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Abstract. This paper investigates the equivalence between games rep-
resented by state transition models and its applications. We first define
a notion of bisimulation equivalence between state transition models and
prove that it can be logically characterized by Game Description Lan-
guage (GDL). Then we introduce a concept of quotient state transition
model. As the minimum equivalent of the original model, it allows us to
improve the efficiency of model checking for GDL. Finally, we demon-
strate with real games that bisimulation equivalence can be generalized
to characterize more general game equivalence.
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1 Introduction

General Game Playing (GGP) is concerned with creating intelligent agents that
understand the rules of previously unknown games and learn to play these games
without human intervention [9]. To represent the rules of arbitrary games, a
formal game description language (GDL) was introduced as an official language
for GGP in 2005. GDL is originally a machine-processable, logic programming
language [14]. Most recently, it has been adapted as a logical language for game
specification and strategic reasoning [24]. Moreover, its epistemic and dynamic
extensions have also been developed [13, 23].

As a logical language for representing game rules and specifying game prop-
erties, the logical properties, especially the expressive power of GDL have not
been fully investigated yet. For instance, which game properties are definable
in GDL? When two GDL game descriptions are equivalent? How to distinguish
two GDL-defined games? In this paper, we will address these questions through
a bisimulation approach.

The notion of bisimulation plays a pivotal role to identify the expressive
power of a logic. It was independently defined and developed in the areas of
theoretical computer science [12, 16] and the model theory of modal logic [3, 4].
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Since bisimulation-equivalent structures can simulate each other in a stepwise
manner, they cannot be distinguished by the concerned logic. An appropriate
notion of bisimulation for a logic allows us to study the expressive power of that
logic in terms of structural invariance and language indistinguishability [11].

Besides identifying the expressivity of a logic, bisimulation equivalence also
allows us to obtain the minimum equivalent of the original model, called the
quotient model, which can be used to improve the efficiency of model checking [2].
Moreover, in terms of GDL, bisimulation equivalence tells us when two game
structures are essentially the same, and thus gives us a natural criterion on the
equivalence between games. Exploiting game equivalence may provide a bridge
for knowledge transfer between a new game and a well-studied game in GGP. In
particular, Zhang et al. considered that two games are equivalent exactly if the
state machines described them are identical (isomorphic) [25]. Such definition
might be too strong, as it would rule out many non-identical but essentially
equivalent games, such as bisimulation-equivalent games.

Based on the above considerations, we will use in this paper a concept of
bisimulation as a tool to investigate the expressive power of GDL and capture
the equivalence between games represented by state transition models. We first
define a concept of bisimulation equivalence between state transition models and
prove that it coincides with the invariance of GDL-formulas on state transition
models. This justifies that the notion of bisimulation equivalence is appropriate
for GDL. Then we introduce a concept of quotient state transition model and
show that it is bisimulation-equivalent to its original model. Considering its
smaller size, this provides a way to improve the efficiency of model checking.
Finally we demonstrate with real games that bisimulation equivalence can be
generalized to capture a wider range of game equivalence.

The rest of this paper is structured as follows: Section 2 introduces the frame-
work for game description. Section 3 defines the concept of bisimulation equiva-
lence and introduces the notion of quotient model. Section 4 generalizes bisim-
ulation equivalence to characterize more general game equivalence. Finally, we
conclude with related work and future work.

2 The Framework

Let us now introduce the GDL-based framework from [24]. All games are as-
sumed to be played in multi-agent environments. Each game is associated with
a game signature. A game signature S is a triple (N,A, Φ), where

• N = {1, 2, · · · ,m} is a non-empty finite set of agents,

• A is a non-empty finite set of actions such that it contains noop, an action
without any effect , and

• Φ = {p, q, · · · } is a finite set of propositional atoms for specifying individual
features of a game state.

Through the rest of the paper, we will consider a fixed game signature S,
and all concepts are based on the game signature unless otherwise specified.
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2.1 State Transition Models

This paper focuses on synchronous games where all players move simultaneously.
These games can be specified by state transition models defined as follows:

Definition 1. A state transition (ST) model M is a tuple (W,w0, T, L, U, g, π),
where

– W is a non-empty finite set of possible states.
– w0 ∈W , representing the unique initial state.
– T ⊆W , representing a set of terminal states.
– L ⊆W ×N ×A is a legality relation, specifying legal actions for each agent

at game states. Let Lr(w) = {a ∈ A : (w, r, a) ∈ L} be the set of all legal
actions for agent r at state w. To make a game playable, we assume that (i)
each agent has at least one available action at each state, i.e., Lr(w) 6= ∅
for any r ∈ N and w ∈ W , and (ii) each agent can only do action noop at
terminal states, i.e., Lr(w) = {noop} for any r ∈ N and w ∈ T .

– U : W × A|N | → W\{w0} is an update function, specifying the state tran-
sition for each state and legal joint action, such that U(w, 〈noopr〉r∈N ) = w
for any w ∈W\{w0}.

– g : N → 2W is a goal function, specifying the winning states of each agent.
– π : W → 2Φ is a standard valuation function.

Note that to make the framework as general as possible, we use the concurrent
game structure and the turn-based game structure involved in [24] is a special
case by allowing a player only to do “noop” when it is not her turn. For conve-
nience, let D denote the set of all joint actions A|N |. Given d ∈ D, we use d(r)
to specify the action taken by agent r.

The following notion specifies all possible ways in which a game can develop.

Definition 2. Let M = (W,w0, T, L, U, g, π) be an ST-model. A path δ is an

infinite sequence of states and joint actions w0
d1→ w1

d2→ · · · dj→ · · · such that for
any j ≥ 1 and r ∈ N ,

1. wj 6= w0 (that is, only the first state is initial.);
2. dj(r) ∈ Lr(wj−1) (that is, any action that is taken by each agent must be

legal.)
3. wj = U(wj−1, dj) (state update)
4. if wj−1 ∈ T , then wj−1 = wj (self-loop after reaching a terminal state.)

Let P(M) denote the set of all paths in M . For δ ∈ P(M) and a stage j ≥ 0,
we use δ[j] to denote the j-th state of δ and θr(δ, j) to denote the action taken
by agent r at stage j of δ.

2.2 The Language

Let us now introduce the GDL-based language from [24] for game specification.
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Definition 3. The language L for game description is generated by the following
BNF:

ϕ ::= p | initial | terminal | legal(r, a) | wins(r) | does(r, a) | ¬ϕ | ϕ∧ψ | ©ϕ

where p ∈ Φ, r ∈ N and a ∈ A.

Other connectives ∨, →, ↔, >, ⊥ are defined by ¬ and ∧ in the standard way.
Intuitively, initial and terminal specify the initial state and the terminal states
of a game, respectively; does(r, a) asserts that agent r takes action a at the
current state; legal(r, a) asserts that agent r is allowed to take action a at the
current state, and wins(r) asserts that agent r wins at the current state. Finally,
the formula ©ϕ means that ϕ holds in the next state.

We use the following abbreviations in the rest of paper. For d = 〈ar〉r∈N ,
does(d) =def

∧
r∈N does(r, ar), and ©kϕ =def ©· · ·©︸ ︷︷ ︸

k

ϕ. Note that our lan-

guage is slightly different from [24] by introducing the agent parameter in legal(·)
and does(·). To help the reader capture the intuition of the language, let us con-
sider the following example.

Example 1 (Number Scrabble). Two players take turns to select numbers from 1
to 9 without repeating any numbers previously used. The first player who selects
three numbers that add up to 15 wins.

The game signature SNS is given as follows: NNS = {b,w} denoting two
game players; ANS = {α(n) | 1 ≤ n ≤ 9}∪{noop}, where α(n) denotes selecting
number n, and ΦNS = {s(r, n), turn(r) | r ∈ {b,w} and 1 ≤ n ≤ 9}, where
s(r, n) represents the fact that number n is selected by player r, and turn(r)
says that player r has the turn now. The rules of Number Scrabble can be
naturally formulated by GDL-formulas as shown in Figure 1 (where r ∈ {b,w}
and −r represents r’s opponent).

1. initial↔ turn(b) ∧ ¬turn(w) ∧
9∧

i=1

¬(s(b, i) ∨ s(w, i))

2. wins(r)↔
(∨3

i=2(s(r, i)∧ s(r, 4)∧ s(r, 11− i))∨
∨2

i=1(s(r, i)∧ s(r, 6)∧ s(r, 9− i))∨∨4
l=1(s(r, 5− l) ∧ s(r, 5)∧s(r, 5 + l))

)
3. teminal↔ wins(b) ∨ wins(w) ∨

9∧
i=1

(s(b, i) ∨ s(w, i))

4. legal(r, α(n))↔ ¬(s(b, n) ∨ s(w, n)) ∧ turn(r) ∧ ¬terminal
5. legal(r, noop)↔ turn(−r) ∨ terminal
6. ©s(r, n)↔ s(r, n) ∨ (¬(s(b, n) ∨ s(w, n)) ∧ does(r, α(n)))
7. turn(r) ∧ ¬terminal→©¬turn(r) ∧©turn(−r)

Fig. 1. A GDL description of Number Scrabble.

The formulas are intuitive. Formula 1 says at the initial state, player b has the
first turn and all numbers are not selected. The next two formulas specify winning
states of each player and the terminal states, respectively. The preconditions of
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each action (legality) are specified by Formula 4 and Formula 5. Formula 6 is the
combination of the frame axioms and the effect axioms [19]. The last formula
specifies the turn-taking.

2.3 The Semantics

The semantics of this language is based on ST-models with respect to a path
and a stage of the path.

Definition 4. Let M = (W,w0, T, L, U, g, π) be an ST-model. Given a path δ of
M , a stage j ≥ 0 and a formula ϕ ∈ L, we say ϕ is true (or satisfied) at j of δ
under M , denoted M, δ, j |= ϕ, according to the following definition:

M, δ, j |= p iff p ∈ π(δ[j])
M, δ, j |= ¬ϕ iff M, δ, j 6|= ϕ
M, δ, j |= ϕ1 ∧ ϕ2 iff M, δ, j |= ϕ1 and M, δ, j |= ϕ2

M, δ, j |= initial iff δ[j] = w0

M, δ, j |= terminal iff δ[j] ∈ T
M, δ, j |= wins(r) iff δ[j] ∈ g(r)
M, δ, j |= legal(r, a) iff a ∈ Lr(δ[j])
M, δ, j |= does(r, a) iff θr(δ, j) = a
M, δ, j |=©ϕ iff M, δ, j + 1 |= ϕ

A formula ϕ is valid in an ST-model M , written M |= ϕ, if M, δ, j |= ϕ for any
δ ∈ P(M) and j ≥ 0. A formula ϕ is called satisfied at a state w in M , written
M,w |= ϕ, if it is true for all paths going through w, i.e., M, δ, j |= ϕ for any
δ ∈ P(M) and any j ≥ 0 with δ[j] = w. It follows that M,w0 |= ϕ iff M, δ, 0 |= ϕ
for all δ ∈ P(M).

3 Bisimulation Equivalence

In this section, we define the concept of bisimulation equivalence over state
transition models and show it coincides with the invariance of GDL-formulas.
We also introduce the quotient state transition model in terms of such relation.

3.1 Bisimulation and Invariance

Inspired by the notion of bisimulation in [7], we define the concept of bisimulation
equivalence between ST-models as follows:

Definition 5. Let M = (W,w0, T, L, U, g, π) and M ′ = (W ′, w′0, T
′, L′, U ′, g′, π′)

be two ST-models. We say M and M ′ are bisimulation-equivalent, (bisimilar, for
short), written M ≈ M ′, if there is a binary relation Z ⊆ W ×W ′ such that
w0Zw

′
0, and for all states w ∈W and w′ ∈W ′ with wZw′, the following condi-

tions hold:

1. π(w) = π′(w′);
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2. w = w0 iff w′ = w′0;
3. w ∈ T iff w′ ∈ T ′;
4. a ∈ Lr(w) iff a ∈ L′r(w′) for any r ∈ N and a ∈ A;
5. w ∈ g(r) iff w′ ∈ g′(r) for any r ∈ N ;
6. If U(w, d) = u, then there is u′ ∈W ′ s.t. U ′(w′, d) = u′ and uZu′;
7. If U ′(w′, d) = u′, then there is u ∈W s.t. U(w, d) = u and uZu′.

Note that ≈ is an equivalence relation over ST-models. When Z is a bisimulation
linking two states w in M and w′ in M ′, we say that w and w′ are bisimilar,
written M,w - M ′, w′. In particular, if M ≈ M ′, then their initial states are
bisimilar, i.e., M,w0 - M ′, w′0.

Another way to understand bisimulation equivalence is to observe that M
is bisimilar to M ′ iff each path that can be developed in one model can also be
induced in the other. To formalize this idea, we need generalize the notion of
bisimilar over states to paths as follows:

Definition 6. Consider two ST-models M and M ′. Given two paths δ := w0
d1→

w1
d2→ · · · in M and δ′ := w′0

d′1→ w′1
d′2→ · · · in M ′, we say δ and δ′ are bisimilar,

written M, δ - M ′, δ′, iff for every j ≥ 0 and r ∈ N , M, δ[j] - M ′, δ′[j] and
θr(δ, j) = θr(δ

′, j).

That is, two paths are bisimilar if (i) all the corresponding states are bisimilar,
and (ii) each agent takes the same action at every stage. With this, the above
idea is restated as follows:

Lemma 1. Given two ST-models M and M ′, M ≈M ′ iff for every δ ∈ P(M),
there is δ′ ∈ P(M ′) such that M, δ - M ′, δ′, and vice versa.

Proof. (⇒) This direction holds directly by Condition 6 & 7 of Def 5.
(⇐) Let Z = {(w,w′) | there are δ ∈ P(M), δ′ ∈ P(M ′) and j ≥ 0 such that

δ[j] = w, δ′[j] = w′, the local properties Condition 1-5 in Def 5 hold for δ[j] and
δ′[j], and θr(δ, j) = θr(δ

′, j)}. Such a relation Z exists due to the assumption. It
is easy to show that Z is a bisimulation between M and M ′. (2)

Let us now turn to the logical characterization of bisimulation equivalence.
We begin with the invariance of GDL-formulas under path-bisimulation.

Proposition 1. Let M , M ′ be two ST-models. For every δ ∈ P(M) and δ′ ∈
P(M ′), if M, δ - M ′, δ′, then (M, δ, j |= ϕ iff M ′, δ′, j |= ϕ) for any j ≥ 0 and
ϕ ∈ L.

It is routine to prove this by induction on ϕ. This result asserts that two bisimilar
paths preserve GDL-formulas at each stage. Note that the other direction does
not hold. Here is a simple counter-example. Let M and M ′ be two ST-model
depicted in Figure 2, where N = {r} and Φ = ∅. Now consider two paths

δ = w0
a→ w1

b→ · · · in M and δ′ = w′0
a→ w′1

b→ · · · in M ′. As w3 6∈ T and
w′3 ∈ T ′, then M,w3 6'M ′, w′3, i.e., the successors of w1 and w′1 are not bisimilar,
so M,w1 6' M ′, w′1. Thus, δ and δ′ are not bisimilar, i.e., M, δ 6' M ′, δ′. But it
is easy to check that at each stage, δ and δ′ satisfy the same GDL-formulas.



Game Equivalence and Bisimulation for GDL 7

Fig. 2. δ and δ′ are not bisimilar. Fig. 3. M and M ′ are not
bisimulation-equivalent.

To prove the characterization result, we need one additional notion. For each

path δ := w0
d1→ w1

d2→ · · · dj→ · · · in M , we induce a trace V (δ) = V (w0) ·
does(d1) · V (w1) · · · does(dj−1) · V (wj) · · · , where V (w) = {p ∈ Φ | p ∈ π(w)} ∪
{initial | w = w0} ∪ {terminal | w ∈ T} ∪ {wins(r) | w ∈ g(r) for r ∈ N} ∪
{legal(r, a) | a ∈ Lr(w) for r ∈ N, a ∈ A}. Let trace(M) denote the set of all
traces in M , i.e., trace(M) = {V (δ) | δ ∈ P(M)}. Then it holds that

Lemma 2. For two ST-models M and M ′, M ≈M ′ iff trace(M) = trace(M ′).

We now provide the logical characterization of bisimulation equivalence.

Theorem 1. Let M and M ′ be any two ST-models. Then M ≈ M ′ iff they
satisfy the same GDL-formulas.

Proof. Assume M ≈ M ′. For symmetry, it suffices to prove one case. For every
ϕ ∈ L, assume ϕ is satisfied in M . then there is δ ∈ P(M) and stage j ≥ 0 such
that M, δ, j |= ϕ. By the assumption and Lemma 1, there is δ′ ∈ P(M ′) such
that M, δ - M ′, δ′. And by Proposition 1, we have M ′, δ′, j |= ϕ. Thus, ϕ is
satisfied in M ′.

Now assume M 6≈M ′, then by Lemma 2 there is δ ∈ P(M) for all δ′ ∈ P(M ′)
V (δ) 6= V (δ′). It follows that for each δ′ ∈ P(M) there is k ≥ 0 such that either
does(dk+1) 6= does(d′k+1) or V (δ[k]) 6= V (δ′[k]). From the former, we obtain a
formula does(r, ak+1) (for r ∈ N and ak+1 ∈ A) such thatM, δ, k |= does(r, ak+1)
and M ′, δ′, k 6|= does(r, ak+1). From the latter, we obtain a formula χ ∈ Atm
such that either (i) M, δ, k |= χ and M ′, δ′, k 6|= χ, or (ii) M, δ, k |= ¬χ and
M ′, δ′, k 6|= ¬χ. Let ϕδ′ be the formula of the form ©kdoes(r, ak+1), ©kχ or
©k¬χ to distinguish δ from δ′. It follows by the construction that M, δ, 0 |= ϕδ′

and M ′, δ′, 0 6|= ϕδ′ . Let ∆ be the conjunctions of all such obtained formulas for
all paths in M ′, i.e., ∆ :=

∧
δ′∈P(M ′) ϕδ′ . Note that ∆ is well-formed due to the

fact that M ′ is finite-branching. Let us now consider formula initial∧∆. Then it
is satisfied in M , i.e., M, δ, 0 |= initial∧∆. But it is unsatisfied in M ′. Otherwise,
there are some δ′ ∈ P(M ′) and j ≥ 0 such that M ′, δ′, j |= initial ∧ ∆, then
M ′, δ′, 0 |= ∆, so M ′, δ′, 0 |= ϕδ′ , contradicting with M ′, δ′, 0 6|= ϕδ′ . Thus, M
and M ′ fail to satisfy the same set of GDL-formulas. (2)

This theorem asserts that bisimulation equivalence and the invariance of GDL-
formulas match on ST-models. On the one hand, this result justifies that the
notion of bisimulation equivalence is natural and appropriate for GDL; On the
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other hand, it allows us to show the failure of bisimulation-equivalence easily.
Two ST-models are not bisimulation-equivalent if there is a GDL-formula that
holds in one model and fails in the other. For instance, let us consider two ST-
models depicted in Figure 3, where N = {r} and Φ = ∅. One can find formula
initial ∧ ©2(does(r, c) ∧ ©terminal) that holds in M , but fails in M ′. This
leads to M 6≈M ′. Thus, two ST-models are bisimulation-equivalent if and only
if they enjoy exactly the same properties. Alternatively, two ST-models are not
bisimulation-equivalent if one has a property that the other does not have.

3.2 Bisimulation Quotient

In this subsection, we provide an alternative perspective to consider bisimulation
as a relation between states within a single ST-model. Then we introduce the
quotient ST-model under such relation.

Definition 7. Let M = (W,w0, T, L, U, g, π) be an ST-models. A bisimulation
is a binary relation Z ⊆W ×W s.t. for all states w1, w2 ∈W with w1Zw2,

1. π(w1) = π(w2);
2. w1 = w0 iff w2 = w0;
3. w1 ∈ T iff w2 ∈ T ;
4. a ∈ Lr(w1) iff a ∈ Lr(w2) for any r ∈ N and a ∈ A;
5. w1 ∈ g(r) iff w2 ∈ g(r) for any r ∈ N ;
6. If U(w1, d) = u1, then there is u2 ∈W s.t. U(w2, d) = u2 and u1Zu2;
7. If U(w2, d) = u2, then there is u1 ∈W s.t. U(w1, d) = u1 and u1Zu2.

States w1 and w2 are bisimulation-equivalent, denoted by w1 ∼M w2, if there is
a bisimulation Z for M with w1Zw2.

It follows that a bisimulation over states for ST-model M is a bisimulation
over ST-models for the pair (M,M). Clearly, ∼M is an equivalence relation on
W . For w ∈ W , let [w]∼M

be the equivalence class of state w under ∼M , i.e.,
[w]∼M

= {w′ ∈ W | w ∼M w′}. We next define the quotient ST-model under
such bisimulation equivalence.

Definition 8. For an ST-model M = (W,w0, T, L, U, g, π) and a bisimulation
equivalence ∼M , the quotient ST-model M/ ∼M= (W ′, w′0, T

′, L′, U ′, g′, π′) is
defined as follows:

– W ′ = {[w]∼M
| w ∈W} is the set of all ∼M -equivalence classes;

– w′0 = [w0]∼M
;

– T ′ = {[w]∼M
| w ∈ T};

– a ∈ L′r([w]∼M
) iff a ∈ Lr(w) for any r ∈ N and a ∈ A;

– U ′([w]∼M
, d) = [u]∼M

iff U(w, d) = u′ for some u′ ∈ [u]∼M
;

– [w]∼M
∈ g′(r) iff w ∈ g(r) for any r ∈ N ;

– p ∈ π′([w]∼M
) iff p ∈ π(w) for any p ∈ Φ.

Note that the defined quotient ST-model is indeed a state transition model, and
it is minimum as ∼M is the coarsest bisimulation for M . Moreover, an ST-model
and its quotient ST-model are bisimulation-equivalent.
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Proposition 2. For any ST-model M , M ≈M/∼M .

This follows from the fact that Z = {(w, [w]∼M
) | w ∈ W} is a bisimulation

between M and M/∼M . Combining this result and Theorem 1 allows us to
perform model checking on the bisimulation-equivalent quotient ST-model. A
GDL-formula holds for the quotient if and only if it also holds for the original
ST-model. This provides a way to improve the efficiency of model checking for
GDL in [20, 13]. Note that an adaption of bisimulation-quotienting algorithms for
a finite transition system in [2] can be used to compute the quotient ST-model.

4 Bisimulation and Game Equivalence

State transition models may be viewed as representations of games, and bisim-
ulation equivalence tells us when two state transition models are essentially the
same. Thus, bisimulation equivalence provides a criterion on the equivalence be-
tween games, i.e., two games are equivalent if their state transition models are
bisimulation-equivalent. In this section, we generalize this concept to capture
more general game equivalence.

Let us first consider the following two games: Number Scrabble in Example
1 and Tic-Tac-Toe specified as follows:

Example 2 (Tic-Tac-Toe). Two players take turns in marking either a cross ‘x’or
a nought ‘o’ on a 3× 3 board. The player who first gets three consecutive marks
of her own symbol in a row wins this game.

The game signature for Tic-Tac-Toe, written STT , is given as follows: NTT =
{x, o} denoting the two game players; ATT = {ai,j | 1 ≤ i, j ≤ 3} ∪ {noop},
where ai,j denotes filling cell (i, j), and ΦTT = {pri,j , turn(r) | r ∈ {x, o} and
1 ≤ i, j ≤ 3}, where pri,j represents the fact that cell (i, j) is filled by player r.
The rules of this game is given in Figure 4.

1. initial↔ turn(x) ∧ ¬turn(o) ∧
3∧

i,j=1

¬(pxi,j ∨ poi,j)

2. wins(r)↔
3∨

i=1

2∧
l=0

pri,1+l ∨
3∨

j=1

2∧
l=0

pr1+l,j ∨
2∧

l=0

pr1+l,1+l ∨
2∧

l=0

pr1+l,3−l

3. teminal↔ wins(x) ∨ wins(o) ∨
3∧

i,j=1

(pxi,j ∨ poi,j)

4. legal(r, ai,j)↔ ¬(pxi,j ∨ poi,j) ∧ turn(r) ∧ ¬terminal
5. legal(r, noop)↔ turn(−r) ∨ terminal
6. ©pri,j ↔ pri,j ∨ (does(r, ai,j) ∧ ¬(pxi,j ∨ poi,j))
7. turn(r) ∧ ¬terminal→©¬turn(r) ∧©turn(−r)

Fig. 4. A GDL description of Tic-Tac-Toe.

The initial state, each player’s winning states, the terminal states and the turn-
taking are given by formulas 1-3 and 7, respectively. The preconditions of each
action (legality) are specified by Formula 4 and 5. Formula 6 specifies the state
transitions.
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Although the two games appear different in their game descriptions, they are
actually equivalent (isomorphic) [15, 18]. Unfortunately, bisimulation equivalence
is not able to capture such game equivalence as they are based on different game
signatures. Then we generalize the notion of bisimulation equivalence as follows:

Definition 9. Consider two ST-models MS = (W,w0, T, L, U, g, π) with S =
(N,A, Φ) and M ′S′ = (W ′, w′0, T

′, L′, U ′, g′, π′) with S ′ = (N ′,A′, Φ′). MS and
M ′S′ are structure-equivalent, written MS ∼M ′S′ , if there are bijections f1 : N 7→
N ′, f2 : A 7→ A′, f3 : Φ 7→ Φ′, and a relation Z ⊆W ×W ′ such that w0Zw

′
0 and

for all states w ∈W and w′ ∈W ′ with wZw′, the following conditions hold:

1. p ∈ π(w) iff f3(p) ∈ π′(w′);
2. w = w0 iff w′ = w′0;
3. w ∈ T iff w′ ∈ T ′;
4. a ∈ Lr(w) iff f2(a) ∈ L′f1(r)(w

′) for any r ∈ N and a ∈ A;

5. w ∈ g(r) iff w′ ∈ g′(f1(r)) for any r ∈ N ;
6. If U(w, d) = u, then there is u′ ∈ W ′ s.t. U ′(w′, 〈f2(d(r))〉r∈N ) = u′ and

uZu′;
7. If U ′(w′, d′) = u′, then there is u ∈W s.t. U(w, 〈f−12 (d′(r′))〉r′∈N ′) = u and

uZu′.

Note that ∼ is an equivalence relation over ST-models (with different game
signatures). Clearly, ≈ is a special case of ∼ when S = S ′. We say that two
games are equivalent if their ST-models are structure-equivalent.

Let us back to the examples. As we expected, the equivalence between Num-
ber Scrabble and Tic-Tac-Toe can be captured by the structure equivalence. The
mapping between their state transition models is demonstrated in Table 1. The
basic idea is that filling a cell corresponds to selecting the number in the cell,
and the fact that a cell is filled amounts to the fact that the corresponding num-
ber is selected. For instance, filling the left-bottom cell corresponds to selecting
number 4, i.e., f2(a1,1) = α(4), and the fact that the center is filled by player
x maps the fact that number 5 is selected by player b, i.e., f3(px2,2) = s(b, 5).
And the structure-bisimulation relation starts from their initial states and can
be constructed step by step according to the mapping. For example, the states
depicted in Table 2 and Figure 5 are structure-bisimilar.

2 7 6
9 5 1
4 3 8

Table 1: The Mapping.

X

Table 2: Filling the
Center.

{1,2,3,4,5,6,7,8,9}
b

Fig. 5. Selecting Number
5.

Similarly, we say that w and w′ are structure-bisimilar, written MS , w -s

M ′S′ , w′, if Z links two states w in MS and w′ in M ′S′ . In particular, for two paths

δ := w0
d1→ w1

d2→ · · · dj→ · · · in MS and δ′ := w′0
d′1→ w′1

d′2→ · · ·
d′f→ · · · in M ′S′ , we

say that δ and δ′ are structure-bisimilar, written MS , δ -s M
′
S′ , δ′, iff for every

j ≥ 0 and r ∈ N , MS , δ[j] -s M
′
S′ , δ′[j] and f2(θr(δ, j)) = θf1(r)(δ

′, j). Similar
to Bisimulation Equivalence, the following result displays that two ST-models
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are structure-equivalent iff each path that can be developed in one model can
be also simulated in the other.

Lemma 3. Given two ST-models MS and M ′S′ , MS ∼ M ′S′ iff for every δ ∈
P(MS), there is δ′ ∈ P(M ′S′) such that MS , δ -s M

′
S′ , δ′, and vice versa.

Let us turn to the logical characterization of structure equivalence. To this
end, we begin with the transformation of GDL-formulas. The translation between
languages is defined as follows:

Definition 10. Consider two game signatures S = (N,A, Φ) and S ′ = (N ′,A′, Φ′)
with the same bijections f1 : N 7→ N ′, f2 : A 7→ A′ and f3 : Φ 7→ Φ′ of Definition
9. A translation tr is a bijective mapping from LS onto LS′ such that for p ∈ Φ,
r ∈ N and a ∈ A,

tr(p) = f3(p) tr(initial) = initial
tr(terminal) = terminal tr(wins(r)) = wins(f1(r))
tr(legal(r, a)) = legal(f1(r), f2(a)) tr(does(r, a)) = does(f1(r), f2(a))
tr(¬ϕ) = ¬tr(ϕ) tr(ϕ ∧ ψ) = tr(ϕ) ∧ tr(ψ)
tr(©ϕ) =©tr(ϕ)

Note that such a translation exists as there is a bijective mapping between the
game signatures. The following result holds that if two paths are structure-
bisimilar, then they preserve the corresponding GDL-formulas at each stage.

Lemma 4. Let MS , M ′S′ be two ST-models. For every δ ∈ P(MS) and δ′ ∈
P(M ′S′), if MS , δ -s M

′
S′ , δ′, then MS , δ, j |= ϕ iff M ′S′ , δ′, j |= tr(ϕ) for any

ϕ ∈ LS and j ≥ 0.

Note that the converse to this proposition does not hold. Please refer to Figure
2 for a counter-example. We now provide the following logical characterization
result that structure equivalence and the invariance of the corresponding GDL-
formulas coincide on ST-models.

Proposition 3. Let MS , M ′S′ be two ST-models. The following are equivalent.

1. MS ∼M ′S′

2. for every ϕ ∈ LS , ϕ is satisfied in MS iff tr(ϕ) is satisfied in M ′S′ .

Proof. The direction from Clause 1 to Clause 2 follows from Lemma 3 and
Lemma 4. To prove the other direction, we need the following notion.

Consider two ST-models MS = (W,w0, T, L, U, g, π) with S = (N,A, Φ)
and M ′S′ = (W ′, w′0, T

′, L′, U ′, g′, π′) with S ′ = (N ′,A′, Φ′). Given bijections
f1 : N 7→ N ′, f2 : A 7→ A′ and f3 : Φ 7→ Φ′, let tr be a translation defined in Def-
inition 10. A translation Tr is a bijection from trace(M) to trace(M ′). For every
V (δ) ∈ trace(M), Tr(V (δ)) = tr(V (w0))·tr(does(d1))·tr(V (w1)) · · · tr(does(de−1))·
tr(V (we)) where tr(V (wj)) = {tr(ϕ) ∈ LS′ : ϕ ∈ V (wj)} for any 0 ≤ j ≤ e, and
tr(does(dj)) =

∧
r∈N tr(does(r, dj(r))) for any 1 ≤ j ≤ e. Let Tr(trace(M)) =

{Tr(V (δ)) | V (δ) ∈ trace(M)}. Then we have that the fact holds that MS ∼M ′S′

iff Tr(trace(M)) = trace(M ′). With this, the proof of the direction from Clause
2 to Clause 1 is similar to Theorem 1. (2)
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We end this section with the interesting observation that the GDL-descriptions
of Tic-Tac-Toe and Number Scrabble are logically equivalent in terms of the
translation.

Observation 1 Let ΣTT and ΣNS denote the GDL-descriptions of Tic-Tac-Toe
(Figure 6) and Number Scrabble (Figure 1), respectively. Then |=

∧
tr(ΣTT ) ↔∧

ΣNS, where tr(ΣTT ) = {tr(ϕ) ∈ LNS | ϕ ∈ ΣTT}.

5 Conclusion

We have defined the notion of bisimulation for GDL and showed that it coincides
with the invariance of GDL-formulas. We have also introduced the quotient
model to improve the efficiency of model checking for GDL. Moreover, we have
generalized the notion of bisimulation to capture more general game equivalence.

Although various game equivalence have been proposed in economics, math-
ematics and logic [1, 5, 8, 22], few work has been done in the domain of GGP.
To the best of our knowledge, Zhang et al. investigated game equivalence for
knowledge transfer in GGP. They consider two games are equivalent if their s-
tate transition models are isomorphic [25]. While our notion of game equivalence
is more general as it is based on bisimulation relation.

Directions of future research are manifold. We intend to explore the van
Benthem Characterization Theorem for GDL [4]. More recently, GDL has been
extended to GDL-II and epistemic GDL for representing and reasoning about
imperfect information games [13, 21]. We plan to study the expressiveness of
these extended languages. Besides structure equivalence, it would be also inter-
esting to investigate different types of game equivalence in GGP, such as strategic
equivalence, subgame equivalence [6, 10, 17].
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