspini [1991] with a
view to cast fuzzy patterns of inference such as the generalized modus ponens of
Zadeh into a logical setting, and pursued by Esteva et al. [1994]. Indeed in the
scope of similarity modeling, a form of generalized modus ponens can be expressed
informally as follows,
p is close to being true
p approximately implies q
q is not far from being true
where “close”, “approximately”, and “not far” refer to a similarity relation S,
while p and q are classical propositions. The universe of discourse Ω serves as
a framework for modeling the meaning of classical propositions p1 , p2 , . . . , pn
in a formal language L, by means of constraints on a set of interpretations Ω.
Interpretations are complete descriptions of the world in terms of this language,
and assign a truth-value to each propositional variable. Let [p] denote the set of
models of proposition p, i.e., the set of interpretations which make p true. If ω is
a model of p, this is denoted denoted w |= p. The set of interpretations Ω is thus
equipped with a similarity relation S, that is a reflexive, symmetric and t-normtransitive fuzzy relation. The latter property means that there is a triangular
norm T such that ∀ω, , ω 0 , ω 00 , T (S(ω, ω 0 ), S(ω 0 , ω 00 )) ≤ S(ω, ω 00 ). For any subset
A of Ω, a fuzzy set A∗ can be defined by
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(24) A∗ (ω) = sup S(ω, ω 0 )
ω 0 ∈A

where S(ω, ω 0 ) is the degree of similarity between ω and ω 0 . A∗ is the fuzzy set of
elements close to A. Then proposition p can be fuzzified into another proposition
p∗ which means “approximately p” and whose fuzzy set of models is [p∗ ] = [p]∗
as defined by (24). Clearly, a logic dealing with propositions of the form p∗ is a
fuzzy logic in the sense of a many-valued logic, whose truth-value set is the range
of S(ω, ω 0 ), for instance [0, 1]. The satisfaction relation is graded and denoted |=α
namely,
ω |=α p

iff

there exists a model ω 0 of p
which is α-similar to ω,

in other words, iff [p∗ ](ω) ≥ α, i.e., ω belongs to the α-cut of [p∗ ], that will be
denoted by [p∗ ]α .
One might be tempted by defining a multiple-valued logic of similarity. Unfortunately it cannot be truth-functional. Namely given S, truth evaluations vω
defined as v(p) = [p∗ ](ω), associated to the interpretation ω, are truth-functional
neither for the negation not for the conjunction. Indeed, in general, [p ∧ q]∗ (ω) is
not a function of [p∗ ](ω) and [q ∗ ](ω) only. This feature can be observed even if S
is a standard equivalence relation. Indeed, for A ⊆ Ω, A∗ = S ◦ A is the union of
equivalence classes of elements belonging to A, i.e., it is the upper approximation
of A in the sense of rough set theory [Pawlak, 1991], and it is well known that
[A ∩ B]∗ ⊆ [A]∗ ∩ [B]∗ and no equality is obtained (e.g., when A ∩ B = ∅, but
[A]∗ ∩[B]∗ 6= ∅). This fact stresses the difference between similarity logic and other
truth-functional fuzzy logics. The reason is that here all fuzzy propositions are interpreted in the light of a single similarity relation, so that there are in some sense
less fuzzy propositions here than in more standard many-valued calculi. Similarity
logic is more constrained, since the set of fuzzy subsets {[p]∗ : p ∈ L} of Ω induced
by classical propositions of the language L, is in a one-to-one correspondence to a
Boolean algebra (associated with L), and is only a proper subset of the set [0, 1]Ω
of all fuzzy subsets of Ω. However it holds that [A ∪ B]∗ = [A]∗ ∪ [B]∗ .
The graded satisfaction relation can be extended over to a graded semantic
entailment relation: a proposition p entails a proposition q at degree α, written
p |=α q, if each model of p makes q ∗ at least α-true, where q ∗ is obtained by means
of a T -transitive fuzzy relation S [Dubois et al., 1997]. That is,
p |=α q holds iff [p] ⊆ [q ∗ ]α .
p |=α q means “p entails q, approximately” and α is a level of strength. The
properties of this entailment relation are:
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Nestedness:
T-Transitivity:
Reflexivity:
Right weakening:
Left strengthening:
Left OR:
Right OR:

if p |=α q and β ≤ α then p |=β q;
if p |=α r and r |=β q then p |=T (α,β) q;
p |=1 p;
if p |=α q and q |= r then p |=α r;
if p |= r and r |=α q then p |=α q;
p ∨ r |=α q iff p |=α q and r |=α q;
if r has a single model, r |=α p ∨ q iff r |=α p or r |=α q.

The fourth and fifth properties are consequences of the transitivity property
(since q |= r entails q |=1 r due to [q] ⊆ [r] ⊆ [r∗ ]1 ). They express a form of
monotonicity. The transitivity property is weaker than usual and the graceful
degradation of the strength of entailment it expresses, when T 6= min, is rather
natural. It must be noticed that |=α does not satisfy the Right And property, i.e.,
from p |=α q and p |=α r it does not follow in general that p |=α q ∧ r. Hence the
set of approximate consequences of p in the sense of |=α will not be deductively
closed. The left OR is necessary to handle disjunctive information, and the right
OR is a consequence of the decomposability w.r.t. the ∨ connective in similarity
logic. Characterization of the similarity-based graded entailment in terms of the
above properties as well as for two other related entailments are given in [Dubois
et al., 1997].
The idea of approximate entailment can also incorporate “background knowledge” in the form of some proposition K. Namely, [Dubois et al., 1997] propose
∗
∗
another entailment relation defined as p |=α
K q iff [K] ⊆ ([p ] → [q ])α , where
→ is the R-implication associated with the triangular norm T and [p∗ ] → [q ∗ ]
expresses a form of gradual rule “the closer to the truth of p, the closer to the
truth of q”. Then, using both |=α and |=α
K , a deductive notion of interpolation
based on gradual rules, as described in Section 2.5, can be captured inside a logical setting. The relations and the differences between similarity-based logics and
possibilistic logic are discussed in [Esteva et al., 1994] and in [Dubois and Prade,
1998b]. The presence of a similarity relation on the set of interpretation suggests
a modal logic setting for similarity-based reasoning where each level cut Sα of S
is an accessibility relation. Especially p |=α q can be encoded as p |= 3α q, where
3α is the possibility modality induced by Sα . Such a multimodal logic setting is
systematically developed by Esteva et al. [1997b].
Finally, let us mention that a different approach to similarity-based reasoning,
with application to the framework of logic programming, has been formally developed in [Ying, 1994; Gerla and Sessa, 1999; Biacino et al., 2000; Formato et
al., 2000]. The idea is to extend the classical unification procedure in classical
first order logic by allowing partial degrees of matching between predicate and
constants that are declared a priori to be similar to some extent. A comparison
between both approaches can be found in [Esteva et al., 2001].
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Fuzzy logic theories to reason under uncertainty

Although fuzzy logic is not a logic of uncertainty per se, as it has been stressed
in Sections 1 and 2, a fuzzy logic apparatus can indeed be used in a non standard
(i.e. non truth-functional) way to represent and reasoning with probability or other
uncertainty measures. This is the case for instance of the approach developed by
Gerla [1994b]. Roughly speaking, Gerla devises a probability logic by defining a
suitable fuzzy consequence operator C, in the sense of Pavelka (see Section 3.8),
on fuzzy sets v of the set B of classical formulas (modulo classical equivalence) in a
given language, where the membership degree v(p) of a proposition p is understood
as lower bound on its probability. A (finitely additive) probability w on B is a fuzzy
set (or theory) that is complete, i.e. fulfilling w(p) + w(¬p) = 1 for each p ∈ B.
Models of fuzzy set v are probabilities w such that v ≤ w (i.e. v(p) ≤ w(p) for each
p). The probabilistic theory C(v) generated by v is the greatest lower bound of
the probabilities greater than or equal to v. Then Gerla defines a fuzzy deduction
operator D based on some inference rules to deal with probability envelopes (called
the h-m-k-rules and the h-m-collapsing rules) and shows that C and D coincide,
this gives the probabilistic completeness of the system.
In a series of works starting in [Hájek et al., 1995], a different logical approach
to reason about uncertainty has been developed that is able to combine notions
of different classical uncertainty measures (probability, necessity/possibility and
belief functions) with elements of t-norm based fuzzy logics: the basic observation
is that “uncertainty” or belief is itself a gradual notion, e.g. a proposition may be
totally, quite, more or less, or slightly certain (in the sense of probable, possible,
believable, plausible, etc.).
For instance in the case of probability, one just starts with Boolean formulas ϕ
and a probability on them; then there is nothing wrong in taking as truth-degree
of the fuzzy proposition P ϕ := “ϕ is probable” just the probability degree of the
crisp proposition ϕ. Technically speaking, the approach boils down to considering
the following identity
probability degree of ϕ = truth degree of P ϕ,
where P is a (fuzzy) modality with the intended reading: P ϕ stands for the fuzzy
proposition “ϕ is probable”. Notice that such an approach clearly distinguishes
between assertions like “(ϕ is probable) and (ψ is probable)” on the one hand and
“(ϕ ∧ ψ) is probable” in the other. This is the basic idea exposed in [Hájek et al.,
1995] and then later refined by Hájek in [Hájek, 1998a]. Taking Lukasiewicz logic
L as base logic, this is done by first enlarging the language of L by means of a
unary (fuzzy) modality P for probably, defining two kinds of formulas:
- classical Boolean formulas: ϕ, ψ, . . . (which are definable in L), and
- modal formulas: for each Boolean formula ϕ, P (ϕ) is an atomic modal formula and, moreover, such a class of modal formulas, MF, is taken closed
under the connectives of Lukasiewicz logic →L and ¬L ,
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and then by defining a set of axioms and an inference rule reflecting those of a
probability measure, namely:
(FP1) P (¬ϕ ∨ ψ) →L (P ϕ →L P ψ),
(FP2) P (¬ϕ) ≡L ¬L P ϕ,
(FP3) P (ϕ ∨ ψ) ≡L ((P ϕ →L P (ϕ ∧ ψ)) →L P ψ),
and the necessitation rule for P : from ϕ infer P (ϕ), for any Boolean formula ϕ.
The resulting fuzzy probability logic, F P (L), is sound and (finite) strong complete [Hájek, 1998a] with respect to the intended probabilistic semantics given
by the class of probabilistic Kripke models. These are structures M = hW, µ, ei
where W is a non-empty set, e : W × BF → {0, 1} (where BF denotes the set
of Boolean formulas) is such that, for all w ∈ W , e(w, ·) is a Boolean evaluation of non-modal formulas, and µ is a finitely additive probability measure on
a Boolean subalgebra Ω ⊆ 2W such that, for every Boolean formula ϕ, the set
[ϕ]W = {w ∈ W : e(w, ϕ) = 1} is µ-measurable, i.e. [ϕ]W ∈ Ω and hence µ([ϕ]W )
is defined. Then, the truth-evaluation of a formula P ϕ in a model M is given by
k P (ϕ) kM = µ([ϕ]W )
and it is extended to compound (modal) formulas using Lukasiewicz logic connectives. The completeness result for F P (L) states that a (modal) formula Φ follows
(using the axioms and rules of F P (L)) from a finite set of (modal) formulas Γ iff
k Φ kM = 1 in any probabilistic Kripke model M that evaluates all formulas in Γ
with value 1. The same results holds for F P (RP L), that is, if the expansion of L
with rational truth-constants RPL is used instead of L as base logic. Thus both
F P (L) and F P (RP L) are adequate for a treatment of simple probability.
Let us comment that the issue of devising fuzzy theories for reasoning with
conditional probability has also been developed for instance in [Godo et al., 2000;
Flaminio and Montagna, 2005; Flaminio, 2005; Godo and Marchioni, 2006] taking LΠ 21 as base logic instead of Lukasiewicz logic in order to express axioms of
conditional probability involving product and division.
The same easy approach can be used to devise a fuzzy modal theory to reason
with necessity measures, hence very close to possibilistic logic. In fact, buiding the
modal formulas MF as above, just replacing the modality P by another modality
N , the logic F N (L) is defined as F P (L) by replacing the axioms (FP1), (FP2)
and (FP3) by the following ones:
(FN1) N (¬ϕ ∨ ψ) →L (N ϕ →L N ψ),
(FN2) ¬N ⊥
(FN3) N (ϕ ∧ ψ) ≡L (N ϕ ∧ N ψ)
and keeping the necessitation rule for N : from ϕ infer N (ϕ), for any Boolean
formula ϕ. This axiomatization gives completeness with respect to the intended
semantics, i.e. w. r. t. the class of necessity Kripke models M = hW, µ, ei,
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where now µ is a necessity measure on a suitable Boolean subalgebra Ω ⊆ 2W .
Note that one can define the dual modality Π, Πϕ as ¬N ¬ϕ, and then the truthvalue of Πϕ in a necessity Kripke models is just the corresponding possibility
degree. If we consider the theory F N (RP L), the necessity modal theory over RPL
(thus introducing rational truth-constants), then one faithfully cast possibilistic
logic into F N (RP L) by transforming possibilistic logic expressions (p, α) (with α
rational) into the modal formulas α →L p. See [Marchioni, 2006] for an extension
to deal with generalized conditional necessities and possibilities.
This kind of approach has been generalized to deal with Dempster-Shafer belief
functions19 . The idea exploited there is that belief functions on propositions can
be understood as probabilities of necessities (in the sense of S5 modal formulas).
So, roughly speaking, what one needs to do is to define the above F P (L) over S5
formulas rather than over propositional calculus formulas. Then the belief modal
formula Bϕ, where ϕ is a classical (modality free) formula, is defined as P 2ϕ. The
details are fully elaborated in [Godo et al., 2003], including completeness results
of the defined fuzzy belief function logic F B(L) w. r. t. the intended semantics
based on belief functions.
5

CONCLUSION

The idea of developing something like fuzzy logic was already part of Zadeh’s
concerns in the early fifties. Indeed, one can read in an early position paper of his,
entitled Thinking machines: a new field in Electrical Engineering the following
premonitory statement20 :
“Through their association with mathematicians, the electrical engineers working on thinking machines have become familiar with such
hitherto remote subjects as Boolean algebra, multivalued logic, and so
forth. And it seems that the time is not so far distant when taking
a course in mathematical logic will be just as essential to a graduate
student in electrical engineering as taking a course in complex variables
is at the present time.”
It seems that Zadeh’s prediction was correct to a large extent.
The historical development of fuzzy logic may look somewhat erratic. The concept of approximate reasoning developed by Zadeh in the seventies in considerable
details did not receive great attention at the time, neither from the logical community, nor from the engineering community, let alone the artificial intelligence
community, despite isolated related works in the eighties. Many logicians did not
like it by lack of a syntax. Engineers exploited very successful, sometimes ad hoc,
numerical techniques borrowing only a small part of fuzzy set concepts. They did
19 A belief function [Shafer, 1975] on a set W is a mapping bel : 2W → [0, 1] satisfying
the following conditions: bel(W ) = 1, bel(∅) = 0 and bel(A1 ∪ . . . ∪ An ) ≥
P
|I|+1 bel(∩
i∈I Ai ), for each n.
∅6=I⊆{1,...,n} (−1)
20 appearing in the Columbia Engineering Quarterly, Vol. 3, January 1950, p. 31

108

Didier Dubois, Francesc Esteva, Lluı́s Godo, Henri Prade

not implement the combination projection principle which is the backbone of approximate reasoning (see [Dubois et al., 1999] on this point). Finally there is a long
tradition of mutual distrust between artificial intelligence and fuzzy logic, due to
the numerical flavor of the latter. Only later on, in the late nineties, approximate
reasoning would be at work in possibilistic counterparts to Bayesian networks.
The nineties witnessed the birth of new important research trend on the logical side, which is no less than a strong revival of the multiple-valued logic tradition, essentially prompted by later theoretical developments of fuzzy set theory (especially the axiomatization of connectives). However multiple-valued logic
had been seriously criticized at the philosophical level (see the survey paper by
Urquart[1986], for instance) because of the confusion between truth-values on the
one hand and degrees of belief, or various forms of incomplete information, on
the other hand, a confusion that even goes back to pioneers including Lukasiewicz
(e.g., the idea of ”possible” as a third truth-value). Attempts to encapsulate ideas
of non-termination and error values (suggested by Kleene) in many-valued logics
in formal specification of software systems also seem to fail (see Hähnle [2005]).
In some sense, fuzzy set theory had the merit of giving multiple-valued logic a
more natural interpretation, in terms of gradual properties. The point is to bridge
the gap between logical notions and non-Boolean (even continuous) representation
frameworks. This has nothing to do with the representation of belief. It is interesting to see that the current trend towards applying Lukasiewicz infinite-valued logic
and other multiple valued logics is not focused on the handling of uncertainty, but
on the approximation of real functions via normal forms (see the works of Mundici
[1994], Perfilieva [2004], Aguzzoli and Gerla [2005], etc.). Another emerging topic
is the reconsideration of mathematical foundations of set theory in the setting
of the general multiple-valued logic setting recently put together [Behounek and
Cintula, 2006b], sometimes in a category-theoretical framework [Höhle, 2007].
However, in this new trend, the fundamental thesis of Zadeh, namely that “fuzzy
logic is a logic of approximate reasoning” is again left on the side of the road. Yet
our contention is that a good approach to ensuring a full revival of fuzzy logic is to
demonstrate its capability to reasoning about knowledge and uncertainty. To this
end, many-valued logics must be augmented with some kind of modalities, and
the natural path to this end is the framework of possibility theory. The case of
possibilistic logic is typical of this trend, as witnessed by its connections to modal
logic, nonmonotonic logics and non-standard probabilities, along the lines independently initiated by Lewis [1973b] and by Kraus, Lehmann and Magidor [1990].
However, possibilistic logic handles sharp propositions. Recent works pointed out
in the last part of this survey make first steps towards a reconciliation between
possibility theory, other theories of belief as well, and many-valued logic. Fuzzy
logic in the narrow sense being essentially a rigorous symbolic setting to reason
about gradual notions (including belief), we argue that this is the way to follow.
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Soft Computing 9: 919–934, 2005.
[Aguzzoli et al., 2005] S. Aguzzoli, B. Gerla and C. Manara. Poset Representation for Gdel and
Nilpotent Minimum Logics. Proceedings of The 8th European Conference on Symbolic and
Quantitative Approaches to Reasoning with Uncertainty, ECSQARU 2005, Barcelona, Spain.
Lecture Notes in Artificial Intelligence, 3571 Springer, pp. 662-674, 2005.
[Aguzzoli et al., 2006] S. Aguzzoli, B. Gerla and C. Manara. Structure of the algebras of NMGformulas. Proceedings of the 11th Conference on Information Processing and Management of
Uncertainty in Knowledge-based Systems, IPMU 2006, Paris, France, pp. 1620-1627, 2006.
[Alsina et al., 2006] C. Alsina, M. Frank and B. Schweizer. Associative Functions: Triangular
Norms and Copulas, World Scientific, 2006.
[Alsina et al., 1980] C. Alsina, E. Trillas and L. Valverde (1980) On Some Logical Connectives
for Fuzzy Set Theory. Busefal 3, Summer 1980, Université Paul Sabatier. pp. 18-29. Long
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[Fariñas and Herzig, 1991] L. Fariñas del Cerro and A. Herzig. A modal analysis of possibility
theory, Fundamentals of Artificial Intelligence Research (FAIR’91) (Jorrand Ph. and Kelemen
J., Eds.), Lecture Notes in Computer Sciences, Vol. 535, Springer Verlag, Berlin, 1991, pp.
11-18.
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