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Atomic flows [GG08] are certain kinds of acyclic
graphs which capture the structural information of
proofs in Deep Inference formalisms [Gug07]. Intuitively,
an atomic flow is obtained from a proof retaining the
causal dependencies between creation, duplication and
destruction of atoms and discarding all informations
about logical connectives, units and linear inference
rules. More in detail, an atomic flow is obtained from
the following generators, modulo some conditions that
require acyclicity and the possibility to assign a polarity
to every edge in a coherent way:

i↓ c↓ w↓ i↑ c↑ w↑

Despite the lack of information that they carry with
respect to the original proof, they have been proved to
be enough in order to obtain a quasi-polynomial cut
elimination for classical logic [Gun09]. It is not difficult
to show that any flow can be reduced to a normal form
of this shape:
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where every i↓ and i↑ is relegated at the top and at
the bottom, respectively, of the flow. We can see flows
in this form as purely geometric structures and there-
fore we are interested in studying the algebra of these
objects, namely how they can compose. Apart from
vertical and horizontal composition, we can consider
another operation: substitution.

The usual operation of substitution of a formula A
into every occurrence of an atom a of another formula B
can be generalised to substitution of a derivation ϕ into
the occurrences of an atom a in another derivation ψ.
Suppose for example that a appears in both the premiss
A and the conclusion B of ψ. Then it makes sense to
substitute the premiss C of ϕ into the occurrences of
a in A, the conclusion D of ϕ into the occurrences of
a in B , and to substitute every section of ϕ into the
occurrences of a in the sections of ψ. Here, by section of
a derivation in deep inference we mean a formula that
splits the derivation into two subderivations, such that
the formula is the conclusion of one and the premiss of
the other one. Naturally, there is more than one way to

do this, therefore we would obtain a set of derivations as
a result. This means that substitution can be regarded
as a compression mechanism: when it is left indicated
it has the power to represent in a non-bureaucratic way
several derivations.

From the point of view of atomic flows, this operation
could be intuitively performed by viewing the edges of
the flow Ψ of ψ as “pipes” that are filled with the flow
Φ of ϕ in such a way that the top and bottom edges
of Φ are stretched until they reach the top and bottom
pipes of Ψ , respectively. More precisely, the idea is to
associate Φ to certain paths in Ψ that corresponds to a
and to subject instances of Φ to the same terminations,
bifurcations and U-turns of the paths in Ψ they are
substituted into. For example, the substitution of a c↓
inside a c↑ would be

that is,

In order to formalise this intuitive definition, we are
searching for an algebraic understanding of atomic flows
and their properties, using category theory, that we
think might lead to a convincing definition of substi-
tution. In the previous example in particular it seems
that we are horizontally composing c↓ and c↑, seen
as natural transformations, where the two flows on
the right hand of the equation would be the legs of a
commutative square.
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