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Abstract

Thepointsetis a exible surfacerepresentatiorsuitablefor bothgeometryprocessingndreal-timerendering In
mostapplications the contol of the point cloud densityis crucial andbeingableto re ne a setof pointsappeas
to beessentialln this paper wepresenia new interpolatoryre nementframevork for point-basedjeometryFir st
we carefully selectan appropriate one-ringneighborhoodyoundthe cential interpolatedpoint. Thennew points
are locally insertedwheee the densityis too low usinga = 3-like re nementprocedue and they are displaced
on the correspondingcurvedPoint Normal triangle. Tm@a smoothsurfaceis reconstructedy combiningthe
smoothingpropertyproducedby therotationaleffectof = 3-like re nementswith the points/normalinterpolation
of PNtriangles.In additionweshowhowto handlesharpfeatuesandhowour algorithmnaturally lls largeholes
in thegeometryFinally, weillustratetherobustnes®f our approad, its real-timecapabilitiesandthesmoothness
of thereconstructedurfaceon a large setof input modelsjncludingirr egular and spaisepoint clouds.

Catagyoriesand SubjectDescriptorgaccordingto ACM CCS} 1.3.5 [ComputationalGeometryand ObjectModel-
ing]: Curve, surface,solid, andobjectrepresentationk3.3 [ComputerGraphics].Viewing algorithms

1. Intr oduction

Comparedvith meshespoint-basegjeometriesreconnec-
tivity freeandno topologicalconsisteng hasto be satis ed
throughgeometrymanipulationsHence point setshecome
increasinglyattractve as an alternatve surfacerepresenta-
tion suitablefor high quality renderingaswell asfor e xible
processingf complex 3D models[KB04].

Althoughit is possibleto dealwith densecloud of pure
points, when performancematters,points are usually en-
riched by someattributes such as the surface normal and
an estimationof the local samplingdensity Sucha pointis
commonlyrepresenteas an orienteddisk andit is called
a splat The visualizationstepis generallyperformedby a
surfacesplattingbasedechniqug ZPvBGO01: all splatsare
projectedontothe screerand ltered by a Gaussiarkernel.

Suchtechniquegerformboth fastrenderingsincethey are
implementableon GPUs[BK03, GP03 ZRB 04] andhigh
quality renderingaslong asthe screenspacesize of splats
remainssmall enough,i.e. a few pixels. Indeed,whenthe
point setis not denseor uniform enough,splatsradii are
large, makingtheimageblurry in theinnerpartof theobject
andproducingartifactson the silhouette “‘PhongSplatting”
like techniquegBKO04] signi cantly improve theinnerblur
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Figure 1: lllustration of the smoothreconstructiorcapabili-
tiesof our re nementprocedue onthelsismodelirr egularly
sampledwith 3500 points (left). Theright imagesfocuson
a particularly undersampledarea, fromtop to bottom:the
initial sampling after four, thensix re nementsteps.

usingsecondrderinformations Howevertheseapproaches
consequentlyncreasehe memoryconsumptionreducethe
initial simplicity of pointsand do not solve the geometric
artifactsintroducedby undersampledmodels.

Thus,theideaof are nementalgorithmmaintainingthe
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point setwith uniform, densesamplingappeardo be very
relevant,andfor this reasonthis paperfocuson point-based
re nementtechniquesldeally, we would like suchanalgo-
rithm to exhibit thefollowing usefulfeatures:

increaseghe samplingdensity
regularizescatteredsampling,
cornverge onasmoothsurface,

Il largeholesin thegeometry
handleboundaryandsharpcreases.

Relatedworks: Fundamentallythe problemof point cloud
re nementcanbedecomposén two steps:sampling(inser
tion operatorsanddisplacemenfsmoothingoperators).

In order to reduce or increaseits density the sam-
pling is often controlledby a particle simulationprocedure
[Tur92 PGKOJ. In [ABCO 03], Alexaetal. presenfanin-
sertionprocedurebasedon a local Voronoidiagram.Even
thoughthesetwo techniquescanleadto a locally uniform
samplingtheircomputationatostremaingooexpensvefor
real-timeapplications.

The smoothingissueis relatedto the problem of dis-
placingthe newly insertedpointson a smoothsurfacede-
ned by theoriginal setof points.Mostreconstructiortech-
niguesare basedon implicit representationFor instance,
radial basisfunctions (RBF) reconstrucia C" implicit sur
facefrom a scatteredsetof point-normal§CBC 01]. Even
thoughthe global supportof RBFs may be reducedby lo-
cal approachegOBA 03, TRS04, preprocessingnd sur
faceevaluationremainexpensve. In [Lev03], Levin intro-
ducesa smoothpoint-basedepresentation¢called moving
least-square@VLS) surface , wherethe surfaceis implicitly
de nedby alocal projectionoperatorOwingto theelegance
of theprojectionideaandtherelative locality of theinvolved
computationsMLS surfaceshave beenusedwidely in ap-
plicationsrangingfrom surfaceediting[PKKG03 andray-
tracing[AAO03] to up/davn-sampling PGK02 ABCO 03].
However, the projection operator requires a sufciently
denseanputpointset. AmentaandKil [AK04] overcomethis
limitation by giving an explicit de nition of the MLS sur
faceswhich is ableto handlea splat-basedepresentation,
but howeverthe MLS surfaceis de ned, the projectionpro-
cedureremainsexpensve.

In [MMS 04], Moenninget al. presenta meshlessub-
division framewnork wheremeshconnectvity is replacedoy
intrinsic point proximity information. The subdvision op-
eratoris thenbasedon geodesiowveightedaverages How-
ever, authorssimply introducethe conceptandit is dif cult
to evaluatetheir method.

Tameting the real-time visualization of point clouds,
Guennebauet al. [GBP04 presenta fastre nementalgo-
rithm of splat-basedjeometriesThe input point setis iter-
atively re ned by selectinga setof neighborsaroundeach
point andinsertingnew pointson BéziercurvesandBézier
patches Owing to the extremelocality of thesecomputa-
tions, their algorithmis fast enoughto generatea million

pointspersecondHowever, dueto thelack of robustnesof
the re nement proceduretheir algorithmis limited to uni-
form sampling(otherwisethere ned surfaceexhibitsholes)
andeventhoughthe surfacelooksglobally smoothjt gener
atesartifactsin theform of high frequeng oscillations.This
is essentiallydueto the nonhomogeneityof the smoothing
rules(a mix of bivariateandunivariatereconstructiortech-
niques).

Beyondthesemportantlimitations,thislastwork demon-
strateshe ef ciency of a purepoint-basede nementalgo-
rithm for real-timegraphicsapplications.

Our contribution: In this papemwe presentinew interpola-
tory subdvision framework which overcomeghe weakness
of the Guennebaudt al. re nement procedure[ GBP04.
First, in order to reconstructa smooth surface we pro-
poseto combinea local and fast smooth surface recon-
structionmethod(basedon curved Point-NormaItriartglgs
[VPBMO1], alsocalledPN triangles)with aniterative  3-
like re nementschemgKob0(. The importantfeaturesof
PN trianglesaretheir locality andtheir interpolationpower
sincethey inE[polateboththe pointsandtheir normals.For
its part,the 3 schemeprovides a strongglobal smooth-
ing of the surfacedueto its rotationeffect [Kob0( ( gure
7d). Secondlyfrom therobustnesspointof view, we present
two new accurateone-ringneighborhoodcomputationsand
a new robustinsertionprocedurewhich optimizesthe sam-
pling uniformity and guaranteeshe absenceof holes.Our
new neighborhoodcomputationprocedureshave the twin
adwantageghatthey arenaturallysymmetricwhile alsobe-
ing ableto handlesparseointcloudsthroughcarefullyanal-
ysis of the closestpoints. Finally, we shov how to re ne
sharpfeaturesandwe shav thatour approacthis sufciently
fastandrobustto be suitablefor bothlarge hole lling ( g-
ure9) andreal-timerendering.

2. Overview of our re nement procedure

LetPO= f pig betheinitial pointsetde ning asmoothmani-
fold surface.We assumehatwe know for eachpointp; 2 P,
its normaln; andthe local densitydescribedby a scalarr;
which mustbe at leastgreaterthanthe distancefrom p; to
thefarthestneighborof its natural rst ring neighborhood.

In a similar fashionto subdvision surfaces,the point
setis iteratively re ned, leadingto a sequencef point set
PO:pL::::;P';::i Sinceour algorithmis interpolatory we
haveP'  P'*1 (only theradiusof pointsvariesbetweertwo
stepsiandthere ned pointsetP|+ Lis theunionof thesetP'
itself andthesetof pointsresultingfrom thelocalre nement
of eachpointp 2 P'.

Thelocal re nementof a single point p requiresseveral
operationsFirst, a corvenientone-ringneighborhoodp of

is computed(section4). Next, in orderto matchwith the

3 schema setof trianglesfrom whichit is relevantto in-
sertnew pointsat their centerof gravity is extractedfrom
theimplicit trianglefanformedby the sortedneighborhood

¢ TheEurographicfssociationandBlackwell Publishing2005.



G. Guennebaud: L. Barthe& M. Paulin/ InterpolatoryRe nemenbf Point-BasedGeometry

Figure2: Constructiorof thecontmol polygonof a PN trian-
gleinterpolatingthreesplats.

of p. Thesetrianglesare selectedn orderto optimize the
uniformity of the new neighborhoodf p by takinginto ac-
counttherelative positionof neighborsandthenew pointsof

P*1 P which have beenalreadyinserted(section5). Fi-

nally, in orderto obtainasmoothsurface thecentersof grav-

ity of the selectedrianglesaredisplacedusingour smooth-
ing operator(section3).

The paperis organizedasfollow: in the next section(sec-
tion 3) we review the PN triangletechniquefrom which we
derive both our smoothingoperatoranda setof toolswhich
areusedin our neighborhoodcomputationsand during our
localinsertionprocedureSectionst, 5 and6 arerespectiely
dedicatedo the one-ringneighborhoodselection the local
re nementof asinglepointandthere nementof sharpfea-
tures.In section7 we give somedetailsonthedatastructures
andthereal-timerenderingapplication.Finally, we present
our resultsanddiscusshe continuity of thelimit surfacein
section8.

3. Point-Normal Inter polation Framework

In this sectionwe presenthe setof toolsusedto extrapolate
local geometricinformationsof the unknawvn surfaceS de-
ned by thesetof pointswith their normals.Thesetoolsare
basedon Point-Normaltriangles[VPBMO01]. A PN triangle
is aBéziertriangleB(u; v) of degreethreeinterpolatingthree
pointsof the point setandtheir normals.

3!

biikmuivjwk;wzl u v (1

Bluv)= Q
i+ j+k=3
Given threepoints pg, p1, p2 andtheir respectie normals
No, N1, N2, theninecontrolpointsb;ji of the patch(equation
1) arecomputedasfollow ( gure 2):

1. Thethreeextremitiesbzgo, boso, boos arerespectiely po,
P1, P2.

2. The positionsof the six boundarycontrol points (bjjk,
i+ j+k=3,i6 j6 k)only dependonthetwo extrem-
ities of their respectie boundaryandthey areall com-
putedin the samemannerFor instancethe control point
b210is theprojectionof bgl(): Po+ %popl ontothetan-
gentplaneof pg, movedsuchthatthelengthof thevector

¢ TheEurographic#ssociationandBlackwell Publishing2005.

pob21o is equalto the third of the distancebetweenthe
two extremitiespg andp1. Let Q;(x) be the orthogonal
projectionoperatoy projectingthe point x onto the tan-
gentplaneof pj, then:

Qi(X) =x+(pi X) ni n 2
kpopik  Qo(b%10 Po
3 kQo(b9;9)  Pok

3. Thecentralpointb;1; is setto reproduceguadratigooly-
nomialsby takingbi11= c+ %(e ¢) wherecis thecen-
terof gravity of thethreeinput pointsandeis theaverage
of the six boundarycontrolpoints.

b210= po+

Our constructionvaries from the one of Vlachos et al.
[VPBMO1] only in onepoint. After projection,we displace
theboundarypointsbjjk (i+ j+ k= 3,i 6 j 6 k) while they
do not. This is doneto avoid the introductionof atnessin
thereconstructedurface,especiallyin areasof high curva-
ture.

Smoothing Operator

We de ne the smoothingoperatorf asthe displacemenbf
the centerof gravity (cog) onto the PN triangle. Thus,the
positionof the new point pnew is:

Pnew = €0Q(Po; P1:P2) + f (Po;P1;P2)

wheref is theaverageof the six tangentvectorst;:

[ IR

5
f(po;p1;P2) = = & ti )
i=0

with:

to=Db210 Po;ti=Dbizo P1;t2=bo2n p1;:i:
The normalof the new pointis the crossproductof the two
tangentvectorsat the centerof the PN triangle(u= v= %):

BY(3:3)=7(p1 Po)+ b1zo bioz* borz  baio+ 2bor  bzoy)

B'(Z:2) = /(P2 Po)+ bioz bizo* boz1  boor+ 2Aborz  b210)

GeodesidDistance

With respectto the Euclideandistance,the geodesicdis-
tanceis usefulfor evaluatingthe relative positionof points
on a surface.Following our local point-normalsurfacere-
constructiorwe de ne thelocal geodesidistance®(po; p1)
betweentwo relatively closepointspg andp; asthelength
of acubicBéziercurweinterpolatingthetwo pointsandtheir
normals.In our constructionthis curve is the boundaryof a
PNtriangle( gure 2). Howevertheexactcomputatiorof the
lengthof aBéziercurveis too expensvefor our purposeWe
ratherusea sufcient approximationgiven by the lengthof
the controlpolygon:

2
G(po;p1) = ékpop1k+ kbz1o biagk (4)
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Figure 3: Our “curved angle” betweertwo point-normals
pi, Pi+ 1 relativelytwo a third pointp is speciallyusefullfor

areasof high curvatue. On this examplethere is a ratio of

two betweerthe geometricangleandour “curved angle”.

“Cur ved-Angle”

Measuringthe anglebetweertwo pointspg, p; relatively to

athird pointp is especiallyusefulwhenanalyzingtheneigh-
borhoodof p. However whenpointsareboundto a surface,
thegeometrianglemaybenotsigni cant enough( gure 3).

Thus,following our previous geodesialistanceapproxima-
tion, we de ne the“curved-angle”8, (po; p1) asthesumof

threeanglegsakenalongthecontrolpolygonof theboundary
curweinterpolatingpg, p1:

By (Po; P1) = Popba1o+ biopbizo+ bYoopp1 (%)

Boundson Point-Normal Inter polation

The constructionby projection of the control points of a
PN triangle boundaryis not always consistentindeed,as
illustratedin gure 4a, certaincon gurations of the posi-
tions and normalsof the two boundaryextremitiesyield a
surfacereconstructiorwhich is inconsistentvith respecto

the normal's orientation(inside/outside)This situationoc-

curswhenthepoint p; is insidethein nite coneof ape pg

andaxisng+ n1 (gure 4b). In this casea speci c (global)
treatmentouldbeappliedin orderto re-establistthenormal
consisteng. However this would meanthatwe try to recon-
structa highly undersampledsurfacefrom a r-samplingP0

with r > 2[ABK98] andhenceijt is morenaturatlto consider
thatthe pointspg andp; arenot neighborsThustwo points
arenotneighborsf thefollowing conditionis not satis ed:

) PoP1

>1+ng n 6
kpopK o N1 (6)

(no+ n

4. One-ring Neighborhoods

Thesselectionof a pertinentone-ringneighborhoods a crit-
ical stepof thealgorithm.Indeedt is from this setof points
that new pointswill beinsertedaroundthe re ned point p,
andhence the robustnesof there nementprocessaswell
asits capacityto Il largeholesdirectly depencbnthequal-
ity of this neighborselection.A simple neighborhoodlef-
inition suchasthe commonk-nearesneighborsleadsto a
very poor selectionandthe developmentof a moreaccurate
methodis essentialAdvancedtechniquesisea Voronoidi-
agram[UMAO04] or anglecriterion[LP02, GBP04 afteran

Po

(@ ®))

Figure 4: (a) Therelative positionsand orientationsof the
pointspg andp; are sud thattheconstructiorby projection
is inconsistent(b) Giventhe positionpg and the two nor-
malsng, n1: thepointp; mustbe outsidetheyellowcone

orthogonalprojectionof the nearestneighborsin the local
tangentplane.At the sametime asit simpli es the neighbor
selectionthe orthogonalprojectionto a 2D domainsignif-
icantly reducesaccurag. Indeedthe elevation information
which s crucialfor dealingwith low local densityandhigh
cunvatureareasarelost.

For thesereasonswe proposetwo new neighborhood
computationproceduressigni cantly improving the toler
anceto undersampledand/orscatterecoint sets.The rst
hasthe advantageof being naturally symmetric(if p; is a
neighborof p; thenpj is alsoaneighborof p;) while thesec-
ond improvesthe selectionin undersampledareasin spite
of beingslightly more expensie andlosing the symmetry

property
4.1. Fuzzy BSP Neighborhood

The de nition of our rst neighborhood\lg, is basedon a
BSP neighborhoodPau03. However, our selectionis per
formed without projection (allowing the neighborhood-e-
lation to be symmetric)and we replacethe too selectve
discriminantplanesby more e xible fuzzy planes(better
suitedfor scatteredsampling).We start by computingthe
Euclideameighborhood\lg of p astheindicesof all points

N

J

Figure 5: lllustration of Fuzzyplanes.(a) Computationof
thebadneswaluew;; betweenwo points.(b) Theredgrad-
uationrepresentghevariation of thebadnesvaluew; from
0 (white)to 1 (red),whenwi (resp.wip) is the maxof the
successos (resp.predecessos) badness.

¢ TheEurographicfssociationandBlackwell Publishing2005.
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Figure 6: lllustration of our “g eodesigrojection”. For instance
the“g eodesiqrojection” q‘l’ of p; ontothetangentplaneof p is the
orthogonal projectionq; of p; movedsud thatits distanceto p is
the geodesidlistancebetweerp andp;.

pi includedin theball of centerp andradiusr:
NG =fijpi2 Ppi6 pikp pik<rg @

Following the previous sectionwe rst remove from Ng all
neighborsp;, i 2 N which do not satisfythe condition6.

Next, in orderto get a pertinentone-ring we remove
all neighborswhich are strongly “behind” anotherone or
slightly “behind” two others For this purposewe introduce
abadneswaluew;j statingto whatextentthe neighborp; is
“behind” the neighborp;. This valuedependsnthe signed
anglebetweerthe vectorpjp; andthe planeof normalpp;
passinghroughp;j (gure 5). Letajj bethisangleandqs a
giventoleranceangle(typically %). Then:

(

Wij =

if ajj< Qf

Nk O

sin(ajj) .
sin(qfl) +1 otherwise

with sin(ajj) = % %- Let Sucg (resp.Pred) bethe
setof successorfesp.predecessorgf the point p;, i 2 NS
suchthatSucg = f j 2 NSj 0< qipgj < pg whereq; andq;
arethe orthogonabprojectionsof the pointsp; andp; onthe
tangentplaneof p (resp.Pred = fj 2 Ngj  p < dipgj <
0g). We point out thatthe projectionsare only usedto sort
the points as successorand predecessordNext, we com-
putea badness/aluew; for eachneighborp; asthe sumof
thetwo maximalvaluesw;; of the successorandw of the
predecessor:

w; = jzmse}é(q(wij) + jzng,?éj(wij) (8)
As soonasaneighbom; hasabadneswaluew; greatetthan
1it isremovedfrom theneighborhoof p ( gure 5b) yield-
ing the nal one-ringneighborhood\lg. Finally, the neigh-

borsp;, i 2 N,g aresortedby increasinganglesof their pro-
jectiong; ontothetangentplaneof p, sothatthis neighbor
hoodimplicitly formsatrianglefanaroundp.

¢ TheEurographic#ssociationandBlackwell Publishing2005.

4.2. Accurate Neighborhood

Our secondneighborhoodie nition Nj is a variantof the

previous one wherethe computationof the weightswi; is

performedafter the “geodesicprojection” of all neighbors
pi,i2 NS ontothetangentplaneof p. This projectiontech-
niquedifferssigni cantly from the standardrthogonapro-

jectionsincethe geodesidistancebetweerp andits neigh-
borsp; (equationd) is alsothe distancebetweenp andthe

projectiong? of p; (the gure 6). ThusqP is computedas
follow:

0_ hy &(p: p; g P 9

g =p (p; pi) ka  pK )
where,q; is the orthogonalprojectionof the point p; onthe
tangentplaneof p. From here,the neighborhood\lg is se-

IectedasNFf, exceptthatthe weightsw;; arecomputedwith

the projectionsq?, q? insteadof the initial positionsp;, pj.

Theusefulnes®f this projectionis illustrated gure 6: if we
apply directly our fuzzy plane Itering without projection,
the two points pg and p1 will be selected An orthogonal
projectionis even lessprecise(becauseonly p; would be
selectedwhile afterour “geodesicprojection”it clearlyap-
peargsthatp; is notaneighborof p.

5. The Local Re nement Algorithm

In this section,we detail the local re nementof the current
pointp from its neighborhoodp computedwith oneof the
previous methods(sections4.1 and4.2). The choiceof the
methoddependon the samplingquality andwe comment
on this in next sections.The challengeis now to build a
relevant new neighborhood\lg aroundp. This newv neigh-
borhoodcorresponds$o onere nementsteparoundp andit

mustboth Il holesandregularizethe sampling.

We rst initialize thesetN§ with theindicesof the points
of P'"*1 which can be considerecas newly insertedpoints
i.e.the pointswi}gcp are at a distancefrom p smallerthan
| 1r with | 1 = 1= 3 (gures 7aand7h). Thevalueof| 1 is
takenaccordingo thescalefactorofa’ 3 re nementin the
regularcase Kob0Q.

We considerthatthere nementof p is completeassoon
as the maximal “curved angle” (equation5) betweentwo
consecutie points of NS is smallerthana given threshold
Jc = g. Henceif the initialization doesnot provide a com-
pleteneighborhoodnen pointsmustbe inserted.To do so,
we de ne threeterms( gure 7b and7c):

Yp is the setof points alreadyinsertedwhich are suf-
ciently closeto p but not closeenoughto be selectedn
NS:

Yp=fhiph2 P** Pilr<kp, pk<rg (10)

D is thediscardspaceavoiding oversamplingandredun-
dang. It is the union of the sphereof radius 5 centered
onthepointsof Yp:

Dp=fx;h2 Yp kx pnk<12rng 11)
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o: Np @ : points already [ : new points &ty : D X :L
\ refined already inserted

000 : N'p (initial, inserted, from a failure with 1)
J

Figure7: Localre nementof the currentpointp. (a) Theneighborhoodf thepointp before its ownre nement.lt is composed
of its neighbos Np andthe closestpointsalreadyinsertedduring the previousre nementof two of its neighbos. (b) Initializa-
tion of the new neighborhood\lg (in green)andillustration of the discad spaceD p aroundthe pointsof Yp. Thearrow shows
theareawhere theinsertionof new pointswill begin in orderto completeNS. (c) New pointsof L p are computedandthe best
one lling the previousareais selectedand inserted.(d) After the insertionof two new points(in red) and the failure of two

otherinsertionsdueto the discad space(in blue) the new neighborhood\lg of p is complete Foyur new pointsremainin Lp;

theseare ignored becausehey are super uous.NotetherotationeffectbetweerNp and NS ofour  3-likere nement.

Lp is thesetof all possiblenew points,i.e. it is the setof
pointsresultingfrom theapplicationof our smoothingop-
erator(equation3) onthe centerof gravity of all triangles
of theimplicit trianglefanformedby the sortedneighbor
hoodNp:

Lp = fcog(p;pi;pi+1) + f(PipiiPi+1)ii 2 Npg; (12)
Theinsertionproceduras asfollowing:

While the neighborhoocNS is notcompleterepeat

1. Selectthe pair of consecutie pointspj, pj+ 1 in NS hav-
ing themaximal“curvedangle”( gure 7b).

2. Selecthenew pointin Lp whichbestbalancepointsam-
pling ( gure 7c). A goodcandidatds the pointpy 2 Lp
such that the minimum of the two anglesp;ppyx and
PkPPj+ 1, is maximal.

3. If thispointis notin thediscardspaceD p, it isinsertedn
N3 andP'* 1, otherwiseno new pointis insertedin P'* 1
andthe point py is replacedin Ng by the closestpoint
in Yp (gure 7d). Hence|f the samplesarelocally dense
enoughno new pointis inserted.

Whenthis procesgerminatesthe radiusof the pointp is
updatedaccordingto its new neighborhood\lg. Thenew ra-
dius ris setto the maximumdistancebetweenp andthe
pointsof NJ: r®= max;, no(kp  pjk) (gure 7d). Thera-
diusr; of eachnew neighborpj, j 2 N§ is setto the max-
imum of the four values:rj, kp; pk, kpj p; 1k and
kpj  pj+1k.

6. Sharp features

A commonandef cient way to handlesharpcreasesvith

point-basedjeometryis to useclippedsplatsZRB 04]. Al-

thoughclippedsplatsaresufcient for therenderinggeom-
etry processingrequires,in addition, that splatssharethe

samecentef PKKG03 GBP04. Thusourcreasesplatis just
asinglepointwith two differentnormals.

With our P 3-like up-samplingstrateyy the re nementof
boundarieaandcreasess morefussythanwith a diadicre-
nement asusedin [GBP04 becausaen pointsarenever

plicitly insertedbetweertwo points.With themesh-based

3 subdiision schemeKob0( Kobbelt proposeshe in-
sertionof two verticeson eachboundaryand creasesey-
mentateachoddre nementsteponly. However, with point-
basedgeometry thereis no connectvity and after two re-
nement steps,the creasgor boundary)pointswill proba-
bly not be neighborsanymore so that no specialtreatment
can be appliedbetweenthem. Hencewe explicitly storea
list of creaseand boundarysegments;this solutionhasthe
adwantageof beingrobust and functional. This list is com-
putedduringthe rst re nementstep.Creasesggmentsbe-
tweentwo creasesplatsaredetectedn the samemanneras
in [GBPO4. For the boundariesa point p 2 P is saidto
be a potentialboundarysplatif thereexist two consecutie
points p;i and pi+1, i 2 Np suchthagthe apgle pippi+1 is
greaterthan a given thresholdqy, 2 %Q;p . Thenif pis

a potentialboundarypoint and p;, i 2 Np is alsoa poten-
tial boundarypoint, the pair (p; p;) is insertedin the list of
boundarysegments.Note that the choiceof gy, allow usto
choosehow stronglyto smooththe boundaryif pi, p, pi+1
have an anglesmallerthanqy but they are effectively on a
boundarythen the insertedpoint betweenthem will have
a larger angle,and hencethe boundarywill be effectively
detectedhfter a few re nementsteps.Theinterpolationbe-
tweentwo crease/boundanyointsusesa cubicBéziercurve
(asin [GBP04) exceptthattwo points are insertedat the
thirds of the curve at eachodd re nement stepinsteadof
insertinga singlepointsin its middle at every step.

¢ TheEurographicfssociationandBlackwell Publishing2005.
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7. Data structur esand Implementation

Closestpoints query

As in a lot of point-basedprocessingmethods,a critical
time-consumingpart of our methodis the closestpoints
guerynecessaryo computethe Euclideameighborhood\IS
(equation?). To improve ef ciency, pointsmustbe spatially
sortedinto a datastructure Jike a kd-treeor a 3D grid, with
a ne granularity

Moreover, thelocal re nementstepof asinglepointp 2
= (section5) alsorequiresusto nd the closestpointsal-
readyinsertedinto P'** (to computethe setsNS and Yp).
Assumingthatnew pointsaresequentiallynsertednto alist
of points,our solutionis to associatéo eachpointp 2 P' the
indicesof the rst andlastnew pointsinsertedduringits own
re nement.We call thesepointsthe childrenof p. Thus,the
setof new pointsalreadyinsertedinto P'*1 closeto pisin-
ferredfrom all childrenof all neighbors;, i 2 NS of p. This
solutionhasthe adwantagethatit naturallycreatesa hierar
chy of boundingsphereqa radiusis associatedvith each
point) which is alsousedto performefcient closestpoints
querieswith averylow memoryconsumptionwe only store
two indicesper point. We only have to structurethe initial
pointsetP® once:no additionaldatastructurehasto be built
for otherlevels and no insertionhasto be performed,and
henceastaticdatastructure(e.g.akd-tree)canbeef ciently
used.A closestpointsqueryaroundthe currentpointp ata
level | with | 6 O is doneby performingarecursve traversal
of theboundingspheresierarcly while the startingbound-
ing spheregpointsof thesetPO) arefoundby performinga
closestpointsqueryusingtheinitial datastructure.

Real-Time Re nement

On one hand, the data structurepresentedabove is espe-
cially usefulfor real-timeapplicationsj.e. whensomeparts
of the modelmustbe dynamicallyre ned. For instancejn

a real-timerenderingsystem,suchasthe one presentedn

[GBPO04, the re nement procedureis usedto maintaina
screenspacesplatsize smallerthan a given threshold(e.g.
two pixels).Accordingto therelative positionof thecamera,
undersampledegionsof themodelsarere ned (yieldingto

theinsertionof new pointsstoredin a cache)while outdated
generatecpoints areremoved in orderto free the memory
cacheln this contet, our neighborsearchalgorithmis par

ticularly well suitedbecausénsertionanddeletionof points
is trivial, the memorycostis very low and levels are well

separatedThe clear separatiorof levels is essentialwhen
themodelis not globally re ned sincedifferentpartsof the

modelarere ned atdifferentlevelswhile new pointsof the

levell + 1 mustbeinterpolatedrom pointsof thesetP' only.

On the otherhand,still in the context of a renderingap-
plication, the selectionof pointsthat have to be re ned is
equivalentto a visibility and level-of-details(LOD) point
selectionwhich is generallyperformedby spatially sorting
pointsinto a hierarcly of boundingvolumes(e.g. kd-tree
or octree).Our hierarcly of boundingspherescould also
be usedfor this purpose(in a way it looks like the QSplat

¢ TheEurographic#ssociationandBlackwell Publishing2005.

representatiofiRLOQ]), however, it hasbeenshavn thata
too ne datastructureis inefcient for high-level point se-
lection[DVS03, EF04; suchadatastructureshouldcontain
approximatelyone or two thousandgpoints per cell. Mgre-
over, no regular hierarchicaldatastructurematcheghe 3
re nement.Thus,in ourreal-timerenderingsystemwe have
optedfor amore e xible hierarcly of boundingboxes(sim-
ilar to the point-octee[Sam89) wherethe goalis to keepa
constantnumberof points per node.We startfrom a setof
axisalignedboundingboxes(theroot nodes) Then,whena
nodeis re ned, accordingto its actualnumberof points, it
is:

not split (the nodehasonly a singlechild),
splitin two or threealongits maximaldimension,
splitin four alongits two maximaldimensions.

With respecto our ne hierarcly of points,to memorycon-
sumptionandto ef cient GPU renderingrequirementsthe
pointsof anodemustbestoredsequentiallyn asinglechunk
of videomemory(sharedy all nodes)Thus,anodehasjust
to storean axisalignedbox, its pointsasa rangeof indices
(theindicesof its rst andlastpoints)andfrom zeroto four
children.In orderto respecthe sequentiaktorageof points
pernodesanodeis re ned asfollow:

splitthecurrentnodeinto 1, 2, 3 or 4 children(seeabove),
for eachchild, re ne all pointswhich arein its bounding
box.

At the end of this processthe boundingbox of eachchild
mustbe updatedj.e. contractecand/orextendedn eachdi-
rectionin orderto be assmallaspossibleandto guarantee
thatit effectively containsall its points (the new pointsin-
sertedduringthere nementof onepointof thechild maybe
outsideits initial box).

In orderto maintainareal-timeframerate (above 24 fps)
thetimeallowedfor there nementprocedurenustbebound
(implying a breadth- rstordertraversal).Owing to thetime
consumedy thepointselectionandtherenderingtself, the
remainingtime per frame for the re nement procedureis
very limited, andwe have measuredvith our implementa-
tion thata point generatiorrate above 300k points per sec-
ondis the minimal performanceequiredfor a comfortable
navigation.

Simpli cations/Optimizations
Thetechniquepresente@bore hasbeendesignedo handle
undersampledandscaterregoint clouds.However, for rel-
atively well sampledmodelsand/orafter a few re nement
stepsalot of expensve testscanbe safelyoptimized:

1. Approximatethe geodesidistanceby the Euclideardis-
tance:®(po; p1)  kp1  pok

2. Approximatethe“curved-angleby thesimplegeometric
angle:Rp(po; p1) = PopP1

3. Usethe N,§ insteadof the NJ neighborhood.

4. Approximatethe position of a new point by the center
of gravity during the re nement processand apply the
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smoothingoperatorif andonly if the new pointis effec-
tively inserted.

Theseoptimizationsallow us to signi cantly improve the
performanceof the algorithm(by a speedugactorfrom 1.5
to 2).

8. Resultsand Discussion

We have testedour new approacton awide variety of point-
basedmodels.The re nement of textured modelsis illus-
tratedin gure 12 thecolor of anew pointis linearly inter
polatedfrom thethreeextremitiesof thePNtriangles Figure
10illustratesthere nementof sharpfeatures.

Robustnessevaluation: In orderto evaluatethe robustness
of ourmethodjt hasheentestedn severalirregularlydown-
sampledmodels:for instancein gure 1 our re nemental-
gorithmis appliedto 3500pointsrandomlyselectedrom a
setof 150kpointsrepresenting statueof Isis. Figure9illus-
tratesheuseof ourre nementmethodonanespeciallyjlarge
hole.To Il this holewe have simply adjustedthe radiusof
pointssuchthatthey overlapthe hole andwe have applied
our re nementalgorithmseveraltimes.Figure11lillustrates
theusefulnes®f our “geodesicprojection”andour “curved
angle”onanhighly undersampledarealn thisexample the
boundaryof the David's eye exhibits holesif thesetoolsare
notused.

Performances: We have testedour implementationon an
Athlon 3500+systemwith an nNidia GeForce 6800graph-
icscard.Ouralgorithmis ableto generatdérom 350kto 450k
points per seconddependingof the local regularity of the
sampling.The optimizationspresentedn the previous sec-
tion allow usto reacha point generatiorrate around700k
points per second.The time consumptionof eachpart of
there nementproceduras (approximatelyasfollow: 23%
for the Euclideanneighborhood40%for the Itering of the
neighborhood29% for the selectionof new pointsand 8%
for theinterpolationandradii updates.

Comparisons: Figure8 illustratesthe superﬂpiityin there-
constructedsurface smoothnessf our newv = 3 re nement
algorithm over the butter y meshbasedinterpolatorysub-
divion schemdDLG90, ZSS9§ (Cl surfacebut with large
oscillations)and the Guennebaugckt al. diadic re nement
method[GBPO04 (high-frequeng oscillationartifacts).

8.1. Convergenceand Continuity issues

Fromapracticalpointof view, ourresultsshav thatour new

re nement algorithm provides a high quality smoothsur

faceandallows exibility in the quality of the input point

sampling.However, from the theoreticalpoint of view, all

the analysismechanismdevelopedduring the last decade
for meshesloesnot hold for point-basedyeometryHence,
guestiongemain:whatarethe corvergenceandthe continu-
ity ? Theheuristiccharacteof ourre nementprocedureand
its dependencen the point processingordermale it com-
plicatedto undertale rigorousanalysisof the limit surface.
Neverthelesswe canexpectsomegoodproperties.

For corvergence,we shav that the radiusof ary points
p2 P', notedr', hasfor limit zerowhenl tendsto in nity .
Indeedan upperboundof the radiusr®is given by the dis-
tancebetweenp andits farthestnew neighborpy which is
the centerof a PN triangleformedby the neighborsof p (at
amaximaldistance from p):

f*l=kp pk=kp Z(bro+ bioo+ bopi+ bora+ bioo+ baopk
Since:
kp  1(baio+ brook  2r'; kp  3(baor+ biok 2t
kp  3(boar+ bordk  (cogb=2) + sin(b=2))r'
we have:
1 g (13)

&= 3(§+ g+ (cosb=2) + 3sin(b=2) (14)

whereb is the anglebetweerthe farthestneighborof p and
its successofor predecessorMWhatever the value of b is,
Cp < 0:96thatis strictly lessthat1 andhencethelimit of r!
is zero.

For thecontinuityissue consideringa givenpointp 2 P,
we de ne a'p asthe angleof a doubleconeof ape p and
axis n (the normal of p) suchthat the complemenibf this
doublecone(co-cone)containsall the neighborsof p atthe
level |. Moreover, the symmetrypropertyof our rst neigh-
borhoodcomputatiorguarante¢hatthepointp is oneof the
extremitiesof eachbuilt PN trianglewhich hasyield to the
insertionof a new pointsin its new neighborhoodHence,
assuminghat aftera nite numberof re nementsteps,no
Bézier patchpresentsanin e xion point, we shav that the
anglea'p hasfor limit 0 whenl tendsto in nity . As above,

we nd aconstant < 1 suchthata'** < ca'. This means
that, at the limit, all neighborsof p arein its tangentplane

thatis a necessargonditionfor the G* continuity Our as-

sumptionhasalwaysbeensatis edin our experimentations,
evenin very distortedareashowever thereis no theoretical
guarantysinceit hasnot beenproved.

9. Conclusions

We have presented fastandrobustinterpolatoryre nement
methodsuitablefor real-timeprocessingf point basedge-
ometry The re nement procedurtii,s_basedon a PN trian-
gle interpolationassociatedvith a~ 3-like re nement.Our
resultsshav the ef ciency of this combinationwhich gen-
eratessmoothreconstructedsurfaces.We have presented
a setof tools allowing the extrapolationof local geomet-
ric informationfrom a point-normalsurfacerepresentation.
Thesetools have beenparticularly useful in the develop-
ment of neighborhoodcomputationshandling both under
sampledand scatterecpoint clouds. Our techniqueis also
robust enoughto smoothly Il large holesin the geometry
The connectvity free of point cloud hasallowed us to de-
velop an efcient adaptve re nement stratgy with trivial
reversere nementsteps.

Even though the surface looks very smooth, there is
no fundamentaltheoreticalmachineriesallowing a rigor-
ousanalysisof thelimit surface(asfor subdvision surfaces

¢ TheEurographicfssociationandBlackwell Publishing2005.
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on meshes)Neverthelesswe have proved someimportant
propertiesof our re nement: re nement stepsafter re ne-
ment stepsthe insertedpoints corverge on the centralold
point and at the limit, the insertedpointslie in the tangent
planeof the old centralpoint. Hence,as future works, we
intend to follow the analysisof the limit surface.We will
alsoinvestigatethe capabilitiesof our re nementprocedure
in interactve applicationsuchasmulti-resolutionmodeling
(wheretheuserwill simply interactwith orienteddisks)and
for theef cient compressiomf point sets.
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Figure 8: Thelgeamodeluniformlysampledby 600pointsis re ned to 150kpointswith V@rjoustedﬂniquesFromleﬁ toright:
thebutter y (aftera meshingstep),the Guennebauetal. diadicre nementandour nev ~ 3-likere nement.

Figure9: lllustrationofthehole lling capabilityof our algorithm.
A large hole in the David's hair is lled by adjustingthe radiusof
boundarypointssud that they are greaterthanthe holeandapply-
ing our re nementalgorithm.The nal imageis obtainedaftereight
re nementstepswhile thetwo others showintermediatesteps.

Figure 10: lllustration of there nementof creases.

Figure 11: lllustration of the usefulnes®f our “geodesic
projection” andour “curved angle”. (a) If they are disabled
high curvatue areasare not reconstructedholesappear).
Thethreeotherimagesare closeviewsof there nementpro-

cesswhenour “g eodesicprojection” and “curved angle”

areenabled(b) Theinitial sampling (c-d) Intermediatestep
and nal re nement:thepreviousholesare smoothlyrecon-
structed.

Figure 12: Re nemenbf a texturedmodel.Theright image
is obtainedafter 4 re nementsteps.
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