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For planning to come of age, plans must be judged by
a measure of quality, such as the total cost of actions.
This paper describes an optimal-cost planner which
guarantees global optimality whenever the planning
problem has a solution.

We code the extraction of an optimal plan, from
a planning graph with a fixed number k of levels, as
a weighted constraint satisfaction problem (WCSP).
The specific structure of the resulting WCSP means
that a state-of-the-art exhaustive solver was able to
find an optimal plan in planning graphs containing sev-
eral thousand nodes.

Thorough experimental investigations demonstrated
that using the planning graph in optimal planning is a
practical possibility for problems of moderate size, al-
though not competitive, in terms of computation time,
with optimal state-space-search planners. Our general
conclusion is, therefore, that planning-graph-based op-
timal planning is not the most efficient method for
cost-optimal planning.

Nonetheless, the notions of indispensable (sets of)
actions and too-costly actions introduced in this paper
have various potential applications in optimal plan-
ning. These actions can be detected very rapidly by
analysis of the relaxed planning graph.

Keywords: optimal planning, planning graph, soft con-
straints, soft arc consistency

1. Introduction

After the progress made by non-optimal plan-
ners, optimal planning still remains an important
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challenge from both a theoretical and practical
point of view. In this paper, we show how soft con-
straint satisfaction [65,57] can be used to find an
optimal solution to a planning problem in which
each action has an associated strictly positive cost.
A k-level planning graph is a disjunctive struc-
ture, which can be constructed in polynomial time
and space, containing all potential parallel plans of
length k. The extraction of an optimal plan from
this graph can be coded as a weighted CSP which
mixes crisp binary constraints (such as mutexes)
and soft unary constraints (representing the costs
of actions). Since our basic planner is a generaliza-
tion of GP-CSP [22], we call it GP-WCSP. It guar-
antees cost optimality of parallel plans of length
k.

Different notions of optimality are appropri-
ate for different problems. In many problems, we
would like to find the minimal-cost plan (possibly
using parallel plan length as a secondary optimiza-
tion criterion). However, in certain problems we
may wish to give priority to minimizing parallel-
plan length, using total cost as a secondary opti-
mization criterion. For example, suppose that sub-
contractors are employed to perform tasks (ac-
tions) and that each task requires at most one
working day. The subcontractors only guarantee
that their task will be finished by the end of the
working day, so it is therefore not possible to sched-
ule two mutually-exclusive actions on the same
day. Minimizing the number of levels in a paral-
lel plan is equivalent to minimizing the number of
days in the plan, which may be more important
than minimizing financial cost.

As another example, consider a student follow-
ing a private correspondence course who wishes to
minimize the number of academic years required
to obtain his/her degree while minimizing total fi-
nancial cost as a secondary criterion. Each course
can be modeled as an action whose precondition
corresponds to the prerequisites of the course. In
this example, minimizing the number of levels in a
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parallel plan is equivalent to minimizing the total
number of years necessary to obtain a degree.

To our knowledge, GP-WCSP is the only ex-
isting planner which guarantees cost optimality
among parallel-plans of minimum length.

However, in most applications we are interested
in finding a plan which minimizes total cost, re-
gardless of plan length. A non-trivial extension of
GP-WCSP, called GP-WCSP∗, calculates an up-
per bound MaxLev on the number of levels that
need to be constructed in the planning graph to
guarantee finding such a globally optimal solu-
tion. GP-WCSP∗ is effectively an intelligent form
of iterative-deepening search where depth corre-
sponds to the number of levels in a parallel plan.
Pruning depends critically on finding a good plan
as soon as possible. If a good plan exists with a
small makespan, then it will be found after search-
ing only a few levels. At each level k, the construc-
tion of the planning graph, before embarking on
an exhaustive search, allows us to detect and elim-
inate actions which do not lead to a goal and hence
cannot possibly be part of a valid parallel plan of
length k. Actions which are too costly to be part
of an optimal plan can also be eliminated.

By coding the extraction of a plan from the
planning graph as a WCSP, we can take advan-
tage of different techniques for solving weighted
CSPs. Notably, the search tree can be considerably
pruned by establishing a form of soft arc consis-
tency at each node. The construction of the plan-
ning graph tells us which variables are required in
the WCSP.

A theoretical bound on the length of an opti-
mal plan allows us to provide a guarantee of op-
timality when GP-WCSP∗ attains this number of
levels. This bound can be dramatically reduced by
detection of indispensable sets, sets of actions one
of which must be part of every valid plan. Dif-
ferent types of indispensable sets can be rapidly
detected by solving relaxed planning problems re-
lated to the original problem. On extensive trials
on benchmark problems, the bound on the number
of planning-graph levels was reduced by an aver-
age of 56% allowing us to solve many instances to
optimality.

The rest of the paper is organized as follows. Sec-
tion 2 describes previous work about optimal ap-
proaches of planning. Section 3 is devoted to pre-
liminary definitions. Sections 4 and 5 describe how
our planner extracts an optimal plan from a plan-

ning graph (of a given number of levels k) using
soft constraint techniques. This algorithm can be
used to find an optimal-cost plan among parallel
plans of bounded length k, but to guarantee global
optimality the planning graph must be extended
until a proof of optimality is obtained (Section 6).
To limit the size of the planning graph to be con-
structed, we detect indispensable sets (Sections 7
and 8) as well as too-costly actions which cannot
belong to an optimal plan (Section 9). Results of
our experimental trials are reported in Section 10.

Throughout this article, we remain in the classi-
cal planning framework (instantaneous, static and
deterministic actions) except that each action now
has a cost.

2. Previous work

The first approaches to planning which guar-
anteed a certain form of optimality were those
which translated planning problems into SAT
problems. While Kautz and Selman [44,45] thus
used a SAT coding assuming that the mini-
mal length of a solution-plan is known in ad-
vance, later approaches used the planning graph
of GRAPHPLAN [2] or a coding which repre-
sents all plans of a fixed length k, where k is
incremented until a solution is found. These ap-
proaches, which impose a limit on the size or the
number of levels of solution-plans, are based on
solving NP-complete problems, whereas the propo-
sitional planning problem is PSPACE-complete
[8]. However, the plans produced are only optimal
in the number of steps. In the ∀-step semantic,
each step represents a set of independent actions,
while the ∃-step semantic [21,64,9] allows a set of
actions to be executed in parallel at one time step
if there exists at least one possible execution or-
der of the actions. Optimality in the number of
∀-steps or ∃-steps is not necessarily related to the
quality of the solution in terms of the number of
actions. In the framework of planning with pref-
erences, Giunchiglia and Maratea [30,29] describe
SATPLAN≺, a SATPLAN-based planner using an
optimization criterion based on makespan (num-
ber of steps) and number of actions in the plan:
given the optimal makespan, it returns plans with
the minimal number of actions and maximal num-
ber of the satisfied soft goals, with respect to both
cardinality and subset inclusions.
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The success of the SAT approach initiated the
use of other NP-complete formalisms such as the
constraint satisfaction problem (CSP). The first
CSP-based system CPLAN [67] achieves good per-
formance by posing planning as a CSP but requires
a new hand-generated encoding for each domain.
The aspects of the CPLAN encodings which make
it so effective can, to a large extent, be automated
by the GP-CSP planner [22] in which the planning-
graph is coded in a conditional CSP [60]. More re-
cently, a direct encoding of planning problems as
CSPs has been proposed and implemented in the
system CSPPLAN [56]. This encoding is not based
on the planning graph although it captures all its
properties and constraints. It allows additional bi-
nary constraints and sequence constraints to be
detected and added. In the framework of plan-
ning with preferences, the planner PREFPLAN
[5], which is built on the top of the GP-CSP plan-
ner, uses the preference specification formalism of
TCP-nets [6]. The user provides constraints and
preferences over possible goal states and PREF-
PLAN performs a TCP-net based optimization us-
ing a CSP encoding of the problem. The algo-
rithm is sound, complete, and the solution-plan is
Pareto-optimal with respect to the user’s prefer-
ences. In the specific framework of flexible plan-
ning, the FGP planner [58,59] uses soft constraint
satisfaction. In this context, preconditions are not
always imperative, but can be relaxed with an as-
sociated damage to the resultant plan. The plan-
ning problem is encoded as a flexible CSP and a
degree of satisfaction is associated with different
goals and operators. The degree of satisfaction of
a plan is the minimal satisfaction level of the op-
erators used and the goal achieved. In this paper
we study additive costs.

The search for a fixed-length plan can also be
coded using integer programming (IP). In real-
world planning problems, this approach is par-
ticularly interesting as mixed integer linear pro-
gramming provides an appropriate environment
for using numerical constraints and arbitrary lin-
ear objective functions. The planner ILP-PLAN
[48] uses IP formulations for resource planning
problems incorporating action costs and complex
objectives. The propositional planner IPPLAN
uses new IP formulations [68], one of which uses
GRAPHPLAN’s parallelism and allows at most
one state change for each state variable per plan
step to produce optimal makespan plans.

In optimal planning, another efficient method is
heuristic planning. In the majority of these plan-
ners, the heuristic is computed by using a relaxed
version of the original problem. This relaxation can
essentially be performed by ignoring delete lists,
approximating atom sets by smaller subsets, or ig-
noring certain atoms. HSP∗ is a family of optimal
domain-independent planners built on ideas from
their non-optimal predecessors, HSP and HSPr
[3]. They can generate sequential plans, minimiz-
ing the sum of action costs. As optimal solutions
must be guaranteed, they use admissible heuristics
which are derived automatically from the prob-
lem representation [37]. Haslum et al. [36] intro-
duce two refinements of these admissible heuristics
for domain-independent planning. FDP [32,31] is
another planner based on the paradigm of plan-
ning as constraint satisfaction, that searches for
optimal sequential plans in a structure related to
GRAPHPLAN’s planning graph. In this planner,
the use of a constraint representation helps fo-
cus search on the relevant choice points, to reduce
the branching factor. Each time the graph is ex-
tended, a search for a sequential plan is made us-
ing specific consistency rules and filtering and de-
composition mechanisms. The search algorithm is
a Depth-First Iterative Deepening or IDA∗ with
an admissible heuristic based on unit-cost actions.
The authors claim that FDP could easily be ex-
tended to compute minimal-cost plans when ac-
tions have distinct costs. Recently, several im-
provements have been carried out in the field of
heuristic planning. To deal with planning models
where costs are associated with actions and states,
Bonet and Geffner [4] formulate a more expressive
planning model (and a corresponding admissible
heuristic) where preferences in the form of penal-
ties and rewards are associated with fluents as well
as actions. All heuristic values can be computed in
time linear in the size of the compilation and, us-
ing this heuristic, a best-first search algorithm can
handle negative costs and produce optimal plans.
Brafman and Chernyavsky [5] also attempt to gen-
erate a plan for the optimal feasible goal state for a
problem in which costs and rewards are combined
additively.

An abstraction is a mapping that reduces the
size of the state space, by collapsing several states
into one. When the abstract space is small enough,
it is feasible to find the optimal solution by blind
search. During a preprocessing phase, distances in
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the abstract space are computed and memorized.
Then, during search, heuristic evaluation can be
performed by a simple lookup. Edelkamp [23] uses
data structures such as BDDs to compact the rep-
resentation of sets of states, and uses external stor-
age to explore large search spaces. Helmert et al.
[39] describe a way to calculate a new admissi-
ble pattern database heuristic for forward search
which can be generalized to the case of minimiz-
ing the sum of positive action costs. If a divide-
and-conquer solution reconstruction is used to re-
duce the memory requirements of search, Zhou
and Hansen [72,73] show that breadth-first search
can become more efficient than best-first search.
Their planner BFHSP finds optimal and approx-
imate solutions when all actions have unit cost.
They have also built an anytime algorithm based
on A∗ which uses weighted heuristic search to find
an initial, possibly suboptimal solution and con-
tinues to search for improved solutions until con-
vergence to a provably optimal solution [34].

In this paper we show how weighted-CSP tech-
niques can be used within a GRAPHPLAN-based
planner to minimize an objective function based
on the sum of action costs and/or the number of ∀-
step levels. We compare experimentally our plan-
ner with planners based on heuristic search.

3. Preliminary definitions

Definition 3.1 (planning problem with costs) A
planning problem with costs (or optimal-planning
problem) is a triple Π = 〈A, I, G〉 such that:

1. the initial state I is a finite set of literals
(also known as fluents);

2. A is a set of actions, i.e. of triples 〈prec(a),
eff (a), cost(a)〉, where prec(a) is the set of
propositional preconditions of the action a,
eff (a) is the set of propositional effects of the
action a and cost(a) is a strictly positive nat-
ural number representing the cost of the ac-
tion a;

3. the goal G is the set of propositions to be sat-
isfied. A proposition p is satisfied in a state
S iff p ∈ S.

Given an action a, we denote the set of positive
fluents (non-negated literals) in eff (a) by add(a)
and the set of negative fluents (negated literals) in
eff (a) by del(a).

Definition 3.2 (application of an action) The appli-
cation of an action a in a state S (denoted S ↑ a)
is possible iff all the fluents of prec(a) are sat-
isfied in S. The result is a state S′ such that:
S′ = (S − del(a)) ∪ add(a).

One of the most efficient and influential al-
gorithms in the field of planning is that of
GRAPHPLAN [2], which opened the way to
compilation-based planning methods (as described
in Section 1). These techniques begin by construct-
ing a disjunctive structure (the polynomial-time
and space constructible planning graph in the case
of GRAPHPLAN), which can be considered as a
compact summary of all plans up to a given max-
imal length, and then extract a solution from this
structure.

Definition 3.3 (planning graph) A planning graph
is a directed graph composed of several levels each
with action nodes and fluent nodes, together with
precondition, add and delete arcs. Level 0 contains
only the fluents of the initial state. Each level i > 0
is composed of all those actions which are applica-
ble from the fluents of level i−1, together with the
fluents which are produced by these level i actions.
The arcs represent the relations between the ac-
tions and the fluents: the level i actions are linked
to the precondition fluents of level i− 1 by precon-
dition arcs, and to their level i adds and deletes by
add/delete arcs.

Fluents f are maintained between level i−1 and
level i by noop actions which have the single flu-
ent f as both precondition and effect and zero cost.
At each level of the graph, binary mutual exclu-
sions (mutexes) between pairs of actions and be-
tween pairs of fluents are computed and memo-
rized.

Definition 3.4 (mutual exclusion) Two actions a1

and a2 are mutex at level i of the graph (denoted
mutex(a1, a2, i)) iff:

1. an action deletes a fluent required or added
by the other action:(
(del(a1)∩ (prec(a2)∪ add(a2)))∪ (del(a2)∩

(prec(a1) ∪ add(a1)))
)
6= ∅ or

2. the actions have precondition fluents which
are mutex at level i − 1 (they therefore can-
not be triggered at the same time): ∃(p, q) ∈
prec(a1)× prec(a2), mutex(p, q, i− 1).
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Two fluents p and q at a level i of the graph are
mutex iff all the pairs of actions which produce
them at level i are mutex.

Definition 3.5 (independent set of actions) Two ac-
tions a and b are independent (denoted a#b) iff
they do not verify (1) in Definition 3.4. A set of
actions Qi = {a1, . . . , an} is an independent set iff
all its actions are pairwise independent: ∀ a, b ∈ Q,
a#b. Applying a set of independent actions Q =
{a1, . . . , an} in a state S (denoted S ↑ Q) is possi-
ble iff ∀ a ∈ Q, prec(a) is satisfied in S. The result
is the state S′ =

(
S − ⋃

a∈Q

del(a)
) ∪ ⋃

a∈Q

add(a).

When a set of actions Q is independent, the ap-
plication of the actions in Q leads to an identical
result-state whatever the order in which they are
executed.

Definition 3.6 (parallel plan) An n-level parallel
plan is a sequence of independent sets Qi of ac-
tions, denoted P =< Q1, . . . , Qn >. If all the Qi

are singletons then the plan P is a sequential plan.
The application of a parallel plan P to a state S
is possible iff Q1 is applicable in S, producing a
state S1, Q2 is applicable in S1, producing a state
S2, . . ., Qn is applicable in Sn−1, producing the
state Sn = ((. . . ((S ↑ Q1) ↑ Q2) . . .) ↑ Qn). We
say that Sn is reachable from S, and P is a correct
parallel plan. A correct parallel plan P is a par-
allel solution-plan (or valid parallel plan) iff G is
satisfied in the state Sn.

GRAPHPLAN constructs parallel plans and
hence in this article we are only concerned with
this type of plan.

Definition 3.7 (level-off) In the planning graph,
level-off is attained when two consecutive levels
contain the same actions and fluents as well as the
same mutexes between actions and fluents.

Definition 3.8 (reduced graph) The reduced graph
is a version of the planning graph in which, start-
ing with the goal fluents at level k, we delete all
actions at level k (together with their preconditions
arcs) which do not produce these fluents. This pro-
cess is then repeated at level k − 1 by the deletion
of all actions which do not produce any of the pre-
conditions of the remaining level-k actions, and so
on down to level 1.

Definition 3.9 (relaxation) The relaxation a+ of
an action a consists of ignoring its deletes: a+ =
〈prec(a), add(a), cost(a)〉. The relaxed version of
the problem Π = 〈A, I, G〉 is a triple Π+ =
〈A+, I, G〉 where A+ = {a+|a ∈ A}. The plan-
ning graph corresponding to the relaxed problem,
constructed until level-off, is known as the relaxed
graph. The reduced relaxed graph, denoted G+

r , is
the graph resulting from the reduction of the re-
laxed graph; we denote by A+

r ⊆ A the set of ac-
tions occurring in this graph.

Definition 3.10 (plan metric) The quality of a plan
P is estimated by a function known as a plan met-
ric. In this article we assume an additive met-
ric of the form metric(P ) =

∑
a∈P cost(a). We

denote by Pi the set of solution-plans of length
less than or equal to i levels. P∗i is the set of
solution-plans in Pi which minimize the metric:
∀ P ∈ P∗i : metric(P ) = minP ′∈Pi metric(P ′). P ∗i
denotes a plan in P∗i and C∗i its cost.

For an optimal-planning problem Π = 〈A, I, G〉,
our aim is to find a parallel plan which minimizes
the metric and, among such minimal-cost plans,
has the least number of levels.

We performed our experimental trials on classic
benchmark planning problems. For many of these
benchmark domains, it has been shown that deter-
mining the existence of a plan of bounded length
is NP-complete [38]. The addition of an optimiza-
tion criterion renders these problems even more
difficult to solve in practice.

We give a transportation problem which will
serve as a running example throughout the paper.
This example is part of a class of shortest-path
problems which can be solved in polynomial time,
as a function of the size of the graph, by dynamic
programming. We use it simply to illustrate the
notions introduced in this paper. The problem con-
cerns five cities A, B, C, D and E, a vehicle v and
a crate c. The fluent vi represents the fact that
the vehicle v is in city i. The vehicle v is driven
from city i to city j by means of the action moveij .
The cost of this action depends on the distance be-
tween the cities. The fluent ci represents the fact
that the crate is in city i, and cv the fact that the
crate is on board the vehicle v. The crate c can be
loaded into the vehicle in city i by means of the
action loadi, with a cost of 5, and unloaded in city
i by means of the action unloadi which has a cost
of 3. The problem Π = 〈A, I, G〉 is defined by the
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Fig. 1. Possible moves and their associated costs in a simple
transportation planning problem

initial state I = {vA, cA}, the goal G = {cB} and
the following set of actions A: ∀ i ∈ {A,B,C,D,E},

– ∀ j ∈ {A,B,C,D,E},moveij : 〈{vi}, {vj ,¬vi},
costij〉. Fig. 1 indicates the possible moves
and their costs.

– loadi: 〈{vi, ci}, {cv,¬ci}, 5〉.
– unloadi: 〈{vi, cv}, {ci,¬cv}, 3〉.
To start with, the planning graph is constructed

until level 3 is reached, since this is the first
level in which the goal fluent appears. Extract-
ing an optimal parallel plan from this graph, we
obtain the solution-plan with cost C∗3 = 108:
〈{loadA}, {moveAB , noopcv}, {unloadB}〉 which cor-
responds to the unique sequential plan 〈loadA,
moveAB , unloadB〉. Although this is the minimal-
cost plan among length-3 parallel plans, it is not
optimal, since there is an optimal length-4 plan:
〈loadA,moveAC ,moveCB , unloadB〉 of cost 58. An
important question which then arises is: how many
levels of the planning graph do we need to con-
struct to prove that this is a globally optimal plan?

The Weighted Constraint Satisfaction Problem
(WCSP) is a generalization of the standard CSP
which allows us to model optimization problems
[57]. Infinite costs can be used to model strict con-
straints, such as mutual exclusion, whereas finite
costs can be used to model preferences, probabili-
ties or financial cost.

Definition 3.11 (binary WCSP) A binary WCSP
is composed of:

1. a set of n variables X1, . . . , Xn with respec-
tive domains D1, . . . , Dn,

2. a set of cost functions of arity no greater
than 2. The unary cost functions ci : Di →
R≥0∪{∞} (for i ∈ N = {1, . . . , n}) associate
a cost with each possible assignment to Xi.
The binary cost functions cij : Di × Dj →
R≥0 ∪ {∞} (for (i, j) ∈ E, where 〈N, E〉 is
a directed graph) associate a cost with each
pair of values simultaneously assigned to the

pair of variables (Xi, Xj). The nullary cost
function is simply a constant c∅ ∈ R ∪ {∞}
to be added to the cost of any assignment.

The cost of an assignment x = (x1, . . . , xn) to
variables X1, . . . , Xn is given by:

Cost(x) = c∅ +
∑

i∈N

ci(xi) +
∑

(i,j)∈E

cij(xi, xj)

A solution to the WCSP is an assignment x ∈
D1 × . . .×Dn which minimizes Cost(x).

4. Plan-extraction coded as a WCSP

As demonstrated by [22], the extraction stage of
GRAPHPLAN can be seen as a Conditional Con-
straint Satisfaction Problem [60]. Initially, only a
subset of the variables are active, and the objec-
tive is to find assignments for all active variables
that are consistent with the constraints. Indeed,
during this extraction stage, there is a CSP vari-
able for every fluent f at a level i of the planning
graph; the set of actions that achieve f constitutes
its domain and the mutexes produced during the
construction stage are the constraints of the CSP.
Starting at the goal fluents, GRAPHPLAN tries to
extract a plan from the planning graph by assign-
ing a value (an action) to every variable (fluent)
so as to satisfy the set of constraints (mutexes).
The assignment of values to variables is a dynamic
process because every assignment of a variable at
a level i activates other variables (the precondi-
tions of the selected action) in the previous level.
In the extraction of an optimal solution-plan from
the planning graph, we retain the essential idea
that fluents are variables, actions are values and
mutexes are strict constraints. Once the planning
graph has been constructed, we reduce it by elim-
inating nodes which do not lead to any goal flu-
ent. The reduced planning graph is then coded as
a WCSP as follows, with two new steps (5 and 6)
being required compared to the coding in [22]:

1. Creation of variables and domains: for each
fluent (not present in the initial state), we
create a variable whose domain is the set of
actions which produce this fluent. For each
fluent (not present in the goal state) we add
the value -1 to represent its non-activation.
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2. Translation of mutexes between fluents: for
all mutex fluents fi and fj , this mutual ex-
clusion is coded by a constraint which states
that fi and fj cannot both be activated:
(fi = −1) ∨ (fj = −1).

3. Translation of mutexes between actions: for
all mutex actions a and b with (respective)
effects fi and fj (fi 6= fj), this mutual ex-
clusion is coded by a constraint which states
that fi and fj cannot simultaneously be trig-
gered by the actions a and b: ¬((fi = a) ∧
(fj = b)).

4. Translation of activity arcs: the activation of
a fluent fi produced by an action a implies
the activation of the preconditions of this ac-
tion. This is coded by activity constraints:
∀fj ∈ prec(a), (fi = a) ⇒ (fj 6= −1).

5. Translation of the cost of actions: For each
fluent fi, there is a corresponding unary cost
function which associates with each assign-
ment fi = a the cost of the action a. Noops
have cost 0.

6. Actions with multiple effects: when an action
a produces several fluents fi ∈ eff (a), the
cost of this action could be counted several
times [20]. To avoid this problem, we cre-
ate an intermediary fluent f int with domain
{a,−1}. Furthermore, the action a is replaced
by an imaginary action aint (of zero cost) in
the domains of each of the fluents fi. We add
the following activity constraint between the
fluent f int and each of the fluents fi ∈ eff (a):
(fi = aint) ⇒ (f int = a).

Consider our running example. We initially
construct a planning graph up to level 3, since
this is the first level at which all the goals
appear without mutex. Figure 2 shows the re-
duced planning graph after renaming of vari-
ables. The coding of this graph as a WCSP is
shown in Figure 3 where all binary constraints
are mutexes (and hence all arcs between val-
ues in different domains represent infinite costs).
The optimal solution to this WCSP is the plan
P ∗3 = 〈{loadA}, {moveAB , noopcv}, {unloadB}〉 =
〈loadA,moveAB , unloadB〉 of cost 108.

We explain in the following section how to effi-
ciently solve the WCSP resulting from the encod-
ing described above.

5. Arc consistency in the resulting WCSP

In this section we review the different notions
of soft arc consistency which we used in our ex-
perimental trials to speed up the search for a so-
lution to the WCSP derived from the planning
graph. In our trials soft arc consistency was estab-
lished at each node of a branch-and-bound search
tree. We performed experimental trials to com-
pare the different forms of soft arc consistency de-
scribed in this section. Recall that a solution to
a binary WCSP is an n-tuple x which minimizes∑

i ci(xi) +
∑

ij cij(xi, xj) + c∅, where ci denotes
the unary cost function on variable Xi, cij denotes
the binary cost function on variables Xi, Xj and c∅
represents the nullary cost function (which is in-
dependent of the values assigned to the variables).
Cost functions take values in R≥0 ∪ {∞}.

Maintaining arc consistency at every node of a
backtracking search tree is a standard technique
in solving crisp constraint satisfaction problems.
Recent research on soft constraints has produced
various different generalizations of arc consistency
to WCSPs, all of which propagate inconsistencies
and also produce a lower bound on the cost of a so-
lution. Unlike crisp CSPs, weighted CSPs do not,
in general, have a unique arc consistency closure
[17]. There is a trade-off between the time spent
in finding a lower bound and the quality of this
bound. For example, finding an optimal arc con-
sistency closure can be achieved by solving a linear
program but this is too time-consuming to be ap-
plied at every node of a branch-and-bound search
tree [16].

Reducing the size of the search space by prop-
agating inconsistencies can be directly general-
ized from CSPs to WCSPs, by propagating infinite
costs [57]. Finite costs can also be propagated but
such propagations must be compensated: simulta-
neously subtracting α from cij(a, u) (for each value
u in the domain of variable Xj) while adding α
to ci(a) produces an equivalent WCSP [17]. When
α > 0 this operation is known as a projection;
when α < 0 it is known as an extension. A third
operation is unary projection, which simultane-
ously subtracts α from ci(u) (for each value u in
the domain of Xi) while adding α to c∅. In all
three cases, the operation can only be applied if
the resulting costs are all non-negative. The aim
of the propagation of finite costs is to increase the
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lower bound c∅ in order to reduce the search space
explored by branch-and-bound.

Applying all possible unary projection opera-
tions establishes node consistency (NC) [54]. Prop-
agating all infinite costs (between unary and bi-
nary constraints) and applying projection opera-
tions until convergence establishes (soft) arc con-
sistency (SAC) [17]. In order to have non-zero costs
available as soon as possible during search, direc-
tional arc consistency (DAC) always chooses to

send costs (via projection and extension opera-
tions) towards variables which occur earlier in the
instantiation order. This also has the effect of tend-
ing to group together costs at the same variables,
which naturally leads to a larger value of c∅ af-
ter establishing node consistency. Full directional
arc consistency (FDAC) [13] is the combination of
directional arc consistency and arc consistency.

As an example of FDAC, consider the WCSP
given in box (1) of Figure 4 composed of three
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variables Xi with domains {ai, bi} (i = 1, 2, 3). An
arc between two values represents a cost of 1. For
example, the arc (a1, a3) means that c13(a1, a3) =
1. FDAC begins by projecting a cost of 1 from
c12(b1, a2), c12(b1, b2) down to c1(b1) (which estab-
lishes DAC) and then from c23(a2, b3), c23(b2, b3)
down to c3(b3) (a SAC operation which sends costs
towards variables which occur later in the instan-
tiation order). The resulting WCSP, shown in box
(2) of Figure 4, is no longer directional arc consis-
tent: extending a cost of 1 from c3(b3) up to c13

allows us to project a cost of 1 from c13 down to
c1(a1). Box (3) of Figure 4 shows the WCSP ob-
tained by then applying unary project to c1. This
WCSP is full directional arc consistent according
to the variable order X1, X2, X3.

Suppose that during branch-and-bound the cost
of the best solution found so far is m. Then, as-
suming that the aim is to find a single optimal so-
lution, we can prune a branch of the search tree
as soon as c∅ ≥ m. Furthermore, we can set to
∞ any unary cost ci(a) ≥ m − c∅ and any binary
cost cij(a, b) ≥ m− (ci(a) + cj(b) + c∅). Applying
these latter operations provides a stronger form of
arc consistency, but increases the worst-case time
complexity of FDAC from O(ed2) [13] to O(end3)
[55], where e is the number of binary constraints,
n the number of variables and d the maximum do-
main size.

FDAC has been extended to existential direc-
tional arc consistency (EDAC) [18] which also per-
forms the following operation: if for each value a
in the domain of variable Xi, there exists a neigh-
bouring variable Xj such that it is possible to
increase ci(a) by sending costs from cj and cij ,
then perform all these operations and then apply
a unary projection operation at Xi to increase c∅.

Consider the WCSP in Figure 3. The optimal
solution P ∗3 to this WCSP is a minimum-cost plan
among the parallel-plans stored in the planning
graph of length 3 and has cost 108. Applying
FDAC allows us to establish a lower bound of
c∅ = 58 before even embarking on a branch-and-
bound search.

The resulting equivalent WCSP is shown in Fig-
ure 5. In this example, there is a dramatic dif-
ference between FDAC and NC, since NC only
produces a lower bound of c∅ = 3. Although, in
the original problem, finite non-zero costs only oc-
curred in the unary cost functions, propagating
these costs through binary constraints allows us to

obtain a much better lower bound. In the WCSP
produced by establishing FDAC, shown in Figure
5, finite non-zero costs now occur in both the unary
and binary cost functions. In this example, EDAC
produces the same lower bound as FDAC.

6. Finding a globally optimal plan

We have seen how GP-WCSP [14] finds an opti-
mal solution among parallel plans involving a min-
imum number of levels. In many problems this will
not be a globally optimal solution. For example,
in route-planning problems, if the shortest plan in-
volves an expensive direct flight, a longer but less
expensive plan often exists consisting of a complex
itinerary involving several trains or buses.

The anytime algorithm GP-WCSP∗ (Algorithm
1) we have developed is based on the GRAPHPLAN
algorithm. At the end of the planning-graph ex-
pansion phase, this graph is coded as a WCSP (as
described in Section 4) which is then solved (as
described in Section 5). The cost of the optimal
plan found at a given level of the planning graph
is used as an upper bound during the subsequent
search for a better plan-solution at the next level.

Our algorithm is guaranteed to return an opti-
mal plan P ∗ if it exists, under the assumption that
all actions have strictly positive costs. Indeed, in
order to calculate MaxLev, the maximum number
of planning-graph levels to construct, we need first
to find at least one valid plan. However, as for all
previous GRAPHPLAN-based planners (e.g. SAT-
PLAN’06 [46,47], GP-CSP [22], MAXPLAN [11])
the halting problem, when no solution exists, has
not been resolved. The halting problem was only
solved in the original GRAPHPLAN [2] by a pro-
cess called memoization which involves storing a
possibly exponential number of unreachable goal
sets.

We now describe how to calculate MaxLev, the
number of levels to construct in order to guaran-
tee finding a cost-optimal plan. This upper bound
can be significantly decreased by detecting certain
properties of actions or sets of actions, as described
in the following section.

Only actions in A+
r (the set of actions which

lead to a goal fluent in the planning graph of the
relaxed problem) can be part of a valid plan. Let
Cmin be the minimum cost of these actions:



10 M.C. Cooper et al. / A WCSP approach to cost-optimal planning

¶

µ

³

´•
•

¶

µ

³

´•
•

¶

µ

³

´•
•

HHHH
@

@
@

@¡
¡

¡
¡

©©©©b1

a1

b3

a3

b2

a2
X1

X2

X3

(1)

-

¶

µ

³

´•
•

¶

µ

³

´•
•

¶

µ

³

´•
•

b1

a1

b3

a3

b2

a2
X1

X2

1 1

X3

(2)

-

¶

µ

³

´•
•

¶

µ

³

´•
•

¶

µ

³

´•
•

b1

a1

b3

a3

b2

a2
X1

X2

X3

c∅ = 1

(3)

Fig. 4. Example of the simplification of a WCSP by FDAC.

f1

1 f2

2

3

4

-1

f3

5

6

-1

f4

7

-1

f5

8

-1

f6

9

-1

f7

10

-1

f8

11

-1

³³³³³³

@
@

@
@

@@

((((((((((

XXXXXXXXXX

aaaaaaaaaa

""""""""""

#
#

#
#

#
#

#
#

##

¡
¡

¡
¡

¡
¡

¡
¡

¡¡

!!!!!!!!!!

""""""""""

5

5

2020

20

10
010

0

10
0

58

50

50

Fig. 5. Result of applying FDAC to the WCSP of figure 3.

Cmin = min
a∈A+

r

cost(a) (1)

The set A+
r is a subset of the original set of actions

A which are all assumed to have strictly positive
costs. Note that A contains neither the zero-cost
noop actions introduced during the construction
of the planning graph nor the zero-cost imaginary
actions aint introduced during the coding of the
planning graph as a WCSP (and described in Step
(6) of Section 4).

Let C∗k be the cost of an optimal plan P ∗k among
parallel plans of length k and let C∗ be the cost
of a globally optimal plan. We can use Cmin and
C∗k to bound the length of an optimal plan. In

the worst case, all optimal plans P ∗ are sequential
plans composed only of actions of cost Cmin.

Thus, the number of levels we need to construct
in order to be sure of finding an optimal plan is at
most equal to:

MaxLev = dC∗k/Cmine − 1 (2)

since any plan containing dC∗k/Cmine actions has
a cost of at least C∗k . If this value of MaxLev is
less than or equal to the current number of levels
in the planning graph, then this implies that the
current best plan P ∗k is globally optimal.

In the running example, the minimum-cost ac-
tion which could possibly be useful for attaining
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Algorithm 1. Resolution of an optimal-planning prob-
lem Π〈A, I, G〉

Functions:

– constructGraph: constructs the graph until all goals
appear in the current level without mutex. If level-off
is attained before this occurs, then return failure.

– constructGraphNextLevel(Gk, A): returns the (k+
1)-level graph containing only actions from A.

– codeWCSP (G): returns the WCSP corresponding
to the reduced graph G.

– solveWCSP (wcsp, C): returns an optimal solution
to the WCSP and its cost. If this is not strictly less
than C, then return failure.

– calculateMaxLev(C, A): updates the set of actions
A and calculates MaxLev.

Algorithm GP-WCSP∗:

// initialization, search for a first solution
Gk ← constructGraph(A, I, G)
if the construction of the graph Gk is a failure then

failure // the problem has no solution
end if
wcsp ← codeWCSP (Gk)
(P ∗k , C∗k) ← solveWCSP (wcsp,∞)
while P ∗k = failure do

k ← k + 1
Gk ← constructGraphNextLevel(Gk−1, A)
wcsp ← codeWCSP (Gk)
(P ∗k , C∗k) ← solveWCSP (wcsp,∞)

end while
MaxLev, A ← calculateMaxLev(C∗k , A)

// anytime loop
while k < MaxLev do

k ← k + 1
Gk ← constructGraphNextLevel(Gk−1, A)
wcsp ← codeWCSP (Gk)
(P ∗k , C∗k) ← solveWCSP (wcsp, C∗k−1)
if P ∗k = failure then

P ∗k , C∗k ← P ∗k−1, C
∗
k−1

else
MaxLev, A ← calculateMaxLev(C∗k , A)

end if
end whileReturn (P ∗k , C∗k).

the goal is unloadB of cost 3. The first value cal-
culated for MaxLev using P ∗3 is MaxLev = 35.

Equation (2) considers the worst case in which
all actions of the optimal plan have the same cost
Cmin. The value of MaxLev can be improved by
estimating in a more precise manner the costs of
actions which are actually used in the optimal
plan. This is the subject of the following section.

7. Indispensable (sets of) actions

It is well known that planning can be acceler-
ated by initial analysis of problem domains. Var-
ious different approaches have been used, most
notably: detection of invariants [62,63,49,27,28,24,
25,53], elimination of fluents resulting from static
predicates [70,41], taking advantage of symme-
tries [24,25,33], hierarchical decomposition of do-
mains [66,71,50,1,7], and serialization of subgoals
[51,52,61,42]. This section presents methods for de-
termining actions, and then sets of actions, which
are indispensable for a solution to exist.

7.1. Indispensable actions

Definition 7.1 (indispensable action) An action a
is indispensable in a problem Π = 〈A, I,G〉 iff it
occurs in every solution to Π.

The notion of indispensable action can be seen
as a generalization of the notion of frozen vari-
able; a CSP variable is frozen if it takes the same
value in all possible solutions. The problem of de-
termining whether a variable in a CSP instance
is frozen is DP-complete [43]. Clearly, determining
whether an action is indispensable in Π = 〈A, I,G〉
is equivalent to solving the planning problem Π =
〈A − {a}, I, G〉 and hence PSPACE-hard [8]. We
avoid intractability by detecting only those indis-
pensable actions that can be detected via the re-
laxed planning graph.

Lemma 7.2 If the problem Π+
−a = 〈A+−{a}, I, G〉

has no solutions, then Π−a = 〈A − {a}, I, G〉 has
no solutions either and a is an indispensable action
for the problem Π.

It may happen that the same action must be
used several times in any valid plan. We can de-
tect this as follows. Let ai be an indispensable
action and suppose that we replace ai in A by
a set of actions {ai1, ai2, . . . , aim} ∪ {a′i} where
∀ j ∈ {1, .., m}, aij is a copy of ai except that
it has an extra precondition Countij−1, an ex-
tra add Countij and an extra delete Countij−1.
The action a′i is a copy of ai with the extra pre-
condition Countim. If we also modify the initial
state of Π so that it includes Counti0, then it is
easy to see that aij is only applicable in a state
S = I ↑ P1 ↑ ai1 ↑ P2 ↑ . . . ↑ ai(j−1) ↑ Pj where
∀ h ∈ {1, .., j}, Ph is a plan containing no copy of
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ai. If aim is an indispensable action, then a is an m-
times indispensable action for the problem Π. (We
say that a is m-indispensable). If an indispensable
action a appears m times in a valid plan, such as
a length-k optimal plan P ∗k already found by our
algorithm, then a is at most m-indispensable.

In the example, unloadB and loadA are 1-
indispensable actions. In the following, for simplic-
ity, we assume that m-indispensable actions, for
m > 1, have been replaced by the set of actions
{ai1, ai2, . . . , aim} ∪ {a′i}, as defined above.

The detection of indispensable actions immedi-
ately provides a lower bound on the cost of a so-
lution plan, namely the sum of the costs of indis-
pensable actions. In our approach, taking into ac-
count indispensable actions leads to a better esti-
mation of MaxLev (which is necessarily less than
or equal to the value given by Equation (2)). The
cost of each indispensable action ai, for which we
used the pessimistic estimate Cmin in Equation
(2), can now be replaced by cost(ai). (We omit the
formula for MaxLev since it is a special case of
a more general formula given below in Equation
(3)).

7.2. Indispensable sets of actions

Some problems have no indispensable actions.
Nevertheless, we can often still detect that any
plan must contain actions of cost greater than
Cmin. This can be achieved by generalizing Defi-
nition 7.1 to a set of actions.

Definition 7.3 (indispensable set) A set S of ac-
tions is an indispensable set in a problem Π =
〈A, I, G〉 if each solution to Π contains at least one
of the actions in S.

We denote by A+
≥ = {a1, a2, . . . , an} the set

of actions occurring in the reduced relaxed graph
of a problem Π = 〈A, I,G〉, in decreasing or-
der of cost: ∀ j ∈ {1, .., n}, aj ∈ A+

r and ∀ j ∈
{1, .., n − 1}, cost(aj) ≥ cost(aj+1). We denote by
mincost(X) the minimum cost of a set X of ac-
tions: mincost(X) = min{cost(a) : a ∈ X}.
Lemma 7.4 (indispensable set of costliest actions)
Let Ai = {a1, a2, . . . , ai} be the subset of A+

≥ built
incrementally starting with {a1} until it contains
an action ai such that:

– Π+
i−1 = 〈A+

≥ − {a1, . . . , ai−1}, I, G〉 has a so-
lution,

– Π+
i = 〈A+

≥ − {a1, . . . , ai−1, ai}, I, G〉 has no
solution.

Then Ai is an indispensable set.

For every problem, there is always an indispens-
able set of costliest actions: in the worst case, this
set is A+

≥ = {a1, a2, . . . , an} where an has the min-
imum cost Cmin. The set of actions which establish
a goal fluent is also an indispensable set.

Let addf denote the set of actions a ∈ A such
that f ∈ add(a). Let precf denote the set of ac-
tions a ∈ A such that f ∈ prec(a).

Lemma 7.5 (goal-based indispensable set) If g is
a fluent of the goal G, then addg is an indispens-
able set.

For an indispensable action a to be applicable,
some other actions must establish those precon-
ditions of a which were not present in the ini-
tial state. Furthermore, for an action a satisfying
add(a) ∩ G = ∅ to be indispensable, at least one
fluent of add(a) must be used by some other ac-
tion. These observations allow us to detect new
indispensable sets based on indispensable actions
which have already been discovered.

Lemma 7.6 (precondition-based indispensable sets)
If f is a precondition of an indispensable action
such that f 6∈ I, then addf is an indispensable set.

Lemma 7.7 (add-based indispensable set) Let a be
an indispensable action such that add(a) ∩G = ∅.
If Xa ⊆ A is the set of actions a′ ∈ A such that
add(a)∩ prec(a′) 6= ∅, then Xa is an indispensable
set.

A fluent f is known as a landmark if f is true at
some point in all solution plans [61]. Landmarks
have been used in non-optimal planning in order
to partition the problem into easier subproblems.
Some landmarks can be identified in polynomial
time using the relaxed planning graph. There are
strong links between landmarks and certain indis-
pensable sets: a fluent f is a landmark if the set of
actions having f as a precondition is an indispens-
able set; a fluent f 6∈ G is a landmark if the set
{a ∈ A : add(a) = {f}} is an indispensable set.

We can detect certain landmarks from analysis
of the relaxed planning graph [61] and then de-
duce indispensable sets from the following lemma
(which can be seen as a generalization of Lemma
7.5).
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Lemma 7.8 (landmark-adding indispensable set) If
f is a landmark fluent such that f 6∈ I, then addf

is an indispensable set.

Let A+
r [i] denote the set of actions appearing

in the first i levels of the reduced relaxed plan-
ning graph G+

r . Let Ai be the set of actions, ex-
cept noops, appearing in level i of the planning
graph G. If the planning graph has actually been
constructed up to level k, then let:

A′i =
{

Ai ∩A+
r [i] for i=1,. . . ,k

A+
r [i] for i > k

Let Ai denote the set of all actions which appear
in level i of some valid parallel plan. Such actions
necessarily appear in Ai and also at a level j ≤ i
of the reduced relaxed graph. Therefore, ∀i ≥ 1,
Ai ⊆ A′i. An optimal plan must contain at least
one action (which is not a noop) at each level, oth-
erwise there would be an optimal plan with fewer
levels. The following lemma follows immediately.

Lemma 7.9 (level-based indispensable set) For
i ≥ 1, the set of actions A′i, as defined above, is an
indispensable set.

We can make the level-based indispensable sets
A′i non-intersecting by making multiple copies of
actions (one per level).

If X is any set of non-intersecting indispensable
sets, then

∑
X∈X mincost(X) is a lower bound on

the cost of any solution plan. Such a lower bound
could be used in heuristic planning. Indispensable
sets can also be used in IP-based planning [69].
For example, knowing that X is an indispensable
set allows us to add the extra inequality constraint∑

a∈X na ≥ 1, where na represents the total num-
ber of occurrences of action a in a solution plan.

7.3. Using indispensable sets to improve the
bound

Let X be a set of non-intersecting indispensable
sets, i.e. ∀ X, Y ∈ X , X ∩ Y = ∅. For simplicity
of notation, we consider indispensable actions as
singleton indispensable sets. We can now give an
improved estimate of MaxLev:

MaxLev= |X | − 1 +
⌈

C∗k−
∑

X∈X mincost(X)

Cmin

⌉
(3)

In our example, {moveAB , moveBA, moveDE ,
moveED, moveBC , moveCB} is the indispensable

set of costliest actions; {unloadB} is a goal-based
indispensable set; {moveAB , moveCB , moveEB}
is an indispensable set derived from the pre-
conditions of the indispensable action unloadB ;
{unloadA, unloadB , unloadC} is an indispens-
able set derived from the adds of loadA. {loadA,
loadB , loadC} and {unloadA, unloadB , unloadC}
are indispensable sets derived from the landmark
cv. The cheapest action unloadB is only present
from level 3 onwards in the reduced relaxed graph,
which allows us to deduce two level-based indis-
pensable sets, at levels 1 and 2, in which the
minimum-cost action is (a copy of) loadA of cost
5. For example, A′1 = {moveAB , loadA,moveAC}.
Several sets of non-intersecting indispensable sets
can be found: the one which provides the best up-
per bound MaxLev is X = {{moveAB , moveBA,
moveDE , moveED, moveBC , moveCB}}.

Only indispensable sets which have no action in
common can be used to improve the upper bound
MaxLev of Equation (3). In our trials we con-
structed X using a greedy algorithm: an indispens-
able set X (deduced from Lemmas 7.2, 7.4, 7.5,
7.6, 7.7, 7.8 and 7.9) was added to X iff X had
an empty intersection with the sets already added
to X . We used a greedy algorithm, since, as we
will now show, choosing a set of non-intersecting
indispensable sets so as to minimize the value of
MaxLev is NP-hard. We first give a formal defini-
tion of this problem.

Problem: OCIS (Optimal Choice of Indispens-
able Sets)

Instance: An optimal-planning problem Π =
〈A, I,G〉, with Cmin the minimum cost of actions
in A, a set J of indispensable sets (∀X ∈ J , X ⊆ A
and X is an indispensable set of actions) and a
constant L.

Question: Does there exist a subset X ⊆ J such
that ∀X, Y ∈ X , X ∩ Y = ∅ and

ΣX∈X (mincost(X)− Cmin) ≥ L

An optimal choice X of indispensable sets maxi-
mizes ΣX∈X (mincost(X)−Cmin), which is equiva-
lent to minimizing the upper bound MaxLev given
by Equation (3). The proof of the following theo-
rem is given in the Appendix.

Theorem 7.10 OCIS is NP-hard.
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8. Theoretical considerations

8.1. Improving the upper bound

It should be observed that an even better bound
MaxLev can sometimes be deduced than that
given by the optimal solution to the problem
OCIS. Consider the two overlapping indispensable
sets X1 = {moveAB , moveCB , moveEB} and X2 =
{moveAB , loadA,moveAC}: the optimal choice of
non-intersecting indispensable sets is X = {X1},
with ΣX∈X (mincost(X)−Cmin) = mincost(X1)−
3 = 12. However, it is easy to show by exhaus-
tion that any set of actions S containing at least
one element from each of X1 and X2 satisfies
Σa∈S(cost(a)−Cmin) ≥ 14. The formal definition
of the problem of finding the best bound MaxLev
in this way is given below. We again consider in-
dispensable actions as singleton indispensable sets.

Problem: OCSA (Optimal Choice of Set of Ac-
tions)

Instance: An optimal-planning problem Π =
〈A, I, G〉, with Cmin the minimum cost of actions
in A, a set J of indispensable sets and a constant
M .

Question: Does there exist a subset S ⊆ A such
that ∀X ∈ J , S ∩X 6= ∅ and

Σa∈S(cost(a)− Cmin) ≤ M

If S is an optimal choice of set of actions,
i.e. a set of actions which minimizes MS =
Σa∈S(cost(a)−Cmin), then we can deduce an up-
per bound MaxLev =

⌈
C∗k−MS

Cmin

⌉
− 1. Not sur-

prisingly, OCSA is also intractable. The proof of
the following theorem is given in the Appendix.

Theorem 8.1 OCSA is NP-hard.

Indispensable sets can also be used to deter-
mine a lower bound on the cost of a solution plan,
an essential ingredient of heuristic search. OCSA
is equivalent to determining the best such lower
bound from a set of indispensable sets in a plan-
ning problem in which the cost of each action a
is cost(a)− Cmin. Hence, it follows from Theorem
8.1 that finding the best lower bound from a set of
indispensable sets is NP-hard.

8.2. Generating new indispensable sets from old

GP-WCSP∗ uses indispensable sets of actions to
improve its estimate of the maximum number of
levels that need to be constructed in the planning
graph in order to guarantee optimality. In our im-
plementation we employ several distinct sources of
information to generate indispensable sets: relaxed
versions of the planning problem, indispensable ac-
tions and landmarks (both generated from relaxed
versions of the planning problem), and the par-
tially constructed planning graph. The number of
indispensable sets we generate is O(na + nf + nl),
where na is the number of actions, nf the number
of fluents and nl the number of levels in the plan-
ning graph. We do not attempt to generate all in-
dispensable sets, because, in the worst case, their
number may be exponential, as we will demon-
strate below. However, for theoretical complete-
ness, we now present two lemmas which would, at
least in theory, allow us to generate an exponential
number of indispensable sets.

Consider, first of all, a simple planning prob-
lem consisting of transporting a crate between
two cities A and B. There are m different, non-
intersecting routes from A to B, each of which is
composed of n distinct steps. There are thus ex-
actly m different valid plans, each of which is a se-
quential plan of length n. The number of minimal
indispensable sets is easily seen to be nm, corre-
sponding to the number of ways of choosing one
step from each of the m different routes.

In this particular example, we can, in fact, gen-
erate all indispensable sets from the single goal-
based indispensable set (Lemma 7.5) by multiple
applications of the following lemma.

Lemma 8.2 Let X be an indispensable set and con-
sider any a ∈ X. Let f be a precondition of a such
that f 6∈ I. If addf is the set of actions a′ ∈ A
such that f ∈ add(a′), then (X−{a})∪addf is an
indispensable set.

Proof: Suppose, for a contradiction, that P is a
valid plan which uses no actions in (X − {a}) ∪
addf . Since X is an indispensable set, P must use
action a. But, since f ∈ prec(a), f 6∈ I and P does
not use any of the actions a′ ∈ addf which achieve
f , P cannot use action a.

Using a similar argument we can also prove the
following lemma.
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Lemma 8.3 Let X be an indispensable set and con-
sider any a ∈ X such that add(a) ∩ G = ∅. If
Xa ⊆ A is the set of actions a′ ∈ A such that
add(a) ∩ prec(a′) 6= ∅, then (X − {a}) ∪Xa is an
indispensable set.

Lemmas 7.6 and 7.7 correspond to the special
cases of Lemmas 8.2 and 8.3, respectively, in which
X = {a}.

9. Eliminating actions

We can also detect, during search, actions which
have become too costly because any plan con-
taining these actions would have a cost greater
than or equal to the cost of the current best plan.
Such eliminations reduce the size of the search
space. They can also allow us to recalculate, dur-
ing search, the importance of actions and hence to
further reduce the value of MaxLev.

Definition 9.1 (too-costly action) An action a is
too costly at level k and at all levels k′ ≥ k if:

(k − 1) ∗ Cmin + cost(a) ≥ C∗k−1 (4)

Taking into account indispensable sets, the action
a is too costly from level k onwards if:

(k − |X | − 1) ∗ Cmin + cost(a) + (5)

ΣX∈X ,a 6∈X mincost(X) ≥ C∗k−1

where X is a set of non-intersecting indispensable
sets.

The elimination of a too-costly action may ren-
der other (sets of) actions indispensable. This, in
turn, may render other actions too costly. This
process clearly converges in polynomial time and
may lead to a reduction in the value of MaxLev.

In our example, Equations (4) and (5) allow us
to deduce that moveAB is too costly from level
4 onwards. Once this action has been eliminated,
moveAC becomes an indispensable action. The op-
timal length-4 plan P ∗4 and Equation (5) allow us
to deduce that all the actions not contained in P ∗4
are too costly from level 5 onwards.

10. Experiments

In this section we report results of experimen-
tal trials. We carried out a large number of trials
on different benchmark problems from IPC (Inter-
national Planning Competition1) covering diverse
application areas, to which we added a random in-
teger cost in the range 1 to 20 for each action. (Tri-
als on the same problems but with random costs
in the range 21 to 40 are also reported in Sec-
tion 10.3.2.) We used the Toulbar2 library2 [18] to
solve the WCSP derived from the planning graph.
Our experimental trials were performed on a 3GHz
Pentium IV with 1Gbyte of memory.

10.1. Description of the benchmarks

Some IPC benchmarks are inspired by real-
world problems and are highly structured [40]. For
each different domain, there is a series of problems
of increasing difficulty, this being a function of the
number of available actions and the number of flu-
ents in the initial and goal states.

We used nontemporal domains from IPC, writ-
ten in PDDL (without ADL conditions), to which
we added a random integer cost in the range 1 to
20 for each action. However, certain domains (Air-
port, Pipesworld, Promela, PSR, Pathways, Tpp,
Trucks, Openstacks, Elevators) consist of prob-
lems whose size (in terms of number of actions
and fluents or the length of solution-plans) implies
the construction of a planning graph and then a
WCSP which is too costly in memory for our ap-
proach. We present results only for those domains
in which GP-WCSP solved at least one problem.

The BlocksWorld domain is more constrained
than the other domains: given an initial set of tow-
ers of blocks and a single arm, the goal is the con-
struction of another set of towers.

The Logistics domain involves transporting pack-
ages between locations using planes (between
cities) and trucks (within a city).

In the Depots domain, trucks can transport
crates around and then the crates must be stacked
onto pallets at their destinations. The stacking is
achieved using hoists.

The DriverLog domain involves driving trucks
to deliver packages. The trucks require drivers who

1http://zeus.ing.unibs.it/ipc-5/
2http://carlit.toulouse.inra.fr/cgi-

bin/awki.cgi/ToolBarIntro
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must walk between trucks in order to drive them.
The paths for walking and the roads for driving
are given in the form of two different maps.

The Satellite domain is inspired by space appli-
cations. It involves planning and scheduling a col-
lection of observation tasks between multiple satel-
lites, each equipped in slightly different ways.

The ZenoTravel domain involves transporting
people around in planes, using different modes of
movement (fast and slow).

The Rovers domain involves a collection of plan-
etary rovers which navigate on the surface of a
planet, finding samples and taking them back to a
lander.

The Storage domain involves spatial reasoning.
It is concerned with moving a certain number of
crates from containers to depots by hoists. Inside
a depot, each hoist can move according to a spec-
ified spatial map connecting different areas of the
depot.

We also used the Scanalyzer-3D and Transport
domains from the sequential optimization track of
IPC2008.

10.2. The best plan of fixed length

This section describes results of trials of GP-
WCSP which finds a cost-optimal plan among
parallel plans of minimum length. In preliminary
trials, we report results of experiments on the
WCSPs corresponding to the extraction from the
planning graph of an optimal plan, among paral-
lel plans of a given length. This includes the case
in which we wish to find the optimal plan among
parallel-plans of minimum length. These trials al-
lowed us to compare different techniques for solv-
ing WCSPs, independently of the different meth-
ods for calculating MaxLev. It is worth noting
that the optimal parallel-plan of minimum length
was often the globally optimal plan and was found
in CPU times ranging from 0.01 seconds to 5019
seconds with a median value of 11.38 seconds. In
90% of the benchmark problems tested, the reso-
lution time of each WCSP built by GP-WCSP is
less than 1 second.

We tested different heuristics and algorithms on
the set of WCSPs constructed by GP-WCSP∗ dur-
ing the search for an optimal solution to different
problems from the benchmark domains3 described

3the corresponding WCSP files are available here:
http://mulcyber.toulouse.inra.fr/gf/project/toolbar/

Fig. 6. Comparison of WCSP resolution times for the
heuristics: “2-sided Jeroslow-like” and “level-based” (in sec-
onds).

above. In order to get a clearer idea of the size of
the WCSPs which we are able to solve, in this set of
trials we avoided using the cost of an optimal level-
k plan to prune the search for an optimal level-
(k + 1) plan. Table 1 describes the problems and
the resulting WCSPs: problem name, characteris-
tics of the largest WCSP solved by GP-WCSP∗

(number of planning-graph levels, number of vari-
ables, geometric mean of domain sizes, number of
constraints, search space size of the WCSP encod-
ing).

10.2.1. Variable-ordering heuristics
In preliminary experimental trials we compared

different variable-ordering heuristics. It is well
known that the order of instantiation of variables
can greatly affect the efficiency of search. It should
also be noted that the lower bound produced by
FDAC at every node of the search tree also de-
pends on the order of the uninstantiated variables
[13]. In our trials, the instantiation order of vari-
ables was recalculated at each node of the search
tree and the calculation of the lower bound by
FDAC used the current instantiation order.

We tested several different variable-ordering
heuristics, starting with simple heuristics based on
a random ordering, the number of constraints or
the domain size. We present the comparison be-
tween the two variable-ordering heuristics which
produced the best results in our tests. Figure 6
presents a comparison in terms of the time to
solve WCSPs to optimality between the use of
a planning-graph based heuristic and a WCSP-
derived heuristic:
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Problem characteristics of the largest WCSP

k Variables mean di Constraints Search space

blocks01 6 179 2.74 2148 2.04E+078

blocks02 20 747 2.82 8160 3.06E+336

blocks03 6 147 2.70 1483 2.96E+063

blocks04 20 1157 2.78 16579 8.69E+513

blocks05 20 1273 2.79 19033 5.23E+566

blocks06 20 1023 2.77 14071 6.63E+452

blocks07 20 1703 2.74 30576 9.01E+744

blocks08 10 781 2.72 14457 6.07E+338

blocks09 20 1287 2.73 20546 1.50E+561

blocks10 20 1515 2.70 27279 1.95E+652

logistics01 13 265 3.16 2941 2.47E+132

logistics02 12 245 3.14 2624 5.05E+121

logistics03 15 330 3.21 3796 2.00E+167

logistics04 12 284 3.13 3353 5.31E+140

logistics05 12 286 3.15 3342 2.87E+142

logistics06 7 98 2.76 646 1.81E+043

storage01 3 11 2.02 23 2.30E+003

storage02 3 11 2.02 23 2.30E+003

storage03 6 118 2.57 981 2.31E+048

driverlog01 16 495 3.59 7871 3.27E+274

driverlog02 12 454 3.68 8554 8.13E+256

driverlog03 13 490 3.68 9664 1.82E+277

driverlog04 11 540 3.67 12396 8.21E+304

driverlog07 9 601 3.77 18219 1.04E+346

driverlog08 9 624 3.74 20113 1.32E+357

zenotravel01 2 10 2.00 20 1.02E+003

zenotravel02 17 1100 2.71 9046 5.50E+256

zenotravel03 6 476 2.79 4572 1.10E+212

satellite01 20 235 5.17 2994 4.91E+167

satellite02 20 326 5.31 5268 2.65E+236

satellite03 16 417 5.86 6725 8.56E+319

satellite04 13 396 6.58 7797 6.82E+323

depot01 16 818 3.05 12675 1.01E+395

depot02 13 1323 2.97 29518 4.47E+058

Table 1

Details of the problems used in our initial trials.

– the “level-based” heuristic has been found to
perform well on planning benchmarks (with-
out costs): it consists in ordering variables by
increasing domain size, with ties being broken
according to the inverse order of their appear-
ance in the planning graph. Cayrol et al. [9]
and Do & Kambhampati [22] showed that the
CSP variable-ordering heuristic “most con-
strained variable first” outperformed the orig-
inal GRAPHPLAN “no-op” first heuristic and
the domain size heuristic. Fluents which first
occur in higher levels of the planning graph
tend to be more difficult to obtain and hence
the level at which a fluent first appears is a
good measure of constrainedness;

– the “2-sided Jeroslow-like” heuristic [19] has
been found to perform well on WCSP bench-
marks: variables are ordered in increasing size
of the ratio between domain size and the sum

of the average costs of the unary and binary
constraints involving the variable.

Figure 6 clearly shows, on a logarithmic scale,
that the “2-sided Jeroslow-like” heuristic outper-
forms the “level-based” heuristic for solving the
WCSPs derived from planning benchmark prob-
lems. For example, the WCSP derived from the 15-
level planning graph corresponding to a problem
from the Satellite domain was solved to optimal-
ity in 23.18 seconds using the “2-sided Jeroslow-
like” heuristic compared to 19h49min46sec for the
“level-based” heuristic.

We also compared different ordering heuristics
for the instantiation of the values within a domain.
In all the problems tested, no significant difference
was noted between the computation times using
the different value-ordering heuristics.
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Fig. 7. Comparison of WCSP resolution times between us-
ing FDAC or NC (in seconds).

10.2.2. Soft constraint propagation
We tested different soft arc consistency algo-

rithms (NC, FDAC and EDAC described in Sec-
tion 5). NC, FDAC or EDAC was established at
each node of the branch-and-bound search.

Comparing NC and FDAC (Figure 7), we ob-
served that FDAC was on average 17 times faster
than NC. The number of nodes visited is always
less with FDAC (by a factor of up to 250 times)
and, on average, FDAC visits 35 times less nodes
than NC. We can conclude that the use of FDAC
significantly improves the time to extract an opti-
mal solution from the planning graph coded as a
WCSP.

Figure 8 provides a comparison between FDAC
and EDAC. We found no significant difference be-
tween the two techniques. On average, EDAC vis-
ited 5% less nodes but used 6% more CPU time.
We can therefore conclude that EDAC, unlike on
random problems of similar density [18], does not
provide an improvement compared with FDAC on
the problems tested.

We also experimented with more sophisticated
search algorithms. Since the pathwidth of the con-
straint graph corresponding to the WCSP was of-
ten large, we could not take advantage of tree-
decomposition techniques. The recently developed
form of soft arc consistency, called virtual arc con-
sistency (VAC) [15], is theoretically stronger than
FDAC, but requires greater computation time. It
is therefore best suited for solving hard WCSP in-
stances. Maintaining VAC during search did not
produce a significant improvement, compared with

Fig. 8. Comparison of WCSP resolution times between us-
ing FDAC or EDAC (in seconds).

the simpler propagation technique FDAC, on the
optimal-planning problems we tested. The extra
work performed at each node of the branch-and-
bound search tree was not always compensated by
the reduction in the number of nodes visited.

Notice that the size of the WCSPs solved (Table
1) is an order of magnitude larger than the largest
random WCSPs solved to date using the same al-
gorithms [18] (40 variables, domain-size 10). For
example, the search space of the largest WCSP de-
rived from problem blocks07 is about 9×10744. The
fact that we were able to solve such large WCSPs
is no doubt due to the structure of the WCSP de-
rived from the planning graph [14].

10.2.3. GP-WCSP
In this section we report results of the exper-

imental trials of GP-WCSP. Table 2 shows the
problems which GP-WCSP could solve in less
than 27 hours. We used the “2-sided Jeroslow-like”
variable-ordering heuristic and maintained FDAC
during search for each WCSP that was solved. The
Solution columns describe the cost-optimal plan
among parallel-plans of minimum length: the num-
ber of levels (k) and the number of actions (Na).
The CPU time is the total execution time. The
notation h : m : s stands for hours, minutes, and
seconds respectively. Otherwise, times are in sec-
onds.

The first conclusion we can draw from the exper-
imental results, given in Table 2, is that the num-
ber of problems solved is highest in the domains
with the most constrained problems. For example,
GP-WCSP solves the first 15 problems of the very
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Problem Solution CPU

k Na time

blocks01 6 6 11.04

blocks02 10 10 4.45

blocks03 6 6 3.15

blocks04 12 12 0:02:31

blocks05 10 10 0:02:21

blocks06 16 16 0:06:57

blocks07 12 12 0:15:01

blocks08 10 10 0:19:51

blocks09 20 20 0:52:50

blocks10 20 20 1:24:23

blocks11 22 22 25:28:16

blocks12 20 20 06:21:21

blocks13 18 18 15:06:58

blocks14 20 20 31:56:20

blocks15 16 16 07:25:55

logistics01 9 20 1

logistics02 9 19 2.03

logistics03 9 15 1

logistics04 9 27 1.63

logistics05 9 17 6.72

logistics06 3 8 0.05

logistics07 9 25 3.21

logistics08 9 14 3.96

logistics09 9 26 6.8

logistics10 12 38 0:46:57

Problem Solution CPU

k Na time

logistics12 11 31 1:30:08

logistics14 11 36 0:14:24

logistics15 10 31 0:34:52

depot01 5 11 0.18

depot02 8 16 0:01:11

depot03 12 29 3:16:45

depot07 10 24 2:37:34

driverlog01 6 8 0.15

driverlog02 7 18 12.99

driverlog03 7 12 11.58

driverlog04 7 19 0:01:02

driverlog05 8 21 0:02:49

driverlog06 5 11 6.92

driverlog07 6 18 0:01:46

driverlog08 7 27 0:05:46

driverlog09 10 24 0:31:56

rovers01 6 10 9.87

rovers02 4 8 0.53

rovers03 7 12 18.54

rovers04 4 8 0.33

rovers05 8 23 0:09:31

satellite01 8 9 9.55

satellite02 12 13 0:02:06

satellite03 6 13 32.69

satellite04 10 22 0:10:44

Problem Solution CPU

k Na time

satellite05 7 23 0:16:13

satellite06 8 27 0:58:11

satellite07 6 28 0:22:54

satellite09 6 35 4:13:28

zenotravel01 1 1 0.04

zenotravel02 5 6 4.19

zenotravel03 5 6 0:01:02

zenotravel04 5 12 31.87

zenotravel05 5 14 0:01:36

zenotravel06 5 12 0:02:27

zenotravel07 6 16 0:01:43

storage01 3 3 0.01

storage02 3 3 0.02

storage03 3 3 0.04

storage04 8 8 12.44

storage05 6 9 3.32

storage06 6 9 9.7

storage07 14 14 0:46:13

storage08 8 12 0:11:29

scanalyzer01 2 6 5.09

scanalyzer22 5 5 0.91

scanalyzer23 5 5 0.93

scanalyzer24 5 5 0.91

transport01 4 7 0.21

transport02 8 15 0:06:42

transport11 7 13 2.77

Table 2

Results of the experimental trials of GP-WCSP.

constrained Blocks domain (and 13 problems from
the Logistic domain) but only 4 problems from the
Depots domain. Indeed, a planning graph with a
larger number of mutexes gives rise to a WCSP
with many crisp constraints which allows pruning
to occur early in the branch-and-bound search for
an optimal solution. Another general conclusion
that came out of these experimental trials was the
general rule that GP-WCSP is capable, in most
cases, of solving problems containing up to 250 ac-
tions and requiring the construction of a planning
graph containing up to about 20 levels. Beyond
these limits, the graph generally becomes too large
to be stored and/or translated into a WCSP which
can be solved in less than 27 hours.

It is worth pointing out that, to the best of our
knowledge, GP-WCSP is the only existing plan-
ner which guarantees optimality in terms of min-
imizing cost among plans requiring the minimum
number of planning-graph levels.

10.3. Globally optimal plan

In this section we report results of trials of GP-
WCSP∗ and we compare our approach with the

results obtained by other numerical planners. In
order to find a globally optimal plan, GP-WCSP∗

solves a WCSP, whose solution is an optimal
length-k parallel-plan, for increasing values of k.
This exhaustive search terminates when the num-
ber of levels k exceeds the upper bound MaxLev.
Given the results reported in Section 10.2, we
used the “2-sided Jeroslow-like” variable-ordering
heuristic and maintained FDAC during search for
each WCSP that was solved. The value of MaxLev
was calculated using Equation (3). Indispensable
sets of actions were detected and a greedy algo-
rithm used to find a set of non-intersecting indis-
pensable sets. At each level k, too-costly actions
were detected and indispensable sets recalculated.
This dynamic recalculation often led to a dramatic
decrease in MaxLev.

We used the Toulbar2 library to solve the
WCSPs, maintaining FDAC at each node of the
branch-and-bound search tree. We computed the
set J of all indispensable sets that could be de-
duced from Lemmas 7.2, 7.4, 7.5, 7.6, 7.7, 7.8 and
7.9. The elements X of J were ordered in decreas-
ing order of mincost(X) and, in case of ties, by in-
creasing order of |X|. The set X of non-intersecting
indispensable sets was then built by a greedy al-
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gorithm which, thanks to the ordering of J , gives
preference to indispensable sets J with the highest
minimum cost. It is easy to see that this greedy
algorithm includes all singleton indispensable sets
in X .

10.3.1. GP-WCSP*
The results of the experimental trials of GP-

WCSP∗ are given in Table 3. The initial value of
MaxLev is calculated using Equation (2), in which
all actions are assumed to have a cost of Cmin, and
the final value is calculated using Equation (3),
after the detection of indispensable sets. MaxLev
is calculated at each level and can decrease from
one level to the next. We give the final, and hence
the smallest value. Nia is the number of indispens-
able actions detected by Lemma 7.2 and after the
elimination of too-costly actions; |X | is the num-
ber of non-intersecting indispensable sets in the
set X constructed by our greedy algorithm; Ntc

is the number of too-costly actions detected. The
Solution columns describe the best solution-plan:
the level of optimality achieved (plan), the number
of levels (k) and the number of actions (Na). The
CPU time is the total execution time. The nota-
tion h : m : s stands for hours, minutes, and sec-
onds respectively. Otherwise, times are in seconds.
If the best plan found is P ∗ then we have a proof
of global optimality. If the best plan found is P ∗k ,
for some k, then global optimality is not guaran-
teed, but the plan is nevertheless an optimal plan
among parallel plans containing up to k levels.

As already observed in Section 10.2, the WCSP
instances that we are able to solve are very signif-
icantly larger than the largest random WCSP in-
stances that have been solved to optimality [55,18].
We were able to solve the WCSP instances derived
from planning graphs with up to 20 levels. Fur-
thermore, using the cost of the best plan found so
far up to level i−1, drastically reduces the time to
solve the WCSP at level i: for example, the WCSP
derived from the reduced 20-level planning graph
in blocks05 has a search-space size of 5×10566 (geo-
metric mean of domain sizes: 2.79; number of vari-
ables: 1273; number of constraints: 19005). It was
solved in 0.58 seconds when the cost of the best
plan found so far was passed as a parameter and
in 12,885 seconds without using this parameter.

The results reported in Table 3 demonstrate
that the use of WCSPs to find cost-optimal plans
is a practical possibility. However, we should point
out that GP-WCSP∗ performs better on some

domains than others. In the Scanalyzer domain
and the first three problems in the Storage do-
main (which contains few actions), GP-WCSP∗

quickly determines an optimal solution. The do-
mains which contain a lot of indispensable actions,
such as BlocksWorld or Logistics, also represent
a favourable case, even if the last WCSP was of-
ten too large to be solved in under 27 hours, and
hence a proof of optimality was not obtained. In
the Depots, Driverlog, Satellite, ZenoTravel and
Transport domains, GP-WCSP∗ returns the opti-
mal plan but again the value of MaxLev calcu-
lated by GP-WCSP∗ was rarely sufficiently low to
provide a guarantee of optimality. For the bench-
mark problems tested, the optimal plans often cor-
respond to the first plan found by GP-WCSP∗.

The value of MaxLev decreased by a significant
amount in all the problems tested and, on aver-
age, by a factor of 55.6%. This decrease is due to
the indispensable sets of actions that were found
in all the problems tested. Indispensable actions
play a key role in reducing MaxLev: an average
of 41.7% of the actions in the best plans found
were indispensable actions that were rapidly de-
tected by analysis of the relaxed planning graph.
For example, in the logistics04 problem, we found
25 indispensable actions out of the 27 actions in
the level-12 optimal plan.

When too-costly actions exist, they help consid-
erably in reducing the size of the search space. For
example, during the resolution of the logistics06
problem, 70 too-costly actions were detected. The
total time spent on the detection of indispensable
actions and too-costly actions, during the resolu-
tion of each of the 55 problems in Table 3, was
on average only 0.1 seconds (and never more than
0.5 seconds). These computation times allow us
to envisage the detection of indispensable actions
and too-costly actions in other algorithms for cost-
optimal planning.

It is also possible to use indispensable sets dur-
ing the extraction of an optimal parallel plan of a
given length k, as well as in the calculation of the
upper bound MaxLev. For each indispensable set
X = {a1, . . . , at}, we can impose a new constraint
in the WCSP at level k which says that at least
one of these actions must occur in the solution-
plan. (In practice, since the constraint propagation
algorithms are specifically tailored for binary con-
straints, we replaced this new constraint of arity
m = O(tk) by an extra selector variable of domain
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Problem MaxLev Solution CPU

init. final Nia |X | Ntc plan k Na time

blocks01 51 5 6 6 0 P∗ 6 6 11.17

blocks02 61 31 6 6 10 P∗20 10 10 0:10:12

blocks03 37 5 6 6 0 P∗ 6 6 3.15

blocks04 96 50 8 8 0 P∗20 12 12 0:47:36

blocks05 93 21 7 7 37 P∗20 10 10 1:21:09

blocks06 111 73 9 9 0 P∗20 16 16 0:25:19

blocks07 84 26 11 11 34 P∗20 12 12 2:57:45

blocks08 132 9 10 10 0 P∗ 10 10 0:19:44

blocks09 139 88 11 11 0 P∗20 20 20 0:51:54

blocks10 145 71 13 13 0 P∗20 20 20 1:23:08

logistics01 148 21 19 19 27 P∗13 9 20 0:56:52

logistics02 138 27 17 17 13 P∗12 9 19 0:59:01

logistics03 145 34 13 13 5 P∗15 9 15 2:26:05

logistics04 234 46 25 25 0 P∗12 9 27 2:23:47

logistics05 128 21 15 15 26 P∗12 9 17 2:03:15

logistics06 51 7 8 8 70 P∗ 3 8 0.92

logistics07 178 44 23 23 0 P∗12 9 25 2:54:25

logistics08 123 30 13 13 7 P∗13 9 14 8:38:32

logistics09 245 37 23 23 0 P∗12 11 25 25:46:43

logistics10 404 64 31 33 0 P∗13 13 36 5:34:09

depot01 93 33 4 8 0 P∗16 8 10 11:35:13

depot02 123 73 5 6 0 P∗13 11 17 9:05:22

driverlog01 60 41 0 3 0 P∗16 6 8 18:54:12

driverlog02 141 121 0 9 0 P∗12 7 18 3:21:26

driverlog03 110 86 0 6 0 P∗13 7 12 3:55:33

driverlog04 179 112 0 11 0 P∗11 10 21 2:48:22

driverlog05 144 124 0 6 0 P∗11 8 21 3:06:13

driverlog06 106 78 0 8 0 P∗9 5 11 3:37:47

driverlog07 146 88 0 6 0 P∗9 8 18 4:45:11

driverlog08 224 165 0 14 0 P∗9 9 27 6:41:08

rovers01 82 41 3 7 0 P∗12 5 9 7:25:29

rovers02 82 41 3 7 0 P∗12 5 9 7:22:06

rovers03 112 40 3 9 0 P∗12 8 11 3:31:20

rovers04 63 37 2 8 0 P∗11 5 8 31:59:42

rovers05 141 75 7 14 0 P∗9 9 23 1:50:38

satellite01 60 23 5 8 22 P∗20 8 9 1:18:41

satellite02 80 28 4 13 17 P∗20 15 16 1:36:32

satellite03 128 61 0 4 0 P∗16 11 14 2:03:20

satellite04 124 89 0 6 0 P∗13 11 24 3:08:22

satellite05 170 131 0 1 0 P∗9 9 20 08:05:06

zenotravel01 18 6 0 1 0 P∗ 3 3 4.93

zenotravel02 52 30 2 3 11 P∗17 6 7 6:32:49

zenotravel03 49 26 0 4 0 P∗11 6 7 6:55:47

storage01 15 2 3 3 0 P∗ 3 3 0.01

storage02 38 2 1 3 0 P∗ 3 3 0.03

storage03 32 4 1 3 53 P∗ 3 3 1.54

storage04 49 35 3 6 0 P∗19 8 8 18:13:37

storage05 50 25 0 3 0 P∗15 6 9 30:00:44

storage06 61 47 0 2 0 P∗11 6 9 15:23:33

storage07 126 87 4 8 0 P∗19 14 14 23:31:22

scanalyzer22 12 8 0 2 0 P∗ 5 5 8.61

scanalyzer23 12 8 0 2 0 P∗ 5 5 8.65

scanalyzer24 12 8 0 2 0 P∗ 5 5 8.61

transport01 61 24 0 2 0 P∗17 5 5 20:44:15

transport11 82 54 0 1 0 P∗13 10 11 5:17:18

Table 3

Results of the experimental trials of GP-WCSP∗.
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size m together with m binary constraints.) We
repeated our experimental trials using these new
constraints in the WCSPs. Unfortunately, on av-
erage, the resulting pruning did not compensate
the extra work created by the introduction of more
variables and constraints.

10.3.2. Comparison with different costs of actions
Table 3 describes trials in which action-costs

were random integers in the range 1 to 20. In or-
der to test the influence of this range of costs on
the efficiency of our approach, we repeated our ex-
periments on a sample of 51 problems in which we
simply added 20 to the cost of each action, so that
action-costs ranged from 21 to 40. Table 4 gives
the results. Compared to the results in Table 3,
this increase in the minimum cost Cmin led to a
significant decrease in the values of MaxLev (ini-
tial values ranging from 4 to 36 instead of from 12
to 404, and final values ranging from 2 to 27 in-
stead of from 2 to 165). This allowed us to obtain
a proof of optimality in 32 out of the 51 problems.
For example, the problem driverlog01 which was
not solved to optimality after nearly 19 hours when
Cmin = 1, was solved to optimality in less than
2 seconds when Cmin = 20. These trials confirm
that the efficiency of our approach is strongly re-
lated, through the value of MaxLev, to the range
of action-costs. A better lower bound on the num-
ber of levels is obtained when the ratio between
the average and the minimum costs of actions de-
creases.

10.3.3. Comparison with suboptimal planners
In another series of experiments we compared

our approach with the results obtained by two
numerical planners which are suboptimal in the
sense that they do not guarantee optimality. To
this end, we used two versions of our planner:
GP-WCSP which returns the first solution-plan
found, which is necessarily optimal at this level,
and GP-WCSP∗ which returns a globally optimal
plan or a plan which is optimal at a certain level
(as given in the column “Solution-plan” of Table
3). LPG [26] is a numerical planner based on a lo-
cal search method. We tested two versions: LPG-
speed returns the first solution found and LPG-
quality tries to optimize the quality of the solution.
Since the heuristic employed by the two versions
has a random component, we restarted the tests
as many times as possible within the time used
by our planner on the same problem. In order to

differentiate between the two versions, we calcu-
lated the average cost of the plans found by LPG-
speed and the cost of the best plan found by LPG-
quality. SGPLAN [10] uses landmarks, that it or-
ders so as to divide the problem into subproblems.
It always returns the same solution-plan, whatever
the number of iterations.

On average, LPG and SGPLAN solve the test
problems in less than 1 second. Figure 9 gives the
results of the comparison between the planners.
It shows that the plans returned by LPG-speed
and SGPLAN are rarely optimal. LPG-speed, even
though restarted a large number of times (several
hundred), failed to find an optimal solution to a
third of the problems. For the same problem, the
costs of the solution-plans that it returns are very
variable (the worst being up to three times the cost
of the best). The solutions returned by SGPLAN
are rarely optimal: on average their cost is 24%
greater than the cost of an optimal plan (and
89% greater in the case of blocks09). Although
LPG-quality often finds an optimal-cost plan, no
guarantee of optimality accompanies these op-
timal solutions. For certain problems (blocks07,
driverlog02 and driverlog03), neither SGPLAN
nor LPG-quality find as good solution-plan as GP-
WCSP∗. In the thirty-three problems tested, the
solution returned by GP-WCSP∗ is always at least
as good, and often better than the solution re-
turned by LPG or SGPLAN. This is the case even
when GP-WCSP∗ does not complete the search, in
the sense that it does not provide us with a proof
of optimality.

The cost of plans returned by our non-optimal
planner GP-WCSP are, on average, only 5.7%
greater than the cost of an optimal plan. As in
many optimization problems, obtaining a proof
of optimality is far more time-consuming than
finding a good solution. We have, nevertheless
demonstrated that our planning-graph based ap-
proach can produce a proof of optimality for cer-
tain non-trivial optimal-planning problems. Sub-
optimal planners, on the other hand, are essential
for much larger problems for which an exhaustive
search is not a practical possibility.

10.3.4. Comparison with optimal planners
In another set of experiments we compared GP-

WCSP∗ with three state-of-the-art optimal plan-
ners, namely two versions of HSP∗ [35] (which
performs a state-space search) and the baseline
planner in the sequential optimization track of
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Problem MaxLev Solution CPU

init. final Nia |X | Ntc plan k Na time

blocks01 8 5 6 6 0 P∗ 6 6 11.40

blocks02 12 11 6 6 22 P∗ 10 10 13.33

blocks03 7 5 6 6 0 P∗ 6 6 3.23

blocks04 16 13 8 8 38 P∗ 12 12 0:04:26

blocks05 13 10 7 7 0 P∗ 10 10 0:02:24

blocks06 20 18 9 9 34 P∗ 16 16 0:14:35

blocks07 15 12 11 11 0 P∗ 12 12 0:15:28

blocks08 15 9 10 10 0 P∗ 10 10 0:20:14

blocks09 25 23 11 11 0 P∗20 20 20 0:53:41

blocks10 25 22 13 13 27 P∗20 20 20 1:25:53

logistics01 26 20 19 19 0 P∗14 9 20 14:28:39

logistics02 26 19 17 17 0 P∗12 9 19 3:19:44

logistics03 21 15 13 13 63 P∗ 9 15 1:33:41

logistics04 36 27 25 25 0 P∗12 9 27 3:37:09

logistics05 22 17 15 15 0 P∗12 9 17 5:01:10

logistics06 10 7 8 8 70 P∗ 3 8 2.17

logistics07 32 25 23 23 0 P∗12 9 25 6:34:06

logistics08 19 14 13 13 64 P∗13 9 14 5:00:01

logistics09 34 25 23 23 0 P∗12 11 25 23:10:16

depot01 14 10 7 12 65 P∗ 8 10 0:03:00

depot02 21 18 5 6 0 P∗13 12 15 17:12:11

driverlog01 10 7 1 5 28 P∗ 7 7 1.43

driverlog02 23 21 0 3 0 P∗12 12 17 5:59:49

driverlog03 14 12 8 16 112 P∗ 7 12 15:51:50

driverlog04 24 21 0 11 0 P∗10 7 18 2:27:29

driverlog05 23 22 0 7 0 P∗11 8 18 2:59:30

driverlog06 14 13 0 2 0 P∗9 5 11 2:32:05

driverlog07 25 16 0 3 0 P∗9 7 13 3:31:35

driverlog08 35 27 0 14 0 P∗10 9 22 7:42:56

rovers01 12 9 9 14 54 P∗ 8 10 0:01:57

rovers02 11 8 7 9 46 P∗ 4 8 0:13:13

rovers03 16 11 9 15 67 P∗ 10 12 19:13:00

rovers04 11 7 8 14 78 P∗ 4 8 0:23:59

rovers05 27 15 7 14 0 P∗9 8 22 8:49:28

satellite01 11 8 8 11 51 P∗ 8 9 15.93

satellite02 16 12 12 21 98 P∗ 12 13 0:04:04

satellite03 18 13 1 6 82 P∗ 10 11 0:21:26

satellite04 25 24 0 6 0 P∗12 12 20 7:47:45

satellite05 29 23 0 1 0 P∗9 8 18 14:55:38

storage01 4 2 3 3 0 P∗ 3 3 0.00

storage02 4 2 1 3 0 P∗ 3 3 0.02

storage03 4 2 3 5 57 P∗ 3 3 0.09

storage04 9 8 6 9 52 P∗ 8 8 36.37

storage05 10 8 2 7 40 P∗ 6 9 0:03:59

storage06 11 8 4 7 170 P∗ 8 8 1:04:35

storage07 19 17 8 14 121 P∗ 14 14 3:35:03

scanalyzer22 6 4 4 6 34 P∗ 5 5 3.23

scanalyzer23 6 4 4 6 34 P∗ 5 5 3.23

scanalyzer24 6 4 4 6 34 P∗ 5 5 3.23

transport01 8 4 4 7 100 P∗ 5 5 17.63

transport11 18 10 4 8 136 P∗ 9 9 0:01:49

Table 4

Results of the experimental trials of GP-WCSP∗ with costs of actions in the range 21 to 40.
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Fig. 9. Comparison of the costs of the solution-plans returned by GP-WCSP, GP-WCSP∗, SGPLAN, LPG-speed and
LPG-quality.

IPC2008, called SEQ-OPT-BASE4. HSP∗0 (also
known as TP4) performs a regression search, using
IDA*, whereas HSP∗a performs a regression search
using IDAO*. SEQ-OPT-BASE performs a uni-
form cost search and implements an A* search
with a zero heuristic. All three of these planners
guarantee that if a solution-plan is returned then
it is optimal. However, they are not specifically de-
signed to have an anytime behaviour; if the execu-
tion of the program exceeded 27 hours or exceeded
950Mb of memory we stopped the program and no
solution was returned.

Table 5 gives the results of our experiments on
the same problems as in Table 3 except the Stor-
age domain for HSP∗ because it does not accept
problems from this domain. A dash means that
the program was stopped after 27 hours or ex-
ceeded 950Mb of memory and no solution was re-
turned. (For some unexplained reason, in all the
test problems from the rovers domain, HSP did
not function correctly since it halted without find-
ing a solution-plan even though the other plan-
ners found at least one.) For each problem, the
plans returned by the different planners were of
identical cost except three problems for which GP-
WCSP∗ did not find the optimal plan and returned

4http://ipc.informatik.uni-freiburg.de/Planners

solutions whose costs were greater than the op-
timal by 2% for blocks10 and driver02, and 8%
for driver04. As already indicated in Table 3, for
many problems GP-WCSP∗ was not able to pro-
vide a complete proof of optimality due to ex-
cessive computation time, but instead produced a
proof of optimality among parallel plans of length
k.

For all problems solved by GP-WCSP∗, one or
other of the HSP∗-based planners solved the prob-
lem to optimality (except driver08). Furthermore,
GP-WCSP∗ was, on average, considerably slower
than the other planners. Indeed, in most cases,
GP-WCSP takes longer to find a cost-optimal plan
among minimum-length parallel plans than the
baseline planner SEQ-OPT-BASE takes to find a
globally optimal plan. This is no doubt due to the
fact that the search space of the largest WCSP
that is solved by GP-WCSP∗ is much larger than
the search space explored by a simple state-space
planner. The number of nodes explored by a sim-
ple A∗ algorithm is bounded by the total number
of states. As a concrete example, in zenotravel03,
there are only 5×5×5×5×3×3×7×7 = 275, 625
states (since each of 4 travelers is in one of 3 cities
or 2 planes, each of the 2 planes is one of 3 loca-
tions and has one of 7 fuel levels). By comparison,
GP-WCSP needs to search a space whose size is
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Problem GP-WCSP∗ HSP∗0 HSP∗a SEQ-OPT-BASE

blocks01 11.17 0.01 0.01 0

blocks02+ 0:10:12 0.01 0.01 0

blocks03 3.15 0.01 0.01 0

blocks04+ 0:47:36 0.03 0.08 0

blocks05+ 1:21:09 0.06 0.16 0

blocks06+ 0:25:19 0.03 0.35 0

blocks07+ 2:57:45 0.15 1.17 0.01

blocks08 0:19:44 0.30 1.13 0.04

blocks09+ 0:51:54 0.37 3.72 0.04

blocks10+ 1:23:08 0.31 42.16 0.27

logistics01+ 0:56:52 0:01:51 0.87 0.12

logistics02+ 0:59:01 0:07:11 1.46 0.09

logistics03+ 2:26:05 0.19 0.06 0.1

logistics04+ 2:23:47 - 0:00:50 1.42

logistics05+ 2:03:15 0:01:02 0.91 0.25

logistics06 0.92 0.06 0.04 0.01

logistics07+ 2:54:25 - 27.58 4.64

logistics08+ 8:38:32 97.54 0.36 0.83

logistics09+ 25:46:43 - 0:02:48 8.2

driverlog01+ 18:54:12 0.02 0.03 0

driverlog02+ 3:21:26 11:58:24 0:00:24 0.74

driverlog03+ 3:55:33 7.10 1.75 0.16

driverlog04+ 2:48:22 - 0:04:32 26.61

driverlog05+ 3:06:13 - 0:08:35 0:02:03

driverlog06+ 3:37:47 3:12:00 24.42 0:01:39

driverlog07+ 4:45:11 - 0:06:06 -

driverlog08+ 6:41:08 - - -

rovers01+ 7:25:29 no solution no solution 0.26

rovers02+ 7:22:06 no solution no solution 0.26

rovers03+ 3:31:20 no solution no solution 0.26

rovers04+ 31:59:42 no solution no solution 0.26

rovers05+ 01:50:38 no solution no solution 0.26

satellite01+ 1:18:41 0.01 0.01 0

satellite02+ 1:36:32 0.80 0.14 0.02

satellite03+ 2:03:20 0:39:54 1.47 0.44

satellite04+ 3:08:22 - 0:02:29 13.39

satellite05+ 08:05:06 - - -

zenotravel01 4.93 0.01 0.01 0

zenotravel02+ 6:32:49 0.04 0.03 0

zenotravel03+ 6:55:47 1.43 1.39 0.28

storage01 0.01 0

storage02 0.03 0

storage03 1.54 0

storage04+ 18:13:37 0

storage05+ 30:00:44 0

storage06+ 15:23:23 0.01

storage07+ 23:31:22 0.01

depot01+ 11:32:33 0.05 0.09 0

depot02+ 9:07:34 0:00:57 - 0.25

scanalyzer22 8.61 0.02 - 0

scanalyzer23 8.65 0.02 - 0

scanalyzer24 8.61 0.02 - 0

transport01+ 20:44:15 0.1 - 0

transport11+ 5:17:18 0.1 - 0

Table 5

Comparison of the cpu time required by GP-WCSP∗, HSP∗0, HSP∗a and SEQ-OPT-BASE. For the problems marked “+”,
GP-WCSP∗ only provided a proof of optimality up to k levels for the value of k given in column “plan” of Table 3. The best
times are shown in bold type.
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greater than 10212 simply to find a first solution
(see Table 1).

11. Conclusion

For certain problems, the quality of a plan is
of primary importance. We have presented a new
method for the extraction of an optimal solution-
plan from a planning graph using Weighted CSP
techniques. Experimental trials have demonstrated
the considerable speed-up provided by the propa-
gation of weighted constraints and the use of an
appropriate variable-ordering heuristic. We were
able to solve WCSPs an order of magnitude larger
than random benchmark problems, due to the spe-
cific structure of the constraint graphs of the re-
sulting WCSPs.

The number of planning-graph levels to con-
struct in order to guarantee finding a globally op-
timum plan is unknown in advance. Our algo-
rithm first produces a plan which has minimum
cost among shortest-length parallel plans. Indeed,
in certain applications this could be the type of
optimality which is required. The cost of this plan
is then used to find an upper bound MaxLev on
the number of levels to construct to ensure global
optimality. Our experimental trials indicate that
this upper bound can be significantly improved by
detection of indispensable sets (sets of actions at
least one of which must occur in a valid plan).

Extensive experimental trials have demonstrated
that the search for a globally-optimal plan via con-
struction of the planning graph is a practical pos-
sibility for non-trivial planning problems of mod-
erate size from diverse domains. Nonetheless, in
terms of computation time, our planner was sim-
ply not competitive with optimal planners based
on a state-space search. This is no doubt due to
the much larger search space that our planner had
to explore.

However, the notions that we have defined in
this article could be used by other algorithms (not
necessarily based on the planning graph) to prune
the search space when looking for an optimal-
cost plan. In particular, we have presented several
methods, based on the relaxed planning graph, for
detecting indispensable sets of actions. Even on
large benchmark planning problems, the detection
of indispensable sets of actions was achieved in
a fraction of a second. The sum of the minimum

costs of actions in non-intersecting indispensable
sets provides a natural lower bound on the cost of
a solution-plan which could be used, for example,
in a state-based search. The notion of too-costly
actions can also be adapted to other algorithms
provided we have a lower bound on the number of
actions in a solution-plan.

Another possible avenue of future research is the
investigation of automatic techniques for bounding
the number of occurrences of actions, and in par-
ticular the minimum-cost action since this would
help to tighten the bound MaxLev on the number
of planning-graph levels that need to be explored.
As a simple example, an action which produces all
the goal fluents cannot occur twice in an optimal
plan.
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Appendix

A. Proof of NP-hardness of OCIS

Let φ : {0, 1}2 → R≥0 ∪ {∞} be the function

φ(x, y) =
{∞ if x = y = 1

0 otherwise

and let ψ : {0, 1} → R≥0 ∪ {∞} be the function
ψ(0) = 1, ψ(1) = 0.

Let WCSP(Γ) denote the set of instances of
the Weighted Constraint Satisfaction Problem in
which all the cost functions belong to Γ and costs
lie in R≥0 ∪ {∞}. In the case of boolean domains,
there are only eight tractable classes of cost func-
tions [12]. The set {φ, ψ} is a subset of none of
these eight tractable classes, which implies that
WCSP({φ, ψ}) is NP-hard.

Let P be an instance of WCSP({φ, ψ}) on the
variables V = {v1, . . . , vn}, represented by a graph
GP = 〈V, EP 〉, a subset VP ⊆ V and a constant K.
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The question is to determine whether there exists
an assignment s : V → {0, 1} such that

∑

{vi,vj}∈EP

φ(s(vi), s(vj)) +
∑

vi∈VP

ψ(s(vi)) ≤ K

Observe that any variable vi 6∈ VP can be assigned
the value 0 without incurring any cost in P . Such
variables can hence be eliminated in a preprocess-
ing step. Therefore, without loss of generality, in
the following we assume VP = V = {v1, . . . , vn}.

To prove the theorem, it suffices to give a poly-
nomial reduction from the problem WCSP({φ, ψ})
to OCIS. For each variable vi, we create a fluent
Bi. For each edge {vi, vj} ∈ EP , we create an ac-
tion a{i,j} of cost 2 and such that add(a{i,j}) =
{Bi, Bj}. We also create an action a0 of cost 1.
Let A = {a0} ∪ {a{i,j} : {vi, vj} ∈ EP }. For each
variable vi ∈ VP , let Xi = {a{i,j} : {vi, vj} ∈ EP }
be the set of actions which add the fluent Bi. Let
J = {Xi : 1 ≤ i ≤ n} and

G =
∧

1≤i≤n

Bi

Let Π be the optimal-planning problem 〈A, ∅, G〉.
By Lemma 7.5, the indispensable sets of Π are the
sets Xi (1 ≤ i ≤ n).

There is a bijection between the assignments
s : V → {0, 1} such that ∀{vi, vj} ∈ EP ,
φ(s(vi), s(vj)) = 0 and the choices X = {Xi :
s(vi) = 1, 1 ≤ i ≤ n} of indispensable sets such
that ∀Xi, Xj ∈ X , Xi ∩ Xj = ∅, since Xi, Xj in-
tersect iff {vi, vj} ∈ EP . Let L = n − K. Since
Cmin = 1 and ∀X ∈ X , mincost(X) = 2,

ΣX∈X (mincost(X)− Cmin) = |X |

By definition of the function ψ,

Σvi∈VP ψ(s(vi)) = n − |X |

Hence |X | ≥ L if and only if

Σ{vi,vj}∈EP
φ(s(vi), s(vj)) + Σvi∈VP

ψ(s(vi))

= Σvi∈VP
ψ(s(vi)) ≤ n− L = K

Therefore, the solutions X to the instance of OCIS
defined by Π correspond exactly to the solutions s

to the Valued Constraint Satisfaction Problem P .
This reduction is clearly polynomial.

B. Proof of NP-hardness of OCSA

Let φ and ψ be the functions defined above
in the proof of NP-hardness of OCIS. Let P be
an instance of WCSP({φ, ψ}) on the variables
V = {v1, . . . , vn}, represented by a graph GP =
〈V, EP 〉, a subset VP ⊆ V and a constant K. The
question is to determine whether there exists an
assignment s : V → {0, 1} such that

∑

{vi,vj}∈EP

φ(s(vi), s(vj)) +
∑

vi∈VP

ψ(s(vi)) ≤ K

As in the proof of Theorem 7.10, we can assume
that VP = V = {v1, . . . , vn}.

To prove the theorem, it suffices to give a poly-
nomial reduction from the problem WCSP({φ, ψ})
to OCSA. For each edge {vi, vj} ∈ EP , we cre-
ate a fluent B{i,j}. For each variable vi, we cre-
ate an action ai of cost 2 such that add(ai) =
{B{i,j} : {vi, vj} ∈ EP }. We also create an ac-
tion a0 of cost 1. Let A = {a0, a1, . . . , an}. Let
J = {{ai, aj} : {vi, vj} ∈ EP } and

G =
∧

{vi,vj}∈EP

B{i,j}

Let Π be the optimal-planning problem 〈A, ∅, G〉.
By Lemma 7.5, the indispensable sets of Π are the
elements of J , since the goal fluent B{i,j} can only
be achieved by either ai or aj .

There is a bijection between the assignments
s : V → {0, 1} such that ∀{vi, vj} ∈ EP ,
φ(s(vi), s(vj)) = 0 and the choices S = {ai :
s(vi) = 0, 1 ≤ i ≤ n} of sets of actions such that
∀{ai, aj} ∈ J , {ai, aj} ∩ S 6= ∅. Let M = K. Since
Cmin = 1 and ∀i ∈ {1, . . . , n}, cost(ai) = 2,

MS = Σa∈S(cost(a)− Cmin) = |S|
Since ai ∈ S ⇔ s(vi) = 0 ⇔ ψ(s(vi)) = 1, we have

Σvi∈VP ψ(s(vi)) = |S|
Hence MS ≤ M if and only if

Σ{vi,vj}∈EP
φ(s(vi), s(vj)) + Σvi∈VP

ψ(s(vi))

= Σvi∈VP ψ(s(vi)) ≤ M = K

Therefore, the solutions S to the instance of OCSA
defined by Π correspond exactly to the solutions s
to the Valued Constraint Satisfaction Problem P .
This reduction is clearly polynomial.
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as satisfiability: parallel plans and algorithms for plan
search, Artificial Intelligence 170(12-13) (2006), 1031–
1080.

[65] T. Schiex, H. Fargier and G. Verfaillie, Valued con-
straint satisfaction problems: Hard and easy problems,
in: International Joint Conference on Artificial Intel-
ligence (IJCAI 1995), Morgan Kaufmann, Montréal,
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