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Context



Fast solvers for high-frequency aeroacoustics

• Ph.D. thesis co-funded by Airbus and Région Nouvelle-Aquitaine
• supervised by Guillaume Sylvand 1 and Emmanuel Agullo 2

• continuation of the thesis of Aurélien Falco [6]
• industrial context of Airbus

• study of the propagation of sound waves emitted by an aircraft
→ reduction of acoustic pollution, certification of prototypes

Figure 1: Jet flow emitted by an Airbus A319-112 at take-off (Sebaso, Wikimedia Commons, CC BY-SA 4.0)

1Airbus Central R&T / Inria Bordeaux Sud-Ouest
2Inria Bordeaux Sud-Ouest
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Towards a numerical model

Model representing the aircraft’s surface and the emitted jet flow:

1. continuous physical model based on partial differential equations
2. discrete numerical model

• volume domain v (jet flow) discretized using Finite Elements
Method (FEM)

• surface domain s (surface of the aircraft and the volume domain)
discretized using Boundary Elements Method (BEM)

Figure 2: Example of a FEM/BEM discrete model. The red mesh corresponds to the BEM discretization and the
green mesh to the FEM discretization. 2



FEM/BEM coupling

A global linear system coupling the unknowns associated with the
formulation of both FEM and BEM:

• coefficient matrices composed of
• sparse parts - discretization of the volume

domain v using FEM (Avv ), surface/volume
domain interaction (Avs , Asv )

• a dense part - discretization of the surface
domain s using BEM (Ass)

Avv Avs

Asv Ass

  ×
xv
xs

[ ]
=

bv

bs

 
• can be solved using direct or iterative methods
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Direct solution

Using the Schur complement [8]

• reduce the problem on boundaries → simplify the system to solve

R1

R2

Avv Avs

Asv Ass

  ×
xv
xs

[ ]
=

bv

bs

 
Main solution steps

1. eliminate xv from the second equation → Schur complement SR1 Avv Avs

R2←R2−AsvA
−1
vv ×R1 0 Ass − AsvA

−1
vv Avs︸ ︷︷ ︸

S

×[xv
xs

]
=

[
bv

bs − AsvA
−1
vv bv

]

2. solve the reduced Schur complement system

(Ass − AsvA
−1
vv Avs)︸ ︷︷ ︸

S

xs = bs − AsvA
−1
vv bv
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Fill-in

Coefficient matrix is symmetric

• Avv and Ass are symmetric and Avs = AT
sv

• reduces the amount of required storage space
Figure 3: A BEFORE the
Schur complement
computation

Computation of the Schur complement S

S = Ass − AsvA
−1
vv Avs

• LLT factorization of Avv → LvvL
T
vv

• substitution of Avs by AT
sv

S = Ass − Asv (LvvL
T
vv )
−1AT

sv

S = Ass − (Asv (L
T
vv )
−1)︸ ︷︷ ︸

triangular solve

(Asv (L
T
vv )
−1)T︸ ︷︷ ︸

implicitly known

Figure 4: A AFTER the
Schur complement
computation
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Problem

Without memory constraints

• two-stage scheme: coupling of a sparse (MUMPS, PaStiX) and a
dense solver (SPIDO, HMAT)

• benefit from community solvers

• Schur complement API → S = Ass − AsvA
−1
vv AT

sv

How to proceed with bigger systems?

• do not fit in memory → out-of-core
• missing support in the API

• adapt the two-stage scheme
keep using community solvers
loose some advantages
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Two-stage implementations

Multi-solve (A)

Si = Ass i − Asv (LvvL
T
vv )
−1AT

sv i

• AT
sv i

explicitly stored → broken
symmetry

• result of the triangular solve
(LvvL

T
vv )
−1AT

sv i
is a dense

matrix

Multi-factorization (B)

Sij = Ass ij − Asv i (LvvUvv )
−1AT

sv j

Schur from API:
• duplicated storage of Avv , Asv i

and AT
sv j
→ broken symmetry

(except when i = j)

• LU instead of LLT
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Preliminary study



Framework

HPC platform

• PlaFRIM, miriel nodes
• 24 cores, 126 GiB of RAM, 293 GiB spinning HDD

Literate [7] and reproducible environment

• clear, exhaustive and accessible documentation
• mfelsoci.gitlabpages.inria.fr/thesis/

• Guix for reproducible software environment
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Experimental setup

Test case
• short pipe (length: 2 m, radius: 4 m)

• linear system close enough to real life models
• reproducible example for the community

• volume mesh v discretized with FEM

• surface mesh s discretized with BEM Figure 5: A short pipe test case
counting 20,000 unknowns

Configuration

• mainstream HMAT without
contributions of A. Falco [6]

• 1 MPI process, 24 OpenMP, MKL
threads and StarPU workers

• solution accuracy threshold set to
1× 10−3 when applicable

• out-of-core disabled

Software Version Licensing
GNU Guix [2] 1ac4959c open-source
HMAT 81db5564 proprietary
HMAT-OSS [3] 4ef1b0ad open-source
MPF fec66d43 proprietary
SCAB 297fe52c proprietary
gcc [1] 9.3.0 open-source
OpenMPI 4.0.3 open-source
Intel(R) MKL 2019.1.144 proprietary
MUMPS [4] 5.2.1 open-source
StarPU [5] 1.3.5 open-source
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Results



Best computation times on coupled FEM/BEM systems

Figure 6:
Multi-solve
(A)

Figure 7:
Multi-
factorization
(B)
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Best computation times on coupled FEM/BEM systems

Figure 8:
Multi-solve
(A)

Figure 9:
Multi-
factorization
(B)
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Best computation times on coupled FEM/BEM systems

Figure 10:
Multi-solve
(A)

Figure 11:
Multi-
factorization
(B)
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Conclusion



Summary (1/2)

Contributions

• a complete preliminary study yielding a research report
• an extensible basis for the thesis

• automated reproducible and documented benchmark framework

Additional contributions (not discussed here)

• benchmark campaign to evaluate solvers separately on sparse FEM
and dense BEM systems
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Summary (2/2)

Perspectives

• evaluate the impact of out-of-core

• implant other solver alternatives for the two-stage implementation
schemes (e. g. PaStiX and qr_mumps)

• further work on the single-stage schemes in the aim of synthesizing
the ideal implementation scheme
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Appendix: literate programming

Figure 12: Literate description of the experimental software environment (HTML version)
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