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Abstract. Dynamic epistemic logic (DEL) as viewed by Baltag et col.
and propositional dynamic logic (PDL) oﬀer diﬀerent semantics of events.
On the one hand, DEL adds dynamics to epistemic logic by introducing
so-called epistemic action models as syntactic objects into the language.
On the other hand, PDL has instead transition relations between possible
worlds. This last approach allows to easily introduce converse events. We
add epistemics to this, and call the resulting logic epistemic dynamic logic
(EDL). We show that DEL can be translated into EDL thanks to this use
of the converse operator: this device enables us to translate the structure
of the action (or event) model directly within a particular axiomatization
of EDL, without having to refer to a particular epistemic action (event)
model in the language (as done in DEL). It follows that EDL is more
expressive and general than DEL.

1

Introduction

Aim: reason about perception of events. To account for various modes of perception of events is the aim of a family of formal systems called dynamic epistemic
logics. These systems were proposed in a series of publications most prominently by Plaza, Baltag, Gerbrandy, van Benthem, van Ditmarsch, and Kooi
[10,7,6,14,16,17]. Dynamic epistemic logics add dynamics to Hintikka’s epistemic
logic via transformations of its models.
The focus of dynamic epistemic logics is on particular events that are called
updates. Updates can be seen as announcements made to the agents. The simplest case of updates are public announcements à la Plaza [10]; when the input
is propositional such announcements correspond to AGM expansion operations
[1]. Another example are group announcements à la Gerbrandy [6,7]. Note that
DEL-updates diﬀer from Katsuno-Mendelzon-like updates as studied in the AI
literature [9].
In [2,4,3] and elsewhere, Baltag et col. proposed a dynamic epistemic logic
that was very inﬂuential. We refer to it in this paper by the term DEL. It has
been shown that their account subsumes all other dynamic epistemic logics,
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justifying our acronym. The semantics of DEL is based on two kinds of models:
a static model M s (called state model by Baltag) and a (ﬁnite) dynamic model
M d (called epistemic action model by Baltag). M s models the actual world and
the agents’ beliefs about it, and is nothing but a good old epistemic model à
la Hintikka. M d models the actual event taking place and the agents’ beliefs
about it. An agent’s beliefs can be incomplete (event a occurred, but agent
cannot distinguish occurrence of a from occurrence of a ) and even unsound (a
occurred, but agent wrongly perceived some a ). M s and M d are then combined
by a restricted product construction which deﬁnes the situation after the actual
event took place, viz. the resulting actual world, and the agents’ beliefs about it.
Semantics of events: products vs. accessibility relations. Naturally, we would be
interested to express in DEL that an event a occurred, viz to give semantics to
the converse event a− within the framework of DEL. It is not clear how this
should work precisely. The only approach we are aware of is that of Yap [19]
who fails to get a complete characterization.
On the other hand, in PDL, events are interpreted as transition relations on
possible worlds, and not as restricted products of models as in DEL. Converse
events a− can then easily be interpreted by inverting the accessibility relation
associated to a. The resulting logic is called the tense extension of PDL.
To this we then add an epistemic operator. We call (tensed) Epistemic Dynamic Logic EDL the combination of epistemic logic and PDL with converse.1
A semantics in terms of transition relations is more ﬂexible than DEL’s product
semantics: we have more options concerning the interaction between events and
beliefs. Our main contribution here is to account for this delicate relationship
by means of constraints on the respective accessibility relations: a no-forgetting
and a no-learning constraint, and a constraint of epistemic determinism.
Translating DEL into EDL. To demonstrate the power of our approach we provide a translation from DEL to EDL: we express the structure of a DEL dynamic
model M d by a nonlogical theory Γ (M d ) of EDL, and prove that any formula ϕ
is valid in DEL if and only if it is a logical consequence of Γ (M d ) in EDL.
So, unlike DEL , we avoid to refer to a semantical structure (viz. the DEL
dynamic model M d ) in the very deﬁnition of the language. Encoding the structure of a DEL dynamic model M d by a nonlogical theory Γ (M d ) of EDL is done
thanks to converse events. For example [a]Bi (a−  ∨ b− ) expresses that
agent i perceives the occurrence of a as that of either a or b.
Organization of the paper. This paper is organized as follows. In section 2 we
introduce a language of belief, events and converse events. In section 3 we provide
a semantics for that language, and deﬁne our logic EDL. In section 4 we give
1

EDL is related to Segerberg’s Doxastic Dynamic Logic DDL [12,13]. Up to now research on DDL focussed mainly on its relation with the AGM theory of belief revision,
and studied particular events of the form +ϕ (expansion by ϕ), ∗ϕ (revision by ϕ),
and −ϕ (contraction by ϕ). EDL and DDL coincides in what concerns propositional
announcements.
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Baltag’s restricted product semantics for the fragment of the language without
converse, and deﬁne his logic DEL. In section 5 we associate a theory Γ (M d )
to each dynamic model M d , and prove that the consequences of Γ (M d ) in EDL
match the DEL-validities. This suggests that EDL is more expressive and general
than DEL, and we will concentrate on that point to conclude in section 6.

2

The Languages

We suppose given sets of propositional symbols PROP = {p, q, . . .}, agent symbols AGT = {i, j, . . .}, and event symbols EVT = {a, b, . . .}. All these sets
may be inﬁnite (while in DEL AGT and EVT have to be ﬁnite). From these
ingredients the multi-modal language is built classically as follows:
ϕ := ⊥|p|¬ϕ|ϕ ∧ ϕ |Bi ϕ|[a]ϕ|[a− ]ϕ, p ∈ PROP, i ∈ AGT , a ∈ EVT
The formula Bi ϕ reads “agent i believes that ϕ”. [a]ϕ reads “ ϕ holds after
every possible occurrence of event a”. [a− ]ϕ reads “ϕ held before a”. The dual
modal operators B̂i , a, and a−  are deﬁned in the usual way: B̂i ϕ abbreviates
¬Bi ¬ϕ; aϕ abbreviates ¬[a]¬ϕ; a− ϕ abbreviates ¬[a− ]¬ϕ.
The language LEDL of EDL is the entire language. The language LDEL of DEL
is the set of those formulas of LEDL that do not contain the converse operator
[a− ]. Finally, the epistemic language LEL is the set of those formulas of LEDL
that do not contain any dynamic operator, i.e. built from PROP , the Boolean
operators and the Bi operators alone. For example [a]Bi [a− ]⊥ is an LEDL -formula
(that is not in LDEL ).

3

EDL: Epistemic Dynamic Logic with Converse

When designing models of events and beliefs the central issue is to account for
the interplay of these two concepts. In our PDL-based semantics this is done by
means of constraints on the respective accessibility relations. These will ensure
what we call no-forgetting, no-learning and epistemic determinism.
3.1

Semantics

EDL-models are of the form
M = W, V , {Aa }a∈EVT , {Bi }i∈AGT 
where W is a set of possible worlds, V : PROP −→ 2W a valuation, and the
Aa ⊆ W × W and Bi ⊆ W × W are accessibility relations on W . The relation
A−1
a is the inverse of Aa . We sometimes view accessibility relations as mappings
from worlds to sets of worlds, and write for example A−1
a (w) = {v : w, v ∈
}
=
{v
:
v,
w
∈
A
}.
A−1
a
a
We suppose that EDL-models satisfy the following constraints of no forgetting,
no learning and epistemic determinism:
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(nf) If v(Aa ◦ Bi ◦ A−1
b )v then vBi v .
−1
(nl) If (Aa ◦ Bi ◦ Ab )(v) = ∅ then (Bi ◦ Ab )(v) ⊆ (Aa ◦ Bi )(v).
(ed) If w1 , w2 ∈ Aa (v) then Bi (w1 ) = Bi (w2 ).

To understand the no-forgetting principle, also known as perfect recall [5],
suppose that w results from the occurrence of event a in world v; if in world w,
the world w is an alternative for agent i, and w results from event b in a world
v  , then v  was already possible for agent i in the world v (see ﬁgure below).
To understand the principle no-learning, also known as no miracle [15], assume
that agent i perceive the occurrence of a as that of b1 , b2 . . . or bn . Then, informally, the no-learning principle says that all such alternatives resulting from
occurrence of b1 , b2 ,. . . , bn in i’s alternatives before a are indeed alternatives
after a. Formally, assume that agent i perceives b as a possible alternative of a

(i.e. (Aa ◦ Bi ◦ A−1
b )(v) = ∅). If at v world w was a possible outcome of event b

for i, then w is possible for i at some w ∈ Aa (v) (see ﬁgure below).
Finally, the epistemic determinism principle says that an agent’s epistemic
state after an event does not depend on the particular nondeterministic outcome. Formally, suppose we have vAa w1 and vAa w2 . Then (ed) forces that the
epistemic states at w1 and w2 are identical: Bi (w1 ) = Bi (w2 ) (see ﬁgure below).
This follows from our hypothesis that events are feedback-free (also known as
uninformative events [8]): the agents cannot distinguish between their diﬀerent
nondeterministic outcomes. These are events of which the agents only learn their
occurrence, but not their outcomes. Both public and private announcements are
examples of feedback-free events. Another example is the event of tossing a coin
without checking the result. An example of an event that is not feedback-free
is agent i’s event of testing if formula ϕ is true: beyond the mere occurrence of
the test, i also learns about its outcome, i.e. after the test i knows whether ϕ
is true or not. Thus the no-learning constraint is violated. Another example of
a non-feedback-free event is that of tossing a coin and looking at it: here the
epistemic determinism constraint is violated.
(nf ) :

vO 
Bi

Ab
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Truth of a formula ϕ in a world w of a model M is noted M, w |= ϕ and is
deﬁned as usual:
M, w |= p iﬀ w ∈ V (p)
M, w |= ¬ϕ iﬀ it is not the case that M, w |= ϕ
M, w |= ϕ ∧ ϕ iﬀ M, w |= ϕ and M, w |= ϕ
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M, v |= Bi ϕ iﬀ M, v  |= ϕ for every w ∈ Bi (v)
M, v |= [a]ϕ iﬀ M, w |= ϕ for every w ∈ Aa (v)
M, w |= [a− ]ϕ iﬀ M, v |= ϕ for every v ∈ A−1
a (w)
Truth of ϕ in a EDL-model M is noted M |= ϕ and is deﬁned as: M, w |= ϕ
for every w ∈ W . Let Γ be a set of LEDL -formulas. The (global) consequence
relation is deﬁned by:
Γ |=EDL ϕ iﬀ for every EDL-model M , if M |= ψ for every ψ ∈ Γ then M |= ϕ.
For example we have
and

{[b]ϕ, aBi b− } |=EDL [a]Bi ϕ

|=EDL (Bi [b]ϕ ∧ aBi b− ) → [a]Bi ϕ. (*)

Consider ϕ = ⊥ in (*): Bi [b]⊥ means that perception of event b was unexpected by agent i, while aBi b−  means that i actually perceives a as b. By
our no-forgetting constraint it follows that [a]Bi ⊥ In fact, one would like to avoid
agents getting inconsistent: in such situations some sort of belief revision should
take place. We do not investigate this further here, and leave it to future work
to augment EDL by belief revision mechanisms.
3.2

Completeness

The axiomatics of EDL is made up of the principles of multi-modal logic K for
all the modal operators Bi , [a] et [a− ], plus the axioms (Conv1 ), (Conv2 ), (NF)
et (NL) below:
(Conv1 )
(Conv2 )
(NF)
(NL)
(ED)

EDL
EDL
EDL
EDL
EDL

ϕ → [a]a− ϕ
ϕ → [a− ]aϕ
Bi ϕ → [a]Bi [b− ]ϕ
aB̂i b−  → ([a]Bi ϕ → Bi [b]ϕ)
aBi ϕ → [a]Bi ϕ

(Conv1) and (Conv2) are the standard conversion axioms of tense logic and
converse PDL. (NF), (NL) and (ED) respectively axiomatize no forgetting, no
learning and epistemic determinism.
We write Γ EDL ϕ when ϕ is provable from the set of formulas Γ in this
axiomatics.
EDL is strongly complete:
Proposition 1. For every set of LEDL -formulas Γ and LEDL -formula ϕ,
Γ |=EDL ϕ if and only if Γ EDL ϕ.
Proof. The proof follows from Sahlqvist’s theorem [11]: all our axioms (NF),
(NL), (ED) are of the required form, and match the respective constraints (nf),
(nl), (ed).
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Extensions of the Basic Logic

We are going to study how our constraint (nl) evolves when we add other constraints
on the epistemic accessibility relation Bi , as it is often done in epistemic logic.
Introspective Belief. In the literature, the notion of belief is often supposed
to satisfy positive and negative introspection. That is to say, the axioms of
transitivity (4) and of euclidianity (5) are valid: Bi ϕ → Bi Bi ϕ (4) and ¬Bi ϕ →
Bi ¬Bi ϕ (5). Semantically, in that case every Bi satisﬁes:
(45) if wBi w then Bi (w) = Bi (w )
Proposition 2. Conditions (45), (nl), (nf ) and (ed) are equivalent to conditions
(45), (nli ), (nf ) and (ed) where
(nli )

Bi ◦ A−1
a ◦ Bi ◦ Aa ⊆ Bi

This proposition tells us that under (45), (nl) simpliﬁes to (nli ). The axiom
corresponding with (nli ) is Bi ϕ → Bi [a− ]Bi [a]ϕ.
Knowledge. In the literature, the notion of knowledge is often supposed to
satisfy positive and negative introspection but also reﬂexivity (T): Bi ϕ → ϕ
(T). Semantically, (T) corresponds to
(t)

wBi w

One can then show that with this extra condition Bi is an equivalence relation.
Proposition 3. Conditions (45), (t), (nl), (nf ) ,(ed) are equivalent to (45), (t),
(nlt ), (nf ), (ed) where
(nlt )

A−1
a ◦ Bi ◦ Aa ⊆ Bi .

Proposition 3 tells us that under (45) and (t), (nl) simpliﬁes to (nlt ). The axiom
corresponding with (nlt ) is Bi ϕ → [a− ]Bi [a]ϕ and is somewhat symmetric w.r.t.
axiom (NF).

4

DEL: Static Models, Dynamic Models, and Their
Products

We here present the star-free version of Baltag’s dynamic epistemic logic DEL
[4,3].
4.1

Semantics
s

– Static models are just models of the form M s = W, V, {−→i }i∈AGT ,
s
where W is an arbitrary set, V : PROP −→ 2W a valuation and the −→i ⊆
W × W are accessibility relations on W.
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d

– Dynamic models are of the form M d = EVT , Pre, {−→i }i∈AGT , where
Pre : EVT −→ LEL is a precondition function associating epistemic formud
las to events, and the −→i ⊆ EVT ×EVT are accessibility relations on EVT .
Intuitive interpretation. Informally, P re(a) is the precondition that a world
must fulﬁll so that the event a can take place in this world. For example
Pre(a) =  means that action a can take place in any world. When we have
d

−→i (a) = {b} then the occurrence of a is perceived by agent i as the occurd
rence of b; when −→i (a) = {b1 , b2 } then the occurrence of a is perceived by
agent i indistinguishably as the occurrence of b1 or b2 ; etc.
We recall that the set EVT is the set of atomic events. In DEL it is supposed
d
to be ﬁnite. Moreover, every −→i is supposed to be serial : for every a ∈ EVT
d
there is at least one b ∈ EVT such that a −→i b.
Remark 1. The basic logic DEL does not validate introspective principles.
s
DEL can be extended as usual such that for every i ∈ AGT , the −→i and
d
the −→i are transitive and Euclidian.
s

– Product construction. Given M s = W, V, {−→i }i∈AGT  and M d =
d

EVT , Pre, {−→i }i∈EVT , their product M s ⊗ M d is a static model describing the situation after the event described by M d occurred in M s :


M s ⊗ M d = W , V , {−→i }i∈AGT 
s

where the new set of possible worlds is W = {w, a : M s , w |= Pre(a)},
the new valuation is V (p) = {w, a : w ∈ V(p)}, and the new static
accessibility relation is deﬁned by
s



s

d

w1 , a1  −→i w2 , a2  iﬀ w1 −→i w2 and a1 −→i a2 .
– While the truth condition for the epistemic operator is just as in Hintikka’s
epistemic logic and in EDL, the product construction gives a semantics to
the [a] operator which is quite diﬀerent from that of PDL and EDL:
M s , w |= [a]ϕ iﬀ M s , w |= Pre(a) implies M s ⊗ M d , w, a |= ϕ
Finally, validity of ϕ in DEL (noted |=DEL ϕ) is deﬁned as usual as truth in
every world of every DEL-model. Note that validity means validity w.r.t. a
ﬁxed dynamic model M d .
Remark 2. The truth condition for the dynamic operator highlights that
DEL is a dynamic extension of epistemic logic, while EDL is an epistemic
extension of PDL.
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4.2

Completeness

Suppose given a dynamic model M d . The axiomatics of DEL is made of the
principles of the multi-modal logic K for the modal operators Bi and [a], together
with the following axioms [4,3].
DEL [a]p ↔ (Pre(a) → p)
DEL [a]¬ϕ ↔ (Pre(a) → ¬[a]ϕ)
DEL [a]Bi ϕ ↔ (Pre(a) → Bi [b1 ]ϕ ∧ . . . ∧ Bi [bn ]ϕ)
d
where b1 , . . . , bn is the list of all b such that a −→i b.

(A1)
(A2)
(A3)

We note DEL ϕ when ϕ is provable from these principles. Note that this
axiomatization depends on a particular dynamic model M d .
For example for every dynamic model M d where Pre(a) = , Pre(b) = p, and
d

−→i (a) = {b} we obtain DEL [a]Bi p. Indeed, DEL [a]Bi p ↔ (P re(a) → Bi [b]p)
and DEL Bi [b]p because DEL [b]p.

5

From DEL to EDL

In this section we show that DEL can be embedded into EDL. We do that by
building a particular EDL-theory that encode syntactically the structure of a
given DEL dynamic model M d .
d

Deﬁnition 1. Let M d = EVT , Pre, {−→i }i∈AGT  be a dynamic model. The
set of formulas Γ (M d ) associated to M d (‘the theory of M d ’) is made up of the
following non-logical axioms:
(1) p → [a]p and ¬p → [a]¬p, for every a ∈ EVT and p ∈ PROP ;
(2) a ↔ Pre(a), for every a ∈ EVT ;
−
(3) [a]Bi (b−
1  ∨ . . . ∨ bn ), where b1 , . . . , bn is the list of all b such that
d

a −→i b;
d
(4) B̂i Pre(b) → [a]B̂i b− , for every a, b ∈−→i .
Note that Γ (M d ) is ﬁnite because in EDL both the set of events EVT and the
set of agents AGT are ﬁnite.
Axiom 1 encodes the fact that events do not change propositional facts of the
world where they are performed (cf the deﬁnition of V  (p) in Section 4.1). Axiom
2 encodes the fact that an event a can occur in a world iﬀ this world satisﬁes the
precondition of event a (cf the deﬁnition of W  in Section 4.1). Axiom 3 encodes
the modal structure of the dynamic model. Axiom 4 encodes the deﬁnition of
s 
−→i (cf Section 4.1).
Example 1. Consider that AGT = {A; B} and PROP = {p}. In the ﬁgure below
is represented the dynamic models M1d and M2d corresponding respectively to the
public announcement of ϕ and the private announcement of ϕ, where ϕ ∈ LEL .
Here, P re(a) = ϕ in both models and P re(b) = .
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a:ϕ

f

A,B
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Private announcement of ϕ to A:

A

a:ϕ

8

B

/b:
g

A,B

Applying Deﬁnition 1, we get
Γ (M1d ) := {p → [a]p and ¬p → [a]¬p ; a ↔ ϕ ; [a]BA (a− ) ;
[a]BB (a− ) ; BˆA ϕ → [a]BˆA a− } ; BˆB ϕ → [a]BˆB a− }
and
Γ (M2d ) := {p → [a]p and ¬p → [a]¬p ; p → [b]p and ¬p → [b]¬p ; a ↔ ϕ
; b ↔  ; [a]BA a−  ; [a]BB b−  ; [b]BA b−  ; [b]BB b−  ; BˆA ϕ →
[a]BˆA a−  ; BˆA  → [b]BˆA b−  ; BˆB  → [a]BˆB b−  ; BˆB  → [b]BˆB b− }
It turns out that the axiom of determinism is a logical consequence of Γ (M d )
in EDL . This is comforting because the axiom of determinism is indeed valid in
DEL .
Lemma 1. For every LDEL -formula ϕ we have Γ (M d ) |=EDL aϕ → [a]ϕ.
Thanks to this lemma, we can now prove that for every formula ϕ of the
language LDEL , |=DEL ϕ if and only if Γ (M d ) |=EDL ϕ. We ﬁrst prove two lemmas.
Lemma 2. Let M d be a DEL dynamic model, and let ψ be a formula from LDEL .
If |=DEL ψ then Γ (M d ) |=EDL ψ.
Lemma 3. Let M d be a DEL dynamic model, and let ψ be a formula from LDEL .
If |=DEL ψ then Γ (M d ) |=EDL ψ.
Putting these two results together we obtain the following key result:
Theorem 1. Let M d be a DEL dynamic model. Let ψ be a formula from LDEL .
Then
|=DEL ϕ iﬀ Γ (M d ) |=EDL ϕ
It follows that
DEL ϕ

iﬀ Γ (M d ) EDL ϕ

This thus provides a new axiomatization of DEL-validities. This new axiomatization is just made of Γ (M d ) together with the axiomatization of EDL .

6

Discussion and Conclusion

We have presented an epistemic dynamic logic EDL whose semantics diﬀers
from that of Baltag et al.’s dynamic epistemic logic DEL. We have shown that
DEL can be embedded into EDL. This result allows to conclude that EDL is an
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interesting alternative to Baltag et al.’s logic, that allows to talk about agents’
perception of events just in the same way as DEL does. However, EDL is more
expressive than DEL because it allows to talk about past events. Another of its
advantages is that we can partly describe an event taking place and still draw
inferences from this partial description, whereas in DEL the action (event) model
has to specify everything. More generally, EDL seems more versatile than DEL
to describe events. This allows to model some events that could not be modelled
in DEL .
Let us demonstrate this last point by an example. Consider the situation where
there are two agents i and j, and there are two possible private announcements a
and b with respective preconditions p and ¬p. Suppose none of the agents knows
anything beyond the mere fact that both a and b could have happened, i.e.
a−  ∨ b−  is common knowledge. From this we should infer that the agents
do not know anything about the other agent’s perception (which is indeed true
in reality). We can model this last fact as follows. First we recursively deﬁne the
following set of formulas.
– Φ0i = Φ0j = {a− , b− }

– Φni = {Bi ϕj : ϕj ∈ Φn−1
} ∪ { {ϕj :ϕj ∈Φn−1 } B̂i ϕj }
j
j

For example we have
Φ1i = {Bi a− , Bi b− , B̂i a−  ∧ B̂i b− } and
Φ2j = {Bj Bi a− , Bj Bi b− , Bj (B̂i a−  ∧ B̂i b− )} ∪
{B̂j Bi a−  ∧ B̂j Bi b−  ∧ B̂j (B̂i a−  ∧ B̂i b− )}.


We naturally claim that the set of all ( Φni )∧( Φnj ) represents the fact that the
agents do not know anything about the other agent’s 
perception.
 Then we can
prove by induction on n that {a−  ∨ b− } EDL ( Φni ) ∧ ( Φnj ) for every
n.2 This indicates that the agents’ incomplete knowledge of what is going on is
correctly represented by {a−  ∨ b− }. Such situations cannot be described
in DEL because this would require an inﬁnity of atomic DEL-events, and the
dynamic model M d would have to be inﬁnite. So, in a sense, EDL seems to be
more appropriate to represent situations where agents have only little cues about
what is going on.
Another approach mapping DEL to automata propositional dynamic logic
is [18]. He does not resort to converse events and translates dynamic models
into a transformation on PDL programs. As we said in section 1, Yap introduced converse events into DEL but she failed to get a reduction axiom for
the converse modal operator. Like us, she does not deal with belief revision
and we leave the integration of belief revision mechanisms into EDL to further
work. Another line of research is to study decidability and complexity of EDL .
2

The key observation is that EDL Bi (a−  ∨ b− ) → (Bi a−  ∨ Bi b−  ∨
(B̂i a−  ∧ B̂i b− )).
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