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Simple examples 
Denoising: 
Linear inverse problem:  
Spiked matrix estimation: 

 

A ∈ ℝn×p

noise 𝒩(0,Δ)

Basic paradigm of signal processing: Structure in v serves for 
recovery with better accuracy, larger noise, smaller n, etc. 



SPARSITY

v ∈ ℝp

Γ(v) = v + ξ
Γ(v) = Av + ξ,
Γ(v) = vvT + ξ

Simple examples 

Denoising: 
Compressed sensing:  
Sparse PCA: 

 

A ∈ ℝn×p

noise 𝒩(0,Δ)

There exists a basis W in which the signal v is sparse. 

v = Wx x ∈ ℝp
ℓ0(x) = k ≪ p

y = Γ(v)



SPARSE CODING 
DICTIONARY LEARNING  

Basis in which the signal is sparse can be learned from examples. 
Sparse coding:  
Having M examples of signals, learn W so that x is sparse.

vμ = Wxμ + ξ

μ = 1,…, M

Olshausen, Field’97



Generative neural networks (autoencoders, GANs, …):

W(1) W(2) W(3) W(4)

vμ

xμ

LEARNING FROM EXAMPLES

vμ = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)xμ))))



THIS PERSON DOES NOT EXIST!

GANs generated people. NVIDIA research



GENERATIVE MODELS AS PRIORS

v = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x))))

y = Γ(v)
Recover signal v from observations y, knowing that: 

• Sparsity: v is k-sparse.  

• A generative model learned from data: There exists 
!  such thatx ∈ ℝk

φ(i), W(i), i = 1,…, L known, after training



SELECTION OF EXISTING WORKS 

arXiv:1606.03956



SELECTION OF EXISTING WORKS 

arXiv:1607.07539



arXiv:1703.03208

SELECTION OF EXISTING WORKS 



We all love the math behind compressed sensing. Analog for 
learned neural networks is so far a challenge.   

Interesting results for NNs with random weights: Manoel, Krzakala, 
Mezard, LZ, arXiv:1701.06981; Hand, Voroninsky, arXiv:1705.07576, Huang, Hand, 
Heckel, Voroninsky, arXiv:1812.04176 and others.  

Random rotationally invariant weight matrices: Fletcher, Rangan, 
arXiv:1706.06549v1, Reeves, arXiv:1710.04580, Gabrié, Manoel, Luneau, 
Barbier, Macris, Krzakala, LZ, arXiv:1805.09785 

A lot remains do be done: how many samples/measures 
needed; sharper analysis; more insights; weaker assumptions 
on the weights; etc.

INKLINGS OF THEORY

https://arxiv.org/abs/1701.06981
https://arxiv.org/abs/1705.07576
https://arxiv.org/abs/1812.04176
https://arxiv.org/abs/1710.04580
https://arxiv.org/abs/1805.09785


FOCUS ON  SPIKED MATRIX ESTIMATION

Γ(v) = v + ξ
Γ(v) = Av + ξ,
Γ(v) = vvT + ξ

Simple examples 
Denoising: 
Compressed sensing:  
Spiked matrix estimation: 

 

A ∈ ℝn×p

noise 𝒩(0,Δ)

Aubin, Loureiro, Maillard, Krzakala, LZ, arXiv:1905.12385                                
The spiked matrix model with generative priors  
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Collect Yij for every pair (ij). 

Goal: Recover cards (up to 
symmetry) purely from the 
knowledge of

• Each pair reports:    

‣ !                  Yij = Zij + x*i x*j / p

Zij ⇠ N (0,�)

Y = {Yij}i<j

x*i ∈ {−1,0,1}



HOW TO SOLVE THIS?

xPCA = leading eigenvector of Y estimates x* (up to a sign). 

true values of cards: Yij =
1
p

x*i x*j + Zij

BBP phase transition: Δ > ρ2

Δ < ρ2

xPCA ⋅ x* ≈ 0
|xPCA ⋅ x* | > 0Watkin, Nadal’94 

Baik, BenArous, Pechet’04 

Zij ∼ 𝒩(0,Δ)

x*i ∈ {−1,0,1}



HOW TO SOLVE THIS?

xPCA = leading eigenvector of Y estimates x* (up to a sign). 

true values of cards: Yij =
1
p

x*i x*j + Zij

BBP phase transition: Δ > ρ2

Δ < ρ2

xPCA ⋅ x* ≈ 0
|xPCA ⋅ x* | > 0Watkin, Nadal’94 

Baik, BenArous, Pechet’04 

PCA: not optimal error value (does not maximise the number of correctly 
assigned cards)

Zij ∼ 𝒩(0,Δ)

x*i ∈ {−1,0,1}



BAYESIAN INFERENCE

P (x|Y ) =
P (x)P (Y |x)

P (Y )

Posterior distribution: 

Bayes-optimal inference = computation of marginals  
(argmax maximizes the number of correctly assigned values,        
mean of marginals minimises the mean-squared error). 

P(x |Y ) =
1

Z(Y, Δ)

p

∏
i=1

PX(xi)∏
i<j

e− 1
2Δ (Yij − xixj / p)2

PX(xi) = (1 − ρ)δ(xi) +
ρ
2 [δ(xi − 1) + δ(xi + 1)]
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P (x|Y ) =
P (x)P (Y |x)

P (Y )

Posterior distribution: 

Bayes-optimal inference = computation of marginals  
(argmax maximizes the number of correctly assigned values,        
mean of marginals minimises the mean-squared error). 

P(x |Y ) =
1

Z(Y, Δ)

p

∏
i=1

PX(xi)∏
i<j

e− 1
2Δ (Yij − xixj / p)2

PX(xi) = (1 − ρ)δ(xi) +
ρ
2 [δ(xi − 1) + δ(xi + 1)]

Computationally costly.



HOW SIMPLE TO ANALYZE? 

• High-dimensional (non-convex) problem.  

• No statistical consistency as             . 

• We want errors including constants. 

p → ∞

Outside the box of “traditional” statistics. 



Solution of spiked matrix and tensor estimation for any noise 
distribution, any (separable) prior and rank. (Lesieur, Krzakala, 
LZ’15-17)  

Rigorous proof that the replica solution for Bayes-optimal 
inference is correct. (Krzakala, Xu, LZ’16 and Barbier, Dia, Macris, 
Krzakala, Lesieur, LZ’16)  

Approximate message passing algorithm matching the 
predicted performance. (Rangan, Fletcher’12, Matsushita, Tanaka’13, 
Deshpande, Montanari’14, Lesieur, Krzakala, LZ’15-17) 

RECENT PROGRESS
(by my group and colleagues)
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SPIKED MATRIX (TENSOR) MODEL 
“GENERALISED GAME”

P (u, v|Y ) =
1

Z(Y )

NY

i=1

PU (ui)
MY

j=1

PV (vj)
Y

i,j

Pout(Yij |uT
i vj/

p
N)

P (x|Y ) =
1

Z(Y )

NY

i=1

PX(xi)
Y

i<j

Pout(Yij |xT
i xj/
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or

Bayes-optimal inference for generic prior, output, and rank

Generate ground-truth xi* from PX. Generate Yij from Pout.  
Goal: Infer x* from Y.

P (x|Y ) =
1

Z(Y )

NY

i=1

PX(xi)
Y

i1<...<ip

Pout(Yi1....ip |
p

(p� 1)!

N (p�1)/2
xi1 ...xip)

or

xi ∈ ℝr



LOW-RANK MATRIX ESTIMATION 

Symmetric 
Stochastic Block Model 
Matrix completion. 
Submatrix localization.  
Z2 synchronization.  
Spiked Wigner models. 

Tensor 
Spiked tensor model 
Hyper-graph clustering 
Tensor completion. 
Sub-tensor localisation

Non-symmetric 
Gaussian mixture clustering. 
Biclustering. 
Dawid-Skene model for crowdsourcing. 
Johnstone’s spiked covariance model. 
Restricted Boltzmann machine with 
random weights.  



Solution of spiked matrix and tensor estimation for any noise 
distribution, any (separable) prior and rank. (Lesieur, Krzakala, 
LZ’15-17)  

Rigorous proof that the replica solution for Bayes-optimal 
inference is correct. (Krzakala, Xu, LZ’16 and Barbier, Dia, Macris, 
Krzakala, Lesieur, LZ’16)  

Approximate message passing algorithm matching the 
predicted performance. (Rangan, Fletcher’12, Matsushita, Tanaka’13, 
Deshpande, Montanari’14, Lesieur, Krzakala, LZ’15-17) 

(by my group and colleagues)

RECENT PROGRESS



PERFORMANCE OF THE  
BAYES-OPTIMAL ESTIMATOR

concentrates around the maximum of 

Theorem 1: As

= replica symmetric free entropy

Φ(m) = 𝔼x,w[log 𝒵( m
Δ

,
m
Δ

x +
m
Δ

w)] −
m2

4Δ
w ∼ 𝒩(0,1)

m ∈ ℝ
Φ(m)

x ∼ PX

𝒫(x; A, B) =
1

𝒵(A, B)
PX(x)eBx−Ax2/2

𝒵(A, B) auxiliary function defined by: 

Proofs: Krzakala, Xu, LZ, ITW’16, Barbier, Dia, Macris, Krzakala, Lesieur, LZ’16 & 18; 
Lelarge, Miolane’16; El-Alaoui, Krzakala’17

1
p

log Z(Y, Δ)

p → ∞



PERFORMANCE OF THE  
BAYES-OPTIMAL ESTIMATOR

1
p

log Z(Y, Δ)

Φ(m) = 𝔼x,w[log 𝒵( m
Δ
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m
Δ
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m
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4Δ
w ∼ 𝒩(0,1)

m ∈ ℝ
x ∼ PX

Theorem 2: mean-squared-error of the Bayes-optimal estimator

MMSE = 𝔼PX
(x2) − argmax Φ(m)

Theorem 1: As p → ∞

concentrates around the maximum of Φ(m)

Proofs: Krzakala, Xu, LZ, ITW’16, Barbier, Dia, Macris, Krzakala, Lesieur, LZ’16 & 18; 
Lelarge, Miolane’16; El-Alaoui, Krzakala’17



Solution of spiked matrix and tensor estimation for any noise 
distribution, any (separable) prior and rank. (Lesieur, Krzakala, 
LZ’15-17)  

Rigorous proof that the replica solution for Bayes-optimal 
inference is correct. (Krzakala, Xu, LZ’16 and Barbier, Dia, Macris, 
Krzakala, Lesieur, LZ’16)  

Approximate message passing algorithm matching the 
predicted performance. (Rangan, Fletcher’12, Matsushita, Tanaka’13, 
Deshpande, Montanari’14, Lesieur, Krzakala, LZ’15-17) 

(by my group and colleagues)

RECENT PROGRESS



APPROXIMATE MESSAGE PASSING

AMP algorithm estimates means and variances of the marginals:

Bt
i =

1

Δ N

N

∑
l=1

Yilat
l −

1
Δ ( 1

N

N

∑
l=1

vt
l)at−1

i
At =

1
NΔ

N

∑
l=1

(at
l)2

at+1
i = f(At, Bt

i ) vt+1
i = ∂B f(At, Bt

i )

𝒫(x; A, B) =
1

𝒵(A, B)
PX(x)eBx−Ax2/2

f(A, B) auxiliary function defined by: 
f(A, B) = 𝔼𝒫(x)

Derived in: Rangan, Fletcher’12; Matsushita, Tanaka’13; Javanmard, 
Montanari’13; Deshpande, Montanari’14; Lesieur, Krzakala, LZ’15 
Traces back to: Thouless, Anderson, Palmer’76



AMP-MSE given by the local maximum of the free entropy 
reached ascent starting from small m/large MSE. (Proofs: 
Rangan, Fletcher’12, Javanmard, Montanari’12, Deshpande, Montanari’14) 

MMSE is given by the global maximum of the free entropy.

STATE EVOLUTION

M

fr
ee

 e
nt

ro
py

mAMP

Φ(m) = 𝔼x,w[log 𝒵( m
Δ

,
m
Δ

x +
m
Δ

w)] −
m2

4Δ

MMSE = 𝔼PX
(x2) − argmax Φ(m)

MSEAMP = 𝔼PX
(x2) − mAMP

argmaxΦ(m)

p → ∞As              :



What does this theory imply for Sparse PCA? 



FROM FIXED POINTS TO PHASE TRANSITIONS
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PX(xi) = (1 − ρ)δ(xi) + ρ[δ(xi − 1) + δ(xi + 1)]



ALGORITHMIC INTERPRETATION

• Easy by approximate message passing. 
• Impossible information theoretically.  
• Hard phase: coming with first order phase transition.

av
er

ag
e 

ov
er

la
p 

w
ith

 x
*

noise, Δ

ρ = 0.08



Hard phase: Algorithms “stuck” at low accuracy for exponential time.

Metastable diamond 
= low accuracy. 

Equilibrium graphite 
= high accuracy.

HARD PHASE



PHASE DIAGRAM

easy

impossible

hard

impossible

easyhard

• Algorithmic gap at small ! :  

• PCA threshold optimal known at ! . For !  better 
algorithms than PCA  (Amini, Wainwright’08; Deshpande, Montanari'14) 

• Proof of computational hardness assuming hardness of planted 
clique problem (Berthet, Rigollet’13).  

ρ
ρ = Θ(1) ρ = o(1)

ΔIT ∼ρ→0
−ρ

4 log ρ
ΔAlg = ΔPCA = ρ2,



HARD PHASE

Hard phase identified in: 
‣ dense planted sub-matrix;       
‣ sparse principal component analysis;                   
‣ Gaussian mixture clustering;         
‣ low-rank tensor completion;       

‣ stochastic block model 
‣ planted constraint satisfaction;                        
‣ low-density parity check error 

correcting codes;      

‣ generalised linear regression;  
‣ compressed sensing;                                                                                                        
‣ learning in binary perceptron;  
‣ phase retrieval; 
‣ committee machine; …                    

Hard phase = spinodal region 
of first order phase transitions. 

Algorithmic threshold shared 
by spectral methods and SDPs. 

Conjecture:   
AMP achieves (in the large N 
limit) the lowest error among 
all polynomial algorithms. 



STOC = Symposium of the theory of computing  
(Leading conference in computational complexity.) 



SPARSE PCA 

• For !  we have no known algorithms with threshold 
better than PCA.  

• At small ! , large gap between information-theoretic and 
best-known-algorithmic performance. 

ρ = Θ(1)

ρ

Facts to recall: 
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!
SPIKED MATRIX MODEL WITH 

GENERATIVE PRIORS

Y =
1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x*)))) x* ∈ ℝk

‣ I. Theory for !  with random iid components.  

‣ II. Approximate message passing reaching optimality (hard 
phase vanishes).   

‣ III. Spectral algorithms improving over PCA. 

W(i), i = 1,…, L



BAYESIAN INFERENCE
P(v |Y ) =

1
Z(Y, Δ)

Pv(v)∏
i<j

e− 1
2Δ (Yij − vivj / p)2

Mutual information: I(Y; v*) = − 𝔼Y[log Z(Y, Δ)] +
ρvp
4Δ

ρv ≡
1
p

𝔼(vTv)

Main Theorem: lim
p→∞

I(Y; v⋆)
p

= inf
ρv≥qv≥0

iRS(Δ, qv)

iRS(Δ, qv) ≡
(ρv − qv)2

4Δ
+

1
p

lim
p→∞

I v; v +
Δ
qv

ξ

Proof: By Guerra interpolation from original to the denoising 
problem (Aubin, Loureiro, Maillard, Krzakala, LZ, arXiv:1905.12385). 

where

MMSEv = ρv − arginf iRS(qv)
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PRIOR-MODEL DENOISING

v = φ(4)(W(4)φ(3)(W(3)φ(2)(W(2)φ(1)(W(1)x*)))) +
Δ
qv

ξ

ISIT’17



PRIOR-MODEL DENOISING

ISIT’17

• Proof for single layer prior: Barbier, Krzakala, Macris, Miolane, Krzakala, 
LZ, COLT’18, PNAS’19 

• Proof for two-layer prior: Gabrié, Manoel, Luneau, Macris, Krzakala, LZ, 
NeurIPS’18.



EXAMPLE OF A RESULT
Y =

1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = sign(Wx*)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

Δ M
M

SE

M
M

SE

α = p/k Δ

Δ c
= 1 +

4α
π2



APPROXIMATE MESSAGE PASSING

Similar to D-AMP of Metzler, Maleki, Baraniuk’14



STATE EVOLUTION 

Y =
1
p

v*(v*)T + ξ

ξij ∼ 𝒩(0,Δ)v* = sign(Wx*)

W ∈ ℝp×k

M
M

SE

α = p/k
Δ

• As long as !  has a unique minimiser, AMP matches the 
optimal performance as !

iRS(qv)
p → ∞

iRS(Δ, qv) ≡
(ρv − qv)2

4Δ
+

1
p

lim
p→∞

I v; v +
Δ
qv

ξ



TAKE-HOME MESSAGE I  

• Sparse prior: At small ! , large gap between information-
theoretic and best-known-algorithmic performance.  

• Generative prior: No gap between information-theoretic and 
best-known-algorithmic performance.  

ρ

Generative priors are better than sparsity.



SPECTRAL ALGORITHMS

Y =
1
p

v*(v*)T + ξ v* ∈ ℝp ξij ∼ 𝒩(0,Δ)

v* = sign(Wx*)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

Δ M
M

SE

α = p/k

• AMP works for !  

• PCA works for !

Δ < 1 +
4α
π2

Δ < 1

Better spectral algorithms? 
Δ c

= 1 +
4α

π2



OPTIMAL AMONG SPECTRAL ALGORITHMS 

Strategy: Linearize approximate message passing or belief 
propagation (from Krzakala, Mossel, Moore, Neeman, Sly, LZ, Zhang, PNAS’13) 

Resulting conjecture: Optimal spectral algorithm LAMP uses

Kp = 𝔼(vvT)

Γ = Kp [Y − p Ip]

! , !α = 2 v = Wx

• AMP 
• PCA 
• LAMP



FOR RANDOM MATRIX THEORY LOVERS 

Theorem: The leading eigenvector of !  correlates with signal 
iff !   

Open problem for any other ! , with !

Γ
Δ < 1 + α

φ v* = φ(Wx*)

Y =
1
p

v*(v*)T + ξ

v* = Wx*

Γ = WWT [Y − p Ip]

v* ∈ ℝp ξij ∼ 𝒩(0,Δ)
x* ∈ ℝk

W ∈ ℝp×k

x*i ∼ 𝒩(0,1)
Wij ∼ 𝒩(0,1/p)

α = p/k



PCA (up) versus LAMP (bottom) on spiked matrix estimation

! : empirical covarianceKpΓ = Kp [Y − p Ip]LAMP: 

Y =
1
p

v*(v*)T + ξ

Δ = 0.01, 0.1, 1, 2, 10

LAMP IMPROVES PCA WITHOUT TRAINING ON DATA  

ξij ∼ 𝒩(0,Δ)



TAKE-HOME MESSAGE II 

• Sparse prior: For !  no known algorithms with 
threshold better than PCA.  

• Generative prior: spectral LAMP algorithm is better than 
PCA. Has the same threshold as AMP, conjectured optimal.  

ρ = Θ(1)

Kp = 𝔼(vvT)

Γ = Kp [Y − p Ip]



CONCLUSION

• Generative models provide generic way to exploit structure 
of data for better signal processing.  

• Spiked matrix estimation with generative priors:  
Tights analysis for generative neural network with random 
weights.  
Absence of algorithmic gaps, contrasting with sparse-PCA.  
Improved generic-purpose spectral algorithm: LAMP.  
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