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Abstract. Answers to queries in terms of abstract objects are defined inthe logical framework
of first order predicate calculus. A partial algebraic characterisation of the supremum and of the
infimum of abstract answers is given in an extended Relational Algebra of the Cylindric Algebra
kind. Then, the form of queries is restricted in order to be able to compute answers without the
cylindrification operator. For these restricted queries wegive a technique to compute an upper bound
and a lower bound of abstract answers using only the operators of the standard Relational Algebra.
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1. Introduction

Let’s consider, for instance, a database that contains statistical information about weather in the main
cities of North America during the year 2000. This information is formally represented with the predicateweather(x; y; z), wherex, y andz respectively denote a city, a day in the year, and the weather. For in-
stance, the fact that it was cold in Boston on January 20th is represented by:weather(Boston; 20=01; cold). Queries are expressed by formulas of a first order predicatecalculus language. For instance the
query: in which cities was the weather on December 25th the same as inMiami?, is expressed by:9y(weather(Miami; 25=12; y)^ weather(x; 25=12; y)), and the query:in which cities and on which
days was the weather warm and not raining?, is expressed by:weather(x; y; warm)^ :weather(x; y;raining). The answer to the second query may be, for instance, the relation R in Table 1.

A more concise answer can be obtained if the elements in the definition domains are represented by
abstract objects1 2 . For instance, days can be abstracted into months, and months can be abstracted into

Address for correspondence: 2 Avenue E. Belin, 31055 Toulouse Cedex 4, France
1This approach has been previously investigated by T. Ellmanin [3] and by T. Imielinski in [5].
2Here the term “object” does not refer to Object Oriented languages.
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seasons. In the same way, cities can be abstracted into states, and states can be abstracted into countries.
The definitions of these abstract objects are, for instance:
January=f01/01,02/01,...,31/01g, ..., December=f01/12,,02/12,...,31/12g,
Winter=fJanuary,February,Marchg, ..., Autumn=fSeptember,October,...g.
Florida=fMiami,Orlando,...g, Georgia=fAtlanta,Albany,...g,
Massachusetts=fBoston,Providence,...g, Ontario=fToronto,Kingston,...g,
USA=fFlorida,Georgia,...g, Canada=fOntario,Manitoba,...g.

Then, the answer given in relation R can be represented at thefirst abstraction level by the relation
R1, and at the second abstraction level by the relation R2.

Table 1. Abstracted answers

R

Miami 10/01

Miami 11/02

Albany 10/02

Albany 10/04

Boston 10/02

Toronto 10/03

... ...

R1

Florida October

Florida November

Georgia October

Massachusetts October

Ontario October

... ...

R2

USA Autumn

Canada Autumn

... ...

However, it may be that the weather is not warm in all the cities in the USA in Autumn, nor in all the
cities in Ontario in October. So, we have to make clear what isthe meaning of the presence or absence
of a tuple in these abstract relations.

We have considered here two different possible meanings. For instance, the meaning of the tuple<Florida,October> can be that for every cityx in Florida, and for every dayy in October, the weather is
warm inx on dayy, or it can be that there exists at least one cityx in Florida and one dayy in October
such that the weather is warm inx on dayy.

If we formally see abstract objects (at any abstract level) as unary predicates that take their values
from the domain of the database relations, these two definitions can be expressed respectively by:8x8y(Florida(x)^October(y)! weather(x; y; warm)), and9x9y(Florida(x)^October(y)^ weather(x; y; warm)).

The fact that Miami is abstracted into Florida, and Florida is abstracted into USA, could be formally
represented by:Florida(Miami), andUSA(Florida). However, with this formalisation we would
have unary predicate symbols, such asFlorida, as arguments of unary predicates, as inUSA(Florida).
That means that we would have a higher order logic. To avoid this complication, and to stay within first
order logic, we have preferred to represent these facts by the formulas:8x(Florida(x) ! USA(x)),Florida(Miami). For homogeneity, the factFlorida(Miami) could equivalently be represented by:8x(x =Miami! Florida(x)).

The aim of this paper3 is first to give a formal definition of these kinds of abstract answers in formal
logic. Then, we define an extended Relational Algebra to compute upper bounds and lower bounds of the
abstract answers (section 2). However, this algebra, whichis a sort of Cylindric Algebra is too expensive

3A preliminary and restricted version of this work has been presented in [2].
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from a computational point of view.
For that reason we restrict it to the operators of standard Relational Algebra (section 3). The final

result is that standard Relational Algebra can be used to compute upper bounds and lower bounds of
abstract answers at different abstraction levels.

2. Formal logical framework

The formal definition of knowledge representation at the different abstract levels is given below.

Definition 2.1. (Knowledge representation at the abstraction level 0)
Language.
LetL be a first order predicate calculus language without function symbols and with the logical connec-
tives: negation, denoted by:, and disjunction, denoted by_, and the existential quantifier, denoted by9.
It is assumed that variables symbols are of the form:x; x1; x2; : : : ; xn; : : : . The other logical connectives
and quantifier are defined from disjunction, negation and theuniversal quantifier as usual. Conjunction
is denoted bŷ , implication is denoted by!, equivalence is denoted by$, and the universal quantifier
is denoted by8.

We callL0 an extension of the languageL with a new unary predicate symbold.
The predicated is intended to represent the database definition domain.

Database.
A “database”DB is a set of range restricted definite Horn clauses4. The set of closed world assumption
axioms for the databaseDB is denoted byCWA [10], andCDB is used to denote the set of sentencesDB [ CWA. D is used to denote the set of constant symbols that occur inDB.

Let us callDB0 the set of sentencesDB0 = DB[(Sc2D d(c)). The set of sentencesCWA0[DB0
is denoted byCDB0, whereCWA0 is the set of closed world assumption axioms forDB0.
Definition 2.2. (Knowledge representation at the abstraction levell)
Language.
The languageLl is defined from the languageLl�1 by adding to the predicate symbols inLl�1 the new
unary predicate symbols:al1; : : : ; aln.

The predicatesal1; : : : ; aln are intended to represent the abstract objects at the levell.
Database.
The domainDl at the abstraction levell is the set of predicate symbols:al1; : : : ; aln.

The databaseDBl is defined from the databaseDBl�1 by adding toDBl�1 the following sentences:� 8x(d(x)$ al1(x)_ : : :_ aln(x)), whereal1; : : : ; aln are the elements ofDl� for every elementali in Dl:
– a set of sentences of the form:ali(c1); : : : ; ali(cni), wherec1; : : : ; cni are inD
– 9xali(x)� for every pairs of distinct elementsali andalj inDl: :9x(ali(x)^ alj(x))

4Range restricted Horn clauses are clauses with exactly one positive literal, such that each variable that occurs in the positive
literal also occurs in at least one negative literal [7].
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The set of sentencesCWAl [DBl, whereCWAl is the set of closed world assumption axioms forDBl, is calledCDBl. It is assumed thatCDBl is consistent.

From an intuitive point of view, the elements ofDl define a partition on the elements ofD. Also,
if alk(al�1j ) is used to denote the formula8x(al�1j (x)! alk(x)), alk(al�1j ) can be interpreted as the fact

thatal�1j is in the extension ofalk at the abstraction levell � 1 (notice thatalk(al�1j ) is not a formula
in Ll). From this point of view, we can intuitively say that the elements ofDl define a partition on the
elements ofDl�1.

We shall use the following notation.~x =< xi1 ; : : : ; xin >, wherei1 < i2 < : : : < in (intuitively if xij is in ~x, ij is the index of the variable
symbol andj is its rank in the tuple~x);~c =< c1; : : : ; cn >, where everyci is inD;al =< al1; : : : ; aln >, where everyali is inDl;al(~x) = al1(xi1) ^ : : :^ aln(xin);9~x = 9xi1 : : :9xin ; 8~x = 8xi1 : : :8xin .

Definition 2.3. (Supremum of� at the abstraction levell)
Let�(~x) be a formula ofL whose free variables are~x. The supremumsupl(�(~x)) of � at the abstraction
level l is a set of tuplesal in (Dl)n such that:supl(�(~x)) def= fal : ` CDBl ! 9~x(al(~x) ^ �(~x))g
Definition 2.4. (Infimum of � at the abstraction levell)
Let �(~x) be a formula ofL whose free variables are~x. The infimuminf l(�(~x)) of � at the abstraction
level l is a set of tuplesal in (Dl)n such that:inf l(�(~x)) def= fal : ` CDBl ! 8~x(al(~x)! �(~x))g

We shall use the notation:Sl(~x) def= Wal2supl(�(~x)) al(~x)I l(~x) def= Wal2inf l(�(~x)) al(~x)
IntuitiveleySl(~x) andI l(~x) characterize the extensions of the supremum and of the infimum at the

abstract level 0.

Theorem 2.1. We have the following properties:` CDBl ! 8~x(I l(~x)! �(~x))` CDBl ! 8~x(�(~x)! Sl(~x))
Proof:
Letfc1; : : : ; cmg be the set of elements inD. From the definitionofDB0 the sentencesd(c1); : : : ; d(cm)
are inDB0, and the Domain Closure Axiom inCWA0 is of the form: 8x(x = c1 _ : : : _ x = cm).
Then, we have:̀ CDB0 ! 8xd(x).

The set of constant symbols is the same inDBl as inDB0, and the Domain Closure Axiom is the
same inCDBl as inCDB0. Then, we also have:̀ CDBl ! 8xd(x).
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Figure 1. Infimum and supremum at the abstraction level l.

In CDBl we have:8x(d(x) $ al1(x) _ : : : _ aln(x)) (whereal1; : : : ; aln are the elements inDl),
which can be expressed in the form8x(d(x) $ Wali2Dl ali(x)). Then, we have:(1) ` CDBl !8x(Wali2Dl ali(x)).

If it assumed that we have:(2) 6` CDBl ! 8~x(�(~x) ! Sl(~x)), we can infer̀ CDBl !:8~x(�(~x) ! Sl(~x)), becauseCDBl is a complete theory, and we have:(3) ` CDBl ! 9~x(�(~x) ^:Sl(~x)). From (1) and (3), we have:̀ CDBl ! 9~x((Wal2Dl al(~x))^ �(~x) ^ :Sl(~x)).
From the definition ofSl(~x), :Sl(~x) is logically equivalent to:

Val2supl(�(~x)) :al(~x), and(Wal2Dl al(~x)) ^ (Val2supl(�(~x)):al(~x)) is logically equivalent to:
Wal2Dl and al 62supl(�(~x)) al(~x).

Therefore, we have:(4) ` CDBl ! 9~x(Wal2Dl and al 62supl(�(~x)) al(~x) ^ �(~x)), which contradicts

the definition ofsupl(�(~x)), since all theal such that̀ CDBl ! 9~x(al(~x) ^ �(~x)) are insupl(�(~x)).
Since (2) leads to a contradiction we have:` CDBl ! 8~x(�(~x)! al(~x)).
From the definition ofinf l(�(~x)), if al is in inf l(�(~x)) we have:` CDBl ! 8~x(al(~x) ! �(~x)).

Therefore, we have:̀ CDBl ! 8~x((Wal2inf l(�(~x)) al(~x)) ! �(~x)), and, from the definition ofI l(~x),
we have:̀ CDBl ! 8~x(I l(~x)! �(~x)). ut
Definition 2.5. (Upper bound of� at the abstraction levell)
Let �(~x) be a formula ofL whose free variables are~x. An upper bounduppl(�(~x)) at the abstraction
level l is any subset of(Dl)n such thatsupl(�(~x)) � uppl(�(~x)).
Definition 2.6. (Lower bound of� at the abstraction levell)
Let �(~x) be a formula ofL whose free variables are~x. A lower boundlowl(�(~x)) at the abstraction
level l is any subset of(Dl)n such thatlowl(�(~x)) � inf l(�(~x)).
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Definition 2.7. (Algebra at the abstraction levell)
An algebra at the abstraction levell is defined on subsets of(Dl)n. The operators[ (union),� (dif-
ference),� (cartesian product) andS� (selection) are defined as usual in standard Relational Algebra
[11].

For convenience, the projection operator�i is not defined here as usual. IfE is a subset of(Dl)n,
we have:�i(E) = f < al1; : : : ; ali�1; ali+1; : : : ; aln > : there exists ali in Dl such that< al1; : : : ; ali�1; ali; ali+1; : : : ; aln >2 Eg

The only difference with the standard definition is thati denotes the component of the tuples that
is removed by the projection operator (in the standard definition the index, or the indices, define the
components that are preserved by the projection operator).

If we haveI =< i1; : : : ; ip >, �I(E) is used to denote�i1(: : :(�ip(E)) : : :).
We also have in the algebra a permutation operator which is denoted byPI=J , whereJ =< j1; : : :; jp > is a permutation ofI such thatj1 < j2 < : : : < jp. If E is a subset of(Dl)p, we have:PI=J(E) = f < al1; : : : ; alp > : there exists < alk1 ; : : : ; alkp > inE such that for every s in

[1,p] ; als is alkm such that im in I is equal to js in Jg
Finally, in algebraic formulas we allow operands of the form(Dl)n.
Comment: it is worth noting that by allowing operands of the form (Dl)n we give to this algebra

the same expressive power as Cylindric Algebra. Indeed, fora subsetE of (Dl)n, the cylindrification
operatorCi can be defined as follows [6]:Ci(E) = f < al1; : : : ; bli; : : : ; aln > : bli 2 Dl and there exists ali 2 Dl such that <al1; : : : ; ali; : : : ; aln >2 Eg

Then, we can easily check that we have:Ci(E) = PI=J (�i(E)�Dl), wherePI=J is the apropriate
permutation.

For instance, if we haveI =< i1; i2; i3; i4 >=< 3; 5; 2; 6 > and J =< j1; j2; j3; j4 >=<2; 3; 5; 6 >, we havej1 = i3, j2 = i1, j3 = i2 and j4 = i4. The result of the permutationPI=J ,
when it is applied to the tuple< al1; al2; al3; al4 >, is< al3; al1; al2; al4 >.

We shall use the following notation. Let�(~x) and (~y) be formulas ofL whose free variables
respectively are~x =< xi1 ; : : : ; xip > and~y =< xk1 ; : : : ; xkr >. If al is an instance of~x, we haveal =< ali1 ; : : : ; alip >, and ifal is an instance of~y, we haveal =< alk1 ; : : : ; alkr >.

Let ~z be the tuple of variables~z =< xj1 ; : : : ; xjq > such thatfxj1 ; : : : ; xjqg = fxi1 ; : : : ; xipg [fxk1 ; : : : ; xkrg, andj1 < j2 < : : : < jq, we shall use the notational(~x) = ali1(xi1) ^ : : : ^ alip(xip),
andal(~y) = alk1(xk1) ^ : : :^ alkr (xkr).

We also shall use the notation:I1 =< i1; : : : ; ip >,K1 =< k1; : : : ; kr >, J =< j1; : : : ; jq >,I2 =< i01; : : : ; i0q�p > such thatfi01; : : : ; i0q�pg = fj1; : : : ; jqg�fi1; : : : ; ipg andi01 < i02 < : : : < i0q�p
(intuitively I2 is the tuple of the indices of the variable symbols that occurin ~z and do not occur in~x),K2 =< k01; : : : ; k0q�r > such thatfk01; : : : ; k0q�rg = fj1; : : : ; jqg� fk1; : : : ; krg andk01 < k02 < : : : <k0q�r (intuitivelyK2 is the tuple of the indices of the variable symbols that occurin ~z and do not occur
in ~y),I =< I1; I2 > andK =< K1; K2 >.

For instance, if we have:~x =< x3; x5 > and~y =< x2; x3; x6 >, we have~z =< x2; x3; x5; x6 >, and



R. Demolombe/ Extended Relational Algebra on Abstract Objects 7I1 =< i1; i2 >=< 3; 5 >,K1 =< k1; k2; k3 >=< 2; 3; 6>,J =< j1; j2; j3; j4 >=< 2; 3; 5; 6>,I2 =< i01; i02 >=< 2; 6 >,K2 =< k01 >=< 5 >,I =< 3; 5; 2; 6> andK =< 2; 3; 5; 6>.

Theorem 2.2. The supremum and infimum of formulas at the abtraction levell satisfy the following
properties.(1) supl(�(~x) _  (~y)) = PI=J(supl(�(~x))� (Dl)r)[ PK=J(supl( (~y))� (Dl)p)(2) PI=J(inf l(�(~x))� (Dl)r) [ PK=J(inf l( (~y))� (Dl)p) � inf l(�(~x) _  (~y))(3) supl(:�(~x)) = (Dl)p � inf l(�(~x))(4) inf l(:�(~x)) = (Dl)p � supl(�(~x))(5) supl(9xim�(~x)) = �m(supl(�(~x)))(6) �m(inf l(�(~x))) � inf l(9xim�(~x))

Let p be an n-ary predicate symbol inL. We use the following notationR+l = supl(p(x1; : : : ; xn))
andR�l = inf l(p(x1; : : : ; xn)). Let p(t1; : : : ; tn) be an atomic formula inL. We have:(7) supl(p(t1; : : : ; tn)) = PI=J(�I 0(S�(R+l )))(8) inf l(p(t1; : : : ; tn)) = PI=J(�I 0(S�(R�l )))
where�, I 0, I andJ are defined as follows.

The selection condition� is a conjunction of atomic conditions. Ifts is the constant symbolcis, then
the condition(s = cis) is in �. If ts is the variable symbolxis , and there existss0 such thats0 < s andts = ts0 and there is nos00 such thats0 < s00 ands00 < s andts = ts00 , thens0 = s is in �. There is no
other condition in�.I andI 0 are the index tuplesI =< is1 ; : : : ; isp > andI 0 =< s01; : : : ; s0n�p > such thatfs01; : : : ; s0n�pg= f1; : : : ; ng � fs1; : : : ; spg and forr in [1; p]we have:tsr is a variable symbolxisr and there is nos0
such thats0 < s andtsr = ts0 . J is the index tupleJ =< j1; : : : ; jp > such thatJ is a permutation ofI , and we havej1 < j2 < : : : < jp.
Proof:
Case of (1).
We havesupl(�(~x)_ (~y)) = f al : ` CDBl ! 9~z(al(~z)^(�(~x)_ (~y)))g. Since9~z(al(~z)^(�(~x)_ (~y))) is logically equivalent to9~z(al(~z) ^ �(~x)) _ 9~z(al(~z) ^  (~y)), we have:supl(�(~x) _  (~y)) =f al : ` CDBl ! 9~z(al(~z) ^ �(~x))g [ f al : ` CDBl ! 9~z(al(~z) ^  (~y))g.

Let ~x0 be ~x0 =< xi01 ; : : : ; xi0q�p > (where< i01; : : : ; i0q�p >= I2). Then,9~z(al(~z) ^ �(~x)) is

logically equivalent to9~x(al(~x) ^ �(~x)) ^ 9~x0al(~x0). From the definition ofDBl, for everyali in Dl
we have9xali(x) in DBl, then9xali(x) holds in the context ofCDBl, and in that context9~x(al(~x) ^�(~x))^ 9~x0al(~x0) is equivalent to9~x(al(~x) ^ �(~x)).

Then, we havef al : ` CDBl ! 9~z(al(~z) ^ �(~x))g = f al : ` CDBl ! 9~x(al(~x) ^�(~x)) and < ali01 ; : : : ; ali0q�p >2 (Dl)q�pg, because hereal is an instance of~z.
Since we have:supl(�(~x)) = f < ali1 ; : : : ; alip > : ` CDBl ! 9~x(ali1(xi1) ^ : : :^ alip(xip) ^�(~x))g, we have:f al : ` CDBl ! 9~z(al(~z) ^ �(~x))g = PI=J(supl(�(~x))� (Dl)q�p).
In the same way we have:f al : ` CDBl ! 9~z(al(~z)^ (~y))g = PK=J(supl( (~y))� (Dl)q�r).

Then, we have(1) supl(�(~x) _  (~y)) = PI=J(supl(�(~x))� (Dl)r)[ PK=J(supl( (~y))� (Dl)p).
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Case of (2).
We haveinf l(�(~x) _  (~y)) = f al : ` CDBl ! 8~z(al(~z) ! (�(~x) _  (~y)))g. If someal in (Dl)p
satisfies either the propertỳCDBl ! 8~z(al(~z) ! �(~x)) or the propertỳ CDBl ! 8~z(al(~z) ! (~y)), then it satisfies the propertỳCDBl ! 8~z(al(~z) ! (�(~x) _  (~y)) (notice that in general the
implication in the other way round does not hold).

Then we have:f al : ` CDBl ! 8~z(al(~z) ! �(~x))g [ f al : ` CDBl ! 8~z(al(~z) !  (~y))g � f al : `CDBl ! 8~z(al(~z)! (�(~x)_  (~y))g.8~z(al(~z)! �(~x)) is logically equivalent to8~x((9~x0al(~x0) ^ al(~x))! �(~x)), because the variables
that occur in~x0 does not occur in~x. Since9~x0al(~x0) holds in the context ofCDBl, in that context8~z(al(~z)! �(~x)) is equivalent to8~x(al(~x)! �(~x)). Then, with a similar technique as for the proof of
(1) we can prove that:f al : ` CDBl ! 8~z(al(~z)! �(~x))g = PI=J(inf l(�(~x))� (Dl)q�p).

It can be proved in the same way that:f al : ` CDBl ! 8~z(al(~z)!  (~y))g = PK=J (inf l( (~y))� (Dl)q�r).
Then, we have:(2) PI=J(inf l(�(~x))� (Dl)r)[PK=J(inf l( (~y))� (Dl)p) � inf l(�(~x)_ (~y)).
Case of (3).

We have:supl(:�(~x)) = f al : ` CDBl ! 9~x(al(~x) ^ :�(~x))g.
SinceCDBl is a complete and consistent theory, we have:` CDBl ! 9~x(al(~x) ^ :�(~x)) iff6` CDBl ! :9~x(al(~x) ^ :�(~x)). Then, we have:supl(:�(~x)) = f al : 6` CDBl ! 8~x(al(~x)! �(~x))g, andsupl(:�(~x)) = f al : al 2 (Dl)p and al 62 inf l(�(~x))g.

Therefore, we have:(3) supl(:�(~x)) = (Dl)p � inf l(�(~x)).
Case of (4).

The proof of (4) is very similar to the proof of (3).

Case of (5).
Let us now use the following notation.a0l =< ali1 ; : : : ; alim�1 ; alim+1 ; : : : ; alip >~x0 =< xi1 ; : : : ; xim�1 ; xim+1 ; : : : ; xip >

We have:supl(9xim�(~x)) = f a0l : ` CDBl ! 9~x0(a0l(~x0) ^ 9xim�(~x))g.
It can be proven that9xim�(~x) holds in the context ofCDBl iff there exists somealim in Dl such

that 9xim(alim(xim) ^ �(~x)) holds in that context (the proof is very similar to the proof of Theorem

1). Then, we have:supl(9xim�(~x)) = f a0l : there exists alim in Dl such that ` CDBl !9~x0(a0l(~x0) ^ 9xim(alim(xim)^ �(~x)))g.
The propertỳ CDBl ! 9~x0(a0l(~x0) ^ 9xim(alim(xim) ^ �(~x))) is equivalent tò CDBl !9~x(al(~x) ^ �(~x)), which is equivalent toal 2 supl(�(~x)).
Then, we have:supl(9xim�(~x)) = f a0l : there exists alim in Dl such that al 2 supl(�(~x))g.

Therefore, we have:(5) supl(9xim�(~x)) = �m(supl(�(~x))).
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Case of (6).
We have;�m(inf l(�(~x))) = f a0l : there exists alim in Dl such that al 2 inf l(�(~x))g.

From the definition ofinf l, al 2 inf l(�(~x)) is equivalent tò CDBl ! 8~x(al(~x)! �(~x)), which
can be expressed in the form:` CDBl ! 8~x08xim(a0l(~x0)^ alim(xim)! �(~x)). And this last property

implies (but it is not equivalent to)̀ CDBl ! 8~x0(a0l(~x0)^ (9ximalim(xim))! 9xim�(~x)).
Since9ximalim(xim) is inCDBl, this is equivalent tò CDBl ! 8~x0(a0l(~x0)! 9xim�(~x)), which

is equivalent toa0l 2 inf l(9xim�(~x)).
Finally, the property: there existsalim in Dl such thatal 2 inf l(�(~x)) implies the propertya0l 2inf l(9xim�(~x)). Therefore, we have:(6) �m(inf l(�(~x))) � inf l(9xim�(~x))
Case of (7).

According to the definition ofI and I 0, fis1 ; : : : ; ispg are the indices of the variables that occur inp(t1; : : : ; tn), andfs1; : : : ; spg are the indices of the first occurence (going from 1 ton) of these vari-
ables inp(t1; : : : ; tn), andfs01; : : :s0n�pg are the indices of the terms inp(t1; : : : ; tn) that are constant
symbols or variable symbols that have already occured (going from 1 ton) in p(t1; : : : ; tn).

Let p(t01; : : : ; t0n) be the atomic formula defined fromp(t1; : : : ; tn) as follows. For everys in [1; n],
if s is such thatis occurs inI , thent0s isxis , elset0s is a variable symbolxjs which has no other occurence
in p(t01; : : : ; t0n).

If � is of the form�1 ^ : : :^ �q, for eachk in [1; q], �0k is defined from�k as follows. If�k is of the
form s0k = sk , then�0k is xis0k = xisk , else, if�k is of the formsk = cik , then�0k is xjsk = cik , wherexjsk is the termt0sk in p(t01; : : : ; t0n). Let us call�0 the formula�01 ^ : : :^ �0q.

Let us call~x0 the tuple< xjs01 ; : : : ; xjs0n�p > such that~x0 is the tuple of variable symbols that occur

in p(t01; : : : ; t0n) and does not occur inp(t1; : : : ; tn).
Then the formula9~x0(p(t01; : : : ; t0p) ^ �0) is logically equivalent top(t1; : : : ; tp).
Therefore we havesupl(p(t1; : : : ; tp)) = supl(9~x0(p(t01; : : : ; t0p)^�0)) and we have(7) supl(p(t1; : : :; tn)) = PI=J(�I 0(S�(R+l ))).
Case of (8).

The proof is the same as the proof of (7). ut
Corollary 2.1. The supremum and infimum of formulas with conjunctions and universal quantifiers at
the abtraction levell satisfy the following properties.(9) supl(�(~x) ^  (~y)) � PI=J(supl(�(~x))� (Dl)r)\ PK=J(supl( (~y))� (Dl)p)(10) inf l(�(~x) ^  (~y)) = PI=J(inf l(�(~x))� (Dl)r) \ PK=J (inf l( (~y))� (Dl)p)(11) supl(8xim�(~x)) � (Dl)p�1 ��m((Dl)p � supl(�(~x)))(12) inf l(8xim�(~x)) = (Dl)p�1 � �m((Dl)p � inf l(�(~x)))
Proof:
These properties can be easily proven by rewriting the^ operator and the8 quantifier in terms of the
operators_ and: and of the quantifier9. Then, we just have to use the results of theorem 2.2. ut

The reason why in (2) and (6) we have an inclusion instead of anequality can be intuitively under-
stood with simple counter examples.
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Let’s consider, for example, the formulas�(x1) = weather(Boston; x1; raining) and (x1) =weather(Boston; x1; snowing), and�(x1)_ (x1), which defines on which days it is either raining or
snowing in Boston. If January belongs toinf1(�(x1) _  (x1)), that is, if on every day in January it is
either raining or snowing in Boston, it is not necessarily the case that either on every day in January it is
raining in Boston, or on every day in January it is snowing in Boston. That means that January does not
necessarily belong toinf1(�(x1)) nor toinf1( (x1)). That it why we do not have an equality in (2).

Let’s consider now the formulaweather(x1; x2; foggy), which defines in which cities and on which
days it is foggy. If the state Massachusetts belongs toinf1(9x2weather(x1; x2; foggy)), that is, if
for every city in Massachusetts there exists a day on which itis foggy, it is not necessarily the case
that there exists a month such that for every city in Massachusetts and for every day in that month it
is foggy in this city on that day. That means that there does not necessarily exist a month M such that<Massachusetts,M> belongs toinf1(weather(x1; x2; foggy)), and Massachusetts does not necessar-
ily belong to�1(inf1(weather(x1; x2; foggy))). That is why we do not have an equality in (6).

The notation used in the properties (7) and (8) can be illustrated by the following example.
Let us consider the atomic formulap(x3; c1; x2; x3), we haveI =< is1 ; is2 >=< 3; 2 > and< s1; s2 >=< 1; 3 >, because the first occurences of the variable symbolsx3 andx2 respectively are

the termst1 andt3. Then, we haveI 0 =< 2; 4 >.
The selection condition� is�1^�2, where�1 is (2 = c1) because the termt2 is the constant symbolc1, and�2 is (1 = 4) because we havet1 = t4 = x3.
Then,p(t01; : : : ; t04) is, for instance,p(x3; x4; x2; x5), and�01 is (x4 = c1) and�02 is (x3 = x5). We

also have~x0 =< x4; x5 >.
The formula9~x0(p(t01; t02; t03; t04)^�0) is in this example9x39x4(p(x3; x4; x2; x5)^(x4 = c1)^(x3 =x4)) and we can easily check that it is logically equivalent top(x3; c1; x2; x3).
SinceJ is< 2; 3 > we finally havesupl(p(x3; c1; x2; x3)) = P<3;2>=<2;3>(�2;4(S(2=c1)^(1=4)(R+l ))).

Theorem 2.3. Let �(~x) be a formula ofL. An upper bounduppl(�(~x)) of �(~x) and a lower boundlowl(�(~x)) of �(~x) can be computed from the supremum and the infimum of atomic sentences that occur
in �(~x) with the following formulas.uppl(�(~x) _  (~y)) = PI=J(uppl(�(~x))� (Dl)r) [ PK=J (uppl( (~y))� (Dl)p)lowl(�(~x)_  (~y)) = PI=J(lowl(�(~x))� (Dl)r) [ PK=J (lowl( (~y))� (Dl)p)uppl(:�(~x)) = (Dl)p � lowl(�(~x))lowl(:�(~x)) = (Dl)p � uppl(�(~x))uppl(9xim�(~x)) = �m(uppl(�(~x)))lowl(9xim�(~x)) = �m(lowl(�(~x)))uppl(p(t1; : : : ; tn)) = supl(p(t1; : : : ; tn))lowl(p(t1; : : : ; tn)) = inf l(p(t1; : : : ; tn)).
Proof:
Theorem 2.3 can be easily proven from theorem 2.2 by induction on the length of formulas. ut
Corollary 2.2. An upper bound and a lower bound of a formula�(~x) with conjunction or universal
quantifier can be computed with the following formulas.



R. Demolombe/ Extended Relational Algebra on Abstract Objects 11uppl(�(~x) ^  (~y)) = PI=J(uppl(�(~x))� (Dl)r) \ PK=J(uppl( (~y))� (Dl)p)lowl(�(~x) ^  (~y)) = PI=J (lowl(�(~x))� (Dl)r) \ PK=J(lowl( (~y))� (Dl)p)uppl(8xim�(~x)) = (Dl)p�1 ��m((Dl)p � uppl(�(~x)))lowl(8xim�(~x)) = (Dl)p�1 � �m((Dl)p � lowl(�(~x))).
Proof:
Corollary 2.2 is a direct consequence of theorem 2.3. ut
2.1. Extension to many sorted logic

The results presented in this section can be extended without any theoretical difficulties to many sorted
first order languages.

The extension would require defining one sort for each predicate argument, and restricting the set
of formulas in the languageL such that predicate arguments in a formula that are occupiedby the same
variable symbol have the same sort. A consequence of this restriction is that one sort can be assigned to
each variable symbol in the context of a given formula.

Then, the languageL0 could be defined as an extension of the languageL with as many unary
predicate symbolsd1(x); : : : ; dn(x) as there are distinct sorts.

For each sorti, the elements of the domainDli at the abstraction levelli could be denoted byali1 ; : : : ; alip .
The abstraction level for a formula withk free variables could be defined by the tuple:l =<< i1; l1 >; : : : ; < ik; lk >>, wherei1; : : : ; ik are sorts indices andl1; : : : ; lk are the corresponding

abstraction levels.
If the definition domains for each sort at the level0 are denoted byD1; : : : ; Dn, the domainDl at

the abstraction levell could be defined byDl = Di1l1 � : : :�Diklk , and a tupleal in Dl could be defined

by: al =< ai1;l11 ; : : : ; aik;lkk >, where eachaij;ljj is inDijlj .
All the results presented in Theorem 1 and Theorem 2 would be the same, except that cartesian

products of the form(Dl)p should be replaced by cartesian products of the appropriateDijlj s.

3. Restriction to standard Relational Algebra

The results presented in theorem 2.3 show that to compute upper bounds and lower bounds we have
to compute cartesian products where some operands are of theform (Dl)n. That would be extremely
expensive. To have reasonable costs we have to restrict the algebra by removing this kind of operation
which intuitively corresponds to the cylindrification operator. However, it has been shown (see [8, 1])
that it is not possible to define a corresponding restrictionin the first order predicate calculus. For that
reason we have defined in this section a subsetLA of the first order predicate calculus whose translation
in the Relational Algebra does not require the cylindrification operator.

For convenience we give as a first step the definition of an extended join operator.

Definition 3.1. (Extended join operator)
For the definition we shall use the following notation.~x =< xi1 ; : : : ; xip >~y =< xk1 ; : : : ; xkr >



12 R. Demolombe / Extended Relational Algebra on Abstract ObjectsI1 =< i1; : : : ; ip >K1 =< k1; : : : ; kr >J1 =< j1; : : : ; jq >, such thatfj1; : : : ; jqg = fi1; : : : ; ipg [ fk1; : : : ; krg andj1 < j2 < : : : < jq
(intuitively J1 is the tuple of indices of variable symbols that occur eitherin ~x or in ~y).K0 =< l01; : : : ; l0n >, such thatl0m is in K0 iff l0m = lm + p and there exists someis in I1 such thatklm = is (intuitively xklm is a variable symbol that occurs in~y and also occurs in~x, lm is the rank ofxklm in the tuple~y, andl0m is the rank ofxklm in the tuple< xi1 ; : : : ; xip; xk1 ; : : : ; xkr >).J2 =< i1; : : : ; jp; k01; : : : ; k0r�n >, where< k01; : : : ; k0r�n > is a tuple obtained fromK1 by removing
all the componentsks such that there exists someit in I1 such thatks = it (intuitively< k01; : : : ; k0r�n >
is the tuple of indices of the variable symbols that occur in~y and do not occur in~x).

Let us denote by� the conjunction of all the atomic conditions of the form(s = t0), wheret0 = p+ t,
such thatis in I1 is equal tokt in K1 (intuitively the variable symbolxis in ~x and the variable symbolxkt in ~y are identical).

The extended join operator, denoted by
, is defined by:boundl(�(~x))
 boundl( (~y)) def= PJ2=J1(�K0(S�(boundl(�(~x))� boundl( (~y)))))
whereboundl may be eitheruppl or lowl.

For example, if we have~x =< x2; x5 > and~y =< x3; x5; x7 >, we haveI1 =< 2; 5 >, K1 =<3; 5; 7 > andJ1 =< 2; 3; 5; 7 >. We also haveklm = is for lm = 2 ands = 2. Sincep = 2, we havel0m = lm + p = 2 + 2 = 4. Then, we haveK0 =< 4 >. Since5 occurs inK1 and also occurs inJ1 we
have< k01; k02 >=< 3; 7 >, andJ2 =< 2; 5; 3; 7>. We also haveis = kt for s = 2 andt = 2, then we
havet0 = t + p = 2 + 2 = 4 and� = (s = t0) = (2 = 4).

Finally, for that example, we havePJ2=J1(�K0(S�(boundl(�(~x))� boundl( (~y))))) = P<2;5;3;7>=<2;3;5;7>(�4(S(2=4)(boundl(�(~x))� boundl( (~y)))))
Comment. Depending on the variables~x and~y, the operator
 simplifies into either a standard

cartesian product and a permutation, or an intersection , ora composition of several standard joins and a
permutation.

In the case where~x = ~y we haveJ2 = I1 and we can easily check that�K0(S�(boundl(�(~x)) �boundl( (~x)))) is equivalent toboundl(�(~x))\boundl( (~x)). Then, we have:boundl(�(~x))
boundl( (~x)) = PJ2=J1(boundl(�(~x)) \ boundl( (~x))).
In the case where~x and~y have no common variable symbol we haveK0 = ; and� = ;. Then, we

have:boundl(�(~x))
 boundl( (~y)) = PJ2=J1(boundl(�(~x))� boundl( (~y))).
Let us define in our context the standard join operator, whichis denoted by�(s=t), as follows. IfE andF respectively are subsets of(Dl)p and(Dl)r, the standard join ofE andF , for the condition(s = t) is defined by:E �(s=t) F = f < al1; : : : ; alp; bl1; : : : ; blr > : < al1; : : : ; alp >2 E and < bl1; : : : ; blr >2 Fand als = bltg.
In the case where the sets of variable symbols in~x and~y overlap, neitherK0 nor� are empty. Then,� is of the form�0 ^ (s = t), and we can easily check that we haveboundl(�(~x))
 boundl( (~y)) =PJ2=J1(�K0(S�0(boundl(�(~x)) �(s=t) boundl( (~y))))).

Definition 3.2. (Restricted languageLA)
The languageLA is a restriction ofL which is completely defined by the following rules.



R. Demolombe/ Extended Relational Algebra on Abstract Objects 13var(�) si used to denote the set of free variables in the formula�.� Atomic formulas are inLA.� If � and are inLA, andvar(�) = var( ), (� _  ) is inLA.� If � and are inLA, (� ^  ) is inLA.� If � and are inLA, andvar( ) � var(�), (� ^ : ) is inLA.� If � is inLA, andxi 2 var(�), (9xi�) is inLA.� If � and are inLA, andxi 2 var(�), andxi 2 var( ), ((9xi�) ^ 8xi(�!  )) is inLA.

Theorem 3.1. For any formula inLA, uppl andlowl can be be computed from thesupl and theinf l of
the atomic formulas that occur in it using the following formulas.(1) uppl(� _  ) = uppl(�)[ uppl( )(2) lowl(� _  ) = lowl(�) [ lowl( )(3) uppl(� ^  ) = uppl(�)
 uppl( )(4) lowl(� ^  ) = lowl(�)
 lowl( )(5) uppl(� ^ : ) = uppl(�)� (lowl(�)
 lowl( ))(6) lowl(� ^ : ) = lowl(�)� (uppl(�)
 uppl( ))(7) uppl(9xim�) = �m(uppl(�))(8) lowl(9xim�) = �m(lowl(�))(9) uppl((9xim�) ^ 8xim(�!  )) = ((�m(uppl(�)))
 (�m(uppl( ))))��m((lowl(�)
 �m(lowl( )))� ((�m(uppl(�))
 uppl( ))))(10) lowl((9xim�) ^ 8xim(�!  )) = ((�m(lowl(�)))
 (�m(lowl( ))))��m((uppl(�)
�m(uppl( )))� ((�m(lowl(�))
 lowl( ))))(11) uppl(p(t1; : : : ; tn)) = supl(p(t1; : : : ; tn))(12) lowl(p(t1; : : : ; tn)) = inf l(p(t1; : : : ; tn))
Proof:

Case of (1) and (2).
Since� _  is in LA, we havevar(�) = var( ). Therefore, in the formula given in theorem 2.3 we
haver = 0 andI = J = K. Then, we directly have (1) and (2).

Case of (3) and (4).
Let us assume that� ^  is of the form�(~x) ^  (~y).

Let ~y0 be a tuple of variable symbols obtained from~y by replacing the variable symbolsxklm such

thatklm is inK, by another variable symbolxk0lm which has no other occurence in~y0 nor in~x.

Let �0 obtained from� by replacing the atomic conditions of the form(s = t0) by (xis = xk0lt ),
wheret0 = p+ t.
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Then,�(~x) ^  (~y) is logically equivalent to9~y0(�(~x) ^  (~y) ^ �0). Therefore, according to the
definition of the operator
 we have (3) and (4).

Case of (5) and (6).
The formula� ^ : is logically equivalent to� ^ :(� ^  ). Since� ^ : is inLA we havevar( )�var(�). Then, we havevar(�) = var(:(�^ )), and from Corollary 2 we haveuppl(�^:(�^ )) =uppl(�) \ uppl(:(� ^  )).

From Theorem 3, we haveuppl(:(�^ )) = (Dl)p � lowl(�^ ), wherep = jvar(�^ )j. Then,
we haveuppl(�)\ (DL)p = uppl(�), and we haveuppl(� ^ : ) = uppl(�)� lowl(� ^  ). Then, we
have (5).

(6) can be proven in the same way.

Case of (7) and (8).
These cases have been already proven in the theorem 2.3.

Case of (9) and (10).
It can be easily checked that the formula(9xim�) ^ 8xim(� !  ) is logically equivalent to(9xim�) ^:9xim(�^: ), which is logically equivalent to(9xim�)^(9xim )^:9xim((�^(9xim ))^:((9xim�)^ )).

Let us call�1 the formula(9xim�)^(9xim ), and�2 the formula9xim((�^(9xim ))^:((9xim�)^ )).
We can easily check that we havevar(�1) = var(�2) = (var(�) [ var( )) � fximg. Then,

from theorem 2.3, we haveuppl(�1 ^ :�2) = uppl(�1) � lowl(�2). From (3) and (7) we haveuppl(�1) = (�m(uppl(�)))
 (�m(uppl( ))).
Let us call	1 the formula� ^ (9xim ) and	2 the formula(9xim�) ^ g. We havevar(	1) =var(	2) = (var(�)[var( ))�fximg. Then, from theorem 2.3, we havelowl(	1^:	2) = lowl(	1)�uppl(	2).
Moreover, we havelowl(	1) = lowl(�) 
 (�m(lowl( ))) anduppl(	2) = (�m(uppl(�))) 
uppl( ).
Since,lowl(�2) = �m(lowl(	1 ^ :	2)), we finally have (9).
(10) can be proven in the same way. ut

4. Conclusion

We have presented an algebra to compute summarized answers to queries in terms of abstract objects.
We have given a formal definition of an approximation defined by the supremum (sup) and the infimum
(inf ), and the theorems 2.2 and 2.3 give a partial characterization of thesup andinf of general formulas
in terms of thesup andinf of atomic formulas at each abstraction level. This is mainlya theoretical
result because the algebra involves the cylindrification operator.

Theorem 3.1 gives a practical method to compute an upper bound (upp) and a lower bound (low)
using only the operators of the standard Relational Algebra. Then, the complexity of the computation
of upp andlow is the same as the complexity of the computation of answers toqueries with a standard
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relational database management system. It is worth noting that if there is no database updateupp andlow for atomic formulas can be computed only once for several queries.
An open question that could deserve further work is to analyse if it is possible to find a better ap-

proximation of the answers than those obtained from theorem3.1.
In a private communication Churn-Jung Liau pointed out the close connection between the definition

of sup andinf on the one hand and rough sets [9, 4] on the other. Indeed, the equivalence relation can
be defined as the pairs of elements at the abstraction levell�1which are abstracted by the same element
at the abstraction levell. It would be interesting in the future to compare the two approaches in more
detail.
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