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ABSTRACT
Nonnegative matrix factorization (NMF) with the ItakuraSaito divergence has proven efficient for audio source separation and music transcription, where the signal power spectrogram is factored into a “dictionary” matrix times an “activation” matrix. Given the nature of audio signals it is expected
that the activation coefficients exhibit smoothness along time
frames. This may be enforced by penalizing the NMF objective function with an extra term reflecting smoothness of
the activation coefficients. We propose a novel regularization
term that solves some deficiencies of our previous work and
leads to an efficient implementation using a majorizationminimization procedure.
Index Terms— Nonnegative matrix factorization (NMF),
Itakura-Saito divergence, regularization by smoothness, audio
signal representation, single-channel source separation.
1. INTRODUCTION
Nonnegative matrix factorization (NMF) is a linear regression technique, employed for non-subtractive, part-based representation of nonnegative data [1]. Given a data matrix V
of dimensions F × N with nonnegative entries, NMF is the
problem of finding a factorization
V ≈ WH

(1)

where W and H are nonnegative matrices of dimensions F ×
K and K × N , respectively. K is usually chosen such that
F K + K N << F N , hence reducing the data dimension.
Much research about NMF has been driven by applications in
audio, namely automatic music transcription and source separation, where the data V is taken as the magnitude or power
spectrogram of the audio signal, see, e.g., [2, 3]. In this setting
the factorization amounts to decomposing the spectrogram
data into a sum of rank-1 spectrograms, each of which being the expression of an elementary spectral pattern (columns
of W) amplitude-modulated in time (rows of H).
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In the literature, the factorization (1) is usually achieved
through minimization of a measure of fit defined by
D(V|WH) =

N
F 


d([V]f n |[WH]f n )

(2)

f =1 n=1

where d(x|y) is a scalar cost function, typically a positive
function with a single minimum 0 for x = y. The minimization, with respect to (w.r.t) W and H, is subject to nonnegativity constraints on the coefficients of both factors. In [4] it
was shown that factorizing the power spectrogram using the
Itakura-Saito (IS) divergence, defined by
x
x
(3)
dIS (x|y) = − log − 1,
y
y
is relevant to audio for its two following properties. Firstly,
the IS divergence is scale-invariant, i.e., dIS (λ x|λ y) =
dIS (x|y), a property which is not shared by the more common Euclidean distance and generalized Kullback-Leibler
divergence. The scale-invariance is relevant to the decomposition of audio spectra, which typically have a large dynamic
range and also comprise low-power transient components
such as note attacks together with higher power components
such as tonal parts of sustained notes. Secondly, the IS divergence leads to desirable statistical interpretations of the NMF
problem. Indeed, IS-NMF of the power spectrogram can be
recast as maximum likelihood estimation of W and H in a
variance model of superimposed Gaussian components, i.e., a
generative model of the short-time Fourier transform relevant
to audio decomposition applications. See details in [4].
Given the nature of audio signals it is expected that the
rows of H exhibit smoothness along time frames. The statistical composite model inherent to IS-NMF was exploited
in [4] to design an EM algorithm for maximum a posteriori
estimation of H under Gamma and inverse-Gamma Markov
chain priors. As a matter of fact the regularization term resulting from this prior leads to an ill-posed optimization problem,
as discussed later. The aim of this paper is to propose an alternative to the latter EM approach, based on a majorizationminimization (MM) procedure [5] which in turn leads to a
more efficient implementation.1
1 The

EM algorithm is a special case of MM algorithm, but the MM algo-
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Note that other works have considered NMF with smoothness constraints on H, e.g., [6, 3, 7, 8], but using either the
Euclidean distance or KL divergence as the measure of fit to
data, while we are here specifically interested with the IS divergence for its relevance in the audio setting.
The paper is organized as follows. Section 2 describes our
previous work and propose a novel scale-invariant measure of
smoothness. A MM algorithm for IS-NMF under this new
smoothness constraint is then described in Section 3. Section 4 reports results on the decomposition of a jazz excerpt
and Section 5 concludes. This paper comes with a companion webpage [9] which offers MATLAB code of the presented
algorithm and audio demo samples.
2. SMOOTHNESS CONSTRAINTS FOR IS-NMF
In the following, the entries of matrices V, W and H are denoted vf n , wf k and hkn respectively. Lower case bold letters
denote columns, such that H = [h1 , . . . , hN ].
2.1. Previous work

H is ill-posed. Indeed, for any W, H and nonnegative diagonal matrix Δ with coefficients δk we have

log δk (8)
C1 (WΔ−1 , ΔH) = C1 (W, H) + (N − 1)
k

so that one obtains the degenerate solution Ŵ → ∞, Ĥ → 0
in the limit when Δ → 0. In our previous work [4], this
degenerate solution was avoided by mistakenly renormalizing W and H at every iteration, as commonly done in unpenalized NMF to eliminate scale indeterminacies. But this
as a mater of fact changes the objective function value as evidenced by Eq. (8) and should thus be avoided. A standard and
feasible solution to prevent from the latter degenerate solution
would consist in penalizing the norm of the columns of W.
We resort to a simpler solution, described in the next section.
2.2. A scale-invariant measure of smoothness
The degenerate solution Ŵ = ∞, Ĥ = 0 is caused by the
term in log hk(n−1) in Eq. (7). We propose to simply discard
this term, leading to the following ad-hoc penalty criterion

In [4] were proposed smoothness constraints in the form of
nonnegative Markov chains, such that
N
K 


p(H) =

p(hkn |hk(n−1) ) p(hk1 ),

(4)

k=1 n=2

where the Markov kernel p(hkn |hk(n−1) ) is a probability density function (pdf) defined on the nonnegative orthant, with
mode at hk(n−1) . Possible choices of kernels are Gamma or
inverse-Gamma pdfs, both considered in [4]. In the second
case, the kernel writes
p(hkn |hk(n−1) ) = IG(hkn |α, (α + 1) hk(n−1) )

(5)

where IG(u|α, β) = β α u−(α+1) exp(−β/u) Γ(α), u ≥ 0.
The MAP criterion function under this prior leads to the following penalized functional
C1 (W, H) = DIS (V|WH) + (α + 1)P1 (H),
P1 (H) =

N
K 

k=1 n=2

dIS (hk(n−1) |hkn ) +

(6)

log hk(n−1)
+ cst,
α+1
(7)

P2 (H) =

K 
N


dIS (hk(n−1) |hkn )

(9)

k=1 n=2

which penalizes large deviations of hkn from hk(n−1) , as
measured by the IS divergence. The statistical interpretation
of the penalty term is lost, but leads in turn to a well posed
optimization problem. We define the following objective
function
C2 (W, H) = DIS (V|WH) + λP2 (H)

(10)

which is scale-invariant, i.e., C2 (WΔ−1 , ΔH) = C2 (W, H).
A MM algorithm for minimizing criterion (10) is presented
in the next section.
3. MM ALGORITHM FOR SMOOTH IS-NMF
We propose an iterative algorithm that updates W given H
and H given W. In the next subsection we first recall how
to handle the unpenalized IS-NMF problem using auxiliary
functions. Then we show in Section 3.2 how to include the
smoothness penalty on H in the optimization.
3.1. Unpenalized case

and where cst denotes constant terms w.r.t H. The latter
expression assumes a constant prior for hk1 . Considering
a Gamma kernel instead of inverse-Gamma would lead to a
similar expression but where dIS (hk(n−1) |hkn ) is replaced
with dIS (hkn |hk(n−1) ). As it turns out the optimization of
C1 (W, H) under mere nonnegativity constraints of W and

In the unpenalized case (λ = 0), the updates of W and H are
essentially the same, by symmetry of the factorization (V ≈
WH is equivalent to VT ≈ HT WT and the roles of W and
H are simply exchanged), and because we are not making any
assumption on the relative values of F and N . Because the
objective function (2) separates into the columns of H (or the
rows W), we are essentially left with solving the problem

rithm that we propose in this paper does not exploit any hidden data and is
derived in a deterministic setting.

min C(h) = DIS (v|Wh) subject to h ≥ 0

1981

h

(11)

F ×K
where v ∈ RF
and h ∈ RK
+ . We resort to
+ , W ∈ R+
a surrogate auxiliary function for iteratively solving this subK
problem. The RK
+ × R+ → R+ mapping G(h|h̃) is said to
be an auxiliary function to C(h) if and only if 1) ∀h ∈ RK
+,
K
×
R
,
C(h)
≤
C(h) = G(h|h), and 2) ∀(h, h̃) ∈ RK
+
+
G(h|h̃). The optimization of C(h) can be replaced by iterative optimization of G(h|h̃). Indeed, any iterate h(i+1)
satisfying G(h(i+1) |h(i) ) ≤ G(h(i) |h(i) ) produces a monotone algorithm (i.e., an algorithm which decreases the objective function at every iteration) as we have C(h(i+1) ) ≤
G(h(i+1) |h(i) ) ≤ G(h(i) |h(i) ) = C(h(i) ).
An auxiliary function to C(h) is proposed in [10], where
nonnegative linear regression with the IS divergence is considered for an image restoration problem. The auxiliary function is constructed by majorizing the convex part of the criterion (terms in 1/y) using Jensen’s inequality and majorizing
the concave part of the criterion (terms in log y) by their tangent. The resulting auxiliary function reads
⎛
⎞
⎛
⎞
 h̃2 

v
w
f
fk ⎠
k ⎝
G(h|h̃) =
wf k 2 ⎠ + hk ⎝
+ cst
hk
ṽf
ṽf
k

f

f

(12)
where ṽf = [Wh̃]f and cst denotes constant terms w.r.t h̃.
The auxiliary function separates into functions of its individual variables and its minimization w.r.t to h leads to the following MM update

2
f wf k vf /ṽf
.
(13)
hk = h̃k
f wf k /ṽf
As a matter of fact, removing the square root from the latter
expression still leads to a monotone algorithm, though it does
not correspond to a MM algorithm anymore, see [10].
3.2. Penalized case

(i)

(i−1)

(i)

(i−1)

hn = [gn− .(hn ).2 + λhn−1 ]./[gn+ + λ./hn+1 ]
end for
Update hN (requires solving K order 2 polynomials)
Compute V̂ = WH
%% Update W %%
W ← W.[(V̂.−2 .V) HT ]./[V̂.−1 HT ]
Compute V̂ = WH
Normalize W and H together
end for
Again, the auxiliary function separates into functions of its
individual variables and its minimization leads to
hkn =

h̃2kn

f
f

wf k vf n /ṽf2 n + λhk(n−1)

wf k /ṽf n + λ/hk(n+1)

.

(17)

The latter expression only holds for n = 2, . . . , N − 1. At
the borders, for n = 1, N , updating hkn is easily shown to
amount to solving an order 2 polynomial with only one nonnegative root, see the MATLAB code available at [9]. Algorithm 1 recapitulates the MM approach to smooth IS-NMF.
Most operations can be efficiently vectorized, leading to fast
and simple implementations.
4. RESULTS

We now get back to our original problem of minimizing the
objective function C2 (W, H) defined at Eq. (10), and more
precisely to its minimization w.r.t H, given W. We propose to update the columns hn of H sequentially. For n =
2, . . . , N − 1, the individual contribution of hn to the objective function writes
CP (hn ) = DIS (vn |Whn ) + L(hn ; hn−1 , hn+1 ),

(14)

L(hn ; hn−1 , hn+1 ) =

d(hk(n−1) |hkn ) + d(hkn |hk(n+1) ).
λ

(15)

k

An auxiliary function to the penalized objective function
CP (hn ) is readily obtained as
GP (hn |h̃n ) = G(hn |h̃n ) + L(hn ; hn−1 , hn+1 ).

Algorithm 1 Smooth IS-NMF
Input : nonnegative matrix V
Output : nonnegative matrices W and H
Initialize W and H with nonnegative values
Compute V̂ = WH
for i = 1 : niter do
%% Update H %%
G− = WT (V.V̂.−2 ); G+ = WT (V̂.−1 )
Update h1 (requires solving K order 2 polynomials)
for n = 2 : N − 1 do

(16)
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Like in [4] we consider for illustration the decomposition of
a 108 seconds-long music excerpt from My Heart (Will Always Lead Me Back To You) recorded by Louis Armstrong
and His Hot Five in the twenties. The band features a trumpet, a clarinet, a trombone, a piano and a double bass. A STFT
X = [xf n ] of the original signal x (sampled at 11kHz) was
computed using a sinebell analysis window of length L = 256
(23 ms) with 50 % overlap, leading to F = 129 frequency
bins and N = 9312 frames. To illustrate the effect of the
regularization of the rows of H we perform the following experiment. First we run unpenalized IS-NMF with K = 10
and 5000 iterations, retaining the solution with lowest final
cost value among ten runs from different random initializations. Then we run smooth IS-NMF with W and H respectively fixed and initialized to the unpenalized solution. Fig. 1
reports results with different values of λ.

source separation [11]. This will allow thorough evaluation
of the system on a specific task (for which standard test data
and evaluation criteria exist) and will in particular allow to
quantify the influence of λ on the results.

Baseline (unpenalized IS−NMF)

Regularized (λ = 1)
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