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Abstract
Thepointsetis a �exiblesurfacerepresentationsuitablefor bothgeometryprocessingandreal-timerendering. In
mostapplications,thecontrol of thepoint clouddensityis crucial andbeingableto re�ne a setof pointsappears
to beessential.In thispaper, wepresenta new interpolatoryre�nementframeworkfor point-basedgeometry. First
wecarefully selectanappropriateone-ringneighborhoodaroundthecentral interpolatedpoint.Thennew points
are locally insertedwhere the densityis too low usinga

p
3-like re�nementprocedure and they are displaced

on the correspondingcurvedPoint Normal triangle. Thus,a smoothsurfaceis reconstructedby combiningthe
smoothingpropertyproducedby therotationaleffectof

p
3-like re�nementswith thepoints/normalinterpolation

of PNtriangles.In additionweshowhowto handlesharpfeaturesandhowouralgorithmnaturally �lls largeholes
in thegeometry. Finally, weillustratetherobustnessof our approach, its real-timecapabilitiesandthesmoothness
of thereconstructedsurfaceona largesetof inputmodels,includingirregular andsparsepoint clouds.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputationalGeometryandObjectModel-
ing]: Curve,surface,solid,andobjectrepresentationsI.3.3 [ComputerGraphics]:Viewing algorithms

1. Intr oduction

Comparedwith meshes,point-basedgeometriesareconnec-
tivity freeandno topologicalconsistency hasto besatis�ed
throughgeometrymanipulations.Hence,point setsbecome
increasinglyattractive asan alternative surfacerepresenta-
tion suitablefor highqualityrenderingaswell asfor �e xible
processingof complex 3D models[KB04].

Although it is possibleto dealwith densecloud of pure
points, when performancematters,points are usually en-
riched by someattributessuchas the surfacenormal and
anestimationof the local samplingdensity. Sucha point is
commonlyrepresentedas an orienteddisk and it is called
a splat. The visualizationstepis generallyperformedby a
surfacesplattingbasedtechnique[ZPvBG01]: all splatsare
projectedonto thescreenand�ltered by a Gaussiankernel.
Suchtechniquesperformboth fastrenderingsincethey are
implementableon GPUs[BK03, GP03, ZRB� 04] andhigh
quality renderingaslong asthe screenspacesizeof splats
remainssmall enough,i.e. a few pixels. Indeed,when the
point set is not denseor uniform enough,splatsradii are
large,makingtheimageblurry in theinnerpartof theobject
andproducingartifactson thesilhouette.“PhongSplatting”
like techniques[BK04] signi�cantly improve the innerblur
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Figure1: Illustrationof thesmoothreconstructioncapabili-
tiesof our re�nementprocedureontheIsismodelirregularly
sampledwith 3500points(left). Theright imagesfocuson
a particularly under-sampledarea, from top to bottom:the
initial sampling, after four, thensix re�nementsteps.

usingsecondorderinformations.However theseapproaches
consequentlyincreasethememoryconsumption,reducethe
initial simplicity of points and do not solve the geometric
artifactsintroducedby under-sampledmodels.

Thus,the ideaof a re�nementalgorithmmaintainingthe
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point setwith uniform, densesamplingappearsto be very
relevant,andfor this reason,thispaperfocusonpoint-based
re�nementtechniques.Ideally, we would like suchanalgo-
rithm to exhibit thefollowing usefulfeatures:

� increasethesamplingdensity,
� regularizescatteredsampling,
� convergeonasmoothsurface,
� �ll largeholesin thegeometry,
� handleboundaryandsharpcreases.

Relatedworks: Fundamentally, theproblemof point cloud
re�nementcanbedecomposein two steps:sampling(inser-
tion operators)anddisplacement(smoothingoperators).

In order to reduce or increaseits density, the sam-
pling is often controlledby a particlesimulationprocedure
[Tur92, PGK02]. In [ABCO� 03], Alexa et al. presentanin-
sertionprocedurebasedon a local Voronoïdiagram.Even
thoughthesetwo techniquescan lead to a locally uniform
sampling,theircomputationalcostremainstooexpensivefor
real-timeapplications.

The smoothingissue is related to the problem of dis-
placing the newly insertedpointson a smoothsurfacede-
�ned by theoriginal setof points.Most reconstructiontech-
niquesare basedon implicit representation.For instance,
radial basisfunctions(RBF) reconstructa Cn implicit sur-
facefrom a scatteredsetof point-normals[CBC� 01]. Even
thoughthe global supportof RBFsmay be reducedby lo-
cal approaches[OBA� 03, TRS04], preprocessingand sur-
faceevaluationremainexpensive. In [Lev03], Levin intro-
ducesa smoothpoint-basedrepresentation,called moving
least-squares(MLS) surface,wherethesurfaceis implicitly
de�nedby alocalprojectionoperator. Owingto theelegance
of theprojectionideaandtherelativelocality of theinvolved
computations,MLS surfaceshave beenusedwidely in ap-
plicationsrangingfrom surfaceediting [PKKG03] andray-
tracing[AA03] to up/down-sampling[PGK02, ABCO� 03].
However, the projection operator requires a suf�ciently
denseinputpointset.AmentaandKil [AK04] overcomethis
limitation by giving an explicit de�nition of the MLS sur-
faceswhich is able to handlea splat-basedrepresentation,
but however theMLS surfaceis de�ned, theprojectionpro-
cedureremainsexpensive.

In [MMS� 04], Moenninget al. presenta meshlesssub-
division framework wheremeshconnectivity is replacedby
intrinsic point proximity information.The subdivision op-
eratoris thenbasedon geodesicweightedaverages.How-
ever, authorssimply introducetheconceptandit is dif�cult
to evaluatetheirmethod.

Targeting the real-time visualization of point clouds,
Guennebaudet al. [GBP04] presenta fastre�nementalgo-
rithm of splat-basedgeometries.The input point setis iter-
atively re�ned by selectinga setof neighborsaroundeach
point andinsertingnew pointson BéziercurvesandBézier
patches.Owing to the extremelocality of thesecomputa-
tions, their algorithm is fast enoughto generatea million

pointspersecond.However, dueto thelackof robustnessof
the re�nementprocedure,their algorithmis limited to uni-
form sampling(otherwise,there�ned surfaceexhibitsholes)
andeventhoughthesurfacelooksgloballysmooth,it gener-
atesartifactsin theform of high frequency oscillations.This
is essentiallydueto thenonhomogeneityof thesmoothing
rules(a mix of bivariateandunivariatereconstructiontech-
niques).

Beyondtheseimportantlimitations,this lastwork demon-
stratestheef�ciency of a purepoint-basedre�nementalgo-
rithm for real-timegraphicsapplications.

Our contribution: In thispaperwepresentanew interpola-
tory subdivision framework which overcomestheweakness
of the Guennebaudet al. re�nement procedure[GBP04].
First, in order to reconstructa smooth surface we pro-
pose to combinea local and fast smooth surface recon-
structionmethod(basedon curved Point-Normaltriangles
[VPBM01], alsocalledPN triangles)with an iterative

p
3-

like re�nementscheme[Kob00]. The importantfeaturesof
PN trianglesaretheir locality andtheir interpolationpower
sincethey interpolateboththepointsandtheir normals.For
its part, the

p
3 schemeprovides a strongglobal smooth-

ing of the surfacedueto its rotationeffect [Kob00] (�gure
7d).Secondly, from therobustnesspointof view, wepresent
two new accurateone-ringneighborhoodcomputationsand
a new robust insertionprocedurewhich optimizesthesam-
pling uniformity andguaranteesthe absenceof holes.Our
new neighborhoodcomputationprocedureshave the twin
advantagesthat they arenaturallysymmetricwhile alsobe-
ing ableto handlesparsepointcloudsthroughcarefullyanal-
ysis of the closestpoints. Finally, we show how to re�ne
sharpfeaturesandwe show thatour approachis suf�ciently
fastandrobust to besuitablefor both largehole�lling (�g-
ure9) andreal-timerendering.

2. Overview of our re�nement procedure

LetP0 = f pig betheinitial pointsetde�ning asmoothmani-
fold surface.Weassumethatweknow for eachpointpi 2 P,
its normalni andthe local densitydescribedby a scalarr i
which mustbe at leastgreaterthanthe distancefrom pi to
thefarthestneighborof its natural�rst ring neighborhood.

In a similar fashion to subdivision surfaces,the point
set is iteratively re�ned, leadingto a sequenceof point set
P0;P1; : : : ;Pl ; : : :. Sinceour algorithm is interpolatory, we
havePl � Pl+ 1 (only theradiusof pointsvariesbetweentwo
steps)andthere�ned pointsetPl+ 1 is theunionof thesetPl

itself andthesetof pointsresultingfrom thelocalre�nement
of eachpointp 2 Pl .

The local re�nementof a singlepoint p requiresseveral
operations.First,a convenientone-ringneighborhoodNp of
p is computed(section4). Next, in orderto matchwith thep

3 schemea setof trianglesfrom which it is relevantto in-
sertnew pointsat their centerof gravity is extractedfrom
theimplicit trianglefanformedby thesortedneighborhood
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Figure2: Constructionof thecontrol polygonof a PNtrian-
gle interpolatingthreesplats.

of p. Thesetrianglesare selectedin order to optimize the
uniformity of thenew neighborhoodof p by takinginto ac-
counttherelativepositionof neighborsandthenew pointsof
Pl+ 1 � Pl which have beenalreadyinserted(section5). Fi-
nally, in ordertoobtainasmoothsurface,thecentersof grav-
ity of theselectedtrianglesaredisplacedusingour smooth-
ing operator(section3).

Thepaperis organizedasfollow: in thenext section(sec-
tion 3) we review thePN triangletechniquefrom which we
derive bothour smoothingoperatoranda setof toolswhich
areusedin our neighborhoodcomputationsandduring our
localinsertionprocedure.Sections4, 5and6arerespectively
dedicatedto the one-ringneighborhoodselection,the local
re�nementof asinglepointandthere�nementof sharpfea-
tures.In section7 wegivesomedetailsonthedatastructures
andthe real-timerenderingapplication.Finally, we present
our resultsanddiscussthecontinuityof the limit surfacein
section8.

3. Point-Normal Inter polation Framework

In thissectionwepresentthesetof toolsusedto extrapolate
local geometricinformationsof the unknown surfaceS de-
�ned by thesetof pointswith their normals.Thesetoolsare
basedon Point-Normaltriangles[VPBM01]. A PN triangle
is aBéziertriangleB(u;v) of degreethreeinterpolatingthree
pointsof thepoint setandtheirnormals.

B(u;v) = å
i+ j+ k= 3

bi jk
3!

i! j !k!
uiv jwk ; w = 1� u� v (1)

Given threepointsp0, p1, p2 andtheir respective normals
n0, n1, n2, theninecontrolpointsbi jk of thepatch(equation
1) arecomputedasfollow (�gure 2):

1. Thethreeextremitiesb300, b030, b003 arerespectively p0,
p1, p2.

2. The positionsof the six boundarycontrol points (bi jk,
i + j + k = 3, i 6= j 6= k) only dependon thetwo extrem-
ities of their respective boundaryand they areall com-
putedin thesamemanner. For instance,thecontrolpoint
b210 is theprojectionof b0

210 = p0 + 1
3p0p1 ontothetan-

gentplaneof p0, movedsuchthatthelengthof thevector

p0b210 is equalto the third of the distancebetweenthe
two extremitiesp0 andp1. Let Qi(x) be the orthogonal
projectionoperator, projectingthe point x onto the tan-
gentplaneof pi , then:

Qi(x) = x + (pi � x) � ni � ni (2)

b210 = p0 +
kp0p1k

3
�

Q0(b0
210) � p0

kQ0(b0
210) � p0k

3. Thecentralpointb111 is setto reproducequadraticpoly-
nomialsby takingb111= c+ 3

2 (e� c) wherec is thecen-
terof gravity of thethreeinputpointsandeis theaverage
of thesix boundarycontrolpoints.

Our constructionvaries from the one of Vlachos et al.
[VPBM01] only in onepoint. After projection,we displace
theboundarypointsbi jk (i + j + k = 3, i 6= j 6= k) while they
do not. This is doneto avoid the introductionof �atness in
thereconstructedsurface,especiallyin areasof high curva-
ture.

SmoothingOperator
We de�ne the smoothingoperatorf asthe displacementof
the centerof gravity (cog) onto the PN triangle.Thus,the
positionof thenew pointpnew is:

pnew = cog(p0;p1;p2) + f (p0;p1;p2)

wheref is theaverageof thesix tangentvectorsti :

f (p0;p1;p2) =
1
6

5

å
i= 0

t i (3)

with:

t0 = b210 � p0 ; t1 = b120 � p1 ; t2 = b021 � p1 ; : : :

Thenormalof thenew point is thecrossproductof thetwo
tangentvectorsat thecenterof thePNtriangle(u = v = 1

3):

Bu( 1
3 ; 1

3 ) = 7(p1 � p0) + b120 � b102+ b012 � b210+ 2(b021 � b201)

Bv(
1

3
;

1

3
) = 7(p2 � p0) + b102 � b120+ b021 � b201+ 2(b012 � b210)

GeodesicDistance
With respectto the Euclideandistance,the geodesicdis-
tanceis usefulfor evaluatingthe relative positionof points
on a surface.Following our local point-normalsurfacere-
constructionwede�ne thelocalgeodesicdistanceeG(p0;p1)
betweentwo relatively closepointsp0 andp1 asthe length
of acubicBéziercurveinterpolatingthetwo pointsandtheir
normals.In our construction,this curve is theboundaryof a
PNtriangle(�gure 2). Howevertheexactcomputationof the
lengthof aBéziercurveis tooexpensivefor ourpurpose.We
ratherusea suf�cient approximationgivenby the lengthof
thecontrolpolygon:

eG(p0;p1) =
2
3

kp0p1k + kb210� b120k (4)
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Figure 3: Our “curved angle” betweentwo point-normals
pi , pi+ 1 relativelytwo a third point p is speciallyusefullfor
areasof high curvature. On this examplethere is a ratio of
twobetweenthegeometricangleandour “curved angle”.

“Cur ved-Angle”
Measuringtheanglebetweentwo pointsp0, p1 relatively to
athird pointp is especiallyusefulwhenanalyzingtheneigh-
borhoodof p. However whenpointsareboundto a surface,
thegeometricanglemaybenotsigni�cant enough(�gure 3).
Thus,following our previousgeodesicdistanceapproxima-
tion, we de�ne the“curved-angle”eAp (p0;p1) asthesumof
threeanglestakenalongthecontrolpolygonof theboundary
curve interpolatingp0, p1:

eAp (p0;p1) = \p0pb210+ \b210pb120+ \b120pp1 (5)

Boundson Point-Normal Inter polation
The constructionby projection of the control points of a
PN triangle boundaryis not always consistent.Indeed,as
illustrated in �gure 4a, certaincon�gurations of the posi-
tions andnormalsof the two boundaryextremitiesyield a
surfacereconstructionwhich is inconsistentwith respectto
the normal's orientation(inside/outside).This situationoc-
curswhenthepoint p1 is insidethein�nite coneof apex p0
andaxisn0 + n1 (�gure 4b). In this case,a speci�c (global)
treatmentcouldbeappliedin orderto re-establishthenormal
consistency. However this would meanthatwe try to recon-
structa highly under-sampledsurfacefrom a r-samplingP0

with r > 2 [ABK98] andhence,it is morenaturalto consider
thatthepointsp0 andp1 arenotneighbors.Thustwo points
arenotneighborsif thefollowing conditionis not satis�ed:

�
�
�
�(n0 + n1) �

p0p1

kp0p1k

�
�
�
� > 1+ n0 � n1 (6)

4. One-ring Neighborhoods

Theselectionof a pertinentone-ringneighborhoodis a crit-
ical stepof thealgorithm.Indeed,it is from thissetof points
that new pointswill be insertedaroundthe re�ned point p,
andhence,the robustnessof the re�nementprocessaswell
asits capacityto �ll largeholesdirectlydependon thequal-
ity of this neighborselection.A simpleneighborhooddef-
inition suchas the commonk-nearestneighborsleadsto a
very poorselectionandthedevelopmentof a moreaccurate
methodis essential.Advancedtechniquesusea Voronoïdi-
agram[UMA04] or anglecriterion [LP02, GBP04] afteran

Figure 4: (a) Therelativepositionsandorientationsof the
pointsp0 andp1 aresuch thattheconstructionbyprojection
is inconsistent.(b) Giventhe positionp0 and the two nor-
malsn0, n1: thepointp1 mustbeoutsidetheyellowcone.

orthogonalprojectionof the nearestneighborsin the local
tangentplane.At thesametime asit simpli�es theneighbor
selection,the orthogonalprojectionto a 2D domainsignif-
icantly reducesaccuracy. Indeedthe elevation information
which is crucial for dealingwith low local densityandhigh
curvatureareasarelost.

For thesereasonswe proposetwo new neighborhood
computationproceduressigni�cantly improving the toler-
anceto under-sampledand/orscatteredpoint sets.The �rst
hasthe advantageof being naturally symmetric(if pi is a
neighborof p j thenp j is alsoaneighborof pi) while thesec-
ond improvesthe selectionin under-sampledareasin spite
of beingslightly moreexpensive and losing the symmetry
property.

4.1. FuzzyBSPNeighborhood

The de�nition of our �rst neighborhoodN f
p is basedon a

BSPneighborhood[Pau03]. However, our selectionis per-
formed without projection(allowing the neighborhoodre-
lation to be symmetric)and we replacethe too selective
discriminantplanesby more �e xible fuzzyplanes(better
suitedfor scatteredsampling).We start by computingthe
EuclideanneighborhoodNe

p of p astheindicesof all points

Figure 5: Illustration of Fuzzyplanes.(a) Computationof
thebadnessvaluewi j betweentwopoints.(b) Theredgrad-
uationrepresentsthevariationof thebadnessvaluewi from
0 (white)to � 1 (red),whenwi1 (resp.wi0) is themaxof the
successor's (resp.predecessor's)badness.

c TheEurographicsAssociationandBlackwellPublishing2005.
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Figure 6: Illustration of our “g eodesicprojection”. For instance,
the“g eodesicprojection” q0

1 of p1 ontothetangentplaneof p is the
orthogonalprojectionq1 of p1 movedsuch that its distanceto p is
thegeodesicdistancebetweenp andp1.

pi includedin theball of centerp andradiusr:

Ne
p = f i j pi 2 Pl ; pi 6= p; kp � pik < rg (7)

Following theprevioussectionwe �rst remove from Ne
p all

neighborspi , i 2 Ne
p whichdonotsatisfythecondition6.

Next, in order to get a pertinent one-ring we remove
all neighborswhich are strongly “behind” anotherone or
slightly “behind” two others.For this purpose,we introduce
a badnessvaluewi j statingto whatextenttheneighborpi is
“behind” theneighborp j . This valuedependson thesigned
anglebetweenthevectorp jpi andtheplaneof normalpp j
passingthroughp j (�gure 5). Let a i j bethis angleandq f a
giventoleranceangle(typically p

6 ). Then:

wi j =

(
0 if a i j < � q f
1
2

�
sin(a i j )
sin(q f )

+ 1
�

otherwise

with sin(a i j ) = pp j

kpp j k
� p j pi

kp j pik
. Let Succi (resp.Predi) bethe

setof successors(resp.predecessors)of thepoint pi , i 2 Ne
p

suchthatSucci = f j 2 Ne
p j 0 < [qipq j < pg whereqi andq j

aretheorthogonalprojectionsof thepointspi andp j on the
tangentplaneof p (resp.Predi = f j 2 Ne

p j � p < [qipq j <
0g). We point out that the projectionsareonly usedto sort
the points as successorsand predecessors.Next, we com-
putea badnessvaluewi for eachneighborpi asthesumof
thetwo maximalvalueswi j of thesuccessorsandwik of the
predecessor:

wi = max
j2 Succi

(wi j ) + max
j2 Predi

(wi j ) (8)

As soonasaneighborpi hasabadnessvaluewi greaterthan
1 it is removedfrom theneighborhoodof p (�gure 5b) yield-
ing the �nal one-ringneighborhoodN f

p . Finally, the neigh-

borspi , i 2 N f
p aresortedby increasinganglesof their pro-

jectionqi ontothetangentplaneof p, sothat this neighbor-
hoodimplicitly formsa trianglefanaroundp.

4.2. Accurate Neighborhood

Our secondneighborhoodde�nition Ng
p is a variantof the

previous one wherethe computationof the weightswi j is
performedafter the “geodesicprojection” of all neighbors
pi , i 2 Ne

p ontothetangentplaneof p. This projectiontech-
niquedifferssigni�cantly from thestandardorthogonalpro-
jectionsincethegeodesicdistancebetweenp andits neigh-
borspi (equation4) is alsothe distancebetweenp andthe
projectionq0

i of pi (the �gure 6). Thus q0
i is computedas

follow:

q0
i = p + eG(p;pi)

qi � p
kqi � pk

(9)

where,qi is theorthogonalprojectionof thepoint pi on the
tangentplaneof p. From here,the neighborhoodNg

p is se-

lectedasN f
p exceptthat theweightswi j arecomputedwith

the projectionsq0
i , q0

j insteadof the initial positionspi , p j .
Theusefulnessof thisprojectionis illustrated�gure 6: if we
apply directly our fuzzy plane�ltering without projection,
the two points p0 and p1 will be selected.An orthogonal
projectionis even lessprecise(becauseonly p1 would be
selected)while afterour “geodesicprojection”it clearlyap-
pearsthatp1 is notaneighborof p.

5. The Local Re�nement Algorithm

In this section,we detail the local re�nementof thecurrent
point p from its neighborhoodNp computedwith oneof the
previous methods(sections4.1 and4.2). The choiceof the
methoddependson the samplingquality andwe comment
on this in next sections.The challengeis now to build a
relevant new neighborhoodN0

p aroundp. This new neigh-
borhoodcorrespondsto onere�nementsteparoundp andit
mustboth�ll holesandregularizethesampling.

We �rst initialize thesetN0
p with theindicesof thepoints

of Pl+ 1 which canbe consideredas newly insertedpoints
i.e. the pointswhich areat a distancefrom p smallerthan
l 1r with l 1 = 1=

p
3 (�gures 7a and7b). Thevalueof l 1 is

takenaccordingto thescalefactorof a
p

3 re�nementin the
regularcase[Kob00].

We considerthat there�nementof p is completeassoon
as the maximal “curved angle” (equation5) betweentwo
consecutive pointsof N0

p is smallerthana given threshold
qc = p

2 . Henceif the initialization doesnot provide a com-
pleteneighborhood,new pointsmustbe inserted.To do so,
wede�ne threeterms(�gure 7b and7c):

� Yp is the set of points alreadyinsertedwhich are suf�-
ciently closeto p but not closeenoughto be selectedin
N0

p:

Yp = f hj ph 2 Pl+ 1 � Pl ; l 1r < kph � pk < rg; (10)

� D p is thediscardspaceavoidingoversamplingandredun-
dancy. It is theunionof thespheresof radius r

2 centered
on thepointsof Yp:

D p = f x; h 2 Yp; kx� phk < l 2rhg (11)

c TheEurographicsAssociationandBlackwellPublishing2005.
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Figure7: Local re�nementof thecurrentpointp. (a) Theneighborhoodof thepointp before its ownre�nement.It is composed
of its neighborsNp andtheclosestpointsalreadyinsertedduring thepreviousre�nementof twoof its neighbors. (b) Initializa-
tion of thenew neighborhoodN0

p (in green)andillustration of thediscard spaceD p aroundthepointsof Yp. Thearrow shows
theareawhere theinsertionof new pointswill begin in order to completeN0

p. (c) New pointsof Lp are computedandthebest
one�lling thepreviousarea is selectedand inserted.(d) After the insertionof two new points(in red)and the failure of two
other insertionsdueto thediscard space(in blue) thenew neighborhoodN0

p of p is complete. Four new pointsremainin Lp;
theseare ignoredbecausethey aresuper�uous.NotetherotationeffectbetweenNp andN0

p of our
p

3-like re�nement.

� Lp is thesetof all possiblenew points,i.e. it is thesetof
pointsresultingfrom theapplicationof oursmoothingop-
erator(equation3) on thecenterof gravity of all triangles
of theimplicit trianglefanformedby thesortedneighbor-
hoodNp:

Lp = f cog(p;pi ;pi+ 1) + f (p;pi ;pi+ 1) j i 2 Npg; (12)

Theinsertionprocedureis asfollowing:

While theneighborhoodN0
p is not completerepeat

1. Selectthepair of consecutive pointsp j , p j+ 1 in N0
p hav-

ing themaximal“curvedangle”(�gure 7b).
2. Selectthenew pointin Lp whichbestbalancespointsam-

pling (�gure 7c). A goodcandidateis thepoint pk 2 Lp
such that the minimum of the two angles \p jppk and
\pkpp j+ 1, is maximal.

3. If thispoint is not in thediscardspaceD p, it is insertedin
N0

p andPl+ 1, otherwiseno new point is insertedin Pl+ 1

and the point pk is replacedin N0
p by the closestpoint

in Yp (�gure 7d). Hence,if thesamplesarelocally dense
enough,nonew point is inserted.

Whenthis processterminates,theradiusof thepoint p is
updatedaccordingto its new neighborhoodN0

p. Thenew ra-
dius r0 is set to the maximumdistancebetweenp and the
pointsof N0

p: r0 = maxj2 N0
p
(kp � p jk) (�gure 7d). The ra-

dius r j of eachnew neighborp j , j 2 N0
p is setto the max-

imum of the four values:r j , kp j � pk, kp j � p j � 1k and
kp j � p j+ 1k.

6. Sharp features
A commonandef�cient way to handlesharpcreaseswith
point-basedgeometryis to useclippedsplats[ZRB� 04]. Al-
thoughclippedsplatsaresuf�cient for therendering,geom-
etry processingrequires,in addition, that splatssharethe

samecenter[PKKG03, GBP04]. Thusourcreasesplatis just
asinglepointwith two differentnormals.

With our
p

3-like up-samplingstrategy there�nementof
boundariesandcreasesis morefussythanwith a diadic re-
�nement asusedin [GBP04] becausenew pointsarenever
explicitly insertedbetweentwo points.With themesh-basedp

3 subdivision scheme[Kob00] Kobbelt proposesthe in-
sertionof two verticeson eachboundaryand creaseseg-
mentateachoddre�nementsteponly. However, with point-
basedgeometry, thereis no connectivity and after two re-
�nement steps,the crease(or boundary)pointswill proba-
bly not be neighborsanymoreso that no specialtreatment
canbe appliedbetweenthem.Hencewe explicitly storea
list of creaseandboundarysegments;this solutionhasthe
advantageof beingrobust andfunctional.This list is com-
putedduring the �rst re�nementstep.Creasesegmentsbe-
tweentwo creasesplatsaredetectedin thesamemanneras
in [GBP04]. For the boundaries,a point p 2 P0 is said to
be a potentialboundarysplatif thereexist two consecutive
points pi and pi+ 1, i 2 Np suchthat the anglepippi+ 1 is

greaterthan a given thresholdqb 2
i

2p
3 ;p

i
. Then if p is

a potentialboundarypoint and pi , i 2 Np is also a poten-
tial boundarypoint, the pair (p;pi) is insertedin the list of
boundarysegments.Note that the choiceof qb allow us to
choosehow stronglyto smooththeboundary:if pi , p, pi+ 1
have an anglesmallerthanqb but they areeffectively on a
boundarythen the insertedpoint betweenthem will have
a larger angle,and hencethe boundarywill be effectively
detectedaftera few re�nementsteps.The interpolationbe-
tweentwo crease/boundarypointsusesacubicBéziercurve
(as in [GBP04]) except that two points are insertedat the
thirds of the curve at eachodd re�nement stepinsteadof
insertingasinglepointsin its middleateverystep.
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7. Data structur esand Implementation

Closestpoints query
As in a lot of point-basedprocessingmethods,a critical
time-consumingpart of our method is the closestpoints
querynecessaryto computetheEuclideanneighborhoodNe

p
(equation7). To improveef�ciency, pointsmustbespatially
sortedinto a datastructure,like a kd-treeor a 3D grid, with
a �ne granularity.

Moreover, the local re�nementstepof a singlepoint p 2
Pl (section5) alsorequiresus to �nd the closestpointsal-
readyinsertedinto Pl+ 1 (to computethe setsN0

p andYp).
Assumingthatnew pointsaresequentiallyinsertedinto alist
of points,oursolutionis to associateto eachpointp 2 Pl the
indicesof the�rst andlastnew pointsinsertedduringits own
re�nement.We call thesepointsthechildrenof p. Thus,the
setof new pointsalreadyinsertedinto Pl+ 1 closeto p is in-
ferredfrom all childrenof all neighborspi , i 2 Ne

p of p. This
solutionhastheadvantagethat it naturallycreatesa hierar-
chy of boundingspheres(a radiusis associatedwith each
point) which is alsousedto performef�cient closestpoints
querieswith avery low memoryconsumption:weonly store
two indicesper point. We only have to structurethe initial
pointsetP0 once:noadditionaldatastructurehasto bebuilt
for other levels andno insertionhasto be performed,and
henceastaticdatastructure(e.g.akd-tree)canbeef�ciently
used.A closestpointsqueryaroundthecurrentpoint p at a
level l with l 6= 0 is doneby performingarecursive traversal
of theboundingsphereshierarchy while thestartingbound-
ing spheres(pointsof thesetP0) arefoundby performinga
closestpointsqueryusingtheinitial datastructure.

Real-Time Re�nement
On one hand, the datastructurepresentedabove is espe-
cially usefulfor real-timeapplications,i.e.whensomeparts
of the modelmustbe dynamicallyre�ned. For instance,in
a real-timerenderingsystem,suchas the onepresentedin
[GBP04], the re�nement procedureis usedto maintain a
screenspacesplatsizesmallerthana given threshold(e.g.
two pixels).Accordingto therelativepositionof thecamera,
under-sampledregionsof themodelsarere�ned (yieldingto
theinsertionof new pointsstoredin acache)while outdated
generatedpointsare removed in order to free the memory
cache.In this context, our neighborsearchalgorithmis par-
ticularly well suitedbecauseinsertionanddeletionof points
is trivial, the memorycost is very low and levels arewell
separated.The clear separationof levels is essentialwhen
themodelis not globally re�ned sincedifferentpartsof the
modelarere�ned at differentlevelswhile new pointsof the
level l + 1 mustbeinterpolatedfrom pointsof thesetPl only.

On the otherhand,still in the context of a renderingap-
plication, the selectionof points that have to be re�ned is
equivalent to a visibility and level-of-details(LOD) point
selectionwhich is generallyperformedby spatiallysorting
points into a hierarchy of boundingvolumes(e.g. kd-tree
or octree).Our hierarchy of boundingspherescould also
be usedfor this purpose(in a way it looks like the QSplat

representation[RL00]), however, it hasbeenshown that a
too �ne datastructureis inef�cient for high-level point se-
lection[DVS03, EF04]; suchadatastructureshouldcontain
approximatelyoneor two thousandspointsper cell. More-
over, no regular hierarchicaldatastructurematchesthe

p
3

re�nement.Thus,in ourreal-timerenderingsystem,wehave
optedfor a more�e xible hierarchy of boundingboxes(sim-
ilar to thepoint-octree[Sam89]) wherethegoal is to keepa
constantnumberof pointsper node.We startfrom a setof
axisalignedboundingboxes(theroot nodes).Then,whena
nodeis re�ned, accordingto its actualnumberof points,it
is:

� not split (thenodehasonly asinglechild),
� split in two or threealongits maximaldimension,
� split in four alongits two maximaldimensions.

With respectto our �ne hierarchy of points,to memorycon-
sumptionandto ef�cient GPU renderingrequirements,the
pointsof anodemustbestoredsequentiallyin asinglechunk
of videomemory(sharedby all nodes).Thus,anodehasjust
to storeanaxisalignedbox, its pointsasa rangeof indices
(theindicesof its �rst andlastpoints)andfrom zeroto four
children.In orderto respectthesequentialstorageof points
pernodes,anodeis re�ned asfollow:

� split thecurrentnodeinto 1,2,3 or 4 children(seeabove),
� for eachchild, re�ne all pointswhich arein its bounding

box.

At the endof this processthe boundingbox of eachchild
mustbeupdated,i.e. contractedand/orextendedin eachdi-
rectionin orderto be assmall aspossibleandto guarantee
that it effectively containsall its points(the new points in-
sertedduringthere�nementof onepointof thechild maybe
outsideits initial box).

In orderto maintaina real-timeframerate(above 24 fps)
thetimeallowedfor there�nementproceduremustbebound
(implying a breadth-�rstordertraversal).Owing to thetime
consumedby thepointselectionandtherenderingitself, the
remainingtime per frame for the re�nement procedureis
very limited, andwe have measuredwith our implementa-
tion thata point generationrateabove 300kpointspersec-
ond is theminimal performancerequiredfor a comfortable
navigation.

Simpli�cations/Optimizations
Thetechniquepresentedabove hasbeendesignedto handle
under-sampledandscaterredpoint clouds.However, for rel-
atively well sampledmodelsand/orafter a few re�nement
stepsa lot of expensive testscanbesafelyoptimized:

1. Approximatethegeodesicdistanceby theEuclideandis-
tance:eG(p0; p1) � kp1 � p0k

2. Approximatethe“curved-angle”by thesimplegeometric
angle:eAp(p0; p1) = \p0pp1

3. UsetheN f
p insteadof theNg

p neighborhood.
4. Approximatethe position of a new point by the center

of gravity during the re�nement processand apply the
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smoothingoperatorif andonly if thenew point is effec-
tively inserted.

Theseoptimizationsallow us to signi�cantly improve the
performanceof thealgorithm(by a speedupfactorfrom 1.5
to 2).

8. Resultsand Discussion

Wehavetestedournew approachonawidevarietyof point-
basedmodels.The re�nement of textured modelsis illus-
tratedin �gure 12: thecolor of a new point is linearly inter-
polatedfrom thethreeextremitiesof thePNtriangles.Figure
10 illustratesthere�nementof sharpfeatures.

Robustnessevaluation: In orderto evaluatetherobustness
of ourmethod,it hasbeentestedonseveralirregularlydown-
sampledmodels:for instancein �gure 1 our re�nemental-
gorithmis appliedto 3500pointsrandomlyselectedfrom a
setof 150kpointsrepresentingastatueof Isis.Figure9 illus-
tratestheuseof ourre�nementmethodonanespeciallylarge
hole.To �ll this holewe have simply adjustedtheradiusof
pointssuchthat they overlapthe hole andwe have applied
our re�nementalgorithmseveraltimes.Figure11 illustrates
theusefulnessof our “geodesicprojection”andour “curved
angle”onanhighly under-sampledarea.In thisexample,the
boundaryof theDavid's eye exhibits holesif thesetoolsare
notused.

Performances: We have testedour implementationon an
Athlon 3500+systemwith annNidia GeForce6800graph-
icscard.Ouralgorithmis ableto generatefrom 350kto 450k
points per seconddependingof the local regularity of the
sampling.The optimizationspresentedin the previous sec-
tion allow us to reacha point generationratearound700k
points per second.The time consumptionof eachpart of
there�nementprocedureis (approximately)asfollow: 23%
for theEuclideanneighborhood,40%for the�ltering of the
neighborhood,29%for theselectionof new pointsand8%
for theinterpolationandradii updates.

Comparisons:Figure8 illustratesthesuperiorityin there-
constructedsurfacesmoothnessof our new

p
3 re�nement

algorithmover the butter�y meshbasedinterpolatorysub-
divion scheme[DLG90, ZSS96] (C1 surfacebut with large
oscillations)and the Guennebaudet al. diadic re�nement
method[GBP04] (high-frequency oscillationartifacts).

8.1. Convergenceand Continuity issues

Fromapracticalpointof view, ourresultsshow thatournew
re�nement algorithm provides a high quality smoothsur-
faceandallows �e xibility in the quality of the input point
sampling.However, from the theoreticalpoint of view, all
the analysismechanismdevelopedduring the last decade
for meshesdoesnot hold for point-basedgeometry. Hence,
questionsremain:whataretheconvergenceandthecontinu-
ity ?Theheuristiccharacterof ourre�nementprocedureand
its dependenceon the point processingordermake it com-
plicatedto undertake rigorousanalysisof the limit surface.
Nevertheless,wecanexpectsomegoodproperties.

For convergence,we show that the radiusof any points
p 2 Pl , notedr l , hasfor limit zerowhenl tendsto in�nity .
Indeedan upperboundof the radiusr0 is given by the dis-
tancebetweenp andits farthestnew neighborpk which is
thecenterof a PN triangleformedby theneighborsof p (at
amaximaldistancer from p):

r l+ 1 = k p � pkk = k p � 1
6 (b210+ b120+ b021+ b012+ b102+ b201)k

Since:

k p � 1
2 (b210+ b120)k � 5

6 r l ; k p � 1
2 (b201+ b102)k � 5

6 r l

k p � 1
2 (b021+ b012)k � (cos(b=2) + 2

3 sin(b=2)) r l

wehave:

r l+ 1 � cbr l (13)

cb = 1
3 ( 5

6 + 5
6 + (cos(b=2) + 2

3 sin(b=2))) (14)

whereb is theanglebetweenthefarthestneighborof p and
its successor(or predecessor).Whatever the valueof b is,
cb < 0:96 thatis strictly lessthat1 andhence,thelimit of r l

is zero.

For thecontinuityissue,consideringagivenpointp 2 Pl ,
we de�ne a l

p asthe angleof a doubleconeof apex p and
axis n (the normalof p) suchthat the complementof this
doublecone(co-cone)containsall theneighborsof p at the
level l . Moreover, thesymmetrypropertyof our �rst neigh-
borhoodcomputationguaranteethatthepointp is oneof the
extremitiesof eachbuilt PN trianglewhich hasyield to the
insertionof a new points in its new neighborhood.Hence,
assumingthat after a �nite numberof re�nementsteps,no
Bézierpatchpresentsan in�e xion point, we show that the
anglea l

p hasfor limit 0 whenl tendsto in�nity . As above,
we �nd a constantc < 1 suchthata l+ 1 < ca l . This means
that,at the limit, all neighborsof p arein its tangentplane
that is a necessaryconditionfor the G1 continuity. Our as-
sumptionhasalwaysbeensatis�ed in our experimentations,
evenin very distortedareas,however thereis no theoretical
guarantysinceit hasnotbeenproved.

9. Conclusions

Wehavepresentedafastandrobustinterpolatoryre�nement
methodsuitablefor real-timeprocessingof point basedge-
ometry. The re�nement procedureis basedon a PN trian-
gle interpolationassociatedwith a

p
3-like re�nement.Our

resultsshow the ef�ciency of this combinationwhich gen-
eratessmooth reconstructedsurfaces.We have presented
a set of tools allowing the extrapolationof local geomet-
ric informationfrom a point-normalsurfacerepresentation.
Thesetools have beenparticularly useful in the develop-
ment of neighborhoodcomputationshandlingboth under-
sampledand scatteredpoint clouds.Our techniqueis also
robust enoughto smoothly�ll large holesin the geometry.
The connectivity free of point cloud hasallowed us to de-
velop an ef�cient adaptive re�nement strategy with trivial
reversere�nementsteps.

Even though the surface looks very smooth, there is
no fundamentaltheoreticalmachineriesallowing a rigor-
ousanalysisof thelimit surface(asfor subdivision surfaces

c TheEurographicsAssociationandBlackwellPublishing2005.



G. Guennebaud& L. Barthe& M. Paulin / InterpolatoryRe�nementof Point-BasedGeometry

on meshes).Nevertheless,we have proved someimportant
propertiesof our re�nement: re�nement stepsafter re�ne-
ment stepsthe insertedpoints converge on the centralold
point andat the limit, the insertedpoints lie in the tangent
planeof the old centralpoint. Hence,as future works, we
intend to follow the analysisof the limit surface.We will
alsoinvestigatethecapabilitiesof our re�nementprocedure
in interactiveapplicationssuchasmulti-resolutionmodeling
(wheretheuserwill simply interactwith orienteddisks)and
for theef�cient compressionof point sets.
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Figure8: TheIgeamodeluniformlysampledby600pointsis re�ned to 150kpointswith varioustechniques.Fromleft to right:
thebutter�y (aftera meshingstep),theGuennebaudetal. diadic re�nementandour new

p
3-like re�nement.

Figure9: Illustrationof thehole�lling capabilityofouralgorithm.
A large hole in theDavid's hair is �lled by adjustingthe radiusof
boundarypointssuch that they aregreaterthantheholeandapply-
ing our re�nementalgorithm.The�nal imageis obtainedaftereight
re�nementstepswhile thetwoothersshowintermediatesteps.

Figure10: Illustrationof there�nementof creases.

Figure 11: Illustration of the usefulnessof our “g eodesic
projection” andour “curved angle”. (a) If they aredisabled
high curvature areasare not reconstructed(holesappear).
Thethreeotherimagesarecloseviewsof there�nementpro-
cesswhenour “g eodesicprojection” and “curved angle”
areenabled.(b) Theinitial sampling. (c-d)Intermediatestep
and�nal re�nement:thepreviousholesaresmoothlyrecon-
structed.

Figure 12: Re�nementof a texturedmodel.Theright image
is obtainedafter4 re�nementsteps.

c TheEurographicsAssociationandBlackwellPublishing2005.


