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1 Introduction

This paper is inspired by [Lod08]. In this book, Loday usesagmatic repre-
sentation of operations and co-operations in bialgebras.u¥¢ this diagramatic
syntax and rewriting techniques, especially confluencerawe identities in alge-
bras generated by a free semi-group or a free monoid.

2 Deconcatenation

Let A be an alphabet. The elementsfoére calledetters

Definition 1 : A™ is thefree semi-group generated By Its elements are nonempty
lists of letters. They are called (honempiydrds

For instance, if our alphabet &= {a, b}, thenaabbais a nonempty word i\".

Definition 2 Concatenation is the operation which, to each paiu,v) € (A1)?,
associates the word formed by the letters of u followed byetiters of v.

For instanceabba: bba= abbabba

Remark 1 Concatenation is associative.

For instance(ab-b) -a = abb-a = abba= ab-ba=ab- (b-a).
A Z-moduleis an (additive) Abelian group.

Definition 3 The fre€Z-module generated by a set X is theZgt whose elements
are formal sums of elements of X with coefficientZin

For instance, iX = {x,y}, we havex+y—x+y+y=y+y+y=3yin ZX.
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Remark 2 : If X is a finite setZX is isomorphic tazX!.
For instanceZX is isomorphic tdZ? in the above example.

Definition 4 The nonunital algebraZS generated by a semi-group S is the free
Z-module generated by S equipped with a multiplicatiextending the multipli-
cation of S and distributive over the sum.

For instance, ifS= A" with A= {a,b}, we have(2abb— 3ba) - aa = 2abbaa—
3baaain ZS.

Definition 5 If P and Q areZ-modules, th@ensor producP ® Q is the freezZ-
module generated by elements of the formgwith pe P and ge Q, quotiented
by the following equalities:

o (p+P)@a=(p®a) + (P ®q);
e P (g+q) = (poa)+ (PR d);
e O0®g=0=px0.
We write P“" for theZ-moduleP ® - -- @ P (n times).
Remark 3 (ZX)*"=27X".
Hence, we gepy ® --- ® p, € ZX" forany py, -+, pn € ZX
We extend the multiplication &ZSto ZS as follows:
(URV)-W=Uu® (V-W), Uu-(VeWw)=(U-V)®@W.

Definition 6 Let A be an alphabet and let-S A*. Deconcatenation is the co-
operationd : ZS— 7 defined as follows:

o(w) = Z u®v for any we S.
W=u-v

For instanced(abaa = a® baa+ ab® aa+ aba® a.
Alternatively, & is recursively defined as follows:

e d(a) =0 foranyac A,

e d(u-v)=u-9(v)+9d(u)-v+uxvforanyuvesS

Remark 4 &(u)-v consists of all terms @& (u-v) whose first component is a prefix
of u and similarly, ud(v) consists of all terms @¥(u-v) whose second component
is a postfix of v.



Theorem 1 Deconcatenation isoassociative

If d(w) = Z Ui ® Vi, then
W=U;-Vj

_Z _6(ui)®vi = Ui @(Vi).

W=U;j-V;

3 Z-diagrams

For anym,n € IN, a diagranp: m— nis pictured as follows:

.-m---

e n---

It is interpreted as a map: X™ — X" whereX is some fixed set.

There are two operations on diagrams:

parallel composition sequential composition
¢
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They are interpretated as follows:

e if f:X™— X"is the interpretation of: m— nand if f': X™ — X" is the
interpretation ofy : M’ — ', thenf x f/: X™™ —, X" is the interpreta-
tion of the parallel composition af with ¢’;

o if f: X! — X™is the interpretation ofp: | — mand ifg: X™ — X" is the
interpretation ofy : m — n, thengo f : X! — X" is the interpretation of
sequential composition af with .

For more details on diagrams, see [Laf03].

Definition 7 AZ-diagram® : m— n is a (finite) formal surzk;@ where the Ke Z
and the@ : m — n are diagrams with the same number of inputs and the same
number of outputs.



On Z-diagrams, there is also a sum, which is pictured as follows:

ERNEN

Note that theX-diagrams®, W have the same number of inputs and the same
number of outputs. Similarly, we define the opposi& : m — n and thenull
2-diagram 0 m— n.

A Z-diagram® : m — n s interpreted as #-linear mapf : (ZX)*™ — (ZX)®".

The interpretation of the operations is similar to the cafsdiagrams, except for

parallel composition, which is interpreted Ryinstead ofx. The intrepretation of
+ is straightforward.

Diagrams are built from atomic ones, callgdtes using parallel and sequential
composition. In particular, the identity diagram is pigurs parallel wires.z-
diagrams are built in the same way except that there are sutms@efficients.

Definition 8 A rewrite ruleis of the formp— W where@: m— nis a diagram and
WY:m— nis aZ-diagram.

Now we asssume thaf is the semi-groupA™ whereA is an alphabet. The gates
are:

concatenation deconcatenatiot

Y A

From the recursive definition of deconcatenation, we dedledollowing inter-
actionrule:

O(u-v) =u-0(V)+d(u)-v+uxv

Similar kinds of rules are introduced in [Laf97] (interamis for diagrams) and [ER06]
(interactions forz-diagrams).



4 Diagramatic proof of the theorem

We introduce the&oassociativityrule:

The theorem is proved by induction on length of words. Thecstrre of the proof
is described by a confluence diagram:

e ¢ N2 wherep —
\/ \\_J
® Y
\\\ ‘/

\\ ‘/ d —

4 W anay —

There are two kinds of arrow:
e broken arrow for coassociativity;
e solid arrow for interaction.

We want to prove that coassociativity holds for composeddaoi his means that
the rulegp — Y holds. First, we apply interaction tp to move deconcatenation
gates above, and we getadiagram®. Then, by induction hypothesis, we apply
coassociativity tab to get anothek-diagramW. Finally, we check thatp reduces
to W by interaction. Consequently the fobirdiagramsg, ®, ¥, andy have the
same interpretation and the rupe—  holds.

Coassociativity holds obviously for letters, sinbf@) = 0 for anya € A. Now, let

u andv be two words inA™ for which deconcatenation is coassociative. We want
to prove that deconcatenation is coassociativewfes u-v. In other words, the
following reduction holds:



We apply interaction to the left and right members:

The two results differ only on two terms:

u u v u \"

% M

By induction hypothesis, we can apply coassociativity t® lgft Z-diagram, and
we get the right one.
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5 Deconcatenation for monoids

Let A be an alphabet

Definition 9 A* is thefree monoid generatebdy A. Its elements are those of A
and theempty worde.

Remark 5 ¢ is the unit for concatenation.

Definition 10 The unital Z-algebra (or ring¥ZM, is the freeéZ-module generated
by the module M equipped with a multiplicatioextending the multiplication of
M and distributive over the sum.

We writeM = A*, andS= A".
Definition 11 Full deconcatenatioh : ZM — ZM?2, is defined as follows:

A(w) = Z u® Vv

W=Uu-v

Definition 12 Primitive deconcatenatioh: ZM — ZM? extandingd : ZS— 7S,
is defined as follows:

e d(w) = W:Z'Vu RW

U,V£E
o 5(g) =—-£®E¢
Remark 6 The relation between the two deconcatenations is
Delta(u) = d(u) +u®e+e®u.
This remark explains why(e) = —(e®¢):
A(e) =0(E) +ERE+ERE= —EREF2XURE=ERE

Theorem 2 Full deconcatenation is coassociative.

We have two new gates, one for full deconcatenation, and @nsohstank:

full deconcatenatiod constant
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We have two new rules:
)+uRe+exu )= —E®E

FXTS 85

Coassociativity of full deconcatenation is pictured asoiwt:

=

Reducing those diagrams by the new rules gives:
¢ + [ﬁ ﬁ +
{ﬁ ﬁ

X

E%j

Hence, it remains to show the following equality foe A*:
u

=

We have two cases:
o if u=¢, we gete ® e® € in both cases;

e if uc A", we apply theorem 1.



References

[ERO6] T. Ehrhard and L. Regnier. Differential interactinats. TCS 364:166—
195, 2006.

[Laf97] Y. Lafont. Interaction combinators. Information and Computatign
137:69-101, 1997.

[Laf03] Y. Lafont. Towards an algebraic theory of boolearcuaits. Pure and
Applied Algebra184:257-310, 2003.

[Lod08] J. L. Loday. Generalized bialgebras and triples of operadsstérisque
320, 2008.



