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‘Knowable’ as ‘known after an announcement’

Abstract

Public announcement logic is an extension of multi-agent epistemic logic with
dynamic operators to model the informational consequencesof announce-
ments to the entire group of agents. We propose an extension of public an-
nouncement logic with a dynamic modal operator that expresses what is true
afteranyannouncement:♦ϕ expresses that there is a truthful announcement
ψ after whichϕ is true. This logic gives a perspective on Fitch’s knowability
issues: for which formulasϕ does it hold thatϕ→ ♦Kϕ? We give various se-
mantic results, and we show completeness for a Hilbert-style axiomatization
of this logic. There is a natural generalization to a logic for arbitrary events.
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1 Introduction

One motivation to formalize the dynamics of knowledge is to characterize how truth or
knowledge conditions can be realized by new information. From that perspective, it seems
unfortunate that in public announcement logic [22, 12, 30] atrue formula may become
false because it is announced. The prime example is the Moore-sentence ‘atomp is true
and you do not know that’, formalized byp ∧ ¬Kp [19, 14], but there are many other
examples [28]. After the Moore-sentence is announced, you know thatp is true, sop ∧
¬Kp is now false. This is formalized as〈p ∧ ¬Kp〉Kp, and〈p ∧ ¬Kp〉¬(p ∧ ¬Kp),
respectively. The part ‘〈p ∧ ¬Kp〉’ is a diamond-style dynamic operator representing the
announcement. Therefore, the way to make something known may not necessarily be to
announce it. Is there a different way to get to know something?

The realization of knowledge (or truth) by new information can be seen as a specific
form of what is called ‘knowability’ in philosophy. In [9] Fitch addresses the problematic
question whether what is true can become known. It is considered problematic (paradoxi-
cal even) that the existence of unknown truths is inconsistent with the requirement that all
truths are knowable. Again, the Moore-sentencep ∧ ¬Kp provides the prime example: it
cannot become known, becauseK(p ∧ ¬Kp) entails an inconsistency under the standard
interpretation of knowledge. For an overview of the literature on Fitch’s paradox, see
[6], we will later discuss some of that in detail, mainly Tennant’s proposal on cartesian
formulas [24]. The suggestion to interpret ‘knowable’ as ‘known after an announcement’
was made by van Benthem in [25].

Of course, some thingscan become known. For example, true factsp can always
become known by announcing them, formalized asp→ 〈p〉Kp (‘if the atomp is true, then
after announcingp, p is known’)—the above-mentioned paradox involves announcement
of epistemic information. One has to be careful with what onewishes for: some things
can become known that were not true in the first place. Consider factual knowledge again:
after announcing a fact, you also know that you know it. In other words ‘knowledge of
p’ is knowable in the sense that there is an announcement that makes it true: we now
have that〈p〉KKp. But Kp was not true before that announcement, so this formula
is not a knowable truth, except in the trivial sense when it was already true before the
announcement.

Consider an extension of public announcement logic whereinwe can express what be-
comes true, whether known or not, without explicit reference to announcements realizing
that. Let us work our way upwards from a concrete announcement. Whenp is true, it
becomes known by announcing it. Formally, in public announcement logic

〈p〉Kp

which stands for ‘the announcement ofp can be made and after that the agent knowsp’.
More abstractly this means that there is a announcementψ, namelyψ = p, that makes the
agent knowp, slightly more formal:

there is a formulaψ such that〈ψ〉Kp

We introduce a dynamic modal operator that expresses that:

♦Kp
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Obviously, the truth of this expression depends on the model: p has to be true. In casep is
false, we can achieve♦K¬p instead. The formula♦(Kp ∨K¬p) is valid. Actually, we
were slightly imprecise when suggesting that♦ means ‘there is aψ such that’. In fact a
restriction onψ to purely epistemic formulas is required in the semantics, for a technical
reason. The resulting logic is called arbitrary public announcement logic,APAL, or in
short,arbitrary announcement logic.

Unlike the introductory examples so far, we present the logic as amulti-agentlogic,
wherein all knowledge operators are labelled with the knowing agent in question. For
example, we write the validity above as♦(Kap∨Ka¬p), indicating that this concerns what
agenta can get to know. There are both conceptual and technical reasons for this multi-
agent perspective. (i) Various paradoxical situations involving knowledge—that we can
in principle also address in arbitrary announcement logic—require more than one agent
(such as the Hangman Paradox, also known as the Surprise Examination, for a dynamic
epistemic analysis see [28]). (ii) One technical reason is that: arbitrary announcement
logic for more than one agent is strictly more expressive than public announcement logic,
but that for a single agent it is equally expressive. (iii) Wepresent interesting multi-agent
formulations of knowability, such as knowledge transfer between agents and how to make
distributive knowledge common knowledge.

Overview of contents In Section 2 we define the logical languageLapal and its seman-
tics. This section also contains some technical tools repeatedly used in later sections.
Section 3 shows various semantic results, including a ‘knowable’ fragment of the lan-
guage (we do not fully characterize the knowable formulas),and an expressivity result:
indeed our logic can express more than the public announcement logic upon which it is
based. In Section 4 we provide a Hilbert-style axiomatization of arbitrary announcement
logic. Section 5 discusses the generalization to a logic forarbitrary events.

2 Syntax and semantics

Both for the language and the structures we assume as background parameters a finite set
of agentsA and a countably infinite set of atomsP .

2.1 Syntactic notions

Definition 1 (Language) The languageLapal of arbitrary public announcement logic is
inductively defined as

ϕ ::= p | ¬ϕ | (ϕ ∧ ϕ) |Kaϕ | [ϕ]ϕ | �ϕ

wherea ∈ A andp ∈ P . Additionally,Lpal is the language without inductive construct
�ϕ, Lel the language without as well[ϕ]ϕ, andLpl the language without as wellKaϕ.
The language with only� as modal operator isL�.

The languagesLpal, Lel, andLpl are those ofpublic announcement logic, epistemic logic,
andpropositional logic, respectively. A formula inLel is also called anepistemic formula
and a formula inLpl is also called apropositional formulaor aboolean. ForKaϕ, read
‘agenta knows thatϕ’. For [ϕ]ψ, read ‘(if ϕ is true, then) after announcement ofϕ, ψ
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(is true)’. (Announcements are supposed to be public and truthful, and this is common
knowledge among the agents.) For�ψ, read ‘after every announcement,ψ is true’. Other
propositional and epistemic connectives are defined by usual abbreviations. The dual of
Ka is K̂a, the dual of[ϕ] is 〈ϕ〉, and the dual of� is ♦. ForK̂aϕ, read ‘agenta considers
it possible thatϕ’, for 〈ϕ〉ψ, read ‘(ϕ is true and) after announcement ofϕ, ψ (is true)’
and for♦ψ, read ‘there is an announcement after whichψ (is true).’ WritePϕ for the set
of atoms occurring in the formulaϕ (and similarly for necessity and possibility forms,
below). Given someP ′ ⊆ P , Lx(P ′) is the logical languageLx (Lapal ,Lel , . . . ) restricted
to atoms inP ′.

Necessity and possibility forms A necessity form(see [13]) contains a unique occur-
rence of a special symbol♯. If ψ is such a necessity form (we write boldface Greek letters
for arbitrary necessity forms) andϕ ∈ Lapal , thenψ(ϕ) is obtained fromψ by substitut-
ingϕ for ♯ in ψ. Necessity forms are used to formulate the axiomatization of the logic, in
Section 4, and in the proofs of several semantic results, in Section 3.

Definition 2 (Necessity forms)Let ϕ ∈ Lapal . Then:

• ♯ is a necessity form,

• if ψ is a necessity form then(ϕ→ ψ) is a nec. form,

• if ψ is a necessity form then[ϕ]ψ is a nec. form,

• if ψ is a necessity form thenKaψ is a nec. form.

We also use the dual notion ofpossibility form. It can be defined by the dual clauses to
a necessity form:♯ is a possibility form, and ifϕ ∈ Lapal andψ is a possibility form
thenϕ ∧ ψ, 〈ϕ〉ψ, andK̂aψ are possibility forms. To distinguish necessity forms from
possibility forms we use different bracketing: writeψ{ϕ} for the possibility form with a
unique occurrence ofϕ. For each necessity formψ(♯) there is a possibility formψ′{♯}
such that for allϕ, ¬ψ(ϕ) is logically equivalent to¬ψ′{¬ϕ}.

2.2 Structural notions

Definition 3 (Structures) An epistemic modelM = (S,∼, V ) consists of adomainS of
(factual)states(or ‘worlds’), accessibility∼ : A → P(S × S), where each∼ (a) is an
equivalence relation, and avaluationV : P → P(S). For s ∈ S, (M, s) is anepistemic
state(also known as a pointed Kripke model). Anepistemic frameS is a pair(S,∼). For
a model we also write(S, V ) and for a pointed model also(S, V, s).

For∼(a) we write∼a, and forV (p) we writeVp; accessibility∼ can be seen as a set of
equivalence relations∼a, andV as a set of valuationsVp. Given two statess, s′ in the
domain,s ∼a s

′ means thats is indistinguishable froms′ for agenta on the basis of its
knowledge. We adopt the standard rules for omission of parentheses in formulas, and we
also delete them in representations of structures such as(M, s) whenever convenient and
unambiguous. Given a domainS of a modelM , instead ofs ∈ S we also writes ∈M .

7
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Bisimulation Bisimulation is a well-known notion of structural similarity [5] that we
will frequently use in examples and proofs, e.g. to achieve our expressivity results.

Definition 4 (Bisimulation) Let two modelsM = (S,∼, V ) andM ′ = (S ′,∼′, V ′) be
given. A non-empty relationR ⊆ S × S ′ is a bisimulation betweenM andM ′ iff for all
s ∈ S ands′ ∈ S ′ with (s, s′) ∈ R:

atoms for all p ∈ P : s ∈ Vp iff s′ ∈ V ′
p ;

forth for all a ∈ A and allt ∈ S: if s ∼a t, then there is at′ ∈ S ′ such thats′ ∼′
a t

′ and
(t, t′) ∈ R;

back for all a ∈ A and allt′ ∈ S ′: if s′ ∼′
a t

′, then there is at ∈ S such thats ∼a t and
(t, t′) ∈ R.

We write(M, s)↔(M ′, s′), iff there is a bisimulation betweenM andM ′ linking s ands′,
and we then call(M, s) and(M ′, s′) bisimilar. The maximal bisimulationRmax between
M and itself is an equivalence relation, and the result of identifying all R

max bisimilar
worlds is aminimal model(also known as bisimulation contraction, or strongly exten-
sional model) [1]. The construction preserves equivalencerelations: ifM is an epistemic
model, its minimal model is also an epistemic model.

2.3 Semantics

Definition 5 (Semantics) Assume an epistemic modelM = (S,∼, V ). The interpreta-
tion ofϕ ∈ Lapal is defined by induction. Note the restriction to epistemic formulas in the
clause for�ϕ.

M, s |= p iff s ∈ Vp
M, s |= ¬ϕ iff M, s 6|= ϕ
M, s |= ϕ ∧ ψ iff M, s |= ϕ andM, s |= ψ
M, s |= Kaϕ iff for all t ∈ S : s ∼a t impliesM, t |= ϕ
M, s |= [ϕ]ψ iff M, s |= ϕ impliesM |ϕ, s |= ψ
M, s |= �ϕ iff for all ψ ∈ Lel : M, s |= [ψ]ϕ

In clause[ϕ]ψ for public announcement, epistemic modelM |ϕ = (S ′,∼′, V ′) is defined
as

S ′ = {s′ ∈ S |M, s′ |= ϕ}
∼′
a = ∼a ∩ (S ′ × S ′)

V ′
p = Vp ∩ S

′

Formulaϕ is valid in modelM , notationM |= ϕ, iff for all s ∈ S: M, s |= ϕ. Formulaϕ
is valid, notation|= ϕ, iff for all M : M |= ϕ.

The dynamic modal operator[ϕ] is interpreted as an epistemic state transformer. An-
nouncements are assumed to be truthful and public, and this is commonly known to all
agents. Therefore, the modelM |ϕ is the modelM restricted to all the states whereϕ
is true, including access between states. Similarly, the dynamic model operator� is
interpreted as an epistemic state transformer. Note that inthe definiendum of�ϕ the an-
nouncementsψ in [ψ]ϕ are restricted to purely epistemic formulasLel. This is motivated
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in depth, below. For the semantics of the dual operators, we have thatM, s |= ♦ψ iff
there is aϕ ∈ Lel such thatM, s |= 〈ϕ〉ψ. In other words,M, s |= 〈ϕ〉ψ iff M, s |= ϕ
andM |ϕ, s |= ψ. Write [[ϕ]]M for the denotation ofϕ in M : [[ϕ]]M := {s ∈ S |

M, s |= ϕ}. Given a sequence~ψ = ψ1 . . . ψk of announcements, writeM |~ψ for the
model(. . . (M |ψ1) . . . |ψk) that is the result of the successive model restrictions.

The set of validities in our logic is calledAPAL. Formally this is relative to given
sets of agents and atoms, but we will also useAPALmore informally to refer to arbitrary
public announcement logic. Similarly forPL (propositional logic),EL (epistemic logic,
a.k.a.S5n where|A| = n), andPAL (public announcement logic).

Bisimilar states satisfy the same epistemic formulas. Thisextends toAPAL. The
reader may easily verify that if the epistemic states(M, s) and(M ′, s′) are bisimilar, then
for all ϕ ∈ Lapal : (M, s) |= ϕ iff (M ′, s′) |= ϕ.

Example 6 A valid formula of the logic is♦(Kap ∨Ka¬p). To prove this, let(M, s) be
arbitrary. EitherM, s |= p or M, s |= ¬p. In the first case,M, s |= ♦(Kap ∨ Ka¬p)
becauseM, s |= 〈p〉(Kap ∨Ka¬p)—the latter is true because (M, s |= p and)M |p, s |=
Kap ∨Ka¬p, becauseM |p, s |= Kap. M, s |= p andM |p, s |= Kap; in the second case,
we analogously deriveM, s |= ♦(Kap ∨Ka¬p) becauseM, s |= 〈¬p〉(Kap ∨Ka¬p).

This example also nicely illustrates the order in which arbitrary objects come to light.
The meaning of|= ♦ϕ is

for all (M, s) there is an epistemicψ such thatM, s |= 〈ψ〉ϕ (i).

This is really different from

there is an epistemicψ such that for all(M, s),M, s |= 〈ψ〉ϕ (ii),

which might on first sight be appealing to the reader, when extrapolating from thein-
correct reading of|= ♦ϕ as ‘there is an epistemicψ such that|= 〈ψ〉ϕ’. For example,
there is no epistemic formulaψ such that〈ψ〉(Kap ∨ Ka¬p) is valid. (Suppose there
were. Thenψ would be valid; so an announcement ofψ would not be informative. Then,
〈ψ〉(Kap ∨Ka¬p) would be equivalent toKap ∨Ka¬p. But in any model where it is not
known whetherp the latter is false, so it is not valid. Contradiction.) In other words,(i)
may be true, even when(ii) is false.

Motivation for the semantics of � We now compare the given semantics for�ϕ to
two infelicitous alternatives, thus hoping to motivate ourchoice. The three options are
(infelicitous alternatives are *-ed):

M, s |= �ϕ iff for all ψ ∈ Lel : M, s |= [ψ]ϕ (Definition 5)
∗M, s |= �ϕ iff for all ψ ∈ Lapal : M, s |= [ψ]ϕ (intuitive)
∗M, s |= �ϕ iff for all S ′ ⊆ S containings : M |S ′, s |= ϕ (structural)

The ‘intuitive’ version for the semantics of�ϕ more properly corresponds to its intended
meaning ‘ϕ is true after arbitrary announcements’. This would be a circular definition,
as�ϕ is itself one such announcement. It is not clear whether thisis well-defined, but a
restriction to announcements that are epistemic sentencesseems at least reasonable in a
context of knowledge and belief change.
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The ‘structural’ version for the semantics of�ϕ is more in accordance with one of
Fine’s proposals for quantification over propositional variables in modal logic [8]; his
work strongly inspired our approach. This structural version is undesirable for our pur-
poses, as it does not preserve bisimilarity of structures: two bisimilar states can now be
separated because they may be in different subdomains. In dynamic epistemic logics it is
considered preferable that action execution preserves bisimilarity; this is because bisim-
ilarity implies logical equivalence, and we tend to think ofsuch actions as changing the
theoriesdescribing those structures, just as in belief revision. For an example, consider
the following epistemic state(M, 1) – it consists of two states 1 and1 wherep is true and
two states 0 and0 wherep is false;linking two states means that they areindistinguishable
for the agent labeling the link; and theunderlinedstate is theactualstate.

0 1

0 1

a

a

b b

We have thatM, 1 |= ♦(Kap∧¬KbKap) for the structural�-semantics, asM |{1, 1, 0}, 1
|= Kap ∧ ¬KbKap. On the other hand, for the�-semantics as defined,M, 1 6|= ♦(Kap ∧
¬KbKap), which can be easily seen as that formula is also false in the two-state structure
(M ′, 1′) depicted as

0′ 1′a

where agentb can distinguish 0 from 1 but agenta cannot. Epistemic state(M, 1) is
bisimilar to(M ′, 1′), via the bisimulationR = {(0, 0′), (0, 0′), (1, 1′), (1, 1′)}. We make
two further observations concerning our preferred semantics ‘�ϕ (is true) iff [ψ]ϕ for all
ψ ∈ Lel ’. First, given that truth is relative to a model, this semantics for� amounts to ‘�ϕ
is true in(M, s) iff ϕ is true in all epistemistically definable submodels ofM .’ Second,
note that public announcement logic is equally expressive as multiagent epistemic logic
[22], so ‘�ϕ (is true) iff [ψ]ϕ for all ψ ∈ Lel ’ corresponds to ‘�ϕ (is true) iff [ψ]ϕ for
all ψ ∈ Lpal .’ So in fact we can replace boxes by announcements of any formula except
those containing boxes—which comes fairly close to the intuitive interpretation again.

A theoretically quite justifiable and felicitous version ofthe ‘structural’ semantics for
� above would equate truth of�ϕ with truth for all subsets of the minimal model (see
page 8) of a modelM , that contain the actual states (in other words, a subset must not
separate states that are in the maximal bisimulation relation onM). We did not explore
this alternative semantics for� in depth. For a given model there may be more such sub-
sets than are epistemically definable, e.g., there may be uncountably many such subsets,
whereas the epistemically definable subsets are countable.

3 Semantic results

3.1 Validities

3.1.1 Validities only involving�: S4

The following validities demonstrate the ‘S4’-character of �. These validities do not,
as usual, straightforwardly translate to frame properties, because we interpret� as an

10
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epistemic state transformer and not by way of an accessibility relation.1 It is also unclear
if the set of validities only involving� (i.e., L� ∩ APAL) satisfiesuniform substitution
(replacing propositional variables by arbitrary formulasis validity preserving). See further
research in Section 6.

Proposition 7 (S4 character of�) Let ϕ, ψ ∈ Lapal. Then

1. |= �(ϕ ∧ ψ) ↔ (�ϕ ∧ �ψ)

2. |= �ϕ→ ϕ

3. |= �ϕ→ ��ϕ

4. |= ϕ implies|= �ϕ

Proof

1. Obvious.

2. AssumeM, s |= �ϕ. Then in particular,M, s |= [⊤]ϕ, and therefore (asM, s |= ⊤)
M, s |= ϕ.

3. LetM ands ∈ M be arbitrary. AssumeM, s |= ♦♦¬ϕ. Then there are epistemic
χ andχ′ such thatM, s |= 〈χ〉〈χ′〉¬ϕ. Using the validity (for arbitrary formulas)
[ϕ][ϕ′]ϕ′′ ↔ [ϕ ∧ [ϕ]ϕ′]ϕ′′, we therefore haveM, s |= 〈χ ∧ [χ]χ′〉¬ϕ, from which
followsM, s |= ♦¬ϕ.

4. LetM, s be arbitrary. We have to show that forψ ∈ Lel : M, s |= [ψ]ϕ. From the
assumption|= ϕ follows |= [ψ]ϕ by necessitation for[ψ]. Therefore alsoM, s |=
[ψ]ϕ. Asψ is arbitrary, alsoM, s |= �ϕ.

�

3.1.2 Validities only involving�: MK and CR

Also valid are|= �♦ϕ → ♦�ϕ (McKinsey — MK) and|= ♦�ϕ → �♦ϕ (Church-
Rosser — CR). Axiom CR corresponds to the well-known frame property of conflu-
ence: ∀xyz(Rxy ∧ Rxz → ∃w(Ryw ∧ Rzw)). In our terms, this can be formulated
as follows. Given two distinct (and true) announcementsϕ, ψ in some epistemic state
(M, s), then there are subsequent announcementsϕ′, ψ′ such that(M |ϕ|ϕ′, s) is bisimilar
to (M |ψ|ψ′, s) (see Figure 1. The proofs of MK and CR are both somewhat involved
and include lemmas and such—the first two lemmas take us to Proposition 10 showing
validity of McKinsey and a subsequent trio of a lemma and two propositions takes us to
Proposition 14 showing validity of Church-Rosser.

1It is possible to associate an accessibility relation to�. Given an modelM , consider the union of
its epistemically definable submodels, where we label copies of states (in order to distinguish them from
their original) with an epistemic formulaψ representing (the class of formulas logically equivalent to ψ
namely)[[ψ]]M . If M |ϕ|ψ = M |χ, now add pair(sϕ, sχ) to the accessibility relationRψ for announcement
operator[ψ]. LetR� =

⋃
ψ∈Lel

Rψ. If we do this just for announcements that correspond to sequences of
announcements of asingleepistemic formulaψ, the result is known as theforestfor (M, s) andψ [27].

11
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ϕ

ψ

ϕ′

ψ′

Figure 1: Church Rosser for announcements: given two announcementsϕ, ψ in some
epistemic state(M, s), there are subsequent announcementsϕ′, ψ′ such that(M |ϕ|ϕ′, s)
is bisimilar to(M |ψ|ψ′, s).

Lemma 8 Letϕ ∈ Lapal . Consider the setPϕ of atoms occurring inϕ. LetM be a model
where all states correspond on the valuation ofPϕ. ThenM |= ϕ orM |= ¬ϕ, i.e., either
ϕ or its negation is a model validity.

Proof Let ϕ(ψ/p) be the substitution ofψ for all occurrences ofp in formulaϕ. (Note
the difference with the notation for necessity and possibility forms on page 7.) Ifp is
true onM thenM |= ϕ ↔ ϕ(⊤/p), otherwiseM |= ϕ ↔ ϕ(⊥/p). The result of
successively substituting⊤ or⊥ for all atoms inϕ in that way is the formulaϕ∅. Clearly,
M |= ϕ↔ ϕ∅. Asϕ∅ does not contain atomic propositions, and given that|= Ka⊤ ↔ ⊤,
|= Ka⊥ ↔ ⊥, |= �⊤ ↔ ⊤, and|= �⊥ ↔ ⊥, we have that|= ϕ∅ ↔ ⊤ or |= ϕ∅ ↔ ⊥.
Therefore,M |= ϕ↔ ⊤ orM |= ϕ↔ ⊥, i.e.,M |= ϕ orM |= ¬ϕ. �

The characteristic formulaδϕs of the restriction of the valuation in a states to the finite
setPϕ of atoms occurring inϕ, is defined as follows:

δϕs =
∧

{p | p ∈ Pϕ andM, s |= p} ∧
∧

{¬p | p ∈ Pϕ andM, s 6|= p}

Lemma 9 Let ϕ ∈ Lapal be arbitrary. LetM be a model, ands a world inM . Then
M |δϕs , s |= ϕ→ �ϕ.

Proof As δϕs is boolean we have thatδϕs is true in the modelM |δϕs , i.e.M |δϕs |= δϕs ,
and remains true in any further restriction ofM : for any formulaψ ∈ Lel we have
thatM |δϕs |ψ |= δϕs . As δϕs is a conjunction of literals determining the values of all the
atoms ofϕ, we have that for arbitrary epistemic formulasψ, all states in modelsM |δϕs |ψ
correspond on the valuation ofPϕ. By Lemma 8 we therefore have eitherM |δϕs |ψ |= ϕ
for anyψ, orM |δϕs |ψ |= ¬ϕ for anyψ. In the former caseM |δϕs |= �ϕ, and in the latter
caseM |δϕs |= �¬ϕ. HenceM |δϕs , s |= ϕ→ �ϕ. �

Proposition 10 (MK is valid) |= �♦ϕ→ ♦�ϕ

12
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Proof Let M, s be arbitrary, and assumeM, s |= �♦ϕ. Consider the characteristic for-
mula δϕs of the valuation ins restricted to the atoms inϕ. FromM, s |= �♦ϕ and
M, s |= δϕs followsM |δϕs , s |= ♦ϕ. From that and twice Lemma 9 namely in (also valid)
dual formM |δϕs , s |= ♦ϕ → ϕ and original formM |δϕs , s |= ϕ → �ϕ follows that
M |δϕs , s |= �ϕ. ThereforeM, s |= 〈δϕs 〉�ϕ, thusM, s |= ♦�ϕ. �

We now proceed with matters towards proving Church-Rosser.We extend the substi-
tution notation already in use (ϕ(ψ/p) is the substitution ofψ for all occurrences ofp in
formulaϕ) to simultaneous substitution for infinite sequencesϕ(ψ0/p0, ψ1/p1, . . . ).

Lemma 11 Let Q = {qn | n ∈ N} ⊆ P be an infinite set of atoms, letθ ∈ Lel be an
epistemic formula such thatPθ ∩ Q = ∅, and letϕ ∈ Lapal with Pϕ ∩ Q = ∅. Given a
frameS and a valuationV onS, there exists a valuationV ′ onS such that:

1. [[ϕ]]S,V ′ = [[ϕ]]S,V ;

2. for all θ′ ∈ Lel :

[[θ′]]S,V ′ = [[θ′(θ/q0, q0/q1, . . . , qn/qn+1, . . . )]]S,V ;
[[θ′]]S,V = [[θ′(q1/q0, . . . , qn+1/qn, . . . )]]S,V ′

3. [[q0]]S,V ′ = [[θ]]S,V ′ = [[θ]]S,V .

Proof The valuationV ′ needed is given by puttingV ′(p) := V (p) for p 6∈ Q, V ′(q0) :=
[[θ]]S,V , and for alln ∈ N: V ′(qn+1) := V (qn). �

As a consequence of clause (2) of Lemma 11, we have that the epistemically definable
subsets of(S, V ) are the same as those of(S, V ′). We now use the lemma to show that:

Proposition 12 If M, s |= ♦ψ andp 6∈ Pψ, then there exists a modelM ′ only differing
fromM in the valuation of atoms not occurring inψ such thatM ′, s |= 〈p〉ψ.

Proof LetM = (S, V ) = (S,∼, V ). We use first the above Lemma 11, namely for

Q := P \ Pψ, q0 := p, θ = ⊤, andϕ := ♦ψ,

obtaining a new valuationV ′ s.t. V ′(p) = S and[[♦ψ]]S,V ′ = [[♦ψ]]S,V . Therefore, there
must exist someθ ∈ Lel such that(S, V ′, s) |= 〈θ〉ψ, sos ∈ [[〈θ〉ψ]]S,V ′. Further, we can
assume thatp 6∈ Pθ: the valuation ofp has been set to⊤ in V ′, therefore if there had
been occurrences ofp in θ they could have been replaced by⊤. We now apply Lemma 11
again, with

Q := P \ (Pθ ∪ Pψ), q0 := p, ϕ := 〈θ〉ψ, andθ as given,

obtainingV ′′ such thats ∈ [[〈θ〉ψ]]S,V ′ = [[〈θ〉ψ]]S,V ′′ and [[p]]S,V ′′ = [[θ]]S,V ′′ = [[θ]]S,V ′.
Hence we obtain that:s ∈ [[〈θ〉ψ]]S,V ′ = [[〈θ〉ψ]]S,V ′′ = [[〈p〉ψ]]S,V ′′. �

Proposition 12 can be generalized to:

Proposition 13 Given a possibility formη. If M, s |= η{♦ψ} andp 6∈ (Pη ∪ Pψ), then
there exists a modelM ′ only differing fromM in the valuation ofp such thatM ′, s |=
η{〈p〉ψ}.
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Figure 2: Illustration of the principleKa�ϕ → �Kaϕ. Given 〈ψ〉K̂a¬ϕ, there is aχ
such thatK̂a〈χ〉¬ϕ.

Proof The proof is straightforward and by induction on the complexity of possibility
forms. The basic case is the proof of Proposition 12. The case‘conjunction’ starts with
M, s |= χ ∧ ♦ψ andp 6∈ Pχ ∪ Pψ. Etc. �

We will use Proposition 13 below, to prove the soundness of a derivation rule in the
axiomatization of arbitrary announcement logic. For now, we only need Proposition 13 to
show the CR property.

Proposition 14 (CR is valid) |= ♦�ϕ → �♦ϕ

Proof Suppose that CR fails. Then there existM, s andϕ such thatM, s |= ♦�ϕ ∧
♦�¬ϕ. By applying Proposition 13 twice (namely for the possibility form ‘conjunction’,
once for the left conjunct and once for the right conjunct) there arep, q 6∈ Pϕ and a model
M ′ that is likeM except for the valuation ofp andq, such thatM ′, s |= 〈p〉�ϕ∧〈q〉�¬ϕ.
We therefore also haveM ′, s |= 〈p〉[q]ϕ∧〈q〉[p]¬ϕ from which followsM ′, s |= 〈p〉〈q〉ϕ∧
〈q〉〈p〉¬ϕ, and therefore, asp andq are boolean (sequential announcement of booleans
corresponds to the announcement of their conjunction),M ′, s |= 〈p ∧ q〉(ϕ ∧ ¬ϕ), which
is a contradiction. �

3.1.3 The relation between knowledge and arbitrary announcement

Proposition 15 Let ϕ ∈ Lapal . Then|= Ka�ϕ→ �Kaϕ.

Proof SupposeM, s |= Ka�ϕ andM, s |= ψ. Assumet ∈M |ψ with s ∼a t. We have to
prove thatM |ψ, t |= ϕ. Because statet is also inM , from the assumptionM, s |= Ka�ϕ
and (inM) s ∼a t followsM, t |= �ϕ. Asψ is true int,M |ψ, t |= ϕ. �

Proposition 15 is visualized in Figure 2. AlthoughKa�ϕ→ �Kaϕ is valid, the other
direction�Kaϕ→ Ka�ϕ is not valid. It is instructive to give a counterexample.

Example 16 (�Kaϕ→ Ka�ϕ is not valid) Consider the model:

0 1 0b a
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We now have thatM, 0 |= K̂a〈K̂bp〉(Kap ∧ ¬Kbp), henceM, 0 |= K̂a♦(Kap ∧ ¬Kbp).
On the other handM, 0 6|= ♦(K̂a(Kap ∧ ¬Kbp), becauseKap ∧ ¬Kbp is only true in the
model restriction{0, 1} thatexcludesthe actual state 0. Therefore,�Kaϕ → Ka�ϕ is
invalid. In simple words, it may unfortunately happen that we jump to a state where a
model restriction is possible that excludes the actual state. Therefore, things that are true
at that state may be impossible to realize by a reversal of that process.

3.1.4 Validities relating booleans and arbitrary announcements

The following Proposition 17 will be helpful to show that in the single-agent case every
formula is equivalent to an epistemicLel -formula, as discussed in Subsection 3.2.

Proposition 17 Let ϕ, ϕ0, . . . , ϕn ∈ Lpl andψ ∈ Lapal .

1. |= �ϕ↔ ϕ

2. |= �K̂aϕ↔ ϕ

3. |= �Kaϕ↔ Kaϕ

4. |= �(ϕ ∨ ψ) ↔ (ϕ ∨ �ψ)

5. |= �(K̂aϕ0 ∨Kaϕ1 ∨ · · · ∨Kaϕn) ↔ (ϕ0 ∨Ka(ϕ0 ∨ ϕ1) ∨ . . . ∨Ka(ϕ0 ∨ ϕn))

Proof In the proof, we use the dual (diamond) versions of all propositions.

1. |= ♦ϕ↔ ϕ
This is valid because〈ψ〉ϕ↔ ϕ is valid inPAL, for anyψ and booleanϕ.

2. |= ♦Kaϕ↔ ϕ
Right-to-left holds becauseϕ → 〈ϕ〉Kaϕ is valid in PAL for booleans. The other
way round,|= ♦Kaϕ → ϕ because♦Kaϕ → ♦ϕ is valid in PAL, and♦ϕ ↔ ϕ is
valid in PALas we have seen above (ϕ being boolean).

3. |= ♦K̂aϕ↔ K̂aϕ
Right-to-left holds follows from the dual form of the validity �ϕ→ ϕ (Proposition
7). Left-to-right holds because〈ψ〉K̂aϕ→ K̂aϕ is valid inPAL for booleansϕ.

4. |= ♦(ϕ ∧ ψ) ↔ ϕ ∧ ♦ψ
Left-to-right: First, ♦ distributes over∧, and second,|= ♦ϕ ↔ ϕ as we have
established above. From right-to-left:ϕ ∧ ♦ψ is equivalent to (apply case 1)�ϕ ∧
♦ψ. From the semantics of� now directly follows♦(ϕ ∧ ψ).

5. |= ♦(Kaϕ0 ∧ K̂aϕ1 ∧ . . . ∧ K̂aϕn) ↔ ϕ0 ∧ K̂a(ϕ0 ∧ ϕ1) ∧ . . . ∧ K̂a(ϕ0 ∧ ϕn)
We show this case forn = 1.

Left-to-right: Directly in the semantics. LetM, s be arbitrary and supposeM, s |=
♦(Kaϕ0 ∧ K̂aϕ1). Let ψ be the epistemic formula such thatM, s |= 〈ψ〉(Kaϕ0 ∧
K̂aϕ1). In the modelM |ψ we now have thatM |ψ, s |= Kaϕ0 soM |ψ, s |= ϕ0.
AlsoM |ψ, s |= K̂aϕ1. Let t be such thats ∼a t andM |ψ, t |= ϕ1. AsM |ψ, s |=
Kaϕ0, ands ∼a t, alsoM |ψ, t |= ϕ0. ThereforeM |ψ, t |= ϕ0 ∧ ϕ1, and therefore
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M |ψ, s |= K̂a(ϕ0 ∧ ϕ1). SoM |ψ, s |= ϕ0 ∧ K̂a(ϕ0 ∧ ϕ1), and asϕ0 andϕ1 are
booleans alsoM, s |= ϕ0 ∧ K̂a(ϕ0 ∧ ϕ1).2

Right-to-left: For the other direction, supposeM, s |= ϕ0 ∧ K̂a(ϕ0 ∧ϕ1). Consider
the modelM |ϕ0. BecauseM, s |= K̂a(ϕ0 ∧ ϕ1), andϕ1 is boolean, there must
be at ∈ M |ϕ0 such thatM |ϕ0, t |= ϕ1. SoM |ϕ0, s |= K̂aϕ1. AlsoM |ϕ0, s |=
Kaϕ0, becauseϕ0 is boolean. SoM |ϕ0, s |= Kaϕ0 ∧ K̂aϕ1 and thereforeM, s |=
♦(Kaϕ0 ∧ K̂aϕ1).

�

3.2 Expressivity

If there is a single agent only, arbitrary announcement logic reduces to epistemic logic.
But for more than one agent, it is strictly more expressive than public announcement logic.
We remind the reader that, in the absence of common knowledge, public announcement
logic is equally expressive as epistemic logic.

First, we consider the single-agent case. LetA = {a}. We obtain the result by
applying Proposition 17. We need some additional terminology as well. A formula is in
normal formwhen it is a conjunction of disjunctions of the formϕ ∨ K̂aϕ0 ∨ Kaϕ1 ∨
. . .∨Kaϕn, whereϕ, ϕ0, . . . , ϕn are all formulas in propositional logic. Every formula in
single-agentS5 is equivalent to a formula in normal form [17]. A normal form may not
exist for a multi-agent formula, e.g., it does not exist forKaKbp. This explains why the
result below does not carry over to the multi-agent case.

Proposition 18 Single agent arbitrary announcement logic is equally expressive as epis-
temic logic.

Proof We prove by induction on the number of occurrences of�, that every formula in
single-agent arbitrary announcement logic is equivalent to a formula in epistemic logic.
Put the epistemic formula in the scope of an innermost� in normal form. First, we
distribute� over the conjunction (Proposition 7.1). We now get formulasof the form
�(ϕ ∨ K̂aϕ0 ∨ Kaϕ1 ∨ · · · ∨ Kaϕn). These are reduced by application of Propositions
17.4 and 17.5 to formulas(ϕ ∨ ϕ0) ∨Ka(ϕ0 ∨ ϕ1) ∨ · · · ∨Ka(ϕ0 ∨ ϕn). �

Proposition 19 Arbitrary announcement logic is strictly more expressive than public an-
nouncement logic.

Proof The proof follows an abstract argument. Suppose the logics are equally expressive,
in other words, that there is some reduction rule for arbitrary announcement such that�ϕ
can be reduced to an expression without�. Given the reduction ofPAL to EL, this entails
that every arbitrary announcement formula should be equivalent to an epistemic logical
formula. Now the crucial observation is that this epistemicformula only contains afinite
number of atomic propositions. We then construct models that cannot be distinguished in
the restricted language, but can be distinguished in a language with more atoms.

2Alternatively, one can use more straightforwardly theS5 validity (Kaϕ0∧K̂aϕ1) → (Kaϕ0∧K̂a(ϕ0∧
ϕ1))
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So it remains to give a specific formula and a specific pair of models. Note that the
formula must involve more than one agent, as single-agent arbitrary announcement logic
is reducible to epistemic logic (see Proposition 18).

Consider the formula♦(Kap ∧ ¬KbKap). Assume, towards a contradiction, that it
is equivalent to an epistemic logical formulaψ. W.l.o.g. we may assume thatψ only
contains the atomp.3 We now construct two different epistemic states(M, s) and(M ′, s′)
involving a newatomq such that♦(Kap ∧ ¬KbKap) is true in the first but false in the
second. We also take care that the two models are bisimilar with respect to the language
withoutq. Therefore, the supposed reduction is either true in both models or false in both
models. Contradiction. Therefore, no such reduction exists.

The required models are as follows. Epistemic state(M, 1) consists of the well-known
modelM wherea cannot distinguish between states wherep is true and false, butb can
(but knows thata cannot, etc.), i.e., domain{0, 1} with universal access fora and identity
access forb, wherep is only true at1, and1 is the actual state. Visualized as:

0 1a

Epistemic state(M ′, 10) consists of two copies ofM , namely one where a new factq is
true and another one whereq is false. In the actual state10, q is false. We visualize this
as:

00 10

01 11

a

a

b b

We now have that(M, 1) is bisimilar to(M ′, 10) with regard to the epistemic language
for atomp and agentsa, b. ThereforeM, 1 |= ψ iff M ′, 10 |= ψ. On the other hand
(M, 1) is not bisimilar to(M ′, 10) with regard to the epistemic language for atomsp, q
and agentsa, b. This is evidenced by the fact thatM, 1 6|= ♦(Kap∧¬KbKap) but, instead,
M ′, 10 |= ♦(Kap ∧ ¬KbKap). The latter is becauseM ′, 10 |= 〈p ∨ q〉(Kap ∧ ¬KbKap):
the announcementp∨q restricts the domain to the three states where it is true, andM ′|(p∨
q), 10 |= Kap ∧ ¬KbKap, because10 ∼b 11 andM ′|(p ∨ q), 11 |= ¬Kap.4 �

As an aside, because it departs from our assumption that all accessibility relations are
equivalence relations, we have yet another result concerning expressive power. Consider
the more generalmulti-agent modelsM = (S,R, V ) for accessibility functionsR : A →
P(S × S). Unlike the corresponding relations∼a in epistemic models, the relations
Ra are not necessarily equivalence relations. We now interpret the same language on
those structures, with the obvious (only) difference thatM, s |= Kaϕ iff for all t ∈ S :
Ra(s, t) impliesM, t |= ϕ. Many results still carry over to the more general logic, butthe
expressivity results are now different.

3The alternative is thatψ contains afinitenumber of atoms. What other atoms apart fromp? It does not
matter: the contradiction on which the proof of Proposition19 is based, merely requires a ‘fresh’ atom not
yet occurring inψ.

4Kooi, in a personal communication, suggested an interesting alternative proof of larger expressivity
that does not require a fresh atom, but deeper and deeper modal nesting. The proof is almost the same as
the one we present here, but rather than an atom that distinguishes the worlds there are strings of worlds of
different length attached to each world of the square.
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Proposition 20 With respect to the class of multi-agent models for (a single) accessibility
relationRa, single-agent arbitrary announcement logic is strictly more expressive than
public announcement logic.

Proof Along the same argument as in Proposition 19, on the assumption that a given for-
mulaϕ is logically equivalent to a�-free formulaψ not containing some fresh atomq
we present two models that are bisimilar with respect to the atoms inψ and that there-
fore cannot be distinguished byψ, but that have a different valuation forϕ. From the
contradiction follows strictly larger expressivity.

Consider the formula♦(Kap ∧ ¬KaKap) and assume that it is equivalent to an epis-
temicψ only containing atomp; and consider modelsM andM ′ as follows:

Multi-agent state(M, 1) consists of the familiar modelM wherea cannot distinguish
between states 1 and 0 wherep is true and false, respectively, and where1 is the actual
state. We now explicitly visualize all pairs in the accessibility relation and get:

0 1
a

a
aa

Multi-agent state(M ′, 10) consists of two copies ofM , namely a bottom one where a new
fact q is false and a top one whereq is true. The actual state is10. Accessibility relations
are as shown—note that there is no reflexive access on any world.

00 10

01 11

a

a

a

a

a a a a

We now have that(M, 1) is bisimilar to(M ′, 10) with regard to the epistemic language
for atomp and agenta, but that(M, 1) is not bisimilar to(M ′, 10) with regard to the
epistemic language for atomsp, q and agenta. Therefore,M, 1 |= ψ iff M ′, 10 |= ψ.
On the other hand,M, 1 6|= ♦(Kap ∧ ¬KaKap) butM ′, 10 |= ♦(Kap ∧ ¬KaKap), as
M ′, 10 |= 〈p ∨ q〉(Kap ∧ ¬KaKap). �

3.3 Compactness and model checking

Compactness The counterexample used in the proof of Proposition 19 can beadjusted
to show thatAPAL is not compact.

Proposition 21 Arbitrary announcement logic is not compact.

Proof Take the following infinite set of formulas:

{[θ](Kap→ KbKap) | θ ∈ Lel} ∪ {¬�(Kap→ KbKap)}.

By the semantics of�, this set is obviously not satisfiable. But we will show thatany of
its finite subsets is satisfiable. This contradicts compactness. Let

{[θi](Kap→ KbKap) | 0 ≤ i ≤ n} ∪ {¬�(Kap→ KbKap)}
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be any such finite subset, and letq be an atomic sentence that is distinct fromp and does
not occur in any of the sentencesθi (0 ≤ i ≤ n). Take now the epistemic state(M ′, 10) as
in the proof of Proposition 19. As shown above, we haveM ′, 10 |= ♦(Kap ∧ ¬KbKap),
and thusM ′, 10 |= ¬�(Kap→ KbKap). On the other hand, for the epistemic state(M, 1)
as in the above proof, we have shown above that we haveM, 1 6|= ♦(Kap∧¬KbKap), i.e.
M, 1 |= �(Kap → KbKap). By the semantics of�, it follows thatM, 1 |= [θi](Kap →
KbKap) for all 0 ≤ i ≤ n; but q doesn’t occur in any of these formulas, so their truth-
values must be the same at(M ′, 10) and(M, 1) (since as shown above, the two epistemic
states are bisimilar w.r.t. the language withoutq). Thus, we haveM ′, 10 |= [θi](Kap →
KbKap) for all 0 ≤ i ≤ n. Putting these together, we see that our finite set of formulas is
satisfied at the state(M ′, 10). �

Model checking We preferred to keep some technical results on model checking out of
the paper. The model checking problem for the logicAPAL(to determine the extension of
a given formula in a given model) is PSPACE-complete (Work inprogress by Balbiani et
al.).

Let us briefly sketch why the model checking problem forAPAL is decidable. This
result is not trivial, because of the implicit quantification overall atoms in the�-operator.
Consider a finite model with a recursive valuation map (from the infinite set of atomic
sentences to the powerset of the model). It is well-known that determining the largest
bisimulation on such a model is a decidable problem, and so isfinding all subsets of the
model that are closed under the largest bisimulation. Givensuch a model and a formula,
we can then then replace all occurrences of�ϕ in that formula by a finite conjunction of
announcement sentences[θ]ϕ, where the denotation of the announced formulasθ ranges
over all the subsets that are closed under the largest bisimulation of the model. (We use
here the known fact that a subset of a finite model is definable in basic modal/epistemic
logic if and only if it is closed under the largest bisimulation.) To determine the truth of the
resulting formula one can then use a model-checking algorithm for public announcement
logic.

Decidability Finally, it is relevant to observe that the related issue of the decidability
of the logic has been resolved by French in an as yet unpublished manuscript [10]: arbi-
trary announcement logic isundecidable. A logic is decidable iff there is a terminating
procedure to determine whether a given formula is satisfiable. French proved via a tiling
argument (and an embedding) that it is co-RE complete to determine whether a given
formula can be satisfied in some model.

3.4 Knowability and other semantic or syntactic fragments

A suitable direction of research is the syntactic or semantic characterization of interesting
fragments of the logic. In this section we definepositive, preserved, successful, andknow-
ableformulas, and investigate their relation. (See Figure 1 foran overview of definitions.)

Thepositive formulasintuitively correspond to formulas that do not express ignorance;
in epistemic logical (Lel) terms: in which negations do not precedeKa operators. We
consider a generalization of that notion toLapal . The fragment of thepositive formulasis
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positive ϕ ::= p|¬p|ϕ ∨ ϕ|ϕ ∧ ϕ|Kaϕ|[¬ϕ]ϕ|�ϕ
preserved |= ϕ→ �ϕ
successful |= [ϕ]ϕ
knowable |= ϕ→ ♦Kaϕ

Table 1: Overview of formula properties. A formula satisfying the condition in the right
column is said to have the property in the left column.

inductively defined as

ϕ ::= p|¬p|ϕ ∨ ϕ|ϕ ∧ ϕ|Kaϕ|[¬ϕ]ϕ|�ϕ

Note that the truth of the announcement is aconditionof its execution, which, when seen
as a disjunction, explains the negation in[¬ϕ]. Unfortunately, the negation in[¬ϕ]ϕ
makes ‘positive’ somewhat of a misnomer.

Thepreserved formulaspreserve truth under arbitrary (epistemically definable) model
restriction, also known as relativization. They are (semantically) defined as thoseϕ for
which |= ϕ → �ϕ.5 There is no corresponding semantic principle in public announce-
ment logic that expresses truth preservation.

We now prove that positive formulas are preserved. Restricted to epistemic logic
without common knowledge, this was observed by van Benthem in [26]. In [28] van Dit-
marsch and Kooi extended van Benthem’s result, with an additional clause[¬ϕ]ϕ. (And
also, unlike here, an additional clauseCBϕ for subgroup common knowledge operators,
whereB ⊆ A.) Surprisingly, we can further extend the notion of ‘positive’ to arbitrary
announcement logic, by adding a clause�ϕ: in the case�ϕ of the inductive proof below
to show truth preservation, assuming the opposite easily leads to a contradiction.

Proposition 22 Positive formulas are preserved.

Proof For “M ′ is a submodel ofM” write M ′ ⊆ M . To prove the proposition it is
sufficient to show the following:

GivenM,M ′ with M ′ ⊆ M , a states in the domain ofM ′, and a positive
formulaϕ. If (M, s) |= ϕ, then(M ′, s) |= ϕ (i).

It is sufficient, because it then also holds for allepistemically definablesubmodelsM ′.
We show(i) by proving an even slightly stronger proposition, namely:

GivenM,M ′,M ′′ with M ′′ ⊆ M ′ ⊆ M , states in the domain ofM ′′, and
positiveϕ. If (M ′, s) |= ϕ, then(M ′′, s) |= ϕ.

This has the advantage of loading the induction hypothesis.Loading is needed for the
case[¬ϕ]ψ of the proof, that is by induction on the formula. We assume most cases to be
well-known, except for the case[¬ϕ]ψ, similarly shown in [28], and�ϕ, which is new.

Case[¬ϕ]ψ:

5In [20], the same semantic condition defines thepersistentformulas.
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Given is (M ′, s) |= [¬ϕ]ψ. We have to prove that(M ′′, s) |= [¬ϕ]ψ. Assume that
(M ′′, s) |= ¬ϕ. By using the contrapositive of the induction hypothesis,(M ′, s) |= ¬ϕ.
From that and the assumption(M ′, s) |= [¬ϕ]ψ follows (M ′|¬ϕ, s) |= ψ. Because
(M ′, s) |= ¬ϕ, M ′′|¬ϕ is a submodel ofM ′|¬ϕ. From(M ′|¬ϕ, s) |= ψ andM ′′|¬ϕ ⊆
M ′|¬ϕ ⊆ M ′ ⊆M it follows from (the loaded version of!) induction that(M ′′|¬ϕ, s) |=
ψ. Therefore(M ′′, s) |= [¬ϕ]ψ.

Case�ϕ:
Assume(M ′, s) |= �ϕ. Suppose towards a contradiction that(M ′′, s) 6|= �ϕ. Then
there is aψ such that(M ′′, s) |= 〈ψ〉¬ϕ, from which follows(M ′′|ψ, s) 6|= ϕ. From
M ′′|ψ ⊆ M ′′ ⊆ M ′ and contraposition of induction follows(M ′, s) 6|= ϕ. But from
(M ′, s) |= �ϕ follows (M ′, s) |= [⊤]ϕ which equals(M ′, s) |= ϕ that contradicts the
previous. �

Van Benthem [26] also shows that preserved formulas are (logically equivalent to) posi-
tive. This is not known for the extension of these notions to public announcement logic in
[28], nor for arbitrary announcement logic. An answer to this question seems hard.

Another semantic notion is that ofsuccess. Successful formulasare believed after their
announcement, or, in other words, after ‘revision’ with that formula. This corresponds to
the postulate of ‘success’ in AGM belief revision. Formally, ϕ is a successful formula
iff [ϕ]ϕ is valid (see [28], elaborating an original but slightly different proposal in [11]).
The validity of [ϕ]ϕ is equivalent to the validity ofϕ → [ϕ]Kaϕ: “if ϕ is true, then after
announcingϕ, ϕ is believed.” (see [28]). This validity describes in a dynamic epistemic
setting the postulate of success for belief expansion: “ifϕ is true, then after expansion
with ϕ, ϕ should be believed.”

Proposition 23 Preserved formulas are successful.

Proof |= ϕ→ �ϕ implies|= ϕ→ [ϕ]ϕ, and|= ϕ→ [ϕ]ϕ iff |= [ϕ]ϕ. �

Corollary 24 Positive formulas are successful.

Fitch observed that not all unknown truths can become known [9, 6], such as the well-
knownp ∧ ¬Kp. Instead of calling this a paradox (which Fitch did not do either!), we
prefer to call it a fact, and the question then is what unknowntruthscanbecome known.
For a single agenta we can define theknowable formulasas those for which|= ϕ →
♦Kaϕ, and the most obvious multi-agent version defines theknowable formulasas those
for which, for all agentsa ∈ A, |= ϕ → ♦Kaϕ. (See a paragraph below for some
additional multi-agent versions of knowability.) We can now observe that:

Proposition 25 Positive, preserved, and successful formulas are all knowable.

Proof Similar to the proof of Prop. 23. Observe that|= ϕ → �ϕ implies |= ϕ → [ϕ]ϕ
which is equivalent to|= ϕ→ [ϕ]Kaϕ; |= ϕ→ [ϕ]Kaϕ is equivalent to|= ϕ→ 〈ϕ〉Kaϕ;
and|= ϕ→ 〈ϕ〉Kaϕ implies|= ϕ→ ♦Kaϕ. �

The syntactic characterization of knowable formulas remains an open question—but we
would like to emphasize that, given a choice of interpretation for � as in our logic, this
has become a purely technical question. We think that this isa proper way to address
knowability issues. Some knowable formulas are not positive, for example¬Kap: if true,
announce⊤, andKa¬Kap (still!) holds. Therefore|= ¬Kap→ ♦Ka¬Kap.
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Other approaches The excellent entry in the Stanford Encyclopedia of Philosophy on
Fitch’s Paradox [6] gives an overview of semantic and syntactic restrictions intended to
avoid its paradoxical character.

It is relevant to mention Tennant’s cartesian formulas: a formulaϕ is cartesianiff
Kϕ is not provably inconsistent [24]. A semantic correspondent of that, more in line
with semantic features of formulas that we distinguished above, would be to defineϕ as
cartesian iffKϕ is satisfiable, or, in other terms, iff6|= ¬Kϕ. Van Benthem observed
that cartesian formulas may not be knowable [25]. For example, the formulap ∧ ¬Kq is
cartesian but not knowable:

Consider a model where the formula is satisfied in a state wherein p is true butq is
false. Now announcep. This results in a state wherep is now known but¬Kq is of course
still true. So, with introspection for knowledge and distribution ofK over∧ we have that
K(p ∧ ¬Kq) is true. Therefore, the formula is cartesian.

On the other hand, we have that6|= p∧¬Kq, because in a model where the denotations
of atomsp andq are thesame, p ∧ ¬Kq is false in any model restriction. Therefore, the
formula is not knowable (in our sense).

It seems reasonable that this formula should be knowable in some other sense. But it
is unclear in what sense. For example, what if one characterizes the knowable formulas
as those for which for all agents—returning to the multiagent situation—ϕ → ♦Kaϕ is
merelysatisfiable, and not necessarily valid? Unfortunately,everyformula is knowable in
that sense. Ifϕ is valid, then�Kaϕ is valid, andϕ→ �Kϕ as well, so alsoϕ→ ♦Kaϕ,
so a fortiori it is satisfiable. Ifϕ is not valid, there must be an epistemic modelM and
a states in that model whereϕ is false. But in that case we also have, trivially, that
M, s |= ϕ → ♦Kaϕ. Therefore,ϕ → ♦Kaϕ is satisfiable. Therefore,ϕ → ♦Kaϕ is
satisfiable for allϕ.

Another (rather summary) syntactic characterization, within an intuitionistic setting,
is that by Dummett in [7].

Moss and Parikh’s topologic [20, 21] has the same language combining the knowledge
operatorK with box �, although for a single agent only. They interpret� not in our
temporal sense but in a spatial sense. With us,♦ϕ means ‘ϕ is true after a sequence of
announcements’, i.e., ‘after some time’. Moss and Parikh suggest to interpret♦ϕ as ‘ϕ is
true when taking some effort narrowing down the possibilities’, i.e., ‘closer’. How they
relateK and� in their semantics is different from our approach, because the structure on
which they interpret their language is a topology of subsetsof the domain of states. Most
interestingly an open set in a topology is characterized by a‘knowability-like’ formula:
M |= ϕ → ♦Kϕ iff [[ϕ]]M is an open set. (See [20, p.98]). An open set is a subset
of the domain of the modelM with a certain property relative to the topology defined
on that domain.) They do not observe the relevance of their logic for knowability issues.
Incidentally, Fitch leaves the question of how to interpret� open in [9], and explicitly says
that it does not have to be interpreted temporally: “the element of time will be ignored in
dealing with these various concepts [such as knowledge]” [9, p.135].

Multi-agent versions of knowability There are various multi-agent versions of knowa-
bility that can be explored. To name a few:

• ϕ→ ♦CAϕ: commonly knowable truths
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all instantiations of propositional tautologies
Ka(ϕ→ ψ) → (Kaϕ→ Kaψ) distribution of knowledge over implicat.
Kaϕ→ ϕ truth
Kaϕ→ KaKaϕ positive introspection
¬Kaϕ→ Ka¬Kaϕ negative introspection
[ϕ]p↔ (ϕ→ p) atomic permanence
[ϕ]¬ψ ↔ (ϕ→ ¬[ϕ]ψ) announcement and negation
[ϕ](ψ ∧ χ) ↔ ([ϕ]ψ ∧ [ϕ]χ) announcement and conjunction
[ϕ]Kaψ ↔ (ϕ→ Ka[ϕ]ψ) announcement and knowledge
[ϕ][ψ]χ↔ [(ϕ ∧ [ϕ]ψ)]χ announcement composition
�ϕ→ [ψ]ϕ whereψ ∈ Lel arbitrary and specific announcement
Fromϕ andϕ→ ψ, inferψ modus ponens
Fromϕ, inferKaϕ necessitation of knowledge
Fromϕ, infer [ψ]ϕ necessitation of announcement
Fromψ → [θ][p]ϕ, inferψ → [θ]�ϕ

wherep 6∈ Pψ ∪ Pθ ∪ Pϕ deriving arbitrary announcement /R(�)

Table 2: The axiomatizationAPAL

• Kaϕ→ ♦CAϕ: an individual canpublishhis knowledge

• Kaϕ→ ♦Kbϕ: knowledge transferfrom a to b

• DAϕ→ ♦CAϕ: distributed knowledge can be made common

Such notions are useful for the specification of both static and dynamic aspects of multi-
agent systems, including properties of communication protocols. They suffer from similar
constraints as the original Fitch knowability. For example, my knowledge thatp is true
and that you are ignorant ofp, formalized asKme(p ∧ ¬Kyoup), is not transferable to
you, asKyou(p ∧ ¬Kyoup) is inconsistent for knowledge. The question what distributed
knowledge can be made common, is relevant to compute the global consequences of local
propagation of information through distributed networks.

4 Axiomatization

4.1 The axiomatization APAL and its soundness

We now provide a complete axiomatization ofLapal.

Definition 26 The axiomatizationAPAL is given in Table 2. A formula is atheoremif it
belongs to the least set of formulas containing all axioms and closed under the rules. Ifϕ
is a theorem, we write⊢ ϕ.

Proposition 27 (Soundness)The axiomatizationAPAL is sound. We only pay attention
to the axiom and the derivation rule involving�.

1. �ϕ→ [ψ]ϕ, whereψ ∈ Lel (arbitrary and specific announcement)
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2. Fromψ → [θ][p]ϕ, inferψ → [θ]�ϕ, wherep 6∈ (Pψ ∪Pθ ∪Pϕ) (deriving arbitrary
announcement)

Proof

1. The soundness of ‘arbitrary and specific announcement’ follows directly from the
semantics of�. The restriction to epistemic formulas is important. Without that
restriction it is unclear if the axiom is sound.

2. To show the soundness of ‘deriving arbitrary announcement’, we first observe that
the formulasψ → [θ][p]ϕ andψ → [θ]�ϕ are necessity forms, such that their
negations are equivalent to possibility forms (see Definition 2 on page 7). We then
use Proposition 13, which says that diamonds in possibilityforms can be witnessed
by fresh atoms.

Suppose, towards a contradiction, thatψ → [θ][p]ϕ is valid but thatψ → [θ]�ϕ is
not valid, i.e. we have a model such that(S, V, s) |= ¬(ψ → [θ]�ϕ). As it is the
negation of a necessity form, formula¬(ψ → [θ]�ϕ) is equivalent to a possibility
formχ{♦¬ϕ}. (Note that¬(ψ → [θ][p]ϕ) is therefore equivalent to the possibility
formχ{〈p〉¬ϕ}.) From(S, V, s) |= χ{♦¬ϕ} and Proposition 13 follows that there
exists a valuationV ′ and an atomp 6∈ (Pψ ∪ Pθ ∪ Pϕ) such that(S, V ′, s) |=
χ{〈p〉¬ϕ}. As fresh atomp we may choose thep in ψ → [θ][p]ϕ. So(S, V ′, s) |=
¬(ψ → [θ][p]ϕ). This contradicts the validity ofψ → [θ][p]ϕ.

�

4.2 Example derivations

Example 28 We show that the validity�p → ��p is also a theorem. In step 4 we use
that the axiomatization for public announcement logicPAL satisfies the property of ‘sub-
stitution of equivalents’ (see [22, 23], or [30] for details). In step 8 of the derivation we
use that�p→ [q]♯ is a necessity form, and in step 9 of the derivation we use that�p→ ♯
is a necessity form.

1. ⊢ �p→ [q ∧ (q → r)]p arbitrary and specific announcement
2. ⊢ (q → r) ↔ [q]r atomic permanence
3. ⊢ (q ∧ (q → r)) ↔ (q ∧ [q]r) 2, propositionally
4. ⊢ [q ∧ (q → r)]p↔ [q ∧ [q]r]p substitution of equivalents forPAL (*)
5. ⊢ [q ∧ [q]r]p↔ [q][r]p announcement composition
6. ⊢ [q ∧ (q → r)]p↔ [q][r]p 4, 5, propositionally
7. ⊢ �p→ [q][r]p 1, 6, propositionally
8. ⊢ �p→ [q]�p 7, deriving arbitrary announcement
9. ⊢ �p→ ��p 8, deriving arbitrary announcement

Example 29 For another example, we show that[�p]p is a theorem. This means that,
regardless of the restriction in axiom�ϕ → [ψ]ϕ (arbitrary and specific announcement)
thatψ ∈ Lel , there are already very basic theorems of the form[ψ]ϕ whereψ is not an
epistemic formula. The restriction is therefore not ‘per se’ a reason to fear incompleteness
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of the logic.

1. ⊢ �p→ [⊤]p arbitrary and specific announcement
2. ⊢ [⊤]p→ (⊤ → p) atomic permanence
3. ⊢ (⊤ → p) ↔ p propositionally
4. ⊢ �p→ p 1, 2, 3, propositionally
5. ⊢ [�p]p↔ (�p→ p) atomic permanence
6. ⊢ [�p]p 4, 5, propositionally

Finally, we show that a derivation rule for necessitation of� is derivable inAPAL . The
proof presents another, very short, example of a derivation. But as the reader might have
expected this rule in the proof system, we present the resultas a proposition and not as an
example. In Proposition 7.4 on page 11 we proved the soundness of this principle.

Proposition 30 Necessitation of arbitrary announcement is derivable inAPAL .

Proof
1. ⊢ ϕ assumption
2. ⊢ [p]ϕ 1, necessition of announcement; choosep 6∈ Pϕ
3. ⊢ �ϕ 2, deriving arbitrary announcement

�

4.3 Variants of the rule for deriving arbitrary announcement

We now prove completeness for the logicAPAL. We do this indirectly, by way of an
infinitary variant of the axiomatizationAPAL, that we can show to be complete with
respect to theAPALsemantics. We apply a technique suggested by Goldblatt [13]using
the ‘necessity forms’ that were introduced in Definition 2 onpage 7. Necessity forms
are used in the formulation of two variantsR1(�) andRω(�), now to follow, of the rule
R(�) (‘deriving arbitrary announcement’) from systemAPAL .

Definition 31

• Fromϕ→ [θ][p]ψ, inferϕ→ [θ]�ψ, wherep 6∈ (Pϕ ∪ Pθ ∪ Pψ). R(�)
(already defined)

• Fromϕ([p]ψ), inferϕ(�ψ), wherep 6∈ Pϕ ∪ Pψ. R1(�)

• Fromϕ([χ]ψ) for all χ ∈ Lel, inferϕ(�ψ). Rω(�)

AxiomatizationAPAL
ω is the variant ofAPAL with the infinitary ruleRω(�) instead

of R(�). AxiomatizationAPAL
1 is the variant ofAPAL with the different finitary rule

R1(�) instead ofR(�).

Proposition 32 The rulesR1(�) andRω(�) are sound.

Proof The reader may easily verify that the ruleRω(�) is sound, as this directly corre-
sponds to the semantics for�: a formula of the form�ψ is valid, if [ϕ]ψ is valid for all
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epistemicϕ. Now replace ‘valid’ by ‘derivable’, and observe that the argument can be
generalized for other necessity forms than the basic necessity form.

The soundness of ruleR1(�) is shown exactly as the soundness ofR(�): in the
soundness proof ofR(�) it wasonly essential thatϕ → [θ][p]ψ andϕ → [θ]�ψ were in
necessity form. �

Next, we show in Proposition 34 that everyAPAL theorem is aAPAL
1 theorem,

and vice versa. That proposition requires a lemma.

Lemma 33 Given a necessity formϕ(♯), there areψ, χ ∈ Lapal such that for allθ ∈
Lapal :

⊢ ϕ(θ) iff ⊢ ψ → [χ]θ

Proof Letϕ(θ) be a theorem. Such an instance of a necessity formϕ(♯) has the follow-
ing shape: the formulaθ is entirely on the right (or, if you wish, entirely on the inside); it
is successively bound by, in arbitrary order and arbitrarily often,Ka-operators, announce-
ment operators[χ′], and implicative formsχ′′ → . . . . We can ‘rearrange the order of
these bindings’, so to speak, to get the required formψ → [χ]θ. This, of course, isstill
a necessity form. But a fairly simple one. For these rearrangements it does not matter
whether the formulaϕ(θ) containsother logical connectives (or even� operators!) that
were not used as constructors for the necessity form: these remain bound as they already
were. We are only shifting around epistemic operators, announcements, and implications
that were used to construct the necessity form and other subformulas remain unchanged.

First we look at all thepublic announcement modalitiesoccuring inϕ(θ). Using the
reduction axioms for public announcement logic, we can pushthese modalities inside,
past all the other components of the necessity form. To push them past the knowledge
operatorsKa, we use the reduction axiom ‘announcement and knowledge’:

[ϕ]Kaψ ↔ (ϕ→ Ka[ϕ]ψ)

To push them past implications, we use the axioms ‘announcement and negation’ and
‘announcement and conjunction’. So nowall the announcement modalities are ‘stacked’
on the bottom of the necessity form, right in front ofθ. We repeatedly apply the axiom
annnouncement composition

[ϕ][ψ]η ↔ [ϕ ∧ [ϕ]ψ]η

so that we can collapse all these announcement modalities into one announcement modal-
ity.

We now take care of epistemic modalities. So far, what is leftof the necessity form
ϕ(θ) is a sequence of symbols of the forms(ϕ → . . . or Ka . . . , followed by, at the
bottom (‘at right’), [χ]θ. We do not yet have the desired form ‘ψ → [χ]θ’ because, for
example, the right-hand side of the status quo of our effortsmay look like . . .Ka[χ]θ.
First we get rid of allKa-modalities in that sort of position: we push all the implication
symbols→ past all theKa-modalities by using that in the axiomatizationS5 theorems of
form ϕ → Kaψ can be transformed into theorems of form̂Kaϕ → ψ, and vice versa.
From left to right: apply monotonicity of̂Ka to both sides ofϕ → Kaψ, getting the
theoremK̂aϕ → K̂aKaψ. In S5, K̂aKaψ is equivalent toKaψ, so we getK̂aϕ → Kaψ.
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Using veracity forKa, we getK̂aϕ → ψ. From right to left is similar, except that we
now first deriveKaK̂aϕ → Kaψ from K̂aϕ → ψ. In this way, we iteratively remove all
Ka-modalities in wrong position.

Finally, we take care of implications. We now have a theorem of the form (ϕ1 →
. . . → (ϕn → [χ]θ) . . . ). By a number of propositional steps this gives us a theorem of
formψ → [χ]θ, as desired.

Clearly, the argument works both ways, as all axioms appliedare equivalences. �

Proposition 34 (APAL
1 = APAL) EveryAPAL

1 theorem is anAPAL theorem, and
vice versa.

Proof Suppose we have a derivation involving an application ofR1(�), such that given
someϕ([p]ψ), we inferϕ(�ψ). We can now transform this into a derivation with an
application ofR(�). Apply Lemma 33 toϕ([p]ψ) for θ = [p]ψ. From the result of form
ϕ → [χ][p]ψ, we now inferϕ → [χ]�ψ by applying ruleR(�). Again using Lemma 33,
now forθ = �ψ, we get a derivation ofϕ(�ψ). Repeat this for all applications ofR1(�).
The resulting derivation does not have a singleR1(�) application! The argument works
in both directions. �

Finally, we show that everyAPAL
ω theorem is aAPAL

1 theorem.

Proposition 35 (APAL
ω ⊆ APAL

1) EveryAPAL
ω theorem is anAPAL

1 theorem.

Proof Let us observe that the ruleR1(�) is stronger than the ruleRω(�): if we can
proveϕ([θ]ψ) for all epistemic formulasθ then we can prove in particularϕ([p]ψ) for
some atomp 6∈ Pϕ ∪ Pψ. As a result, we can derive the conclusion of the infinitary
rule using only the finitary ruleR1(�), and the axiomatization based on the infinitary rule
Rω(�) defines a set of theorems that is included in or equal to the setof theorems for the
axiomatization based on the finitary ruleR1(�). �

4.4 Completeness of the axiomatizationAPAL
ω

Let us now demonstrate that the axiomatization based on the infinitary ruleRω(�) is
complete with respect to the semantics. We use Goldblatt’s technique applying necessity
forms, where the main effect of ruleRω(�) is that it makes the canonical model (consist-
ing of all maximal consistent sets of formulas closed under the rule) standard for�.

A setx of formulas is called atheoryif it satisfies the following conditions:

• x contains the set of all theorems;

• x is closed under the rule of modus ponens and the ruleRω(�).

Obviously, the least theory is the set of all theorems whereas the greatest theory is the
set of all formulas. The latter theory is called the trivial theory. A theoryx is said to
be consistent if⊥ 6∈ x. Let us remark that the only inconsistent theory is the set ofall
formulas. We shall say that a theoryx is maximal if for all formulasϕ, ϕ ∈ x or¬ϕ ∈ x.
Let x be a set of formulas. For all formulasϕ, let x + ϕ = {ψ | ϕ → ψ ∈ x}. For all
agentsa, letKax = {ϕ | Kaϕ ∈ x}. For all formulasϕ, let [ϕ]x = {ψ | [ϕ]ψ ∈ x}.
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Lemma 36 Let x be a theory,ϕ be a formula, anda be an agent. Thenx + ϕ, Kax and
[ϕ]x are theories. Moreoverx+ ϕ is consistent iff¬ϕ 6∈ x.

Proof We will only prove thatKax is a theory. First, let us prove thatKax contains the
set of all theorems. Letψ be a theorem. By the necessitation of knowledge,Kaψ is also
a theorem. Sincex is a theory, thenKaψ ∈ x. Therefore,ψ ∈ Kax. It follows thatKax
contains the set of all theorems. Second, let us prove thatKax is closed under modus
ponens. Letψ, χ be formulas such thatψ ∈ Kax andψ → χ ∈ Kax. Thus,Kaψ ∈ x and
Ka(ψ → χ) ∈ x. SinceKaψ → (Ka(ψ → χ) → Kaχ) is a theorem andx is a theory,
thenKaψ → (Ka(ψ → χ) → Kaχ) ∈ x. Sincex is closed under modus ponens, then
Kaχ ∈ x. Hence,χ ∈ Kax. It follows thatKax is closed under modus ponens. Third, let
us prove thatKax is closed underRω(�). Letϕ be a necessity form andψ be a formula
such thatϕ([χ]ψ) ∈ Kax for all χ ∈ Lel. It follows thatKaϕ([χ]ψ) ∈ x for all χ ∈ Lel.
Sincex is a theory, thenKaϕ(�ψ) ∈ x. Consequently,ϕ(�ψ) ∈ Kax. It follows that
Kax is closed underRω(�). �

Lemma 37 (Lindenbaum lemma) Let x be a consistent theory. There exists a maximal
consistent theoryy such thatx ⊆ y.

Proof Letψ0, ψ0, . . . be a list of the set of all formulas. We define a sequencey0, y1, . . . of
consistent theories as follows. First, lety0 = x. Second, suppose that, for somen ≥ 0, yn
is a consistent theory containingx that has been already defined. Ifyn+ψn is inconsistent
andyn + ¬ψn is inconsistent then, by lemma 36,¬ψn ∈ yn and¬¬ψn ∈ yn. Since
¬ψn → (¬¬ψn → ⊥) is a theorem, then¬ψn → (¬¬ψn → ⊥) ∈ yn. Sinceyn is closed
under modus ponens, then⊥ ∈ yn: a contradiction. Hence, eitheryn +ψn is consistent or
yn+¬ψn is consistent. Ifyn+ψn is consistent then we defineyn+1 = yn+ψn. Otherwise,
¬ψn ∈ yn and we consider two cases:

In the first case, we suppose thatψn is not a conclusion ofRω(�). Then, we define
yn+1 = yn.

In the second case, we suppose thatψn is a conclusion ofRω(�). Let ϕ1(�χ1),
. . ., ϕk(�χk) be all the representations ofψn as a conclusion ofRω(�). We define the
sequencey0

n, . . . , y
k
n of consistent theories as follows. First, lety0

n = yn. Second, suppose
that, for somei < k, yin is a consistent theory containingyn that has been already defined.
Then it contains¬ϕi(�χi). Sinceyin is closed underRω(�), then there exists a formula
ϕi ∈ Lel such thatϕi([ϕi]χi) is not in yin. Then, we defineyi+1

n = yin + ¬ϕi([ϕi]χi).
Now, we putyn+1 = ykn. Finally, we definey = y0∪y1∪ . . .. It is straightforward to prove
thaty is a maximal consistent theory such thatx ⊆ y. �

The canonical model ofLapal is the structureMc = (W,∼, V ) defined as follows:

• W is the set of all maximal consistent theories;

• For all agentsa, ∼a is the binary relation onW defined byx ∼a y iff Kax = Kay;

• For all atomsp, Vp is the subset ofW defined byx ∈ Vp iff p ∈ x.

Note that the relations∼a are indeed equivalence relations.
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Lemma 38 (Truth lemma) Letϕ be a formula inLapal. Then for all maximal consistent
theoriesx and for all finite sequences~ψ = ψ1 . . . ψk of formulas inLapal such thatψ1 ∈ x,
[ψ1]ψ2 ∈ x, . . ., [ψ1] . . . [ψk−1]ψk ∈ x:

Mc|~ψ, x |= ϕ iff [ψ1] . . . [ψk]ϕ ∈ x.

Proof The proof is by induction onϕ. The base case follows from the definition ofV .
The Boolean cases are trivial. It remains to deal with the modalities.

CaseKaϕ:
If Mc|~ψ, x 6|= Kaϕ then there exists a maximal consistent theoryy such thatx ∼a y,ψ1 ∈

y, [ψ1]ψ2 ∈ y, . . ., [ψ1] . . . [ψk−1]ψk ∈ y andMc|~ψ, y 6|= ϕ. By induction hypothesis,
[ψ1] . . . [ψk]ϕ 6∈ y. Sincex ∼a y, thenKax = Kay. Thus,Ka[ψ1] . . . [ψk]ϕ 6∈ x, and
[ψ1] . . . [ψk]Kaϕ 6∈ x. Reciprocally, if[ψ1] . . . [ψk]Kaϕ 6∈ x thenKa[ψ1] . . . [ψk]ϕ 6∈ x.
Let y = Kax+¬[ψ1] . . . [ψk]ϕ. The reader may easily verify thaty is a consistent theory.
By Lindenbaum lemma, there is a maximal consistent theoryz such thaty ⊆ z. Hence,
Kax ⊆ z and [ψ1] . . . [ψk]ϕ 6∈ z. Consequently,x ∼a z, ψ1 ∈ z, [ψ1]ψ2 ∈ z, . . .,
[ψ1] . . . [ψk−1]ψk ∈ z and, by induction hypothesis,Mc|~ψ, z 6|= ϕ. Therefore,Mc|~ψ, x 6|=
Kaϕ.

Case[ψ]ϕ :
Let x be a state in the canonical modelMc and letψ1, . . . , ψk−1, ψk be formulas such
that ψ1 ∈ x, . . . , [ψ1] . . . [ψk−1]ψk ∈ x. If Mc|~ψ, x 6|= [ψ]ϕ, thenMc|~ψ, x |= ψ

and Mc|~ψ|ψ, x 6|= ϕ. Thus, by induction hypothesis,[ψ1] . . . [ψk−1][ψk]ψ ∈ x and
[ψ1] . . . [ψk−1][ψk][ψ]ϕ 6∈ x. Reciprocally, if[ψ1] . . . [ψk−1][ψk][ψ]ϕ 6∈ x then [ψ1] . . .

[ψk−1][ψk]ψ ∈ x and by induction hypothesis,Mc|~ψ|ψ, x 6|= ϕ. Thus,Mc|~ψ, x 6|= [ψ]ϕ.
Case�ϕ :

Letx be a state in the canonical modelMc and letψ1, . . . , ψk−1, ψk be formulas such that
ψ1 ∈ x, ..., [ψ1] . . . [ψk−1]ψk ∈ x. If Mc|~ψ, x 6|= �ϕ then there is a�-free formulaψ such
thatMc|~ψ, x 6|= [ψ]ϕ. Thus, by induction hypothesis,[ψ1] . . . [ψk−1][ψk][ψ]ϕ 6∈ x. Using
the axiom�ϕ → [ψ]ϕ and applyingk times the rule of necessitation, this implies that
[ψ1] . . . [ψk−1][ψk]�ϕ 6∈ x. Reciprocally, if[ψ1] . . . [ψk−1][ψk]�ϕ 6∈ x then, using the fact
thatx is closed with respect to the special inference rule for�, there is a�-free formula
ψ such that[ψ1] . . . [ψk−1][ψk][ψ]ϕ 6∈ x. Thus, by induction hypothesis,Mc|~ψ, x 6|= [ψ]ϕ

andMc|~ψ, x 6|= �ϕ. �

4.5 Completeness of the axiomatization APAL

As a result we now have completeness for our logicAPAL .

Proposition 39 (Completeness)Let ϕ be a formula inLapal . Thenϕ is a theorem (in
APAL) if ϕ is valid.

Proof Let ϕ be valid. From Lemmas 36, 37, and 38 follows thatϕ is a theorem in
APAL

ω. From that, Proposition 34, and Proposition 35 follows thatϕ is a theorem in
APAL. �

Theorem 40 (Soundness and completeness)Let ϕ be a formula inLapal . Thenϕ is a
theorem iffϕ is valid.
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⊢ ϕ

|= ϕ

⊢ω ϕ

soundness (Prop. 27)completeness (Prop. 39)

strengthening (Prop. 35)

Figure 3: Method to prove soundness and completeness

Proof Soundness was proved in Proposition 27. Completeness was proved in Proposition
39. �

4.6 Further proof theoretical observations

We wish to emphasize the rather peculiar nature of this completeness proof. Given a logic
APAL, a finitary axiomatizationAPAL, and an infinitary versionAPAL

ω of that ax-
iomatization with the infinitary ruleRω(�), we have been proceeding as follows. First,
we showed that every theorem ofAPAL is a validity of APAL (soundness). Then we
showed that every validity ofAPAL is derivable inAPAL

ω by a canonical model argu-
ment (completeness). Finally we observed that every theorem of APAL

ω is also deriv-
able inAPAL, by two observations. Firstly, an application ofRω(�) can be adjusted
to an application ofR1(�): instead of deriving the conclusion with unique occurrence
�ψ from an infinite set (namely for all epistemic formulasϕ) of premises[ϕ]ψ, we pick
out a premise with a fresh atom among that infinity and derive the conclusion from[ϕ]ψ
only. Secondly, the other observation is that we can transform derivations withR1(�)
applications into derivations withR(�) applications.

The crucial aspect is that the canonical model is for the infinitary versionAPAL
ω of

the proof system, and not for the finitary proof systemAPAL. The infinitary version is
strongly complete: from Lemma 37 and Lemma 38 follows that every consistent theory
is satisfied in a model, one of the formulations of strong completeness. But this does not
imply compactness, because the proof system is not finitary.

The finitary proof systemAPAL is only weakly complete:when proving theorems,
or in other words proofs without premisses, applications ofthe infinitary ruleRω(�)
can be replaced by applications of the finitary ruleR(�), and that proof can then be
transformed to one using the finitary rule inAPAL. But in infinitary proofs, starting
from infinitely many assumptions, we cannot use this trick without getting rid of our proof
assumptions. So strong completeness cannot be shown for thefinitary axiomatization
APAL, and indeed, as we have seen in Proposition 21,APAL is not compact.

5 Arbitrary events

Along a common line in dynamic epistemics, one might consider more general acces-
sibility relations on our structures (as summarily explored in Proposition 20), and one
might expand the language with additional modal operators,in particular: with common
knowledge, with actions that are not public (such as privateannouncements), and with
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assignments (actions that change the truth value of atomic propositions). Let us consider
‘arbitrary events’ in the sense of arbitrary action models [4].

In public announcement logic all events are public. More complex dynamics is also
conceivable, such as private messages, events involving partial observation, etc. Action
models formalize such more complex dynamics. These were proposed by Baltag et al.
in [4]. We refrain from giving sufficient technical details to understand how these action
models work for a reader who has not come across them before, and merely mention
that an action model is a structure exactly as a Kripke model except that elements of
the domain are called ‘events’u instead of ‘states’s, and that instead of a valuationV ,
that for each state determines which facts are true and false, we now have a precondition
functionpre, that to each event assigns a formula called aprecondition. This formula is
the precondition for the execution of that event. A singleton action model with universal
access for all agents corresponds to a public announcement,and the precondition for the
event ‘public announcement’ is the announcement formula.

Let U be a finite action model. Some possible generalizations are as follows (∗ is
arbitrary finite iteration). A sensible restriction in the semantics for arbitrary actions is
that all preconditions must be epistemic formulas.

1 M, s |= 〈U〉ϕ iff there is au ∈ U : M, s |= 〈U, u〉ϕ
2 M, s |= ♦ϕ iff M, s |= 〈U〉∗ϕ for a givenU
3 M, s |= ♦ϕ iff there is aU of a given signature: M, s |= 〈U〉ϕ
4 M, s |= ♦ϕ iff there is aU : M, s |= 〈U〉ϕ

In the first two proposals a given action modelU is a parameter of the language. The
first was investigated by Hoshi in [15, p.8]. The second can beseen as a generalization of
iterated relativization which was investigated in [18], and it results in undecidable logics.
In the third we allow action models of a given signature, i.e.an action model frame without
preconditions for action point execution. The logicAPALcomes under this category: it is
arbitrary event logic for the signature ‘singleton’: this sort of action model corresponds to
an announcement.

The last proposal seems the endpoint of further generalization. From a multi-agent
perspective, where more complex than public events are conceivable, this also seems the
most obvious perspective for multi-agent knowability. Note that action model logic
(without�) is again equally expressive as multi-agent logic. All validities in Proposition
7 hold, and we conjecture that CR also holds. Axiom MK does nothold. Even in finite
models there are infinite chains of informative actions, because the uncertainty of agents
about each other’s uncertainty can be arbitrarily complex.An example is, given initial
uncertainty of two agentsa, b about the value of an atomp, thata privately learns thatp,
after whichb privately learns thata privately learnt thatp, after whicha privately learns
that, and so on, thus creating an arbitrarily large finite model satifying KaKbKaKb . . . p
but whereb does not knowthat. Proposition 12 stating that the truth of♦ψ can always
be simulated by the truth of〈p〉ψ for some fresh atomp, has a natural generalization
to replacing formula preconditions in action models by fresh atoms. In the axiomatiza-
tion APAL (Table 2) we have to add the various axioms reducing the postconditions of
updates, and we have to replace the axiom ‘announcement and knowledge’ by its action-
model-reducing counterpart

�ϕ→ [U ]ϕ where for all eventsu ∈ U : pre(u) ∈ Lel arbitrary and specific event
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Unfortunately, it is unclear what derivation rule should allow the introduction of a�-
formula; an inference involving announcement of a fresh atomic variable is certainly not
good enough: this atom only ‘witnesses’ a public announcement, and not other action
models.

If factual change is also permitted, one has the peculiar result that ♦ϕ is valid for
all consistentϕ, in other words, all satisfiable formulas are realizable (reachable) inany
information state(subject to the restriction that the information state is finite). This applies
a technical result in van Ditmarsch and Kooi [29]: given two finite information states,
there is an event transforming the first into the second. Allowing factual change seems a
too drastic departure from the original Fitch question whattrue formulas are knowable:
that seems to suggest that only informative actions are allowed to get to know things, but
not factual change.

6 Conclusions and further research

We proposed an extension of public announcement logic with adynamic modal operator
�ϕ expressing thatϕ is true after every announcementψ. We gave various semantic
results, defined fragments of ‘knowable’ formulas in the Fitch sense that|= ϕ → ♦Kaϕ,
and we showed completeness for a Hilbert-style axiomatization of this logic.

We anticipate a number of further investigations, by us or others. More details on
model checking and decidability would be relevant—in particular the somewhat surpris-
ing undecidability result. We eagerly look forward to the validation and publication of
French’ results in [10].

Results on model checking and decidability are also relevant for the ‘grander scheme’
comparing dynamic epistemic logics and temporal epistemiclogics, as in recent work by
van Benthem et al. [27], and in work in progress by Hoshi [16].In the comparison between
temporal with dynamic epistemics, if we let an announcementcorrespond to a tick of the
clock, a dynamic announcement operator[ϕ] therefore corresponds to a temporal ‘next’
operator, and our arbitrary announcement operator♦ then corresponds to the temporal
future operatorF , for ‘some time in the future’.

Given the proved validities for�, a relevant question seems where in the S4 scheme
of logics the logicAPAL resides. It is not S5, but at least (given CR and MK) S4.1
and S4.2. Unfortunately it is unclear whether� is a a normal modal operator, more
concretely: whether the validities inL� ∩ APAL satisfy uniform substitution. Tentative
evidence against it, is that public announcement logic is not normal, e.g. [p]p is valid
but [p ∧ ¬Kp]p ∧ ¬Kp is invalid. Further tentative evidence against normality is that an
interpretation of� in terms of neighbourhood semantics is conceivable [2]; which points
to non-normality. On the other hand, arbitrary announcement logic with � but without
announcements might just as well be equally expressive asAPAL. This is the logic with
languageϕ ::= p|¬ϕ|ϕ ∧ ϕ|Kaϕ|�ϕ and with �-semantics:M, s |= �ϕ iff for all
ψ ∈ Lel : M, s |= ψ impliesM |ψ, s |= ϕ. If so, that would be suggestive evidence for
normality of�.

Because of these uncertainties about the character of� it is sometimes difficult to
interpret our results. For example, the principle MK (�♦ϕ → ♦�ϕ) in conjunction with
4 (�ϕ → ��ϕ) correspond to the frame property ofatomicity, defined as∀x∃y(Rxy ∧
∀z(Ryz → z = y)) (see [5, p.167, Ex.3.57]). In our terms, atomicity seems to describe
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that one can always make amostinformative announcement. But this is false! Consider
the model consisting of2|P | states namely one for each valuation of atomic propositions;
and with universal access on the domain for all agents. Everygiven epistemic formula
contains only a finite number of atoms, so after its announcement a further informative
announcement remains possible. So a most informative announcement can not always be
made. This puzzles us.

Our�-operator is an implicit quantification over announcements. Of course, one can
also make the quantification explicit. In other words, instead of♦ϕ we may as well write
∃ψ〈ψ〉ϕ. This approach is currently investigated by Baltag.

Unlike public announcement logic, arbitrary announcementlogic can also be used to
specifyplanning problems, as in AI: we can express some initial knowledge conditions,
and a final desideratum in terms of knowledge, and a diamond♦ of unknown instantia-
tion representing a sequence of announcements supposedly realizing it. In other words,
something of the forminit → ♦Kfinal. Different variants of this theme are conceivable.
If our logic ‘works’, we can reduce and manipulate such an expression so that it should
ultimately deliver the concrete announcements needed to realize the final knowledge con-
ditions: a plan. We did not pursue this matter although a tableaux calculus forAPALmay
be relevant to mention here [3].
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ABSTRACT

Public announcement logic is an extension of multi-agent epistemic logic with
dynamic operators to model the informational consequencesof announce-
ments to the entire group of agents. We propose an extension of public an-
nouncement logic with a dynamic modal operator that expresses what is true
afteranyannouncement:♦ϕ expresses that there is a truthful announcement
ψ after whichϕ is true. This logic gives a perspective on Fitch’s knowability
issues: for which formulasϕ does it hold thatϕ→ ♦Kϕ? We give various se-
mantic results, and we show completeness for a Hilbert-style axiomatization
of this logic. There is a natural generalization to a logic for arbitrary events.


