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Abstract. Answers to queries in terms of abstract objects are defingteifogical framework
of first order predicate calculus. A partial algebraic chaasation of the supremum and of the
infimum of abstract answers is given in an extended Reldtidlggebra of the Cylindric Algebra
kind. Then, the form of queries is restricted in order to bk db compute answers without the
cylindrification operator. For these restricted queriegwe a technique to compute an upper bound
and a lower bound of abstract answers using only the opsratdhe standard Relational Algebra.
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1. Introduction

Let's consider, for instance, a database that containstitat information about weather in the main
cities of North America during the year 2000. This inforroatis formally represented with the predicate
weather(z,y, z), wherez, y andz respectively denote a city, a day in the year, and the wedtbein-
stance, the fact that it was cold in Boston on January 20#pissented byweather(Boston, 20/01, co
ld). Queries are expressed by formulas of a first order predazdtellus language. For instance the
query: in which cities was the weather on December 25th the same BBaimi?, is expressed by:
Jy(weather(Miami, 25/12,y) A weather(z,25/12,y)), and the queryin which cities and on which
days was the weather warm and not raining 8xpressed byweather(z, y, warm) A ~weather(z, y,
raining). The answer to the second query may be, for instance, théreR in Table 1.

A more concise answer can be obtained if the elements in firétden domains are represented by
abstract objects 2 . For instance, days can be abstracted into months, and scartbe abstracted into

Address for correspondence: 2 Avenue E. Belin, 31055 Taddiedex 4, France
1This approach has been previously investigated by T. Ellim§3] and by T. Imielinski in [5].
2Here the term “object” does not refer to Object Oriented lagps.
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seasons. In the same way, cities can be abstracted inte,siatbstates can be abstracted into countries.
The definitions of these abstract objects are, for instance:
January$01/01,02/01,...,31/041 ..., December{01/12,,02/12,...,31/12
Winter={January,February,Mar¢h..., Autumn= September,Octoberj}...
Florida={Miami,Orlando,..}, Georgia$ Atlanta,Albany,..},
Massachusett§Boston,Providence,}..Ontario< Toronto,Kingston,.},,
USA={Florida,Georgia,.}, CanadafOntario,Manitoba,.}.

Then, the answer given in relation R can be represented dirshabstraction level by the relation
R1, and at the second abstraction level by the relation R2.

Table 1. Abstracted answers

R
— R1
Miami 10/01 -
— Florida October
Miami 11/02 - R2
Florida November
Albany 10/02 . USA Autumn
Georgia October

Canada| Autumn

Albany 10/04
Boston 10/02
Toronto | 10/03

Massachusetts, October

Ontario October

However, it may be that the weather is not warm in all the sitithe USA in Autumn, nor in all the
cities in Ontario in October. So, we have to make clear whttesmeaning of the presence or absence
of a tuple in these abstract relations.

We have considered here two different possible meaningsinBtance, the meaning of the tuple
<Florida,Octobet can be that for every city in Florida, and for every day in October, the weather is
warm inz on dayy, or it can be that there exists at least one cify Florida and one day in October
such that the weather is warm:inon dayy.

If we formally see abstract objects (at any abstract levelrzary predicates that take their values
from the domain of the database relations, these two defitsittan be expressed respectively by:
VaVy(Florida(z) A October(y) — weather(z, y, warm)), and
Jdz3y(Florida(x) A October(y) A weather(z,y, warm)).

The fact that Miami is abstracted into Florida, and Floriglalistracted into USA, could be formally
represented byFlorida(Miami), andUSA(Florida). However, with this formalisation we would
have unary predicate symbols, suchidsrida, as arguments of unary predicates, a§ WA (Florida).
That means that we would have a higher order logic. To avéédctmplication, and to stay within first
order logic, we have preferred to represent these factsdjottmulas:Vz (Florida(z) — USA(x)),
Florida(Miami). For homogeneity, the fadtiorida(Miam?) could equivalently be represented by:
Va(z = Miami — Florida(z)).

The aim of this papet is first to give a formal definition of these kinds of abstrats\ers in formal
logic. Then, we define an extended Relational Algebra to egenppper bounds and lower bounds of the
abstract answers (section 2). However, this algebra, whiglsort of Cylindric Algebra is too expensive

3A preliminary and restricted version of this work has beesspnted in [2].
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from a computational point of view.

For that reason we restrict it to the operators of standatdti@eal Algebra (section 3). The final
result is that standard Relational Algebra can be used tguterupper bounds and lower bounds of
abstract answers at different abstraction levels.

2. Formal logical framework

The formal definition of knowledge representation at théedént abstract levels is given below.

Definition 2.1. (Knowledge representation at the abstractin level 0)
Language.
Let . be a first order predicate calculus language without functionbols and with the logical connec-
tives: negation, denoted by, and disjunction, denoted hy, and the existential quantifier, denotedby
Itis assumed that variables symbols are of the form:, 2o, . .. , z,,.... The otherlogical connectives
and quantifier are defined from disjunction, negation andittieersal quantifier as usual. Conjunction
is denoted by\, implication is denoted by, equivalence is denoted ky, and the universal quantifier
is denoted by.

We call I, an extension of the languagdewith a new unary predicate symbal

The predicaté is intended to represent the database definition domain.
Database.
A “database’D B is a set of range restricted definite Horn clauseBhe set of closed world assumption
axioms for the databade B is denoted by_'W A [10], andC'D B is used to denote the set of sentences
DB UCWA. D is used to denote the set of constant symbols that ocaiifin

Let us callD By the set of sentencdsB, = DBU (.., d(c)). The set of sentenc€siV AoU D By
is denoted by ' D By, whereC'W Ay is the set of closed world assumption axioms foB,.

Definition 2.2. (Knowledge representation at the abstractin levell)

Language.
The languagé,; is defined from the languagde_ by adding to the predicate symbolsiin_; the new
unary predicate symbols!, ... , a!,.

The predicates!, ... , ! are intended to represent the abstract objects at thellevel
Database.
The domainD; at the abstraction levélis the set of predicate symbols;, .. . , ..

The databas® B; is defined from the databag&B; ; by adding toD B;_; the following sentences:

e Va(d(z) « d\(z) Vv ...vd, (), whered, ..., d are the elements db,
o for every element! in D;:

— a set of sentences of the foral(c,), . .. , al(c,,), wherecy, ... ,¢,, are inD
— Jzal(a)

o for every pairs of distinct elements$ anda’ in D;: =3 (al () A a}(2))

4Range restricted Horn clauses are clauses with exactly ositve literal, such that each variable that occurs in thsitjve
literal also occurs in at least one negative literal [7].
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o forevery element!™" in D;_;: Va(a\ ™' (z) — a},(x)), whereal, is some element i,

The set of sentencésiV A; U D B;, whereC'W A; is the set of closed world assumption axioms for
DBy, is calledC' D B,. Itis assumed that' D B, is consistent.

From an intuitive point of view, the elements b, define a partition on the elements Bf Also,
if af (a!~") is used to denote the formuta (a/~" (x) — af(x)), a},(a’") can be interpreted as the fact
thata'~"! is in the extension ok, at the abstraction levél— 1 (notice thata! (a'~") is not a formula
in L;). From this point of view, we can intuitively say that theraknts of/); define a partition on the
elements ofD;_;.

We shall use the following notation.
T=< @iy, 24, >, Whereiy <iy <...<1i, (intuitivelyif z; isin &, i; is the index of the variable
symbol andj is its rank in the tuple);
=< cy,...,c, >, Where every; isin D;
=<dal,...,a, >, where everydl isin Dy;
(@) = d\ (z;) ) A A (24);
7 = Elxil .. .Elxin; V¥ = inl .. szn

al
al

Definition 2.3. (Supremum of¢ at the abstraction level/)
Let ¢(Z) be a formula of, whose free variables afe The supremumup' (¢(%)) of ¢ at the abstraction
levell is a set of tupleg’ in (D;)” such that:

sup (3(7)) L {a! : +CDB; — 3IT(d(F) A 6(F))}

Definition 2.4. (Infimum of ¢ at the abstraction levell)
Let #() be a formula ofl, whose free variables ai¢ The infimumin f'(¢(%)) of ¢ at the abstraction
levell is a set of tupleg’ in (D;)” such that:

infl(o(@) B {a : FODB = VE(d(7) = 6(F))}

We shgllfuse the notation:
e

Sl(f) = atesupt(¢(2)) al(f)
.\ def "
I'z) = Vateini(ag) @ (7)
Intuitiveley S'(Z) andI'(#) characterize the extensions of the supremum and of the infiatithe
abstract level 0.

Theorem 2.1. We have the following properties:
FCDB) — VE(I(Z) — ¢(7))
FCDB; — V#(¢(3) — SY(&))

Proof:
Let{cy,...,cn} bethe setof elements in. From the definition oD B, the sentenced(cy), ... , d(c)
are in DBy, and the Domain Closure Axiom iV Ay is of the form:Va(z = 1 V...V 2 = ¢,).
Then, we havet- C DBy — Vad(z).

The set of constant symbols is the saméiB; as in D By, and the Domain Closure Axiom is the
same inC'D B, as inC'DBy. Then, we also have: CDB; — Vad(z).
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inf! (6(%))

Figure 1. Infimum and supremum at the abstraction level I.

In CDB; we have:Vz(d(z) < al(z) V...V d (2)) (Whered!, ... d! are the elements i),
which can be expressed in the fol (d(z) < Vicp, al(z)). Then, we have(l) + CDB; —

Y2 (Vaep, (7).

If it assumed that we have(2) I CDB;, — Yi#(¢(7) — S'(%)), we can infer- CDB; —
—Vi#(o(7) — SY(&)), becaus€’ DB, is a complete theory, and we havg) + CDB; — 37(¢() A
~S5'(#)). From (1) and (3), we have: CDB; — 37((V ep, ¢ () A ¢(T) A =S'(T)).

From the definition of'(z), ~5'(Z) is logically equivalent toA\ ,ic ... 4 ~¢' (€), and

(Vatep, @(8)) A (Natesupt(s(z)) —a () is logically equivalent to\ ,iep, una ot gsupt (4(7)) @' (£)-

Therefore, we have(d) = CDB; — 37(V,iep, and algsupl(6(2) a'(%) A ¢(7)), which contradicts
the definition ofsup'(¢(7)), since all the:! such that- C DB, — 37 (a!(Z) A ¢(7)) are insup! (¢(7)).

Since (2) leads to a contradiction we haveC' D B; — YZ(4(Z) — o' (%)).

From the definition ofn f!(6(%)), if o' isininf(4(7)) we have: CDB; — VZ(d (%) — ¢(%)).
Therefore, we have: CDB; — VZ((V yigin 142y @' () — ¢(&)), and, from the definition of'(7),
we havel- CDB; — YZ(I1(Z) — ¢(%)).

O

Definition 2.5. (Upper bound of¢ at the abstraction levell)
Let ¢(Z) be a formula ofl, whose free variables ar&¢ An upper boundipp!(¢(7)) at the abstraction
level/ is any subset of D;)" such thatup' (¢(£)) C upp'($(Z)).

Definition 2.6. (Lower bound of ¢ at the abstraction levell)
Let (&) be a formula ofZ, whose free variables aré A lower boundiow'(¢(Z)) at the abstraction
level/ is any subset of D;)" such thatow!(4(Z)) C inf'(6(7)).
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Definition 2.7. (Algebra at the abstraction levell)
An algebra at the abstraction leveis defined on subsets ¢f);)". The operators) (union), — (dif-
ference),x (cartesian product) anél, (selection) are defined as usual in standard Relationalbiége
[11].

For convenience, the projection operalhris not defined here as usual. Afis a subset of D;)",
we have:

IL(E)={ <ad,... ,aﬁ»_l,aﬁ»_l_l,... ,a
<al,... ,aﬁ»_l,aﬁ»,aﬁ»_l_l,... cal >e B}

The only difference with the standard definition is thatenotes the component of the tuples that
is removed by the projection operator (in the standard difinthe index, or the indices, define the
components that are preserved by the projection operator).

If we havel =< iy,...,i, >, II;(£)isusedto denotd;, (...(IL,(E))...).

We also have in the algebra a permutation operator whichristdd byF;, ;, whereJ =< jy, . ..
, jp > Is a permutation of such thatj; < j; < ... < j,. If Iis a subset ofD;)?, we have:

Prg(B)={ < all, e ,aé > : thereexists < aiﬂ, e ,aép > in F such that for every sin

> : there exists aﬁ» in Dy such that

l
n

[1,p], d. is aém such that i, in I is equal to js in J}

Finally, in algebraic formulas we allow operands of the farn)™.

Comment: it is worth noting that by allowing operands of theni (1;)™ we give to this algebra
the same expressive power as Cylindric Algebra. Indeeda ubset” of (D;)", the cylindrification
operatorC’; can be defined as follows [6]:

Ci(E)y = { < d,....bk....d, > : bl € D, and there exists at € D, such that <
a,...,d, ... d >e F}

Then, we can easily check that we hawg(F) = P/ ;(II;(F) x D)), whereP;, ; is the apropriate
permutation.

For instance, if we havd =< iy, 19,153,714 >=< 3,5,2,6 > andJ =< ji,j2,73,04 >=<
2,3,5,6 >, we havej; = i3, j» = 4y, js = iz andjs = i4. The result of the permutatiofi;, ;,
when itis applied to the tuple a!, a}, a}, al >, is < a}, a’, db, al) >.

We shall use the following notation. Let(z) and(y) be formulas ofl. whose free variables

respectively arer =< x;,,...,z;, > andy =< xp,...,xg, >. If a! is an instance of, we have
a' =<dl,... al > andifd is aninstance of, we haved' =< aj ..., a} >.

Let Z be the tuple of variables =< z;,,...,z;, >suchthat{z; ... ,2; } = {z;,...,2;,} U
{2, n,}, @ndji < jo < ... < j,, we shall use the notatiord(#) = af (z:)) A ... Aal (2;,),

andda! () = aiﬂ (T,) Ao Al (2r,).

We also shall use the notation:
Lh=<iy,...00, > Ky =<ki,...;k > J=<ji,...,J¢ >
I =< iy ,_ig_p > such thal{z_"l, g p) = {j_l, N LT ,_ip} andi) < i, < ... < iy p
(intuitively I is the tuple of the indices of the variable symbols that oacutand do not occur irr),
Ko =<ki,... ky_, >suchthafki,... k;,_.} ={ji, ... Jo} = {k1,... k. yandk] < k) <...<

k;_, (intuitively K is the tuple of the indices of the variable symbols that ogeur and do not occur
in ¢),
=<1, >andK =< K, Ky >.
For instance, if we haver =< a3, x5 > andy =< z,, 23, g >, We have
7 =< w9, a3, 5, g >, and
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I =< 7;177:2 >=< 375 >, K =< k17k27k3 >=< 27376 >,
J =< j17j27j37j4 >=< 2737576 >,

Iy =< d),i), >=<2,6 >, Ky =< k| >=< 5>,

1 =<3,5,2,6>andK =< 2,3,5,6 >.

Theorem 2.2. The supremum and infimum of formulas at the abtraction lésgtisfy the following
properties
(1) sup'($(2) V ()

) = Pryy(sup'(6(F)) x (D)) U Py (sup' (9(5)) x (Dr)?)
2) Pryy(infl(6(2)) x (D)’ )UPI«/

)
infl () x (D)?) C infl($(F) V(7))

(2)
(3) sup!(=o(7)) = (D1)? — inf'($(2)
(4) inf'(-¢(F)) = (D1)? — Suz”(qﬁ(f)
(5) SUP1(3$Zm¢(f)) =1Ly (sup (¢(7)))
(6) T (inf'(¢(7))) C inf!(Fui, ¢(7))
Let p be an n-ary predlcate symboIIn We use the following notatioR;” = sup'(p(x1, ..., 2,))
andR; = infl(p(acl, S, Ty)). Letp(ty, t,) be an atomic formula ih. We have:
() sup(pltr, - 1)) = PI/J<HI/< L (RF)))

(8) inf'(p(tr, - ta)) = Prys (M (S,(RT)))
wheres, I’, I and.J are defined as foIIows

The selection conditioa is a conjunction of atomic conditions.f is the constant symbe} , then
the condition(s = ¢;.) isino. If ¢, is the variable symbat;_, and there exists' such thats’ < s and
t; = ty and there is n@” such thats’ < s” ands” < s and¢, = t,», thens’ = sisino. There is no
other condition irv.

I'and]’ arethe indextupleb=< is,,...,is, >andl’ =< s,...,s;,_, >suchthafs),...,s]_ }
={1,...,n} —{s1,...,sp} andforrin [1, p] we havei,, is avariable symbot;  and there is ne’
such that’ < s andt,, = ty. J is the index tuple/ =< j;,...,j, > such that/ is a permutation of

I,and we havg; < j; < ... < jp.

Proof:

Case of (1).

We havesup' (¢(7)Vi(§)) = {a' : = CDB — 35(@’(5>A(¢(5)W(§)))} Since3=(a ()N ()Y
V(7)) is logically equivalent taz(a' () A ¢(")) v 32(a (2) A (7)), we havessup' (o(ZF) V (i) =
{d : FCDB — Az () A o(@)ui{d : FCDB — Elz( {2) A(i)}.

Let 2’ bea’ =< zy,... YTy > (where< #{,...,i_, >= L). Then,3z(d'(?) A ¢(¥)) is

logically equivalent tadz(a! (£) A ¢(Z)) A Jz’a!(27). From the definition ofD B, for everya! in D,
we havedzal(z) in DB, thenJzal(z) holds in the context of DB, and in that contex®z (a' (&) A
S(&)) A Jatal (27) is equivalent a7 (al(7) A ¢(T)).

Then, we havel ' : F CDB, — 3Z(d () A (@)} = {d : F CDB — 3F(d"(Z) A
¢(%)) and < d,,...,al, >€ (D;)?7P}, because heré is an instance of.

1 q—

Since we have5up’(¢( 7)) ={ < a“, e ,aip >+ ECDB; — 3F(al (wi)) A A aﬁ»p(xip) A
¢(%))}, we haver{ a' : FCDB — 32(d'(2) A 6(7 ))}:PI/J(SUP (@(7)) x (Dy)*7F).

In the same way we havé:a' : + CDB; — 37(d'(2) A ()} = PIX/J(sup ((7)) X (D)?77).

Then, we havé1) sup'(6(2) V ¥(7) = Prs(sup (6(7)) x (D)) U Piyy(sup ((5) x (D)),
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Case of (2).
We havein fl(¢(2) V(7)) = { ' : FCDB; — Vz(d'(2) = (¢(Z) vV ¥(7)))}. If somed’ in (D))?
satisfies either the property C DB, — VZ(a'(Z) — #(&)) or the property- CDB; — VZ(a'(3) —
¥(7)), then it satisfies the property CDB; — Vz(a'(2) — (¢() V ¥(§)) (notice that in general the
implication in the other way round does not hold).

Then we have:
{d : F CDB; = VZ(d(2) = ¢(@)Ju{d : FCODB —VZd () = v} C{d : F
cDBl = ¥E(d () = (6(2) V (7)) .

VZ(d'(2) — ¢(&)) is logically equivalent tafx((ﬂx’a () A al(T)) — ¢(F)), because the variables
that occur inz’ does not occur irf. Since3a’al (") holds in the context of DB, in that context
VZ(a!(2) — #(Z)) is equivalent to7#(a' (%) — ¢(F)). Then, with a similar technique as for the proof of
(1) we can prove that:

{d : FCDB; = V#(d(2) = (%))} = Prys(infH(6(7)) x (D)T7F).
It can be proved in the same way that:
{d : ECDB = VZ(d" (2) = ¥()} = Py (inf (7)) x (D)7").
Then, we have(2) Pyy;(inf'(¢(%)) x (D)) U Py g(inf' (7)) x (D1)?) C inf'($(7) V (7))

Case of (3).
We have:sup' (—¢()) = { ' : F CDB; — 37(d!(F) A =¢(7))}.

SinceC' DB, is a complete and consistent theory, we haveC DB, — 3#(a' (%) A —¢(Z)) iff
¥ CDB; — —3%(a! (%) A =¢(Z)). Then, we have:
sup'(=¢(7)) = {d' : FCDB — Vf( ( ¥) — ¢(Z))}, and
sup(~6(7)) = { ' : a' € (D)? and ' & inf'(6(7))}.
Therefore, we havei3) sup!(—¢(7)) = (D))? — infl((Z)).

Case of (4).
The proof of (4) is very similar to the proof of (3).

Case of (5).
Let us now use the following notation.
! l ! l
a' =<adl,... e >
o =< Tipseee s Tip 1y T pyyee s Tiy >

We have:sup! (3z;, ¢(7)) = {a’ : FCDB; — 3/ (d’ (') Az, (F))}.
It can be proven thaiz;,, ¢(Z) holds in the context of' D B; iff there exists someﬁ.m in D; such
that3z;,, (a! (x;,) A ¢(Z)) holds in that context (the proof is very similar to the pro6fltieorem

1). Then, we havesup'(3z;, (%)) = { a’' : there exists al in Dy such that + CDB; —

o' (o (a7) A 3w, (al (20,) A S )))}

The property- CDB; — Ja/(a' (¢7) A 3z, (al (zi,) A ¢(F))) is equivalent ta- CDB; —
37(a (%) A ¢(7)), which is equivalent ta’ € sup'(4(7)).

Then, we havesup!(3z;, ¢(Z)) = { @' : there exists al in Dy such that o' € sup'(¢(7))}.
Therefore, we have(5) sup!(3z;,, (7)) = I1,, (sup! (4(Z))).
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Case of (6).

We have]ll,, (inf!(¢(7))) = { a : there exists ab in Dy such that o' € inf' ((/5( 7))}

From the definition ofn f!, a! € inf!(6(2)) is equwalenttdr CDB; — V#(a (%) — ¢(7)), which
can be expressed in the form:C' D B; — Va'Va;, (o’ (') A at (x;,) = ¢(%)). And this last property
implies (but it is not equivalent to) C DB, — Va' (a’ (z7) A (Elxlmaﬁ»m(acim)) — Ja;, 6(7)).

Sincedz;, al (x;,)isinCDB, thisis equivalent te- CDB; — Yo' (a’' (¢7) — Ja;, ¢()), which
is equivalent ta” ¢ in f!(3z,,,6(7)).

Finally, the property: there existé,m in D; such thate’ € inf'(4(%)) implies the property:”’
inf'(3x;,, ¢()). Therefore, we have6) I, (infH(())) C inf'(3x,, ¢(T))

Case of (7).

According to the definition off and /', {is,, ..., } are the indices of the variables that occur in
p(t1, ..., t,), and{sq,...,s,} are the indices of the first occurence (going from L}jmf these vari-
ables inp(ty, ... ,t,), and{s},...s,_,} are the indices of the terms jift,, ... , ¢,) that are constant
symbols or variable symbols that have already occured ¢gioim 1 ton) in p(t1, ... ,t,).

Let p(t}, ..., ) be the atomic formula defined fropity, ... ,t,) as follows. For every in [1, n],
if s is such that, occursin/, thent) is z;_, elset’, is a variable symbat ;. which has no other occurence
inp(t),...,t).

If o is of the formo; A ... A 0y, for eachk in [1, ¢], o}, is defined fromy, as follows. Ifoy, is of the

form s, = s, theno) is % =@, else, ifoy, is of the forms;, = ¢;,, theno), is Tj., = Cips where
xj,, isthetermy] inp(t},....t)). Letus callo’ the formulas) A ... A oy.

Let us callz’ the tuple< z; e Ty > such that:’ is the tuple of variable symbols that occur
inp(ty,...,t) and does not occur oty ... ts).

Then the formulaa’ (p(t), . . - t,) A o') is logically equivalent tgy(ty, . . ., t,).
Therefore we haveup' (p(t1, . . ., t,)) = sup! (327 (p(t}, . .., 1)) Ac’)) and we haveT) sup(p(ty, ...
tn)) = Pryy (e (S ().

Case of (8).
The proof is the same as the proof of (7).
g

Corollary 2.1. The supremum and infimum of formulas with conjunctions anidersal quantifiers at
the abtraction levdl satisfy the following properties.

(9) sup!(6(7) A(§) € PI/J(SUPI((b(_))) (D0)") 0 Preyy (sup' ((5) x (Do)?)

(10) inf( (“)Mb(y“))sz/J(inf( (%)) x (D1)" )OPA/J(inf’w(y“)) X (Dp)?)
(11) sup' (Yo, ¢(7)) C (D)P~" = n ((D)? = sup' (¢(7)))

(12) inf'(Vai, ¢(7) = (D)P~" = My (D)? — inf'($(Z)))

Proof:

These properties can be easily proven by rewriting/theperator and th& quantifier in terms of the
operators/ and— and of the quantifief. Then, we just have to use the results of theorem 2.2. O

The reason why in (2) and (6) we have an inclusion instead efgarality can be intuitively under-
stood with simple counter examples.
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Let’s consider, for example, the formula$z,) = weather(Boston, z1,raining) andi(z,) =
weather(Boston, x1, snowing), ande(z1) V (1), which defines on which days it is either raining or
snowing in Boston. If January belongsitof!(¢(z1) V ¢ (1)), that is, if on every day in January it is
either raining or snowing in Boston, it is not necessarily thse that either on every day in January itis
raining in Boston, or on every day in January it is snowing @s®n. That means that January does not
necessarily belong to ! (¢(z1)) nor toin f1(¢(x1)). That it why we do not have an equality in (2).

Let’s consider now the formulaeather(z1, 22, foggy), which defines in which cities and on which
days it is foggy. If the state Massachusetts belonggd (Fzyweather(zy, x2, foggy)), that is, if
for every city in Massachusetts there exists a day on which fibggy, it is not necessarily the case
that there exists a month such that for every city in Masssettsl and for every day in that month it
is foggy in this city on that day. That means that there doésacessarily exist a month M such that
<Massachusetts,M belongs toin ! (weather(z1, x4, foggy)), and Massachusetts does not necessar-
ily belong toll, (in f1 (weather(x1, z2, foggy))). That is why we do not have an equality in (6).

The notation used in the properties (7) and (8) can be itiestiby the following example.

Let us consider the atomic formujg s, c1, 2, 23), we havel =< i,,i,, >=< 3,2 > and
< 81,89 >=< 1,3 >, because the first occurences of the variable symbptndz, respectively are
the termg; andts. Then, we havéd’ =< 2,4 >.

The selection condition is o1 A o4, Whereo, is (2 = ¢1) because the term is the constant symbol
¢1, andoy is (1 = 4) because we havg = ¢4 = z5.

Then,p(t, ..., t}) is, forinstancep(xs, x4, x2, x5), @andoy is (x4 = ¢1) ando} is (x5 = x5). We
also haver’ =< x4, a5 >.

The formulada’ (p(}, t}, t}, ) Ac’) is in this examplélas 3a 4 (p(as, 24, 22, ¥5)A(2g = ¢1) A (23 =
x4)) and we can easily check that it is logically equivalenttos, ¢, 22, z3).

SinceJ is < 2,3 > we finally havesup (p(z3, c1, 22, #3)) = Pe3 25 /<235 (2.4(S (2201 )a(124)

(7).

Theorem 2.3. Let §(#) be a formula ofZ.. An upper boundipp!(6(z)) of §(%¥) and a lower bound
low! (8(%)) of 8() can be computed from the supremum and the infimum of atomtesees that occur

in 6(z) with the following formulas.

(7) g

upp' ($(Z) V () = Pryg (upp (&(7)) x (D1)") U Py (upp' (7)) x (D1)?)
low! (6(7) V (7)) = Pryy(low! ($(&)) x (D)) U Preyg (low' (1 (7)) x (D1)?)
upp' (=¢(%)) = (D) — lOw’(¢(f))

low'(=¢(7)) = (D z)p—upp ((2))

upp! (324, ¢(%)) = My, (upp' ($(7)))

low!(3x;,,¢(7)) = I, (low!(¢(7)))

upp! (p(ty, -+ ta)) = sup! (p(ts, .- 1))

lowl(p(tlv 7tn)) = anl(p(tlv 7tn))

Proof:

Theorem 2.3 can be easily proven from theorem 2.2 by indactiothe length of formulas. O

Corollary 2.2. An upper bound and a lower bound of a formdlg’) with conjunction or universal
guantifier can be computed with the following formulas.
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upp' ($(F) A () = Py (upp'($()) x (D1)") O Prey g (upp! ((5) x (D1)?)

low' (¢(F) A () = Pryg(low! (¢(2)) x (D)) N Preyg(low (4(37)) x (D1)?)

upp! (Y, 6(7)) = (D)~ = Ty (D))" = upp!(6(2)))

low! (Ya;,6(7)) = (D)~ = Iy ((D))? — low!(¢(7)))

Proof:

Corollary 2.2 is a direct consequence of theorem 2.3. 0

2.1. Extension to many sorted logic

The results presented in this section can be extended wiimyutheoretical difficulties to many sorted
first order languages.

The extension would require defining one sort for each peteiargument, and restricting the set
of formulas in the languagk such that predicate arguments in a formula that are occiyyi¢de same
variable symbol have the same sort. A consequence of thigctem is that one sort can be assigned to
each variable symbol in the context of a given formula.

Then, the languagé, could be defined as an extension of the languAgeith as many unary

predicate symbolg; (=), ... ,d,(x) as there are distinct sorts.

For each sort, the elements of the domaif;, at the abstraction levé} could be denoted by
alli, e aé".

The abstraction level for a formula withfree variables could be defined by the tuple:
l=<< iy, ly >,..., <1l >>,whereiq, ... i, are sortsindices ang, . . . , [;, are the corresponding
abstraction levels.

If the definition domains for each sort at the leGedre denoted by, ..., D", the domainD, at

the abstraction levelcould be defined by); = D;ll XX D;: and a tuple:’ in D; could be defined
by: a' =< ai'""", ... aj" >, where each " isin D}’.

All the results presented in Theorem 1 and Theorem 2 woulchbesame, except that cartesian
products of the forn{ D;)? should be replaced by cartesian products of the appro;i‘r)ij?te

3. Restriction to standard Relational Algebra

The results presented in theorem 2.3 show that to computer ugunds and lower bounds we have
to compute cartesian products where some operands are fufrth¢ D;)”. That would be extremely
expensive. To have reasonable costs we have to restriclgélera by removing this kind of operation
which intuitively corresponds to the cylindrification opgsr. However, it has been shown (see [8, 1])
that it is not possible to define a corresponding restricitiaie first order predicate calculus. For that
reason we have defined in this section a subsetf the first order predicate calculus whose translation
in the Relational Algebra does not require the cylindrifimabperator.

For convenience we give as a first step the definition of amebei join operator.

Definition 3.1. (Extended join operator)

For the definition we shall use the following notation.
T=< Bjyyeen, Ty >

Y=< Thyy..., Tk, >
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I =< ’L'17...77;p>

K| =< k17"- 7l€r >

Ji =< j1,...,Jg > suchthat{jy, ... .5, = {t,... i, U{ky,... k. }andj < jo < ... < J,
(intuitively .J; is the tuple of indices of variable symbols that occur either or in 7).

K' =< 1l{,...,ll, >, such that! isin K'iff I/, = [,, + p and there exists somg in /; such that
ki,, = is (intuitively z, is a variable symbol that occurs jhand also occurs i, /,, is the rank of
zy, inthe tupley, andl;, is the rank ofey, inthetuple< @; ..., @, T5, ..., g, >).

Jy =<iy,... ., jp kY. KkL_, >, where< E{,... k._, > isatuple obtained fronk; by removing
all the componentg, such that there exists somen /; such that, = i, (intuitively < &{,... k._, >

is the tuple of indices of the variable symbols that occuy and do not occur ix).

Let us denote by the conjunction of all the atomic conditions of the fofen= ¢'), wheret’ = p+t,
such that; in I; is equal tok, in K (intuitively the variable symbat;_ in & and the variable symbol
xy, in g are identical).

The extended join operator, denotedbyis defined by:

bound'(¢(%)) @ bound' (¥(7)) L' Py, 15 (Mer (S, (bound! (¢(F)) x bound (v (i)))))
wherebound' may be eitherpp’ or low'.

For example, if we have =< z9,25 > andy =< x3, 25,27 >, We havel; =< 2,5 >, K| =<
3,5,7>andJ; =< 2,3,5,7>. We also havé;, = i, forl,, = 2ands = 2. Sincep = 2, we have
I =l,+p=2+2=4. Then, we havé{’ =< 4 >. Since5 occurs in; and also occurs id; we
have< k|, k!, >=< 3,7 >, andJ, =< 2,5,3,7 >. We also haveé, = k, for s = 2 andt = 2, then we
havet' =t+p=2+2=4ando = (s=t') = (2 =4).

Finally, for that example, we have

Prn (g1 (S, (bound' (¢(2)) x bound' (¥ (7))))) = Py sams/<aas,msa(Sa=q)(
bound!(6(#)) x bound'(1:(7)))))

Comment. Depending on the variablésandy, the operatorz simplifies into either a standard
cartesian product and a permutation, or an intersectioa composition of several standard joins and a
permutation.

In the case wherg = i we haveJ, = I, and we can easily check thBt: (S, (bound' (¢(7)) x
bound' (1(%)))) is equivalent tdound' (4(z)) Nbound' (1()). Then, we havebound' (4(Z)) @ bound'
((#)) = Py,yg, (bound'($(F)) O bound' (1:())).

In the case wher& andy have no common variable symbol we havé = () ando = (. Then, we
have:bound' (¢(¥)) @ bound' (¢ (i) = Py, ., (bound'(¢(F)) x bound' (¢ (i))).

Let us define in our context the standard join operator, wigaienoted bya(szt), as follows. If
F and I’ respectively are subsets 0b;)? and (D;)", the standard join of’ and F, for the condition
(s = t) is defined by:

Eopepy F' = { <all,...,aé,bll,...,b£, > <all,...,aé >c Fand <b),... bl >c F
and a’, = b'}.

In the case where the sets of variable symbolg andy overlap, neitheis’ nor o are empty. Then,
o is of the formo’ A (s = t), and we can easily check that we hawend! (¢(%)) @ bound' (¢ (i) =

Py, 13, (Mks (Sor (bound' ($(7)) 0(s=r) bound' (1 (i1))))).

Definition 3.2. (Restricted languagéd. 4)
The languagé. 4 is a restriction off, which is completely defined by the following rules.
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var(¢) si used to denote the set of free variables in the formula

Atomic formulas are i’ 4.

If ¢ andy are inL 4, andvar(¢) = var(v), (¢ vV ip)isin Ly.

If pandy areinLy, (¢ A)isinL 4.

If ¢ andy are inL 4, andvar(v) C var(¢), (¢ A—1p)isinL 4.

If ¢isin Ly, andz; € var(¢), (3z;¢) isin L4.

If ¢ andy are inL 4, andz; € var(¢), andz; € var(y), ((Jz;¢) AV (¢ — ¥))isin L 4.

Theorem 3.1. For any formula inZ 4, upp' andlow' can be be computed from tkep’ and thein f! of
the atomic formulas that occur in it using the following farias.
(1) upp'(¢V ) = upp'(¢) U um)l(lb)
low! (¢ V 1) = low'(¢) U low! (1&)
(6 A ) = upp'(8) @ upp! ()
w!( )
P

[

SN P) = low'(¢) @ low! (1)
¢ A=) = upp'(¢) — (lo IE)®ZOW())

(2)

(3) up

(4) lo

(5) up ow

) to WA ) = o)~ (6) & (v
7) u

(8) 1

(9) u

v (i, 0) = (upp (4))
ow!(3z;, @) = I, (low'(¢))
pp' (3w, ¢ )AV% (& = ) = (M (upp'(9)) @ (e (upp' () —
o (upp'(9)) @ upp (1))

¢) @ I (upp! (¢))) - m(l ow'(9)) @ low'(1)))
(11 uppt p(t1, b)) = supl(p t1, vtn))
(12 low! p(t1, b)) = infl(p ly, )
Proof:

Case of (1) and (2).
Since¢ Vv ¢ isin L 4, we havevar(¢) = var(z). Therefore, in the formula given in theorem 2.3 we
haver = 0 and/ = J = K. Then, we directly have (1) and (2).

Case of (3) and (4).
Let us assume thatA 1 is of the forme () A ¥(y).
Let y’ be a tuple of variable symbols obtained frghby replacing the variable symbolg, = such

thatk;, isin K, by another variable symbo)lkl/ which has no other occurencey’?mor in.
Let o’ obtained fromo by replacing the atomic conditions of the forfn = ') by (v, = 2y ),
t
wheret’ = p + 1.



14 R. Demolombe/Extended Relational Algebra on Abstractcbje

Then,¢(Z) A ¢ (%) is logically equivalent taly’ (¢(Z) A ¢ (i) A o’). Therefore, according to the
definition of the operatop we have (3) and (4).

Case of (5) and (6).

The formulag A — is logically equivalent t@ A —(¢ A ). Sincep A =~ is in L 4 we havevar (i) C
var(¢). Then, we havear(¢) = var(—=(¢ A ¥)), and from Corollary 2 we havepp' (¢ A =(¢ A ¥)) =
upp' (¢) Nupp! (=(6 A ¥)).

From Theorem 3, we havwepp' (= (¢ A 1)) = (D;)? — low' (¢ A 1), wherep = |var(é A )|. Then,
we haveupp'(¢) N (Dr)? = upp' (¢), and we havepp' (¢ A =) = upp'(¢) — low' (6 A 1b). Then, we
have (5).

(6) can be proven in the same way.

Case of (7) and (8).
These cases have been already proven in the theorem 2.3.

Case of (9) and (10).
It can be easily checked that the formt;, , ) A Vz,; (¢ — @) is logically equivalent tq3z;,, ¢) A
—3z;,. (¢A—1p), whichis logically equivalentt¢dz; o) A(Jx;,, ) A—-Tz;,, (A Tz, L)) A= ((Fz;,,0) A
b))

Letus calldb, the formula(3z;,, ¢)A(3z;,, 1), and®, the formuledz; , (oA (Fz;,, ) ) A= (34, 0)A
¥))

We can easily check that we haver(®,) = var(®z) = (var(¢) Uvar(y)) — {z;,}. Then,
from theorem 2.3, we havepp' (®; A =®;) = upp!(®1) — low!(®;). From (3) and (7) we have
upp! (1) = (M (upp'(6))) @ (Lo (upp' (1))

Let us calll; the formula¢ A (3z;,,+) and ¥, the formula(3z;,,¢) A g. We havevar(¥;) =
var(Wy) = (var(é)Uvar(v))—{z; . }. Then, from theorem 2.3, we hakeo' (U, A=Vy) = low! (V) —
upp' (V).

Moreover, we havéow' (V) = low'(¢) @ (IL,, (low!(¥))) andupp' (¥3) = (11, (upp'(¢))) ©
upp' ().

Since,low! (®y) = 11, (low' (¥, A =V,)), we finally have (9).
(10) can be proven in the same way.

4. Conclusion

We have presented an algebra to compute summarized answaggreries in terms of abstract objects.
We have given a formal definition of an approximation defingdhe supremumsf:p) and the infimum
(¢nf), and the theorems 2.2 and 2.3 give a partial charactesizafithesup andin f of general formulas
in terms of thesup and:n f of atomic formulas at each abstraction level. This is maitheoretical
result because the algebra involves the cylindrificatiosrajor.

Theorem 3.1 gives a practical method to compute an upperdofuip) and a lower bound §w)
using only the operators of the standard Relational Algefiteen, the complexity of the computation
of upp andlow is the same as the complexity of the computation of answegs¢aes with a standard



R. Demolombe/Extended Relational Algebra on Abstractcbje 15

relational database management system. It is worth ndtisgftthere is no database updatey and
low for atomic formulas can be computed only once for severaligsie

An open question that could deserve further work is to amaifyg is possible to find a better ap-
proximation of the answers than those obtained from the@&@&m

In a private communication Churn-Jung Liau pointed out tbeeconnection between the definition
of sup andin f on the one hand and rough sets [9, 4] on the other. Indeedqtiea¢ence relation can
be defined as the pairs of elements at the abstractioni/levelvhich are abstracted by the same element
at the abstraction levél It would be interesting in the future to compare the two apphes in more
detail.
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