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for Nonnegative Dictionary Learning in the
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Abstract�—In this paper we describe an alternative to stan-
dard nonnegative matrix factorization (NMF) for nonnegative
dictionary learning, i.e., the task of learning a dictionary with
nonnegative values from nonnegative data, under the assumption
of nonnegative expansion coefcients. A popular cost function used
for NMF is the Kullback-Leibler divergence, which underlies a
Poisson observation model. NMF can thus be considered as maxi-
mization of the joint likelihood of the dictionary and the expansion
coefcients. This approach lacks optimality because the number of
parameters (which include the expansion coefcients) grows with
the number of observations. In this paper we describe variational
Bayes and Monte-Carlo EM algorithms for optimization of the
marginal likelihood, i.e., the likelihood of the dictionary where the
expansion coefcients have been integrated out (given a Gamma
prior). We compare the output of both maximum joint likelihood
estimation (i.e., standardNMF) andmaximummarginal likelihood
estimation (MMLE) on real and synthetical datasets. In particular
we present face reconstruction results on CBCL dataset and text
retrieval results over the musiXmatch dataset, a collection of word
counts in song lyrics. The MMLE approach is shown to prevent
overtting by automatically pruning out irrelevant dictionary
columns, i.e., embedding automatic model order selection.

Index Terms�—Automatic relevance determination, model order
selection, Monte Carlo EM, nonnegative matrix factorization,
sparse coding, variational EM.

I. INTRODUCTION

N ONNEGATIVE matrix factorization (NMF) [1] is a pop-
ular method for nonnegative dictionary learning based on

matrix decomposition. The goal is to approximate a non-
negative matrix as the product of two nonnegative matrices,
(dictionary) and (expansion coefcients), of sizes

and , respectively. These two matrices can be estimated
via minimizing a measure of t between and . One such
popular measure is the (generalized) Kullback-Leibler (KL) di-
vergence
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which is always nonnegative, convexwith respect to (w.r.t) each
factor (but not w.r.t both factors jointly) and is equal to zero
if and only if . Minimization of the t w.r.t the fac-
tors can be carried out with a fast, iterative algorithm based
on multiplicative updates as described in [1] and based on the
Richardson-Lucy algorithm [2], [3]. This approach also coin-
cides with maximum joint likelihood estimation of and
when is assumed generated by a Poisson observation model,
as will be later recalled.
A criticism of NMF for nonnegative dictionary learning is

that little can be said about the asymptotical optimality of the
learnt dictionary . This is because the total number of param-
eters considered for maximum likelihood estimation
grows with the number of observations . As such, in this paper
we seek to optimize the marginal likelihood of given by

(1)

where is an assumed prior distribution for the expansion
coefcients. Our approach is similar in spirit to independent
component analysis (ICA), where the likelihood of the �“mixing
matrix�” is obtained through marginalization of the latent inde-
pendent components, see, e.g., [4].
In order to compute the marginal likelihood in (1), we dene

a prior distribution for . We choose a Gamma distribution,
which is conjugate to the Poisson likelihood, mostly for algo-
rithmic convenience as will be apparent further in the paper. The
Gamma distribution takes the sparsity-inducing exponential dis-
tribution as a special case. We leave the dictionary to be a
deterministic variable. As such, our model coincides with the
Gamma-Poisson (GaP) model of Canny [5], which constitutes
the base for many elaborate models for text clustering and image
interpolation (e.g., [6]�–[9]). In Discrete Component Analysis
(DCA) of Buntine & Jakulin [8] a Dirichlet prior is assumed for
, whereas in Cemgil�’s work [9] the prior is a Gamma distri-

bution. In these works, maximum a posteriori (MAP) estimate
or full posterior distribution of (thus taken as a random var-
ianble) have been sought after. In this work we do not wish to
make any prior assumption on and rather look for the max-
imum likelihood estimator of in the basic GaP model. Our
work bears methodological resemblance to [8] and [9], but we
here pursue a different objective.
The main motivation in this paper is to learn the dictionary

parameters from the marginal model in order to prevent the
overtting in standard KL-NMF, which stems from the growing
number of parameters with the number of observations. At this
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stage a parallel can be made between our approach and La-
tent Dirichlet Allocation (LDA) [10], which was proposed as a
remedy to the overtting problem of Latent Semantic Indexing
(pLSI) [11]. LDA and pLSI are based on the same model (a
discrete observation model in which word in document is
generated with probability under the constraint that

and has a Dirichlet prior),
but LDA seeks marginal likelihood estimation whereas pLSI
performs joint likelihood estimation (i.e., the dictionary and the
expansion matrix are updated together).
This paper describes two approximate learning algorithms for

the maximization of the marginal likelihood. The integration in
(1) is not tractable, so the expansion variables cannot be an-
alytically integrated out of the model. In addition, an exact ex-
pectation-maximization (EM) algorithm cannot be pursued, be-
cause the exact form of the posterior distribution of is not
available either. Our EM algorithms, variational Bayes (VBEM)
and Monte Carlo EM (MCEM), are based on inferring the pos-
terior distribution of in the E-step and maximizing in the
M-step. VBEM maximizes a lower bound of the marginal like-
lihood , whereas the functional that MCEMmaximizes
at each step is asymptotically exact. In the experiments sec-
tion, we verify that these two methods perform similarly and the
lower bound that VBEM optimizes is a tight approximation of
criterion (1), as numerically conrmed using the more compu-
tationally intensive but asymptotically optimal Chib�’s method
[12]. Computation of the criterion itself is for example needed
for classication tasks based on likelihood ratios. In this paper
we also describe novel algorithms for maximum joint likeli-
hood estimation (MJLE), equivalent to standard KL-NMF with
a penalty term on that stems from the assumed prior, that ex-
tend previous work by Canny [5].
We compare MJLE and MMLE on synthetical and real data

and indeed show that MMLE avoids the problem of overt-
ting by assigning �“unnecessary�” columns of the dictionary to
zero, i.e., performing automatic model order selection. With
MMLE, the estimated dictionaries are more column-sparse (in
the sense that many columns become negligible when is
overestimated) than those of MJLE and this makes the dictio-
naries more interpretable. We will in particular demonstrate this
feature on the musiXmatch dataset, a large collection of word
counts from song lyrics, which has recently been made avail-
able [13].
The rest of this paper is organized as follows. Section II

describes the generative model and presents the two dictio-
nary estimators considered in this paper. Sections III and IV
describe algorithms proposed for these estimators. Section V
reports results on real and synthetical data and in particular
illustrates a very desirable feature of the marginal likelihood
approach: automatic order selection. Section VI concludes the
paper. The VBEM algorithm of Section IV was introduced in
[14] and was mainly applied to audio data. Here, we also in-
troduce the asymptotically exact MCEM algorithm and verify
the results obtained by VBEM. We describe Chib�’s method
[12] for this model to discuss the tightness of the variational
lower bound. We also present novel algorithms for MJLE for
a large range of shape parameters. The two estimators, MJLE
and MMLE, are compared in face reconstruction and text re-
trieval applications.

II. MODEL AND ESTIMATORS

A. GaP Model

The generative model assumed for the observations
is

(2)

where denotes the Poisson distribution, dened by
The data is as-

sumed independently distributed given and . Using the
superposition property of the Poisson distribution, the genera-
tive model can equivalently be written as a composite model
such that

(3)

where the components act as latent variables. In the re-
mainder of the text, will denote the matrix
consisting of and will represent the vector

. The posterior distribution of is
analytically available and is a multinomial distribution. Simi-
larly, posterior distribution of each is binomial. As can be
seen from (3), the introduction of the components allows us to
break the coupling in the probability density func-
tion of the observation model. This fact will be used in the data
augmentation algorithms described in Sections IV-A and IV-B.
We further take the expansion coefcients to be random

variables with Gamma prior, such that ,
where

. The Gamma distribution is a prior of choice for
its conjugacy with the Poisson distribution, and will facilitate
some algorithm derivations to be presented next. Under these
assumptions our model coincides with the Gamma-Poisson
(GaP) model of [5], [8] which has been used in text analysis.
In the rest of the paper, the scale parameters will be xed,
so as to remedy the scale ambivalence between column
of (denoted in the following) and row of , as
more thoroughly discussed in Section II-D. We will denote

. The shape parameters are also xed.
The dictionary is taken as a free deterministic parameter.

B. Maximum Joint Likelihood Estimation (MJLE)

The MJLE estimator of is obtained by maximization
(under nonnegativity of all the parameters) of the joint penal-
ized log-likelihood likelihood of , and , dened by

where denotes terms constant w.r.t , , and where

As it appears, MJLE in the GaPmodel is equivalent to penalized
KL-NMF [9], [15], with penalty term . In Section III,
we will present minorization-maximization (MM) algorithms
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for MJLE for different values. For a comprehensive study
about MM algorithms for NMF, see [16].

C. Maximum Marginal Likelihood Estimation (MMLE)
The MMLE estimator of is obtained by maximization of

the marginal log-likelihood of , dened by

This integral is intractable, i.e., it is not possible to obtain
the marginal model analytically. Note that in Bayesian estima-
tion the term marginal likelihood is sometimes used as a syn-
onym for the model evidence, which would be the likelihood
of data given the model, i.e., where all random parameters (in-
cluding as well) have been marginalized. This full Bayesian
approach has been considered for example in [9] and [17] for
the Poisson and Gaussian additive noise models, respectively.
In [8], again has a prior distribution and is estimated with
a maximum a posteriori approach. Let us emphasize again that
in our setting is taken as a deterministic parameter and that
the term �“marginal likelihood�” here refers to the likelihood of
where has been integrated out. In Section IV, we will

describe approximate EM algorithms for evaluating and max-
imizing .

D. Scales
TheMJLE andMMLE estimators of have different behav-

iors w.r.t scale . The MMLE objective function
is scale-invariant, in the following sense. Let be a nonneg-
ative diagonal matrix with coefcients . Then we have the
following property:

This is shown using the change of variable and
the property that if then . More
precisely, we have

As such, we may x to any arbitrary value, because of this
simple linear mapping that exists between dictionary solutions
obtained for different scale parameters.
The MJLE objective function behaves differ-

ently w.r.t scale, and as it appears, in a potentially problematic
way. Indeed, the following expression holds:

This implies that maximization of under mere
nonnegativity constraints can only lead to a degenerate solu-

tion such that , and . This
can be shown by contradiction: assume that is nite, then
for any nonnegative diagonal matrix such that we
obtain that ,
which contradicts the fact that is the optimum.
As such, joint estimation of , , requires to control the
norm of to prevent from degeneracy. In this paper will not
try to estimate (either by maximization of or by any other
mean such as cross-validation) but we will rather concentrate on
the properties of the two estimators (MJLE and MMLE) based
on the same generative model, i.e., with both and xed
to arbitrary values. As such, we will remove from now on the
dependency of and on . Fixing removes the de-
generacy problem only when . Indeed, it is easy to check
that when the penalty term can still be made ar-
bitrarily small as goes to zero, thus encouraging the solution

. As such, controlling the norm of is still needed
in that case. A set of algorithms for MJLE, depending on the
value of and the required constraint on are presented in
the next section. A conclusion of this section is that, besides
the question of its asymptotical optimality, MJLE is not an as
well-posed problem as MMLE.

III. ALGORITHMS FOR MJLE

A. Algorithms For
1) Canny�’s Algorithm: Given the discussion of Section II-D,

when is xed and , the norm of does not need to
be necessarily controlled. In that setting, an iterative algorithm
that guarantees to increase at every iteration is de-
scribed in [5]. Though not clearly stated as such, it is essentially
an EM algorithm based on the set of components intro-
duced in Section II-A, that updates given and then
given . It can also be seen as a MM algorithm where each up-
date is based on the maximization of a surrogate auxiliary func-
tion, i.e., a lower bound of the original objective function which
is tight at the current parameter estimate [14]. This strategy en-
sures the increase of the joint likelihood after every update of
and . Using its concavity w.r.t given or given , the
t to data term can easily be minorized using
a Jensen�’s type inequality, such that,

(4)

with equality when , or similarily,

(5)

with equality when . Iterative maximization of the
lower bound (5) w.r.t leads to the well known multiplica-
tive algorithm described by [1]�–[3]



5166 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 60, NO. 10, OCTOBER 2012

The penalty term needs solely to be added to the right
side of (4) to obtain a suitable auxiliary function for , which,
when maximized w.r.t , leads to

2) Algorithm for Norm-Constrained : It is also possible
to derive an algorithm for maximizing under the
constraint that , where we will take as the
norm. As discussed in Section II-D, though not necessary when
is xed (and when ), this is needed when has to

be estimated as well. In that case we want to solve

(6)

Following [18], [19], the latter problem is equivalent to the fol-
lowing surrogate optimization problem, that involves a scale-in-
variant objective function:

(7)

where . The equivalence between
(6) and(7) is explained as follows. Let be a pair of
nonnegative matrices and let ,
be their rescaled equivalents. Then, we have

, and satises the constraint by
construction. As such, one may solve (7), free of scale con-
straint, and then rescale its solution to obtain a solution to (6).
Using same recipe as in previous section, with changed
into , we can obtain the following update for :

(8)

The penalty term also depends on through .
As such, the dictionary update is also changed. Unfortunately
simply adding to the right side of (5) does not lead
to an auxiliary function for that can be maximized in close
form. The penalty term , and more precisely its log
part needs to be minorized as well. We may write

where represents terms constants w.r.t .1 By concavity of
and Jensen�’s inequality we may write

1Except when otherwise specied, in the following we will abusively denote
by any irrelevant term constant w.r.t the variable of the function in which it
appears.

with equality when . This minorization of the log
part of the penalty term leads to close form maximization of
the resulting auxiliary function, which writes

(9)

B. Algorithm for
As discussed in Section II-D, when , the norm of the

dictionary needs to be controlled to prevent from degeneracy,
being treated either as a xed or free parameter.
1) Algorithm for : Canny�’s algorithm is not appli-

cable anymore for but the derivations of Section III-A-II
still hold. They simplify to the following update rules:

(10)

(11)

Note the symmetry of the update rules (the roles of and
are simply exchanged), due to the symmetry of the penalty term,
that reduces to .
2) Algorithm for : When , then

becomes negative and the minorization of the log part of the
penalty term used for the update of in Section III-A-II does
not hold anymore. It is possible to use instead a rst order Taylor
approximation of (using the property that a concave
function is majorized by its tangent), that leads to

i.e., the term that appeared in the numerator of (9) is
moved to the denominator (after changing its sign). The main
source of difculty when lies in the update of . The
update given by (8) still maximizes the auxiliary function, but
not under the nonnegativity constraint. The update may fail to
satisfy the nonnegative constraint because of the term
at the numerator which is now negative. Truncating to zero
when it fails to satisfy the nonnegative constraint does provide
a valid ascent algorithm, but any coefcient that hits zero will
remain zero. Other schemes could be envisaged for (such as
projected gradient descent) but we will not pursue this issue as
it is out of main scope of this paper, given that Gamma shape
parameters less than one are rarely used in practice.

IV. ALGORITHMS FOR MMLE
We investigate a set of Expectation-Maximization (EM) [20]

algorithms for MMLE. The EM algorithm converges to a sta-
tionary point of the likelihood function by iteratively evaluating
(E-step) and maximizing (M-step) the expected log-likelihood
of the data completed by some latent data. For example, for the
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observation model in (2) with the prior distribution
, an EM algorithm can be built on the complete data set
by iteratively evaluating and maximizing the functional

dened by

(12)

As it appears the posterior distribution is not analyt-
ically available and the functional can neither be evaluated nor
maximized. An other EM algorithm can be built on the larger
complete data set , exploiting the composite model rep-
resentation of (3), leading to2

(13)
While this functional is still intractable, the posterior

in the composite model representation is
easier to infer using variational Bayes or Markov chain Monte
Carlo methods. In Sections IV-A and IV-B, we will describe
two EM algorithms where the E-steps are based on these
computational methods.

A. Variational Bayes EM (VBEM)
A variational EM algorithm [21] for the maximization

of based on the functional can be
constructed as follows. As explained above, we resort to a
variational approximation of the posterior
that renders all derivations tractable, though at the cost of
approximate inference. The two steps of the variational EM are
described next.
1) E-Step: A variational approximation of the exact

posterior is computed at every iteration of the
EM algorithm and plugged in . As fundamental to
variational approximations, the computation of relies
on the minimization of the KL divergence (in distribution) be-
tween and , given a parametric form
of . The variational objective function may be decom-
posed as

(14)

Because the marginal likelihood is independent of
, the minimization of the variational objective may be

replaced by the (simpler) maximization of

which forms a lower bound of the marginal likelihood
(thanks to nonnegativity of the KL divergence).

It can be shown that, given the expression of , the
following form of variational distribution appears as a natural
choice (in particular for tractability):

where denotes the vector as in
Section II-A, is multinomial with probabilities and
2Note that is encompassed in because of the relation

and as such needs not to appear in the complete set, see [20].

is a Gamma distribution with shape and scale parameters
and . The factors and can be shown to

satisfy the following xed point equations [21]:

(15)
(16)

where denotes expectation under probability distribution
and refer to the set of coefcients of excluding . In
particular, the optimal variational distribution satises

which lead to the following xed point update for its probability
parameters

where the expectation is w.r.t the variational distribution
and .3 Similarly, the optimal vari-
ational distribution satises

from which the updates are found as

where the expectation is w.r.t and has the analytical
form .
2) M-Step: Given the variational distribution ob-

tained in the E-step, the EM functional can be approximated as

where . Maximization of leads to
the update rule

3 is the digamma function dened as .
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If the value of is plugged in, it is easy to see that this is
a multiplicative update rule

(17)

which remains nonnegative provided that the initial value of
in nonnegative.
Note that one could contemplate plugging the variational dis-

tribution into so as to produce an alternative
EM algorithm, but the integration incurred in is still
intractable.

B. Monte Carlo EM (MCEM)
In this section, we describe how the dictionary parameters

can be optimized using Monte Carlo EM (MCEM) [22]. The
algorithm consists of an E-step where the posterior distribu-
tion is inferred by a Gibbs sampler [23]. This
is a Markov chain Monte Carlo (MCMC) method, in which the
chain is constructed by drawing samples from full conditional
distributions of (blocks of) variables. Then, the EM functional,
either or , is approximated using Monte Carlo integration
and maximized w.r.t. . Contrary to VBEM, the Monte Carlo
approximation is asymptotically exact.
1) E-Step: In our model, the full conditional distributions of

component variables, , are multinomial and those of expan-
sion coefcients, , are Gamma. So, it is highly convenient to
use the Gibbs sampler that samples given and given .
At iteration , a new sample is drawn from a Gamma
distribution with parameters given by:

and a new sample is subsequently drawn from a multino-
mial distribution with probabilities

2) M-Step: Once a set of samples from have
been obtained (after a burn in period), the functional
and may be approximated as

(18)

(19)

The maximization of , approximated as in (19), is
available in close form and leads to

(20)

Themaximization of , approximated as in (18), is not
available in close form and requires an optimization procedure.
Equation (18) reduces to

By minorizing the individual terms as in (5)
and summing up the auxiliary functions corresponding to all
samples, one gets a general auxiliary function whose iterative
maximization leads to following xed point equation:

In practice we perform only one iteration of the xed point equa-
tion (which only increases instead of fully maxi-
mizing it), starting from the current EM update , so that

(21)

As it appears the update (21) based on is the Rao-
Blackwellized version of the update (20) based on ,
i.e.,

Rao-Blackwellization is known to produce updates with lesser
variance [24] and as such, we will use update(21) in practice.

Marginal Likelihood From Gibbs Samples (Chib�’s
Method): While in VBEM an estimation of the criterion

comes as a by-product in the form of the lower
bound , the MCEM approach does not come with
such an estimation. It is however possible to �“recycle�” the
samples of obtained during E-step to form an estimation of
the objective, using Chib�’s method [12]. Chib�’s approach is
based on the following relation (Bayes�’ theorem)

(22)

which holds for any , but recommendation is to use the poste-
rior mode in practice. The rst two terms
in the right side of (22) are easy to compute, and are given by the
generative model. The last term is not readily available, how-
ever it can be estimated by the following Monte Carlo integra-
tion

where are the samples drawn from the posterior
during Gibbs sampling.
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Fig. 1. Synthetical dataset. Marginal log-likelihood for . Top row: is obtained with VBEM (4000 iterations), bottom-row: is
obtained with MCEM (100 samples including burn in, 8000 iterations). Left column: is approximated by the VB lower bound, right column:
is computed with Chib�’s method.

V. EXPERIMENTS

We study the performances of MJLE and MMLE on real
and synthetical data. We start with a synthetical data of small
size to study the performances of the two MMLE methods,
VBEM and MCEM. Next, we test MJLE and MMLE on the
Swimmer dataset which is a benchmark dataset in dictionary
learning problems. We also compare the two approaches on a
face reconstruction experiment on CBCL dataset. As the last
experiment, we compare MJLE, MMLE and LDA on the topic
learning problem on text (lyrics) data. In the experiments, the
prior hyperparameters are xed to (exponential distribu-
tion) and , i.e., , unless otherwise
stated. In the algorithms, we initialize and ( in VBEM,

in MCEM) as and
, in Matlab notations. In

MCEM one third of the samples are used as the burn in period
and discarded in the estimations.

A. Synthetical Dataset

We x a matrix of size 10 5, of which columns are
linearly independent and consist of zeros and tens. We generate
data from model in Section II-A, with .
In Fig. 1, we investigate MMLE with the two possible EM al-

gorithms (VB or MC) and the two possible means of estimating
themarginal likelihood (variational lower bound or Chib�’s
evaluation), as we increase the number of components, . On
the top row the dictionaries are estimated with VBEM, and with
MCEM on the bottom row. On the left column the marginal
likelihood is estimated with the variational lowerbound and on
the right it is estimated with Chib�’s method. A rst observation
is that the four plots essentially coincides. This illustrates the

equivalent performances of algorithms and likelihood evalua-
tion techniques. A second observation is that the marginal like-
lihood ceases increasing when . As a matter of fact, vi-
sual inspection of the estimated dictionaries reveals that both
VBEM and MCEM push the redundant columns of to zero
when is greater than the ground truth value. In other words,
MMLE performs an intrinsic automatic order selection during
inference.
Fig. 2 displays the joint and marginal log-likelihood criteria,

and , when is learnt with MJLE.
Right plot of Fig. 2 veries that learning from MJLE does
not increase the marginal likelihood criterion as increases,
i.e., we verify experimentally that MJLE does not imply
MMLE.
On this synthetical dataset, 4000 iterations of MJLE and

MMLE with VBEM take 1.28 sec and 2.15 sec, respectively, on
an average computer with a 2.66 GHz CPU and 4GB memory.
However, 4000 iterations of MCEM which uses 100 samples
per iteration including burn in take 673 sec, which means that
running MCEM on large datasets can be prohibitive. In this
section we showed that the dictionaries estimated with
VBEM and MCEM behave similarly as is increased and the
marginal log likelihood values of these dictionaries
are very close. This means that approximate optimization
with VBEM does not lead to a signicant performance loss.
Thus, we will not consider MCEM on the large datasets of the
upcoming experiments.

B. Swimmer Dataset

To further investigate the automatic model order selection
feature of MMLE, we consider the synthetical Swimmer
dataset [25], for which a ground truth can be dened. The
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Fig. 2. Synthetical dataset. Joint and marginal log-likelihood criteria and when is learnt with MJLE (4000 iterations), for
.

Fig. 3. Data samples consisting of images from the Swimmer dataset with
Poisson noise.

dataset is composed of 256 images of size 13 22, repre-
senting a swimmer built of an invariant torso and 4 limbs. Each
of the 4 limbs can be in one of 4 positions and the dataset is
formed of all combinations. Hence, the ground truth dictionary
corresponds to the collection of individual limb positions. As
explained in [25] the torso is an unidentiable component that
can be paired with any of the limbs, or even split among the
limbs. In our experiments, we mapped the binary values onto
the range with which we generated the data using the
Poisson observation model, see some samples in Fig. 3.
The behavior of the marginal log likelihood, ,

against on the noisy swimmer problem is given in Fig. 4.
The marginal likelihood increases until , after that value
redundant components are assigned to zero and the likelihood
does not change. In Fig. 5, we compared the dictionaries learnt
by MJLE and MMLE with components. As can be
seen from Fig. 5(a), MJLE produces spurious or duplicated
components, i.e., overts. In contrast, the ground truth is
perfectly recovered with MMLE. We do not have a rigorous
explanation for the self-ability of MMLE to prune columns of
, but in Appendix we present a Laplace approximation of
that gives an intuition of why this is happening.

C. Interpolation on CBCL Dataset

We now applyMJLE andMMLE on amissing data prediction
task to further investigate overtting. We used the CBCL face
dataset [26] which is composed of 2429 face images. The raw
images are 8 bits grayscale images with dimensions 19 19.
Similar to [1], the grayscale intensities have been linearly scaled
so that the pixel mean and standard deviation were equal to 64,
and then clipped to the range , so as to homogenize il-
lumination.

We dene a Bernoulli mask variable with probability .
indicates whether is observed or not. In the presence

of missing data, the observation model becomes

The algorithms of the previous sections can easily be derived
using this observation model and the equations only slightly
change. For example, in (17), one only needs to sum over the
observed entries at the numerator and denominator of the up-
date rule. This leads to more general algorithms for which the
algorithms described in Sections III and IV for the completely
observed data become special cases. We generated a mask

with and estimated and by MJLE and
MMLE4 with , , . We used the
same stopping criteria for both methods: the algorithms were
exited when the relative increase in the likelihood is less than a
threshold or themaximum number of iterations (4000) is
reached. We repeated each experiment 5 times and reported the
results of the run with the highest likelihood end value. We re-
constructed the missing values using and computed
the Peak Signal to Noise Ratio (PSNR) between original and

reconstructed images which is dened as ,

where is the maximum possible pixel value (255 in this exper-
iment). In Fig. 6, we present some examples of the faces in the
dataset, their masked versions which were used as data in this
experiment and the reconstructions with MMLE and MJLE, re-
spectively. PSNR values for the reconstructions are displayed
on top of them. The average PSNR values obtained are 27.2 dB
with MMLE and 26.6 dB with MJLE. For 1640 faces (67% of
the total number) the PSNR values of MMLE are higher. In gen-
eral, the reconstructions obtained withMMLE are smoother and
more pleasant to look at. This is because MJLE overtted the
data with while in MMLE 230 out of 300 dictionary
columns were assigned to very low values .
We also investigated the effect of on the performances of

the methods. We repeated the same experiment with 11 values
of between 1 and 100. The PSNR values obtained with 10
4 in MMLE was taken to be the mean of at convergence.
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Fig. 4. Swimmer dataset. Marginal log-likelihood for estimated by VB lower bound (left), Chib�’s method (right). is obtained
with VBEM (4000 iterations).

Fig. 5. Dictionaries learnt from the noisy Swimmer dataset with (a)
(b) .

Fig. 6. Original faces from the CBCL dataset, masked data and reconstructions
withMMLE andMJLE using 300 components. PSNR values (dB) are displayed
on top of reconstructions.

repetitions of each method are presented in Fig. 7. As in-
creases, the means (and the variances) of the prior distributions

Fig. 7. Average PSNR values obtained with MMLE (solid) and MJLE (dotted)
on the CBCL dataset with missing entries for various values of in .
Error bars represent standard deviations of 10 repetitions.

get bigger and more components (columns of ) tend to con-
verge to zero. The algorithm becomes more sensitive to initial-
ization. Still, as can be seen from Fig. 7, the performance does
not drop too drastically and MMLE gives consistently better re-
sults than MJLE. As a rule of thumb, results in op-
timal degree of pruning in all of our experiments. Optimization
of the hyperparameter can be advantageous, but will make
the algorithm slower than xing it to a �“good�” value.

D. Musixmatch Lyrics Dataset
MusiXmatch (Million Song Dataset) [13] is a lyrics database

with more than 230,000 songs. Each song constitutes a column
of the data in a bag-of-words representation. The number of oc-
currences of the most common 5,000 words are used as the fea-
ture set. These 5,000 words are stemmed, i.e., related words are
mapped onto their roots and cover 92% of all words that ap-
pear in the lyrics. The dataset also contains lyrics in other lan-
guages like Spanish, German, French, etc. We estimated dic-
tionaries from a random subset of the dataset
usingMJLE,MMLE and LDA [10] with
and . After estimating the dictionaries,
in order to reconstruct components we estimated the expansion
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Fig. 8. MusiXmatch dataset analysis. Norms of components (top), dictionary vectors (middle) and activation vectors (bottom), estimated by
MMLE/VBEM (left) and MJLE (center) and LDA (right). , .

coefcients using the MAP estimator from corresponding
models. The MAP estimator for is a by product of the MJLE
algorithm. For MMLE and LDA, we learnt them from GaP and
LDA models with dictionaries set to their previously estimated
values. The norms of dictionary vectors, , expansion vec-
tors, , and components, , are presented in Fig. 8.5 The
components are reconstructed using the posterior mean

(23)

and components in all of these plots are sorted in descending
order of .
With MMLE/VBEM (left column in Fig. 8), we observe that

58 out of dictionary columns have a norm less than
0.05, which is similarly reected in the component norms. In
MJLE and LDA, are not very informative because all dic-
tionary columns sum to one by design and norms of the activa-
tion vectors, , are also equal to those of the components,

. Comparing the components of MMLE, MJLE and LDA,
we can see that MMLE explains the data making use of less
components than MJLE and LDA. LDA also has this tendency
but it is impossible to prune out components because every
5 and denote vectors of size and , respec-

tively. is a matrix of size .

column of is a discrete probability distribution and sum up
to one.
For illustration, we now describe the results of decomposition

with MMLE. In order to nd the most representative songs of
a topic, we propose to investigate the contribution of each topic
in songs. We dene the contribution of a topic as the number of
words generated from that topic divided by the total number of
words in that song

The contributions estimated by MMLE are presented in Fig. 9.
The components (rows) are again sorted in descending order of

. First 25�–30 components mainly contain stop words and
are found in most of the songs. The sparser rows among these
(e.g., ) belong to languages other than Eng-
lish.Manual inspection on the dictionary reveals that columns of
the dictionary actually may correspond to themes of the songs,
such as love, sex, religion, war, etc. In Table I, we present the
most representative songs for a selection of components, i.e.,
songs for which are highest for a given . We also present
the most important words of the components and the most fre-
quently used words in the songs. The importance, , is related
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TABLE I
MOST REPRESENTATIVE SONGS FOR FOUR OF THE COMPONENTS AND WORDS THAT APPEAR MOST FREQUENTLY.

Fig. 9. Contribution matrix estimated with MMLE on a the MusiXmatch
dataset. Whole matrix (top), rst 50 rows zoomed in (bottom). represents
the contribution of topic in song. Higher values are represented by
darker colors.

to how well that word is represented in that column and is de-
ned by

(24)

where denotes the average over components, i.e.,
.

Finally, we analyze lyrics of two songs by considering the
topics of which contribution, for xed , are the highest. In
Table II, we display ten highest contributing dictionary columns
for the song �“Do You Love Me?�” by Nick Cave and the Bad

Seeds. Each column is represented with the most important
words according to (24). The same information for �“California
Love�” by 2pac is presented in Table III. It is interesting to
notice how different the signicant dictionaries are in two
songs which both contain �“love�” in the title.

VI. DISCUSSION AND CONCLUSION
In this paper we have challenged the standard NMF approach

to nonnegative dictionary learning, which is based on maximum
joint likelihood estimation (MJLE) and is ill-posed because the
number of parameters to be learned increases with the data.
Our approach here is maximum marginal likelihood estimation
(MMLE), for which we proposed two EM algorithms, VBEM
and MCEM. While both of these EM algorithms depend on
approximating the functional in the E-step, VBEM maximizes
a lower bound of the marginal likelihood, whereas MCEM is
asymptotically exact. The same is true for the evaluation of the
marginal likelihood, i.e., the approximation with Chib�’s method
is asymptotically exact. Our experiments on synthetical data
showed that the dictionaries estimated by these two EM algo-
rithms show similar characteristics. In addition, the variational
lower bound was tight with the results obtained with Chib�’s
method.
Experiments on real and synthetical data have brought up a

very attractive feature of MMLE, the self-ability of discarding
�“irrelevant�” columns from the dictionary, i.e., performing auto-
matic model order selection. This property is not by design as
in other works of automatic relevance determination (e.g., [27],
[28]), but stems from the objective function. The dictionaries
estimated with MMLE lead to more accurate and interpretable
components with no overtting. In contrast with other model
selection approaches in fully Bayesian settings (e.g., [9], [17]),
which are based on the evaluation of the model evidence for
every candidate value of , our approach only requires to set
to a sufciently large value and run the VBEM algorithm
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TABLE II
TEN HIGHEST CONTRIBUTING DICTIONARY COLUMNS FOR �“DO YOU LOVE ME?�” BY NICK CAVE AND THE BAD SEEDS. EACH COLUMN IS REPRESENTED BY
15 MOST IMPORTANT WORDS. THE LAST ROW DISPLAYS THE CONTRIBUTION VALUE, , FOR THE CORRESPONDING DICTIONARY COLUMN. THESE 10

COLUMNS COVER 75% OF THE SONG.

TABLE III
TEN HIGHEST CONTRIBUTING DICTIONARY COLUMNS FOR �“CALIFORNIA LOVE�” BY 2 PAC. EACH COLUMN IS REPRESENTED BY 15 MOST IMPORTANT WORDS.
THE LAST ROW DISPLAYS THE CONTRIBUTION VALUE, , FOR THE CORRESPONDING DICTIONARY COLUMN. THESE 10 COLUMNS COVER 87% OF THE SONG.

once. This property is not shared by LDA although it is sim-
ilar to MMLE in spirit. This is because in LDA the dictionary
columns are constrained to sum to one.
The computational costs of MJLE and MMLE/VBEM are

comparable, whereas MMLE/MCEM is very computationally
demanding. Since two MMLE algorithms perform similarly,
it is natural to use only VBEM on large datasets. In addition,
VBEM can be made even faster by not updating the compo-
nents which are already zero.

APPENDIX
LAPLACE APPROXIMATION OF

In this section we give a Laplace approximation of the inte-
gral involved in whose expression provides an intu-
ition for the pruning effect of MMLE. We can write that

(25)

Let be the MAP estimation of given , i.e.,

Then, a Laplace approximation of around its mode
(which essentially consists in replacing the integrand in each

term of the sum in (25) by a quadratic function with same mode
and curvature at the mode) is given by

(26)

where

where and are the diagonal matrices dened by

and where the �’.�’ denotes MATLAB-like entry-wise operations.
The penalty term in (26) will favor
solutions such that is small, ideally zero. A detailed
analysis of , not presented here, reveals that it induces
group-sparsity at the column level. This for example evident
when and thus . In this case, any zero column
in leads to . While not giving a rigorous expla-
nation, the Laplace approximation of hence suggests
why MMLE induces self-regularization by pruning.
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