
A NewPerspectiveon Reasoningwith FuzzyRules

D. DUBOIS
�
, H. PRADE

�
, andL. UGHETTO

�
�

IRIT – CNRS,UniversitéPaulSabatier, 31062TOULOUSE Cedex 4, FRANCE�
IRIN, UniversitédeNantes,BP92208,44322NANTES Cedex 3, FRANCE

Didier.Dubois@irit.fr Henri.Prade@irit.fr
Laurent.Ughetto@irin.univ-nantes.fr

Abstract. Thispaperputsforwardtheideathatinformationencodedonacomputermay
haveanegativeor apositiveemphasis.Negativeinformationcorrespondsto thestatement
thatsomesituationsareimpossible.It is oftenthecasefor piecesof backgroundknowl-
edgeexpressedin a logical format.Positive informationcorrespondsto observedcases.It
is oftenencounteredin data-drivenmathematicalmodels,learning,etc.Thenotionof an
“if. . . , then.. . ” rule is examinedin thecontext of positive andnegative information.It is
shown thatit leadsto thethree-valuedrepresentationof arule,afterDeFinetti,according
to whichagivenstateof theworld is anexampleof therule,acounterexampleto therule,
or is irrelevant for therule. This view alsoshedslight on the typologyof fuzzy rules.It
explainsthedifferencebetweena fuzzy rule modeledby a many-valuedimplication,and
expressingnegative information,anda fuzzy rule modeledby a conjunction(a la Mam-
dani)andexpressingpositiveinformation.A new compositionalruleof inferenceadapted
to conjunctive rules,specificto positive information,is proposed.Consequencesof this
framework on interpolationbetweensparserulesarealsopresented.

1 Intr oduction

Fuzzyrulesareoftenconsideredto beabasicconceptin fuzzylogic [1]. Originally, fuzzyrules
weremeantto representhumanknowledgein thedesignof controlsystems,whenmathemati-
calmodelswerelacking[2]. However, in thelasttenyearsor so,fuzzyruleshavebeenmainly
usedasa tool for approximatingfunctionsfrom data.This trendgetsaway from the original
motivationsof fuzzylogic [3]. It seemsto bedueto theformalanalogybetweenthemathemat-
ical modelsof fuzzy rulesandartificial neurons,andthe popularityof the “soft computing”
paradigm.However restrictingfuzzy rulesto sucha role putsthemin directcompetitionwith
many otherandoldermethodsfor approximatingfunctions.

In parallel,the last ten yearshave witnesseda relative declineof basicresearchin fuzzy
expert systemsandapproximatereasoningbasedon fuzzy rules(surveyed in [4]). Onerea-
sonmaybe the lack of articulatedexpertknowledgein many industrialapplicationsof fuzzy
systems,andthepopularitydropof symbolicArtificial Intelligencemethodsin industry. More
recentlyseveralresearchershaveinsistedonthefactthattheoriginality of thefuzzyrule-based
approachto modelinglies in theinterpretabilityof themodels.This point is all themorevalu-
ableastopicslikedatamining,knowledgediscovery, andvariousformsof learningtechniques
have becomean importantchallengein information technology, due to the hugeamountof
datastoredin nowadaysinformationsystems.Beyond the questfor numericalperformance,
looking for meaningin datahasbecomeagaina relevant issue.Theextractionof fuzzy asso-
ciation rulesfrom datahasbecomea topic of interest[5], [6]. Onemayexpectthat this new
trendwill revive theconcernson approximatereasoning,with a view to developsmartinfor-
mationsystems.This revival mayalsobenefitfrom thepopularityof Bayesianbeliefnetworks



whosecounterpartsin possibility theoryhave beenrecentlystudied(seefor instanceBorgelt
andKruse[7,8] or Gebhardt[9]).

In order to extract fuzzy rules from dataand exploit them in inferenceprocesses,it is
necessaryto have a clearunderstandingof the existing typology of fuzzy rules,their formal
modelsandtheir variouspurposes.However, the stateof the art on fuzzy rules,asinherited
from the fuzzy modelingand control literatureis somewhat confusing.Thereare basically
threemethodologiesfor fuzzy inference,andthey disagreewith eachother[10].

– First, the Mamdaniapproach[11] is the oldestoneandthe first to be usedon real con-
trol systems.Its peculiarityis theuseof a conjunctionfor modelingrules,insteadof the
materialimplication,andtheuseof adisjunctionfor aggregatingtherules.
This approachhasbeenill-understoodfrom a logical point of view, andis actuallynot in
agreementwith classicallogic. However it hasbeenusedfor themostpartunderprecise
inputs,andits anomalouslogical behavior hasbeenlargely ignoredbecauseit is hidden
by the defuzzificationschemes.It hasbeenstronglyadvocatedby systemsengineering
scholars,like Mendelwho considersthatresultsobtainedwith fuzzy versionsof material
implications“violate engineeringcommonsense”[12]. However, formal difficultieswith
Mamdani’s reasoningmethodfrom thelogical point of view, oncewe try to useit beyond
whatcontrolengineersdo with it, have beenpointedout quiteearly; in 1980by Baldwin
andGuild [13] andmorerecently, in 1989by Di Nolaet al. [14].

– Anotherimportantapproachto formalizingapproximatereasoningis theoneproposedby
Zadehhimself[15]. In his view, eachpieceof information(beit a rule,anaturallanguage
sentence,etc.) can be describedas a fuzzy restrictionon a set of possibleworlds (the
universeof discourse).Reasoningwith a knowledgebaseleadsto the conjunctive com-
binationof the fuzzy restrictionsinducedby eachpieceof information,followed by the
projectionof this globalfuzzy restrictionon thedomainof somevariableof interest.
An exampleof patternof approximatereasoningis thegeneralizedmodusponens,which
exploitsafuzzyfactandafuzzyrule,andcomputesafuzzyconclusion.In thisapproach,a
rule is modeledby thefuzzyextensionof amaterialimplication,andtheinferenceprocess
is clearlya generalizationof classicallogic inference.HenceZadeh’sapproachis at odds
with Mamdani’smethodsandotherfuzzysystemstechniques.

– The third fuzzy inferencemethodologyis basedon fuzzy ruleswith precise,numerical
conclusionparts.This trend,now known asTSK approach,hasbeeninitiatedby Takagi
andSugenoin 1985[16] andincludesneuro-fuzzymethodsusingradial-basisfunctions
andsoon.
Thismethodologyhasthemerit of simplifying Mamdani’ssystemsby retainingtheir use-
ful partonly. In particular, it laysbaretheir realpurpose,which is interpolationbetween
local modelshaving fuzzy validity ranges,ratherthaninferencein theusualsense.There
is no (logical) reasoningtaskleft in TSK systems.Neuro-fuzzytechniquesdo not involve
logic either.

In fact, thereis a major misunderstandingbetweenlogiciansfrom Artificial Intelligence,
andsystemsengineers.Theformerareinterestedby therepresentationof knowledge,includ-
ing humanknowledge,andthe extractionof articulatedknowledgefrom data.The latter are
interestedby the derivation of a usefulandaccuratemodelof a systemfrom observed data.
Thereis a clashof intuitions betweenthe knowledge-driven tradition of logical approaches
andthedata-drivenframework of systemsengineering[17], andit becomesparticularlyacute
in theframework of fuzzy systemswhenobservingthecritical viewsof theengineeringcamp
on fuzzy implicationsandthe logical approach(asdevelopedin Mendel’s paper[12]) by sci-
entistswho appearnot to befamiliarwith logic andautomatedreasoning.
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In fact,if Mamdanirulesarelogically anomalous,it is notbecausethey arewrongmodels.
If implicativerulesdonotalwaysmeettheengineersexpectations,it is notbecausethelogical
approachis flawedfor modelingpurposes.Thereasonis thatMamdani’s fuzzy rulesandim-
plicative rulesmodelradicallydifferentkindsof information,what is calledherepositive and
negative informationrespectively.

Theaim of thispaperis:

1. to show thatthetypologyof fuzzy rules,previouslyproposedby theauthors[18,19] man-
agesto reconciletheknowledge-drivenlogical tradition anddata-drivenengineeringtra-
dition;

2. to give a logical accountof Mamdani’s fuzzy rulesin termsof case-basedreasoningand
to show thatinferencein thissettingshouldnot rely on a sup-mincomposition;

3. to proposea reasoneddiscussionof theproblemof interpolatingwith sparserulesin the
framework of positiveandnegative information.

Theultimateaim of this researchis to try to rebuild somebridgebetweenfuzzy systemsand
knowledgerepresentation.

Thepaperis organizedasfollows.Section2 advocatestheexistenceof two typesof infor-
mationthatareinvolvedin problem-solvingtasks,andshows that they canbecapturedin the
settingof possibilitytheory. It correspondsto two notionsof possibility, onepertainingto log-
ical consistency andtheotherto theideaof guaranteedor observedpossibility. Section3 tries
to formally definethenotionof “if. . . then.. . ” rulesin thelight of this distinction,andshows
that both an implicative anda conjunctive views arenecessaryto get the completepicture.
Theseresultsshedlight on thenatureof so-calledassociationrulesin datamining. Section4
recallsthetypologyof fuzzyrulespreviouslyproposedby theauthors.Section5 showsthatthe
existenceof two kindsof informationcallsfor two formsof fuzzy inference:onebasedon the
sup-mincomposition,that is a form of constraintpropagation,andtheotherbasedon a dual
principle that derive conclusionsthat areguaranteedpossible,despitethe incompletenessof
theinput information.Lastly, Section6 dealswith theinterpolationproblemwith sparserules
andshows that,again,two approachesexist whichaddressit.

2 Negativevs.Positive Inf ormation

Whenanagentstatesaproposition� , it mayconvey oneof two meanings.First, theagentmay
meanthatall thesituationswhere� is falseareimpossible,ruledout.For instance,if oneis told
that “museumsareclosedduringnight-time”, it clearlymeansthatno museumis openin the
night.However, by stating� , theagentmaysometimesmeanthatall thesituationswhere� is
trueareguaranteedpossible(because,for instance,actuallyobserved,or formally permitted,
etc.).This view is very different from the first one.For instance,if somebodytells you that
“between3 and4 p.m.,museumsareopen”,this informationgivesanexampleof time points
whenthemuseumsarenormallyopen.It doesnot meanthatmuseumsarenecessarilyclosed
at 2 or 5 p.m.In thefirst case,a pieceof informationdiscardssituationsasbeingimpossible.
Henceit canbecallednegativeinformation.In thesecondcasetheemphasisis putonshowing
exampleswheretheinformationis valid andsuchkind of informationcanbetermedpositive.
Notethatif theinformationexpressedby aproposition� is negative,asituationwhere� is true
is not necessarilypossible(therearesomehoursin daytimewhenmuseumsareclosedtoo).
Similarly, if the informationexpressedby a proposition� is positive, a situationwhere � is
falseis not necessarilyimpossible(it is unknown actually).
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In many fields,positiveandnegativeinformationis foundconjointly. In relationaldatabase
technology, negative informationconsistsof integrity constraints,while positive information
is storedasa setof tuples.In legal reasoning,laws expresswhat is forbidden(negative infor-
mation)while pastcasesusedfor jurisprudencearepositiveinformation.In logicalapproaches
to Artificial Intelligence,logical sentencesdescribeconstraintson possibleworlds (negative
information)andcontrastwith observeddata.In mathematics,necessaryconditionsarea form
of negative information,while sufficientconditionshaveapositive touch.

In generalit canbe said that negative information is modeledby constraintsdiscarding
impossiblesituations,while positive informationconsistsof observationsor examples.

2.1 Modeling Positiveand Negative Inf ormation in Possibility Theory

In possibility theory, the available information is representedby meansof possibility distri-
butionswhich rank-orderthe possiblestatesof affairs in a given referentialsetor attribute
domain.A possibilitydistribution assignsto eachvalue ���	� of thevariable 
 a degreeof
possibility �������� .

Very early, in 1978,Zadehproposedto representpiecesof informationby meansof possi-
bility distributions[20]. Elementarypropositionssuchas“John is tall” areof the form “ 
 is���

” where
���

is a fuzzy predicateand 
 is thevariable(rangingon a domain � ) underlying
thestatement(e.g.theheightof John).Themainrole of possibilitydistributionsis to discard
statesof affairs inconsistentwith the availableknowledge.Indeed, � � ��������� meansthat
the assignment
���� is totally excludedif the statement“ 
 is

���
” is taken for granted.If�! �" denotesthemembershipfunctionof thefuzzy set

���
on � , and � � denotesa possibility

distribution on � , Zadehproposedthe equality � � � �! �" expressingthat the statement“ 

is
���

” inducesa possibilitydistribution thatcanbeequatedwith �! �" . In fact, it shouldbean
inequalitysincethe presenceof onepieceof informationshouldnot forbid the existenceof
otheroneswhich further restrictthe setof possiblevalues.Then,the statement“ 
 is

� �
” is

representedby theinequality: # �$�%�'&(� � �����*) �! �" �����,+ (1)

Sucha statementactuallymeans“it must be thecasethat 
 is (in)
���

”. It representsnegative
information.

Given an event
��- � anda possibility distribution � � on � expressingthe available

knowledge“ 
 is
���

”, onecandefineapossibilitymeasure. , givenby:# �/- �'&0. � � � �1�32547698;:  �1�����,+
A possibilitymeasure.<�=� � � evaluatesto whatextenttheevent

�
is not inconsistentwith the

information“ 
 is
���

”.
A dualdegreeof necessity> � is givenby:# �?- �@&(>��=� � �A�CBEDGF 8GH:  �5I@J,��������K�,+

A necessitymeasure> � � � � evaluatesto whatextenttheevent
�

is impliedby theinformation
“ 
 is

� �
”. When >��=� � �*�LI , it meansthefollowing: giventhat“ 
 is

� �
”,
�

is certain(i.e.,
truein all non-impossiblesituations).When >��<� � �*MN� , it meansthefollowing:giventhat“ 

is
� �

”,
�

is normally true(true in all themostplausiblesituationswhere �O�=�����9�PI ). These
evaluationsarein full agreementwith theformsof deductionfrom a belief setencounteredin
classicallogic.
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Positive informationcorrespondsto converseinequalitiesw.r.t. the above ones[21]. The
statement“ 
 is

���
” now designatesa subsetof valuestestifiedaspossiblefor 
 1, because

all thevaluesin
���

have beenobservedaspossibleby an informationsource.A membership
functionrepresentsaguaranteed possibilitydistribution QR� . Themainroleof guaranteedpos-
sibility distributionsis to point out statesof affairsthathave beenor canbeactuallyobserved
(if QR�������S�TI ). A value QU�=�����V�W� meansthat it is not known if the assignment
X�Y�
is possibleor not, whenthe statement“ 
 is

� �
” is taken for granted.Then,the guaranteed

possiblevaluesfor 
 canbedescribedby theinequality:

# �$�Z�'&0Q � �����*[ �! �" �����,+ (2)

Sucha statementactuallymeans“it can be the casethat 
 is (in)
���

”. This dual view of
possibilisticinformationis alsoadvocatedby Weisbrod[22] whocalls Q � ����� degree of support
of theassumption“ 
Y�C� ”.

A guaranteedpossibilitymeasureis thengivenby:

# �/- �@&]\=�=� � �^�_B`DGF 8;:  QU�=�����,+
Theguaranteedpossibilitymeasure\ � � � � evaluatesto whatextentall situationswhere

�
is

trueareindeedpossibleasinducedby thepositive informationthat“ 
 is
���

”.
Whenbothpositiveandnegative informationis available,thereshouldbea coherencebe-

tweenthem,accordingto whichtheobservedinformationshouldnotbeconsideredimpossible.
It leadsto the inequality Q � )a� � . In otherwords,negative informationactsasan integrity
constraintfor positive information.Thiscoherencerequirementis discussedin moredetailsby
Weisbrod[22], Dubois,HajekandPrade[17] andUghettoet al. [23].

Thisbasicdistinctionbetweenpositiveandnegativeinformationis important,sincehuman
knowledgeis bothmadeof restrictionsor constraintson thepossiblevaluesof tuplesof vari-
ables(asin thelogic-basedview of Artificial Intelligence),ofteninducedby generallaws,and
madeof examplesof valuesknown for sureasbeingpossible,generallyobtainedin theform
of observations,or asreportedfacts(asin databasepractice).This distinctionplaysa central
role for therepresentationaswell asthehandlingof fuzzy information.

2.2 Combining Piecesof Inf ormation

Obviously, addingobservationsaccumulatepossibleworlds while addingconstraintsdelete
possibleworlds.Soasabasicprinciple,it is clearthatnegativeinformationshouldbecombined
conjunctively, while positive informationshouldbecombineddisjunctively. Thisclaim is also
madein [22]. In Artificial Intelligence,logic-basedknowledgerepresentationsmodelnegative
information and aims at restrictinga set of possiblestatesof the world (the modelsof the
propositionswhich constitutetheknowledgebase).Eachinterpretationwhich satisfiesall the
propositionsin the belief base(representingthe availableknowledge)is thenconsideredas
possible,as not being forbidden.Thus, the addition of new piecesof negative information
will just reducethe setof possiblestates,sincethe setof modelsof the belief basecanbe
reducedonly by the additionof new constraints.The information is said to be completeif
only onepossiblestatefor therepresentedworld remains.A statementis true(resp.false)for
sureif thesetof its modelscontains(resp.rulesout) thepossiblestatesof theworld; in case

1 Theset b*c maybefuzzy if valuescanbeguaranteedpossibleto a degree.
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of incompleteinformation,onemay ignore if a statementis true or false.Several piecesof
negative information

���
, de�/If&R+U+R+U&5g arenaturallyaggregatedconjunctively into:

# �$�%�'&(� � �����*)�h<B`D �`i �kjmlmlml j n �! �" �����,+ (3)

If thereis no informationasto whetherthepiecesof information
� �

areindependentor not,
therewill beno reinforcementeffect betweenthem.Therefore,they areaggregatedusingtheh<BED operation,dueto theinequalities:# de�poqIf&U+R+U+r&Kg]s;&t��u) �  " +
Then,onceall the constraintsaretaken into account,the minimal specificityprinciple is ap-
plied, which allocatesto eachvalue(or stateof the world) the greatestpossibility degreein
agreementwith the constraints.This principle is oneof leastcommitment.It statesthatany-
thing not declaredimpossibleis possible.It is characteristicof negative information and it
leadsto enforcinganequalityin (3).

By contrast,a collectionof piecesof positive informationformsa database,or a memory
of cases,andthe moreit containsthe morenumerousarethe guaranteedpossiblesituations.
Whenseveralpiecesof positive information

�@v
, w��uIf&R+U+U+U&5x areavailable,theinequality(2)

becomes: # �$�$�@&(QU�=�����'[	h<y{z v i �kjmlmlmlmj | �  �} �����,+ (4)

Hereagaintheaggregationusingthe h~y�z operationis dueto theinequalities(2), andthelack
of informationabouttheindependenceof thepiecesof information

� v
.

As opposedto the logical tradition,databasesgenerallyusethe closedworld assumption
(CWA) which is the oppositeof the minimal specificity principle. It saysthat anything not
observedasactuallypossibleis consideredto be false.Only what is explicitly known is rep-
resented,andthenthe CWA allows for the default exclusionof what is regardedas false:a
statementis eithertrue(presentin thedatabase)or consideredasfalse,becauseit is notknown
to betrue.Whennew piecesof dataareavailable,they arejust addedto thedatabase,andthe
correspondinginformation,which wasconsideredasfalsesofar, is thenconsideredastrue.

Thereis no explicit representationof ignorance,only the storageof acceptedstatements.
In thepossibilisticsetting,applyingtheclosedworld assumptioncomesdown to allocatingto
eachvalue(or stateof the world) the leastpossibilitydegreein agreementwith the observed
data.TheCWA is thuscharacteristicof positive informationandleadsto enforcinganequality
in (4).

Note that if a logical languageis usedfor representationpurposes,the conjunctive nor-
mal form is themostnaturalonefor representingnegative information.Indeed,a conjunction
of clausesproperly reflectsthe combinationof negative information(rules,constraints,reg-
ulations).Typically, it encodesa collection of “if. . . then.. . ” rules in a knowledgebase,as
for instancein theProloglanguage.On thecontrary, thedisjunctive normalform is themost
naturalonefor representingpositive information.Indeed,adisjunctionof phrasesproperlyre-
flectsthecombinationof positive information(a memoryof cases,a collectionof t-uplesin a
relationaldatabase,. . . ). See[17] for details.

3 What is a Rule ?

“If. . . then.. . ” ruleshavebeenwidely usedfor knowledgerepresentationpurposesin Artificial
Intelligencesincethe latesixties,with theemergenceof expertsystems,andin FuzzyLogic,
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with the widespreadpopularityof fuzzy control andfuzzy systems,sincethe mid seventies.
To-date,rules,alsocalledassociationrules,arefound to be a convenientformat for describ-
ing interpretableknowledgeextractedfrom data.However, therehasbeenlittle consensuson
theexactnatureof rulesandtheir correctmathematicalmodel.In thetraditionof logic, asin-
heritedby logic programming,a rule is modeledby a materialimplication.However, thefact
that,whendoingso,a rule takesthetruth-value“true” whentheconditionpartis falsehasled
to paradoxesin logic, andto computationalandrepresentationaldifficultiesin logic program-
ming.In thelatterarea,researchershavefelt theneedto changethesemanticsof negation,soas
to circumventthesedifficulties(negationby failure,which is a form of CWA). In thetradition
of expertsystems,arule is understoodasaproductionrule,associatedto amodus-ponens-like
deductionprocess.A “rule” is thusa kind of inferencerule, however without a clearmathe-
maticalstatus.In morerecentprobabilisticexpert systems,rulesareencodedasconditional
probabilitiesin a belief network. This view of a weightedrule, if mathematicallysound,is at
oddswith thelogical tradition,sincetheprobabilityof amaterialimplicationdescribinga rule
clearlydiffersfrom thecorrespondingconditionalprobability. Thisobservation[24] hasled to
a vivid debatein philosophicalcirclessincethe late seventies[25] without fully settlingthe
case.

More recentlysomescholarslike Calabrese[26], Goodmanet al. [27], DuboisandPrade
[28] have suggestedthat a rule is not a two-valuedentity, but a threevaluedone.To seeit,
considera databasecontainingdescriptionsof itemsin a set � . If a rule “if 
 is

�
, then � is�

” is to beevaluatedin thefaceof thisdatabase,it clearlycreatesa3-partitionof � , namely:

– thesetof examplesof therule:
��� � 2,

– thesetof counter-examplesto therule:
��� �

,
– thesetof itemsfor which therule is irrelevant:

�
,

asshown on Fig. 1.

�

��

� �=� �
: examplesof therule�=� �
: counter-examplesof therule�

: valuesirrelevant for therule

� ��

Fig.1. Partitionon �N�~� inducedby therule “if � is b , then � is � ”.

Eachcaseshouldbeencodedby meansof a differenttruth-value.Thetwo first casesonly
correspondingto the usualtruth-values“true” and“f alse” respectively. The third casecorre-
spondsto athird truth-valuewhich,accordingto thecontext, canbeinterpretedas“unknown”,
undetermined,irrelevant, etc. This idea of a rule as a “tri-event” actually goesback to De

2 When b and � arenotdefinedonthesameuniverse,thecylindrical extensionsareassumed.Then,for
thesakeof simplicity, b��]� is givenfor ��b~�A���k�*���S�1��� , and b��]� is givenfor ��b��1���k�*���V�e��� .
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Finetti (1936) [29] who even proposedit asa genuineexampleof three-valuedproposition
whichcouldbecapturedby Lukasiewicz logic. It is alsothebackboneof DeFinetti’sapproach
to conditionalprobability [30]. Indeedit is obviousto seethat theprobability �~� �S� � � is en-
tirely definedby �~� �	� � � and �~� ��� � � . More recentlyit wasshown by DuboisandPrade
[28] that thethree-valuedsemanticsof ruleswasa possiblesemanticsfor thecalculusof con-
ditionalassertionsof Kraus,LehmannandMagidor[31], which is thebasisof oneapproachto
nonmotonicreasoning.It is alsoin full accordancewith Adamsconditionallogics[32] based
on infinitesimalprobabilities.

This framework for modelingaruleproducesaprecisemathematicalmodel:a rule is mod-
eledasa pair of disjoint setsrepresentingthe examplesandthe counter-examplesof a rule,
namely(

�	� � & �	� � ). This definitionhasseveralconsequences.First, it justifiestheclaim
madeby De Finetti thataconditionalprobabilityis theprobabilityof aparticularentitywhich
canbecalleda conditionalevent.

Moreover it preciselyshows thatmaterialimplicationonly partially capturestheintended
meaningof an “if. . . then.. . ” rule. It is obvious that the setof itemswherethe materialim-
plication

�?� �
is true is the complementof the set of counter-examplesof a rule. Hence

theusuallogical view doesnot singleout theexamplesof therule,only its counter-examples.
This is clearlyin agreementwith thefactthatpropositionsin classicallogic representnegative
information.On theotherhand,thesetof examplesof a rule is

�N� �
andclearlyrepresents

positive information.
Notethatin thedatamining literature,themeritof anassociationrule

� �!� �
extracted

from a databaseis evaluatedby two indices:the supportdegreeand the confidencedegree,
respectivelycorrespondingto theprobabilityof theconjunctionandtheconditionalprobability.
This proposalmaysoundadhoc.However thedeepreasonwhy two indicesarenecessaryto
evaluatethequalityof arule is becausetherulegeneratesa3-partitionof thedatabase,andtwo
evaluationsareneededto picturetheir relative importance.In facttheprimitivequality indices
of an associationrule are the proportionof its examplesand the proportionof its counter-
examples.All otherindicesderive from thesebasicevaluations.

Thethree-valuedrepresentationof an“if. . . then.. . ” rule alsostronglysuggeststhata rule
containsbothpositiveandnegativeinformationembeddedin it. It alsoshedslight onthedebate
betweenMamdani’s rulesin fuzzy logic versusimplicative rules:they arethetwo sidesof the
notion of a rule. It makesno senseto discardoneof them.However eachsidemay serve a
specificpurpose.

For instance,the three-valuedrepresentationof a rule maysolve somewell-known para-
doxesof confirmationdiscussedby scholarslike Hempel[33]. Considerthe statement“all
ravensareblack” modeledin first orderlogic as:

#� & Raven� � �*� Black� � �p& (5)

whosevalidity is to be experimentallytested.Observingblack ravensindeedconfirmsthis
statementwhile theobservationof a singlenon-blackonewould refuteit. However sincethis
sentencealsowrites

#� &*� Raven� � �e� Black� � � , it is logically equivalentto its contraposed
form: #� &k� Black� � �^�T� Raven� � �p+ (6)

So observinga white swan,which doesnot violate the sentence,shouldalsoconfirm the
claim thatall ravensareblack.This is hardlydefendable.Usinga three-valuedrepresentation
of the rule, it is clearthatwhile blackravensareexamplesof the rule “all ravensareblack”,
whiteswansareirrelevantitemsfor this rule.Conversely, whiteswansareexamplesof therule
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“all non-blackitemsarenon-ravens”,andblackravensarein turn irrelevant.Both ruleshave
thesamesetof counterexamples(all ravensthatarenotblack,if any) but theirexamplesdiffer,
andonly examplesshouldmeaningfullyconfirmrules.Hencethethree-valuedrepresentation
enablesa rule to bedistinguishedfrom its contraposedform.

This representationalsotoleratesnon-monotonicity, asclaimedabove.It is intuitively sat-
isfying to considerthatthata rule   � = “if

�
then

�
” is saferthana rule   � = “if ¡ then ¢ ”,

if   � hasmoreexamplesandlesscounterexamplesthan   � (in thesenseof inclusion).Then  � is said to be entailedby   � (seeGoodmanet al. [27]). In particular, the two inclusions¡ � ¢ -T��� �
and

��� � - ¡ � ¢ generallyensurethat �~� �£� � �¤[T�~��¢ � ¡¥� .
Whenrulesarerepresentedby materialimplications,it is easyto seethat   � classically

entails   � assoonas   � haslesscounterexamplesthan   � , sinceit means¡ � ¢ - �C��
. Examplesof the rulesarenever involved in classicalentailment.As a consequence“if

�
then

�
” always implies “if

�
and ¡ then

�
”, classically. However using the three-valued

representation,this is no longer the case.Indeedwhile the rule “if
�

and ¡ then
�

” has
generallylesscounterexamplesthanthe rule “if

�
then

�
”, it alsohaslessexamples,since�	� � � ¡ -��N� �

. Sotherule “if
�

and ¡ then
�

” cannotbea consequenceof therule
“if
�

then
�

” any morein thethree-valuedsetting.

Now, considera rule “if 
 is
�

then � is
�

”, where 
 and � aretwo attributeswith do-
mains� and ¦ respectively. Thesets

�
and

�
arenow viewedassubsetsof attributevaluesin� and ¦ respectively. This rule implicitly definesa relation   betweenthesedomains.How-

ever theoutlineof this relation,asprescribedby therule,dependson theway it is interpreted:

1. Negativeview. Therule is viewedasa constraintof theform “if 
 is
�

, then � must be�
”. In otherwords,if

� � � and §Z¨� � , then � � &K§7��¨�©  , or equivalently   - �V� � . This
view emphasizesonly the counter-examplesto the rule. It is the implicative form of the
rule.Pairsof attributevaluesin

�V� �
aredeemedimpossible.Otheronesremainpossible,

asshown on Fig. 2.

�

��

�

� ��

�=� �
: counter-examplesof therule

valuesconsideredaspossibleby default

Fig.2. Negative view of therule “if � is b , then � is � ”.

2. Positive view. Therule is viewedasa caseof theform “if 
 is
�

, then � can be
�

”. In
otherwords,if

� � � and §V� � , then � � &K§G�@�©  , or equivalently
��� � -   . This view

emphasizesonly the examplesof the rule. It is theconjunctive form of the rule. Pairsof
attributevaluesin

��� �
areguaranteedpossible.It is notknown if otheronesarepossible

or not,asshown on Fig. 3.
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�

��

� �=� �
: examplesof therule

� ��

valuesconsideredasimpossibleby default

Fig.3. Positiveview of therule “if � is b , then � is � ”.

Thefull pictureof a rule of theform “if 
 is
�

then � is
�

” involvesthesetwo sidesand
correspondsto a doubleinclusion:��� � -   - ��� � + (7)

Namelytherulespecifiesasubsetof theCartesianProduct�pª�¦ whichincludesexamples
andexcludescounter-examples.

This dual view of fuzzy rules,andmoreparticularly the advantagesof usingconjointly
implicativerules(encodingnegative information)andconjunctiverules(encodingpositive in-
formation)in thesamerule-basedsystem,hasbeenemphasizedin [23].

This basicdistinctionbetweenpositive andnegative informationhasnever beenempha-
sizedin classicalrule-basedsystems(e.g.expertsystems).However, this is not really surpris-
ing.Generally, in thesesystems,whentherulesencodeamappingfrom anumericaldomain�
to anotherone ¦ , theconditionpartsof therulesaredefinedfrom aclassicalpartitionof � . As
they donotoverlap,apreciseinput triggersonly onerule,whichgivesonly oneconclusionon¦ . Thenit doesnot matterwhethertheconclusionencodespositive or negative information.
By contrast,whendealingwith uncertainty(imprecision,fuzziness,etc.)theconditionpartsof
rulesmayoverlap,andtheinputsmaybeimpreciseor fuzzy. Then,severalrulesmaybetrig-
gered,eachgiving a (different)conclusionon thesamedomain.Hencetheseconclusionshave
to be aggregated,andtheir nature(positive or negative) determinesthe way they have to be
aggregated,asshown in thefollowing. It canexplainwhy thisdistinctionbetweenpositiveand
negative informationfirst appearedin fuzzy rule-basedsystems.However, it is alsorelevant
in someclassicalsystems,whereit couldclarify theaggregationprocesses.For instancesome
datamining algorithmsproduceruleswhoseconditionandconclusionpartsarenot subject
to any a priori constraint.As the conditionpartsof theserulesmay overlap,a preciseinput
cantriggerseveral rules,whoseconclusionshave to beaggregated.Usually, this aggregation
is ad-hoc,or basedonsomeevaluationfunctionof theproducedoutputs.Sometimes,only one
rule is chosenasthemost“representative” one.As a consequence,thesemethodsdo not take
into accountthesemanticsnor thepotentialincoherenceof theproducedrules.

4 Retrieving the Typologyof FuzzyRules

Let
�	«   denotetheupperimageof

�
through  :�	«  ¬�oR®*¯�°±�%� � &*���0&5®G�'�© �s_+
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It is interestingto noticethefollowing equivalences.

– For implicative rules,   - ��� �
is equivalentto

�	«   - �
. Thelatterinclusionis a

formal translationof the linguistic expressioncorrespondingto therule: “if 
 is
�

, then� must be
�

”.
– For conjunctiverules,

��� � -   is equivalentto
�	«   - �

. Thelatterinclusionis a
bit lessobvious.It meansthat if a value ® for � is not reachablefrom a value � for 
 in�

, then ���0&5®G� cannotbeanexampleof therule.

Thesefour inclusionslead to four approachesto the modelingof fuzzy rules by fuzzy
relations.Indeed,whenconsideringfuzzy rules,theseequivalencesno longerhold. It means
that, regardlessof the choiceof particularfuzzy connectivesfor conjunctionor disjunction,
four kindsof fuzzy rulesfundamentallyexist, aspointedout in [19].

4.1 Implicati veRules

Consideraknowledgebase² = o � � � � � &�de�aI;&U+U+R+³&5g]s , madeof g parallelfuzzyrules(i.e.,
ruleswith thesameinputspace� andthesameoutputspace¦ ). Theserulesareinterpretedas
constraints(negative information).Thefuzzy connective representingthearrow mustthusbe
a generalizedmaterialimplication.Eachrule “if 
 is

� �
, then � must be

� �
” (denoted

� � �� �
) is representedby a conditionalpossibilitydistribution � �´Aµ � = �  "�¶¸·�" (themembership

function of
��� � � �

), which is determinedaccordingto the semanticsof the rule. 
 is
the tuple of input variables(on which information can be obtained)and � is the tuple of
outputvariables(aboutwhich we try to deduceinformation).If the implication is suchthatI<�º¹%��¹ , for 
»�¼��� � where

�
is not fuzzy, the fuzzy conclusionof a fuzzy rule is a

fuzzyconstrainton thevaluesof � . Eachoutputvalue ® is at most � · ��®±� -possible:

�1���(&K®±�*) � · ��®±�³& for all ®V�$¦º+
According to (3), the possibility distribution �!½ representingthe base² is obtainedas the
(min-based)conjunctionof the � �´Aµ � ’s:

� ½ �Ch=B`D �`i �rjmlmlml j n � �´*µ � + (8)

Thisequationshowsthatsuchrulesareviewedas(fuzzy)constraintssincethemorerules,
the moreconstraints,the smallerthe numberof valuesthat satisfythem,andthe smallerthe
levelsof possibility. Thepossibilitydistribution �!½ is thenanupperboundof possibility for
pairsof valuesin �£ª¤¦ . Moreover, this conjunctive combinationimplies that someoutput
values,which arepossibleaccordingto somerules,canbeforbiddenby otherones.Then,the
possibility degree �!½9���0&5®G�¾�¿� meansthat if 
º�£� , then ® is an impossiblevaluefor � ,
i.e., ���(&K®±� is an impossiblepair of input/outputvalues.By contrast,�!½9���(&K®±�©�ÀI denotes
ignoranceonly. It meansthat for the input value 
Á�u� , no rule in ² forbids thevalue ® for
the outputvariable � . However, the additionof a new rule to ² (expressinga new pieceof
knowledge)may leadto forbid this value.A possibility degree �!½@���(&K®±��ML� meansthat the
pair ���0&5®G� is not known astotally impossible,with respectto thecurrentknowledge.

Note thatsince,with the negative informationview, rulesexpressconstraintson possible
situations,it mayhappenthata knowledgebaseis inconsistentwith a giveninput value 
T�� . In the fuzzy case,it meansthat the fuzzy set of possiblevalues o±��®&5�1���0&5®G�5�³&Â®a��¦<s
is sub-normalized,if not empty. Then the rule baseis partially uselessas inferencecannot
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be carriedout for someinput values.This featurehasbeenconsideredan impedimentwhen
usingimplicative rulesfor fuzzy modeling.Indeedusingthe Takagi-Sugenoapproachor the
Mamdaniapproach,thissituationneveroccurs.However, in thelogic of negativeinformation,
it canbe viewed as an expectedand valuablefeature.It meansthat this approachto fuzzy
rule-basedsystemsenablesthemto be testedfor logical consistency [34], which canbeused
to forcethehumanexpertproviding therules(or the learningsystem)to proposemeaningful
setsof rules(forbiddingrule basescontainingstatementslike “if 
 is

�
, then � is

�
” and“if
 is

�
, then � is not

�
” simultaneously, for instance).Generally, a setof implicative rules

is logically coherentif andonly if the fuzzy setof possiblevalues oq��®O&K�1���0&5®G�5�³&5®Ã�?¦<s is
normalizedfor all �$�Z� .

According to the typology of fuzzy rulesproposedin [19], thereare two main kinds of
implicativerules,whoseprototypesarecertainty andgradual rules.

Certainty rules areof theform “The more 
 is
�

, themorecertainly � lies in
�

”, asin “The
youngeraman,themorecertainlyheis single”.They arebasedon thefuzzy translationof the
inclusion   - �Ä� � . They correspondto the following conditionalpossibility distribution
modelingtherule:

# ���(&K®±�³&t� ´^µ � ��®&5���*)Nh<y{z��5I9J �  �����³& �!· ��®G�5�,+ (9)

In (9),
�

and
�

are combinedwith Kleene-Dienesimplication: ¹?�ÆÅp�Çh~y�z!�ÈI�J3¹&ÉÅ³� .
Givensucha rule,andanobservation

��Ê
for the input variable 
 , the(fuzzy) set

� Ê
denotes

the inducedrestrictionon the possiblevaluesfor the outputvariable � . For a preciseinput��Ê �WoR�Ë�s , the conclusion
� Ê

is suchthat
# ®��3¦A& �!·0Ì ��®±��[YIÂJ �  ���ËÍ� , i.e., a uniform

level of uncertaintyI�J �  ���ËÍ� appearsin
� Ê

. Then,“ � is
�

” is certainonly to the degree�! ��� Ë � , sincevaluesoutside
�

arepossibleto thecomplementarydegree.A similar behavior
is obtainedwith the implication ¹%�ÎÅ¾�¿I�J�¹�Ï~�5I�JNÅ³� , where Ï is theproductinsteadof
min. Clearly, certaintyrulesextendpropositionswith certaintylevelsby makingthecertainty
level dependon thelevel of satisfactionof fuzzyproperties.

Gradual rules areof the form “The more 
 is
�

, the more � is
�

”, asin “The redderthe
tomato,the riper it is”. They arebasedon the fuzzy translationof the inclusion

�C«   - � .
They correspondto theconstraint:

# �$�%�'& �! �����Ï�� ´*µ � ��®O&K���') � · ��®±�,& (10)

whereÏ is a conjunctionoperation.Thegreatestsolutionfor � ´^µ � ��®O&K��� in (10) (accordingto
theminimal specificityprinciplewhich calls for thegreatestpermitteddegreesof possibility)
correspondsto theresiduatedimplication:

�tÐ±Ñ1Ò ���0&5®G�1�Ã2K476�oÍÓp�ÕÔ �7&RI³Ö×& �  �����ØÏ�ÓÕ) �!· ��®G�ksÃ+ (11)

When Ï is min, (11) correspondsto Gödelimplication: ¹��»Å��LI if ¹©)3Å , and Å if ¹©M3Å . If
only a crisprelationbetween
 and � is supposedto underlietherule, it canbemodeledby
Rescher-Gainesimplication: ¹<�TÅ'�aI if ¹�)_Å , and � if ¹VMNÅ .

For an input �Ë , (11) providesan enlargementof the coreof B, i.e., the less 
 satisfies�
, the larger the setof valuesnearthe coreof

�
which arecompletelypossiblefor � . This
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expressesa similarity-basedtolerance:if the valueof 
 is closeto the coreof
�

, then � is
closeto thecoreof

�
and,moreprecisely, thecloser 
 is to thecoreof

�
, thecloser � must

beto thecoreof
�

. This is thebasisfor aninterpolationmechanismwhendealingwith several
overlappingrules([35], [10]).

4.2 ConjunctiveRules

In the fuzzy control tradition,rule-basedsystemsareoftenmadeof conjunction-basedrules,
asMamdani-rulesfor instance.From the previous sectionit is clear that this representation
considersfuzzy rulesascases,piecesof positive information.Thesecases,denoted

� �!Ù � �
representclustersof impreciseobservations,i.e., couplesof jointly possibleinput/outputval-
ues.Eachconjunctive rule is thenrepresentedby a joint “guaranteedpossibility” distributionQ �� j ´ � �  "�Ú±·�" .

If the conjunction
Ù

is suchthat I Ù ¹¤�Û¹ , for a preciseinput 
��Û�Ã� � where
�

is
not fuzzy, thefuzzyconclusionof a fuzzy rule

� Ù �
is acollectionof examplesof feasibleor

reachablevaluesfor � . Namely, eachvalue ®$�p¦ is at least �!· ��®±� -possible.If therule does
not apply(i.e., if 
Ü�a�_¨� � ), thenthe inferencemechanismleadsto theconclusion�£�LÝ
which, in the context of positive informationmeansthat � is unknown, in the sensethat no
outputis guaranteedpossible.

Sinceconjunctive rulesmodelimpreciseinformation,the guaranteedpossibilitydistribu-
tion representingthedatabaseis obtainedby adisjunctivecombinationof theconjunctiverules,
which appropriatelycorrespondsto theaccumulationof observationsandleadsto thosepairs
of values ���0&5®G� whosepossibility/feasibilityis guaranteedto someminimal degree.Then,the
counterpartto (8) is: Q ½ �Ch~y�z �Ei �kjmlmlmlmj n Q

�� j ´ + (12)

Thedistribution Q ½ is thena lowerboundof possibilityfor pairsof valuesin �Lª�¦ .
Thus,a possibilitydegree Q ½ ���0&5®G���£I meansthat if 
À�u� , then ® is a totally possible

valuefor � . This is aguaranteedpossibilitydegree.By contrast,Q ½ ���0&5®G�1�C� only meansthat
if 
W�_� , no rule canguaranteethat ® is apossiblevaluefor � . By default, ® is consideredas
notpossible(sincepossibilitycannotbeguaranteed).A membershipdegree� to

� Ê
represents

ignorance,while a degree I meansa guaranteedpossibility. Thus,aconclusion
� Ê �ÄÝ should

not beunderstoodhereas“all theoutputvaluesareimpossible”,but as“no outputvaluecan
beguaranteed”.

Amongobjectionsto fuzzyruleaggregationala Mamdanicomingfrom thelogicalcampis
theobservationthataddinganemptyrule “if anything, thenanything”, to a rule basedestroys
the available information (because�ßÞ � ��� ª � � � � �×�àªN¦¾�,���YªN¦ ). This objection
would be valid in the negative informationview wherethe rule “if anything, thenanything”
hasindeedemptycontents(it is a tautology),andthedisjunctive combinationof information
is absurd.However, in thelogic of positive information,therule“if 
 is � then � is ¦ ” is not
a tautologybut hasveryextremecontents.It saysthatwhatever the(input) value � for 
 , any
value ® for theoutputvariable� is guaranteedpossible.In otherwords,thereis absolutelyno
relationshipbetween
 and � . No surpriseif this typeof positive informationshoulddestroy
all previousobservations.With thismodel,theemptyrule is obviously“If 
 is � , then � is Ý ”
which meansthatwhatever �%�Z� , no valuecanbeguaranteedpossiblefor � . Then,suitably,� Þ � ��� ª � � � � �ß�¼ª$Ýf�%� Þ � ��� ª � � .

As for implicative rules,therearetwo main kinds of conjunctive rules,calledpossibility
andantigradual rules[19].
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Possibility rules areof the form “the more 
 is
�

, the morepossible� lies in
�

”, as in
“the morecloudythesky, themorepossibleit will rainsoon”.They arebasedon theinclusion��� � -   . They correspondto thefollowing possibilitydistributionmodelingtherule:

# ���0&5®G�*�$�Lª$¦1&]QU� j ´ ���0&5®G�'[�h<B`D(� �  �����³& �!· ��®±�K�p+ (13)

Theserules,modeledwith theconjunctionmin, correspondto theonesintroducedby Mamdani
andAssilian in 1975 [36]. For an input value � Ë suchthat �! ��� Ë �S�âá , a possibility rule
expressesthat,when áÄ�ãI , � is a setof possiblevaluesfor � (to differentdegreesif

�
is

fuzzy).When á�ä3I , valuesin
�

arestill possible,but they areguaranteedpossibleonly up to
thedegree á . To obtain

� Ê
, theoutputsetassociatedwith �Ë , theset

�
is thentruncatedfrom

above.Finally, if áp�C� , therule doesnot apply, and
� Ê �CÝ asalreadysaid.

Antigradual rules, which areanothertype of conjunctive rule (see[19]), expressthat “the
more 
 is

�
, thelargerthesetof guaranteedpossiblevaluesfor � is, aroundthecoreof

�
”,

asin “the moreexperienceda manager, thewider thesetof situationshecanmanage”.They
arebasedon theinclusion

�%«   - � . For aninput
��Ê �/oÍ� Ë s , if �! ��� Ë �1�Cá�ä3I , thevalues

in
�

suchthat � · ��®±�'äÃá , cannotbeguaranteed.Sucha rule expresseshow valueswhich are
guaranteedpossiblecanbeextrapolatedon aclosenessbasis.

5 Inferencewith Differ ent Typesof Rules

This sectionis concernedwith the inferencefrom a fuzzy systemundera fuzzy input, in the
light of the distinctionbetweenpositive andnegative information.Given a fuzzy systemde-
scribedby afuzzyrelation,it is widely agreedthatgivenafuzzyinput,thefuzzyoutputshould
be computedby meansof a sup-mincomposition.It yields the upperimageof a fuzzy set
throughthefuzzy relation.Thesecondpartof this sectionshows that this approachshouldbe
restrictedto thehandlingof negativeinformationrepresentedby implicativerules,andthatthe
inferencefrom Mamdanisystemsunderfuzzy inputs(or moregenerallyfrom systemsmadeof
conjunctive rules,encodingpositive information)shouldbebasedon anotherprinciplewhich
comesdown to finding thelower imageof a fuzzy setthrougha fuzzy relation([37], [38]).

5.1 Infer encewith Implicati veRules

In this section,a set of implicative rules is considered.It is modeledby a joint possibility
distribution �!½ after(8).

In orderto computetherestrictioninducedon thevaluesof theoutputvariable � , givena
possibilitydistribution � Ê� restrictingthevaluesof theinput variable
 , � Ê� is thencombined
conjunctively with �!½ andprojectedon ¦ , thedomainof � (in agreementwith (3)):

� ´ ��®±�A�C254Ø6 8;:qå h=B`Dt��� ½ ���0&5®G�r&K� Ê� �����5�,+ (14)

This combination-projectionis known assup-min composition(or CompositionalRuleof
Inference)andoftendenoted

«
. Then,givena setof rules ² andaninput set

��Ê
, which means

thattheill-known, realvaluefor 
 lies in
��Ê

, onecandeducetheoutput
� Ê

givenby:

� Ê � � Ê «@æ n�Ei � � � � � � � � Ê «   ½ & (15)
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with �!ç�è �/� ½ . Theobtainedfuzzy set
� Ê

is thenanupperboundof thepossiblevaluesfor
theoutputvariable� .

Severalfeaturesof this kind of fuzzy inferencedeserveto berecalled[4]:

1. Therule-by-ruleapproachto inference(alsocalledFITA: first infer thenaggregate)is nota
completeprocedurein thepresenceof fuzzy inputs.Namely, letting

� Ê� � ��ÊU« � � � � � � �
then

� Ê « �ßé � � d,� � � � - é � � Ê� . The rule-by-ruleapproachis lessprecise.For
instance,for the input

� � �,�'v
, it may yield ¦ insteadof

� � � � v
, in the generalcase.

Indeedit is oftenthecasethat thecoreof
�@v

is not includedin thesupportof
� �

, sothat� ���O�©� v � « � ��� � � � �A�Ä¦ . Only theFATI approach(first aggregatetheninfer) obtains
themostpreciseresults,in agreementwith (15).

2. Themorerulesaretriggered,themoreprecisetheconclusionderivedfrom a giveninput.
This conclusionis always a normalizedfuzzy set when the fuzzy input is normalized,
unlesstherulebaseis not coherentin thesensedepictedin Section4.1.

3. The suitableproperty
�'v�« � é � � � � � � �¾� � v , calledinferential independencedoes

not hold in thegeneralcase.However, it hasbeenshown (see[39]) that,if theusedfuzzy
implicationsatisfiesthemodusponens

�	« � � � � �A� � (typically with Gödelimplica-
tion), thentherulesareinferentiallyindependent,in particularwhenthe

� �
’s form afuzzy

partition in the usualsense[40], propertywhich is expectedfrom a fuzzy systemwhere
eachrule coversaspecificareaof theinputspace.
Thefailureof modusponensfor certaintyrules,for non-crispsets,agreeswith theseman-
tics of theserules.Indeed,certaintyrulesexpressthat � is in

� �
only for input values


in thecore of
� �

, i.e., input values
 which aretypical for
� �

.

5.2 Infer encewith ConjunctiveRules

The usualapproachto reasoningwith Mamdanisystemsunderfuzzy inputs is basedon the
sup-mininference:

� Ê � � Ê « �×ê � � � ª � � �
� ê �O� Ê « � ��� ª � � � (ruleby rule)

� ê � h<B`D�ë×ì^í;DØ2R� � Ê & ��� �³& � �ßî (truncation) &
wheretheconsistency is givenby: ì^í;DØ2Í� ��Ê & � � �^�Ã2K476 8;:qå h<BEDt� �  �Ì �����³& �  " �����K� .

At first glance,thesituationis betterbecausetheFITA methodis completeandis equiv-
alentto the morecumbersomeFATI method.However the approachis very questionablefor
inferencewith conjunctiverules,andit leadsto seriousanomalies.

– First, theuseof thesup-mincompositionconsidersthe fuzzy relation  ï� Þ � ��� ª � �
asaconstraintcombinedwith theinput.So   is interpretedasnegative informationwhile
eachgranuleof it adbeenconsideredaspositive information.

– Then,whenafuzzypartitionis used,thereis nowayof achieving
�'v±« � Þ � � � ª � � �A� � v ,

exceptif the
� �

’s aredisjoint [14].
– Lastly, the more rules are triggeredthe more imprecisethe obtainedconclusion,since

a disjunctionof partial conclusionsis performed.Adding rules leadsto moreimprecise
conclusionswhile onewould expect the fuzzy systemto be more informative with this
kind of inference.
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In orderto overcomethesedifficulties,it is usefulto considerthefuzzy relationobtainedfrom
a setof conjunctiverulesfor whatit really is, namelypositive information.A conjunctiverule
baseis actuallyamemoryof fuzzycases.Thenwhatappearto beanomaliesunderthenegative
informationview becomesnatural.It is clearthataddinganew conjunctiverule to a fuzzycase
memoryshouldexpandthepossibilities,not reducethem.

The fuzzy input still consistsin a restrictionon the valuesof the input variable,and is
thusof a differentnature.It is in somesensenegative information.Sothequestionis: “how to
exploit a setof fuzzy cases,which for eachinput valuedescribesthe fuzzy setof guaranteed
possibleoutputvalues,on thebasisof negative impreciseinformationon theinput ?”

In factwhathasto becomputed,via anappropriateprojection,aretheoutputvalueswhich
areguaranteedpossiblefor � , for all valuesof 
 compatiblewith therestrictionon theinput
value.

Then,consideringa setof conjunctive rules ²Û�Ûo � �Ù � � &ed*�PIf&R+U+U+U&5g]s , thecomputa-
tion of

� Ê
canno longerbe achievedvia the sup-mincompositionappliedto the disjunctive

aggregationof the rules.Indeed,the sup-mincompositionappliedto too imprecisean input� Ê
, suchthat

� � �©� �`ð � -Ã� Ê -Ã� � ��� �`ð � , leadsto too largea conclusion
� � � � �Eð � , since��Ê ª�� � ��� � �Eð � � containsvalueswhich arenot guaranteedpossible,asshown on Fig. 4, on

thetwo hatchedzones.
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Fig.4. Sup-mincompositionwith Mamdanirules.

Theexpectedconclusion,in termsof guaranteedpossiblevalues,is givenfor a nonfuzzy
input

��Ê
by: � · Ì÷ ��®G�A�_B`DGF 8f:  Ì h~y�z � Q � ���0&5®G�,+ (16)

What is computedis the intersectionof the setsof imagesof preciseinputscompatiblewith��Ê
. Any value �L�Ã® in this intersectionis guaranteedpossible,by any inputvaluecompatible

with
��Ê

.
� ÊÚ is thelower image[37] of

��Ê
via therelation   aggregatingthefuzzy cases.

When
��Ê

is fuzzy, this equationcanbegeneralizedby (see[41]):

� · Ì÷ ��®±�^�ÃB`DGFÉ8;:qå ë �! �Ì �����1��h<y{z � Q � ���0&5®G� î & (17)

where � is Gödelimplication: ¹=�ÜÅ'�uI if ¹�)ÃÅ and Å otherwise.It canbecheckedthatfor
usualfuzzypartitions,if

��Ê � � � in (17), then
� Ê � � � , a resultthatcannotbeobtainedusing

thesup-mincomposition(see[14]).
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Fig.5. ��ø givestheguaranteedpossiblevaluesfor � , ù±ú�û=b^ø , for two different b^ø .

In thefollowing, ² ¶ denotesasetof implicativerules,encodingnegativeinformation,and² Ú asetof conjunctiverules,encodingpositive information.

Generallyspeaking,the logical consequencemechanismworks in an oppositeway for�!½ Ñ and Q�½ ÷ (see[17]). Indeed,a fuzzy set ¡ is a consequenceof the knowledgebase² ¶
if f � ½ Ñ ) �!ü , since h<BED0��� ½ Ñ & �!ü �@�?� ½ Ñ . By contrast,¡ is a consequenceof thebaseof
examples² Ú if f Q�½ ÷ [ � ü , since h~y{z���Q�½ ÷ & � ü ���£Q�½ ÷ . By the way, this is in agreement
with theideaof defuzzification,whichconsistsin choosingavaluein theset oRýr&7Q�½ ÷ ��ý5�'MN�Gs .

Onecanalsonoticethat,while the sup-mincompositionis monotonic(
�à-P��Ê

implies� - � Ê
), the focusingoperationdescribedby (17) is anti-monotonic(

�ï-L��Ê
implies

�Wþ� Ê
), asshown onFigs.4 and5 respectively. Thereasonis thatthemoreimprecisetheinput,the

morerestrictedthesetof outputvaluesattainablefrom all realizationsof theimpreciseinput.

The B`DGFÉ8;:  Ì in equation(16) (andits fuzzy counter-part in equation(17)) expressesthat
theoutputvaluesin

� Ê
have to beguaranteedfor all possiblevaluein the input set

��Ê
, while

the 2K476 8;:  Ì in the sup-mincompositionwould suggestthata valuein
� Ê

canbe guaranteed
possibleif it hasbeenobservedfor onevaluein

��Ê
, which is obviouslywrong.

The focusingoperationexpressedby (16) and (17) (where
��Ê

is not combineddisjunc-
tively with therestof theinformationcorrespondingto therules),shouldnotbeconfusedwith
aModus-Ponens-likecounterpartfor basesof examples,wheretheconjunctiverulesandthein-
put
� Ê

wouldplaythesamerole,unlikein (17).Indeed,let usconsiderthetwo premisses:i) the
valuesin

� ª � areguaranteedpossibleatleastatthedegreeá , i.e., ëfBEDGFRÿ 8 j ��� :  �� · QG���0&5®G� î [á , andii) thevaluesin
� ª~¦ (where

�
is thecomplementof

�
on � ) areguaranteedpossible

at leastat thedegreeÓ , i.e., ë{B`DGF ÿ 8 j ��� :  ���� QG���(&K®±� î [	Ó . Thenonecandeducethatthevalues
for � which lie in

�
areguaranteedpossibleat thedegreeh<B`Dt��á^&5Ó(� , whatever �p�¤� , sinceB`DGFUÿ 8 j ��� :qå � · QG���(&K®±�*[Nh<BED(��á^&5Ó(� , asit is clearon Fig. 6.

Formally, it correspondsto thefollowing inferencescheme:if \©� � ª � �9[	á and \©� � �*[Ó , then \©� � �'[Nh=B`Dt��áA&KÓ(� .
Notethatthereasoningtheoryfor positiveinformationdevelopedbyWeisbrod[22] strongly

differs from the proposalof this section.Weisbrodavocatesthe universalityof the sup-min
compositionfor inference,including with positive information.However the proposedratio-
naleis debatable.
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Fig.6. Computationof guaranteedpossiblevalues.

6 Inter polation by Completion betweenSparseRules

Whenarule baseis madeof incompleteknowledge,it mayoccurthatfor agiveninput
�"!

, no
ruleapplies.Then,theobtainedconclusionis either

� ! �3¦ with implicativerules,or
� ! �3Ý

with conjunctive rules, both situationsrepresentingtotal ignorance,as expected.However,
whentherulesaresparse,andthedomainsof thevariablesarerealintervals,it canbenaturalto
interpolatebetweenvaluesgivenby (at least)two neighboringrules,especiallywhenagradual
andsmoothvariationof � in termsof 
 is assumed.

Theinterpolationproblemcanbesummarizedasfollows.Givena setof rules“if 
 is
� v

,
then � is

� v
”, wherethe

� v
andthe

� v
areorderedon their domains,andgivenanimprecise

input
��Ê

between
� v

and
� v ð � , find an informative conclusion

� !
between

� v
and

� v ð �
(assuminga nondecreasingmonotonicfunctionbetween� � v & � v � and � � v ð � & � v ð � � ).

Theinput
� !

is saidto bebetween
� v

and
� v ð � if andonly if:

B`DGF #%$ 476Ø6(� �@v �'&,)	B`DGF #%$ 4Ø676(� � ! �'&,)N2K476 #%$ 476760� � ! �(&Z)N254Ø6 #)$ 47676t� �'v ð � �(&P&
where

$ 476Ø6t� � v � is thesupportof
� v

. Thebetweennesspropertyis denoted
� v ) � ! ) � v ð � .

Several interpolationmethodsfrom sparsefuzzy rules,basedon differentprincipleshave
beenproposed(e.g.[42] for somereferences).Hirota andKóczy [43,44] uselevel-cutsto find
set-valuedoutputsand rebuild the fuzzy output from the interval-valuedoutputs.The latter
areobtainedby interpolatingseparatelyfrom the left-handsidesandthe right-handsidesof
the level cuts of the conditionsand conclusionsof the fuzzy rules and of the input. These
authorsnoticethatsometimestheboundsof theresultsarenot in theexpectedorder, because
theinterpolationweightsfor left-handsidesandfor theright-handsidesarenot relatedto each
other. Sincethenmany papershave appearedwhich try to copewith this anomaly. In contrast
DuboisandPrade[45] have suggesteda view of fuzzy interpolationbasedon the extension
principle appliedto the fuzzy pointsdefinedby the Cartesianproductsof the left-handside
andtheright-handsideof eachrule.Otherinterpolationprincipleshavebeenproposed,based
onshapeinterpolation(Bouchon-Meunieretal. [46], [47] for instance).Jenei[48] triedto state
axiomsawell-behavedfuzzy interpolationmethodshouldsatisfy.

In this section,only the two first mentionedinterpolationmethodsarediscussed,andre-
interpretedin theframework of this paper. It is shown thatbothschemesderive from standard
deductive inferenceperformedon the rule baseconsistingof the two rules,completedwith
linearly interpolatedrules[49,50]. The methodof Kóczy andHirota is shown to rely on im-
plicative rules,viewed asconstraints,while the othermethodusesconjunctive rules,viewed
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asimprecisedata.For the sake of simplicity, this sectionconsidersthat ruleshave only one
input (theinputspacehasonedimension),andthattheconditionsandconclusionsof rulesare
non-fuzzyclosedintervals (see[49] for the extensionto fuzzy setsandto multi-input rules).
Moreover, asa convenientnotationthetwo consideredsparserulesaredenoted� � Ë;& � Ë � and� � � & � � � .

In the caseof conjunction-basedrules,the two rulesbetweenwhich the interpolationis
performedrepresenttwo pointsin

� Ë ª � Ë andin
� � ª � � respectively, whichareguaranteed

to be possible.The schemeconsistsin linearly interpolatingbetweentheseimprecisepoints.
Formally, given � � Ë &5§ Ë �©� � Ë ª � Ë and � � � &5§ � �©� � � ª � � , andassuming

� � �*!
, the

problemis to find theoutput
� !

astherangeof:

§ �,+ � J � Ë� � J � Ë.- § Ë + � � J �� � J � Ë &
usingsensitivity analysis.It comesdown to computingtheareascannedby all thestraightlines
betweenthe points � � Ë &5§ Ë �<� � Ë ª � Ë and � � � &5§ � �<� � � ª � � . It leadsto the relation \
depictedonFig.7. Obviously, points � � &5§7� in \ canbeoutside

� Ë ª � Ë , andoutside
� � ª � � ,

evenwhen
� � � Ë or

� � � � . This is compatiblewith thesemanticsof conjunctiverulesonly.

Fromthisconstruction,\ is animprecisefunctionobtainedby linearinterpolationbetween
imprecisepoints.As a consequence,the outputof the interpolationproblemwith input

� !
,

namely
� !

, shouldbe computedconsideringthe extensionprinciple.Then,the output
� !

is
givenby thesup-mincomposition:

� ! � � ! « \ , andcanbecomputedvia interval arithmetics
(see[45]). However, given

� ! � ��� , for d0�3�7&RI , it leadsto
� ! þN� �

(theequalityis obtained
when

� Ë � � � only).

In fact this methodof linear interpolationfrom imprecisepointscanyield very imprecise
resultseven if the input is precise,say 
¬� � ! . Indeedit is clearthat the result is the inter-
val on the � -axisobtainedby cutting theshadedareaon Fig. 7 by thestraightline 
Á� � ! .
With impreciseinputs,the output is all the moreimprecise.The resultcould be mademore
preciseusingthe inf-max composition,yielding the setof outputvaluesthat canbe attained
from all linear functionsin \ usingany valuein the input set

� !
. Using the inf-max com-

positioninsteadof thesup-mincompositionis not a ad-hocproposition.It canbe justifiedby
thesemanticsof theconjunctiverules,asshown later. Moreover, it leadsto theexpectedresult� ! � � � when

� ! � ��� .

� Ë � �

� Ë

� �

�

¦

Fig.7. Interpolationwith imprecisepoints.
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Thepoint of view of implicative rulesis to considerthat thetwo rulesno longerrepresent
impreciselylocatedpoints,but areconstraintsontherangeof � , for 
�� � Ë �@� � . They forbid
linearfunctions�L�0/ + 
 -21 between
 and � whereby/ + 
 -31 liesoutside

� Ë if 
â� � Ë
or outside

� � if 
�� � � . Let
� � �LÔ ¹ � &É¹ Ê� Ö , � � �uÔ Å � &ÉÅ Ê� Ö for d]�Ä�Ø&UI . Formally, theoutput

� !
is therangeof / + 
 -41 where

� � � !
, underthefollowing constraintsoncoefficients / and 1 :

/ + ¹qË -51 � � Ë_&/ + ¹ ÊË -51 � � Ë_&/ + ¹ � -51 � � � &/ + ¹ Ê � -51 � � � +
(18)

Theobtainedrelationbetween
 and � is thearea  scannedby all thestraightlinesthat
donotcrosstheareasforbiddenby thetwo rules(thatis, containingnocounterexamplesof any
of therules,asshown onFig. 8). Thetwo straightlinesthatdelimit   aredefinedby thepairof
points oq��¹ Ë &ÉÅ Ë �r&R��¹ � &ÉÅ � �ks and oq��¹ ÊË &ÉÅ ÊË �r&Í��¹ Ê � &kÅ Ê � �rs . Thus,theproposedinterpolationprinciple
usedwith implicative rulescorrespondsto thecasewherethelinearmodelhasto bethesame
between

� Ë and
� � ason

� Ë �p� � . The outputof the interpolationproblemwith input
� !

is actually
� ! � �*!�«   (a sup-mincomposition),andcanbecomputedasfollows: for any� �	Ô ¹qËf&K¹ Ê � Ö , define 6 � suchthat

� �/¹ � + 6 � - ¹ Ê� + �ÈI�J76 � � for d^�/�7&RI . It canbeeasilyseen
that

� ! �LÔ �(&K®fÖ with �S�ÄÅkË + 67Ë - Å ÊË + �5I1J367Ë�� and ®~�CÅ � + 6 � - Å Ê � + �ÈI1J36 � � . This is Kóczy
andHirota’s method.Howeveronemayhave �¤MÃ® sincethereis no relationshipbetween6 Ë
and 6 � . It canbecalledconstrainedrule-basedlinearinterpolation.

Sometimesthe two straightlines delimiting   may crossso that thereis no value § cor-
respondingto a given input

�
. This is whenthe setof constraintsdefiningthe interpolation

problemis inconsistent:theremay be no point � � &8/ + � -91 � satisfyingthe constraints(18).
This is truein particularif theconclusionpartsof therulesarepreciseandaredifferentwhile
conditionpartsare imprecise,sincethe only possiblelinear functionscompatiblewith such
rulesareconstantfunctions.When   exists,theoutputis obviouslymoreprecisethanwith the
formermethod.

� Ë � �

� Ë

� �

�

¦

Fig.8. Interpolationbetweenandon b � �=b � .

Thetwo linear interpolationschemesintroducedabove canbeobtainedby a uniqueprin-
ciplewhichconsistsin completingthesetof two rules ² , eitherby implicativeor conjunctive-
basedrules.This interpolationprinciple simply consistsin addingto ² all the rules of the
form � �;: & � : � , for 6��¿Ô �Ø&UI³Ö , where

�;:
and

� :
are obtainedby linear interpolation,by:
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� : �96 + � � - �5I0J<6O� + � Ë and
� : �96 + � � - �5I0J<6O� + � Ë . An infinite setof rulesis obtained,

namely= = oq� � : & � : �r&�6Z��Ô �Ø&UIUÖ�s . Now, it canbeshown thattherelationscorrespondingto= aretheonesdepictedFigs.7 and8.
Conjunctiverules,representingill-known pointscorrespondto therelation

� � ª � � , whereª is the Cartesianproduct.As theserulesencodepossiblevalues,they areaggregateddis-
junctively (possiblevaluesadd).Thus,the relation  ?> correspondingto thesetof rules = is ?>�� Þ : :�@ Ë j �BA �;: ª � :

, which correspondto thegrey partof Fig. 7.
Implicativerules,representingpartsof a fuzzyrulescorrespondto therelation

� � �
and

areaggregatedconjunctively. In thiscase,therelation  ;> becomes ?>$�Äé : :�@ Ë j ��A �?: � � :
,

which correspondsto thegrey partof Fig. 8.
Since this interpolationmethodonly consistsin completingthe initial set of two rules

by linearly interpolatedrules, the inferencemethodshouldbe the usualone,appliedto the
completedsetof rules:thesup-mincompositionfor implicativerules,andtheinf-maxcompo-
sition for conjunctive rules.Then,when

� ! � � :
, whatever 6¤�	Ô �7&RI³Ö , theoutputis suitably� ! � � :

. Thisagainadvocatesfor theinf-maxcompositionwith conjunctiverules.
Sincethetwo interpolationmethodscanbedescribedby meansof regular(completed)rule

bases,it is clearto seewhy theextensionprincipleapproachalwaysprovidesanoutput:con-
junctiverulesneverconflict.On theotherhandit is clearthatthecasewhentheKóczy-Hirota
methodgivesanemptyresultcorrespondsto anincoherentcompletedknowledgebaseof im-
plicativerules.Henceratherthattrying to mendthemethod,it is advisableeitherto changethe
rules(relax the constraints)or to changethe interpolationmethod(non-linearinterpolation,
or interpolationin-betweenthe rulesonly [49]). Also note that the interpolationmethodby
completionof a setof conjunctive rulesandthe inf-max compositioncanalsoleadto empty
results.It occurswhentheinput

� !
is tooimprecise,andthennovaluefor � canbeguaranteed

possiblewhatever thevalueof 
 in
�*!

. However, this is not a caseof incoherence!
Theextensionof theconjunctiverule-basedinterpretationto fuzzyrulesis simple[45]. The

extensionof theimplicativerule-basedinterpretationto fuzzyrulesis clearin theoreticalterms
(usinga fuzzy completedknowledgebased,andapplyingthesup-mininference).However it
is tricky in practiceassubjectfirst to a coherencetest,andif coherentthecomputationof the
fuzzy outputinheritsall difficultiesof inferencefrom a setof implicative rules,but now it is
aninfinite set(thecompletedsetof all interpolatedrules).First resultsappearin [49]. This is a
topic for furtherresearch.

7 Conclusion

This paperhasemphasizedtwo complementarytypesof informationcallednegativeandpos-
itive information.Negative informationactsasconstraintsthatexcludepossibleworldswhile
positive informationmodelsobservationsthatenablenew possibleworlds.

It hasbeenshown that“if. . . then.. . ” rulesconvey bothkindsof information,throughtheir
counter-examplesandexamplesrespectively. The existenceof differenttypesof fuzzy rules,
whoserepresentationis basedeitheron implicationsor on conjunctionscanbe explainedby
theexistenceof thesetwo antagonisticviewsof information.Thesetwo pointsof view onrules
leadto two specificanddistinct inferencemodes.A generalmethodby completionof theset
of rulescanbeappliedin bothsituationsfor interpolatingbetweensparserules.

Fuzzy rules and especiallyconjunctive rules have beenshown recently to be useful in
case-basedprediction[51] for modelingtheprinciplethatsimilar inputspossiblyhavesimilar
outputs;implicativerulesarethenusedfor interpretingtherepertoryof casesasconstraintson
similarity relations.
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