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Abstract. The concepts of validity and completeness are defined in
terms of relationship between a correct representation of the real world
and the representation of the real world which is stored in a database.
Here a database is understood as a Relational database, that is, a set
of atomic facts. It is assumed that some users can guarantee that some
parts of the database are valid, and other parts are complete. From this
information, for a given standard query, are characterized a subset of the
answer to the standard query which is valid, and a superset of the answer
which 1s complete. It is guaranteed that the correct answer is bounded
up and down by these two sets.

We give a formal definition of these notions in the semantics. Then we
present a sound axiomatics that can be used to define a Prolog program
which computes answers to validity queries and completeness queries.
The axiomatics is not complete because the definition of the non standard
answers involves the notion of inclusion on Relational algebra formulas.
If some strong restrictions on the completeness of the axiomatics are
imposed the program always terminates.
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1 Introduction

In most cases it is not possible to guarantee that the overall information stored
in a database is a correct representation of the real world. However there are
many application where it can be guaranteed that some parts of the database are
valid, in the sense that the information represented by these parts is true of the
world, or are complete, in the sense that the overall information, corresponding
to these parts, which is true of the world is represented in the database.

These concepts of validity and completeness can be used to enforce database
integrity as Demolombe and Jones have shown in [3] . They can also be used to
inform users about the validity and completeness of some parts of an answer to
a given query, as it has been shown by Motro in [5, 6]. This latter information
can be considered as answers to validity queries and to completeness queries, in
the sense that, for a given standard query, a validity query asks what parts of
the answer to the standard query are valid, and a completeness query asks what

*1 am quite grateful to Laurence Cholvy whose valuable comments helped me to
improve the quality of this paper. This work has been partially suported by the
CEC, in the context of the Basic Research Action MEDLAR 2.



parts are complete. The purpose of this paper is to propose a practical method
to compute answers to these queries.

Let us take an example where a database contains information about flights
which is represented by the relation schema: F(#Flight,Departure-city, Arrival-
city, Company,Day). Assume that the information about validity is: all the tuples
in the relation F corresponding to flights whose departure city or arrival city is
Paris, represent true facts of the world, and the information about completeness
is all the true facts of the world corresponding to flights whose company is
Air France are represented by a tuple in the relation F. Now, if one asks the
standard query: what are the flights from Paris to London 7, the answer to the
corresponding validity query is: all the tuples in the answer are valid, and the
answer to the completeness query is the answer is complete for all the tuples
where the company is Air France.

Validity queries and completeness queries raise two problems. The first one
is: how to formally represent information about the valid parts and the complete
parts of the database?, and the second one is: how to compute answers to validity
queries and to completeness queries?.

In [4] Demolombe and Jones have proposed solutions, based on the theory of
signaling acts, for validity queries. ? In this approach it is assumed that validity
of data stored in the database depends on the type of data and on the reliability
of users who have inserted these data. That is, some users are assumed to be
safe in regard to insertions of some particular data. The formalism that is used
to represent this information is a combination of an epistemic logic and of a
logic of actions. The context is more general than Relational databases. Indeed,
a database 1s supposed to be any set of propositional sentences. The method to
compute answers to validity queries should be based on automated deduction
techniques [2], and it is well known that their efficiency is worst than Relational
algebra techniques.

In [6] Motro has proposed solutions, in the context of Relational databases,
where information about validity and completeness only depends on the type of
data, and it is represented by tuples in meta relations ® associated with each
standard relation. For instance for a given relation r the presence of a tuple
< a,x > in the associated meta relation v.r about validity means that all the
tuples in the relation r of the form < a, x > are guaranteed to be true, and a tuple
< y,b > in the meta relation c.p about the completeness of relation p means
that all the tuples of the form < y,b > which satisfy p in the world are present
in the representation of p in the database. Motro has defined an algebra on the
v.relations and on the c.relations to compute the tuples that characterize, for a
given standard query, the answer to the validity query and the answer to the
completeness query. This algebra is very close to Relational algebra. The only
significant difference is for the treatment of variables that appear in tuples, and
it can easily and efficiently be implemented using existing techniques. However,

2 In the referenced paper validity queries are called safety queries.
? As amatter of homogeneity with this paper, we have slightly changed the terminology
used by Motro.



there is a strong limitation on the form of queries. Indeed, queries can only
involve selections, projections and joins. No union and no difference is allowed.
That means, in logical terms, no disjunction and no negation.

The main contribution of this paper is to give a general formal definition of
the concepts of validity and completeness, when these concepts are applied to a
database content, or to an answer to a query. In particular we show how these
two concepts are related to each other. This is presented in sections 2 and 3.1.

Another contribution is to present an effective method to compute answers
to validity queries and to completeness queries. The basic idea is to make use of
the definitions of the valid views and of the complete views of the data base to
transform standard queries into sets of queries whose answers are the answers to
validity queries or to completeness queries. The presented transformation always
terminates, but it does not always provides the complete set of transformed
queries. This computation method is presented in section 3.

2 Representation of Information About Validity and
Completeness

In this section is presented a semantic definition, in terms of extensions, of
validity queries and completeness queries.

Definition1. Relation schema. A relation schema rs of arity n is a relation
name r and a tuple of definition domains < D;,,...,D;, >. That is rs =<1, <
Di,,...,Di, >>.

irs -

Definition2. Relation schema extension. Let rs be the relation schema

<r1,< Dj,,...,Di, >>, an extension of rs is a subset p of D;; x ... x Dj,.
Definition3. Database schema. A database schema s is a tuple < rsi, ..., rsp >
of relation schemas. That is s =< rsy,..., 18, >.

Definition4. Database schema extension. Let s be the database schema

< 181,...,I8, >, an extension se of s is a tuple of relation schema extensions
se =< p1,..., pp > such that for every iin [1,p] p; is an extension of the relation
schema rs;.

Definition5. Database state. Let s be a database schema, a database state db
corresponding to s is an extension of s. That is db =< p1,..., pp >.

Definition6. World state. Let s be a database schema, a world state w corre-
sponding to s is an extension of s. That is w =< py,..., pf, >.

Definition 7. Possible states. Let s be a database schema, a set of possible
states ST is a set of pairs < db, w >, such that db is a database state associated
with s, and w i1s a world state associated with s.



Definition 8. Relational Algebra language. Let s be a database schema, the
corresponding Relational Algebra language RA is defined by the following rules.

— If r is a relation name in the database schema s then r € RA.

— If f € RA and g € RA then (f x g) € RA, (fUg) € RA, (fNg) € RA and
(f—g)eRA.?

— If f € RA and arity of fis n, then s.(f) € RA, where ¢ is a boolean expression
whose atoms are of the form 16j or 1fa, where # 1s a comparison operator, i
and j are in [1,n], and a is in D;.

— If f € RA and arity of fis n and p =< iy,...,i;, >, where {iy, ... in} is a
subset of {1,...,n}, then my(f) € RA.

Definition 9. Relational Algebra language evaluation. Let s be a database sche-
ma, se be an extension of s, and RA be a corresponding Relational Algebra
language. The interpretation of a formula h of RA in se is denoted by h(se). ®

Definition 10. Inclusion of a formula in another formula. Let f and f’ be two
formulas of a Relational Algebra language RA corresponding to a database
schema s. It 1s said that f’ is included in f iff for every extension se of s we

have f'(se) C f(se). That is f C f holds iff Vse f/(se) C f(se) holds.

Definition11. Valid view. Let s be a database schema and ST an associated
set of possible states. Let f be a formula of a Relational Algebra language RA
corresponding to s. The formula f is a valid view, and this fact is denoted by

V(f), iff for every possible state < db, w > in ST we have f(db) C f(w).

That is V(f) % vdb Yw (< db, w >€ ST = f(db) C f(w)).

Definition12. Complete view. Let s be a database schema and ST an associ-
ated set of possible states. Let  be a formula of a Relational Algebra language
RA corresponding to s. The formulaf is a complete view, and this fact is denoted

by C(f), iff for every possible state < db, w > in ST we have f(w) C f(db).

That is C(f) <" Vdb Yw (< db,w >€ ST = f(w) C f(db)).

Definition 13. Valid subset and valid superset of a formula. Let f and f” be two
formulas of the same Relational Algebra language. It is said that {’ characterizes
a valid subset of f, and this fact is denoted by vine(f, f'), iff we have V(f’) and
f’ C f. It is said that {” characterizes a valid superset of f, and this fact is denoted
by veup (f, 1), iff we have V(f’) and f C f'.

That is, vine(£, ) = V) AF C £, and veup(F, ) = VE) AL C T
Definition 14. Complete subset and complete superset of a formula. Let f and
f” be two formulas of the same Relational Algebra language. It is said that {’
characterizes a complete subset of f, and this fact is denoted by cine (f, ), iff we

* Additional constraints about domains of f and g are omitted for simplicty. They can
be found in [7].

° A detailed definition of relational algebra expression evaluation can be found in [7].



have C(f’) and f' C f. It is said that f’ characterizes a complete superset of f,
and this fact is denoted by cqup (f,f'), iff we have C(f’) and £ C f’.

That is, cine (£, /) < Q) AT Cf, and coup(F,F) = C(F) AL C T
Definition15. Answer to a standard query. Let q be a formula of a Relational
Algebra language corresponding to a database schema s. Let db be a database
state corresponding to s. The answer to the query represented by the formula q

is q(db).

Definition16. Meta database. Let s be a database schema. A meta database
mdb associated with s is a set of valid views and complete views. That is mdb

is of the form: {V(f1),..., V(fa),C(g1),...,Clgm)}-

Definition17. Validity query. Answer to a validity query. Let q be a standard
query and let mdb be a meta database associated with a database schema s.
The validity query associated with ¢ is vipe(q,x). An answer to the validity
query vine(q, x) is a formula ¢’, of the same language as ¢, such that mdb implies
vint (4, @’) and, for every q” such that mdb implies vipt(q, q”") we have q” C ¢'.
That is: (mdb = vinr(q,q")) A Yq”((mdb = vipe(q,9”)) = ¢” C q).

Definition18. Completeness query. Answer to a completeness query. Let q be
a standard query and let mdb be a meta database associated with a database
schema s. The completeness query associated with q is cqup(q, x). An answer to
the completeness query cqup(q, x) is a formula q’, of the same language as g, such
that mdb implies coup (g, q’) and, for every ¢” such that mdb implies coup (g, )
we have ¢’ C q”. That is: (mdb = ceup(q, q')) AYq” ((mdb = cqup(q,q”)) = d' C

q//).

An intuitive justification for the definition of an answer q’ to a validity query
Vint (q, X) is that its evaluation q’(db) on the database gives the largest subset
of the answer q(db) to the standard query for which we can guarantee that
the tuples in this subset satisfy q in the world. That is, such that we have
q'(db) C q(db) and q'(db) C q(w).

The answer to the validity query can be interpreted as the greatest lower
bound of all the formulas q”, ordered by C, such that mdb implies vint(q, q").
Indeed, if {q7,...,q} is the non empty set of non equivalentformulas such that
mdb implies vipe(q, /'), then we have q' = ¢fU...Uq!/. For this reason sometimes
in the following this answer will be denoted by qg.

An intuitive justification for the definition of an answer q’ to a completeness
query ceup(q, x) is that its evaluation q’(db) on the database gives the smallest
superset of the answer q(db) to the standard query for which we can guarantee
that the tuples which satisfy q in the world are in this superset. That is, such
that we have q(db) C ¢(db) and q(w) C ¢'(db).

The answer to the completeness query can be interpreted as the lowest upper
bound of all the formulas q”, ordered by C, such that mdb implies csup(q, ™).

Indeed, if {qf,...,qL} is the non empty set of non equivalent formulas such



that mdb implies cgup(q, qf’), then we have ¢’ = qf N ... N ql,. For this reason
sometimes in the following this answer will be denoted by qup.

Another view of qp}, is that we are guaranteed that all the tuples not in
dqub do not satisfy q in the world. In other terms we have: t € qu,(db) =
t & q(w).

Also, another interpretation is that the correct answer q(w) to the standard
query is bounded up and down by qup(db) and qgg(db). That is, we have:
agib(db) C q(w) C qui(db). This property shows the practical interest of
ggib and qrup.

3 Computation of Answers to Validity Queries and
Completeness Queries

In this section is presented first an axiomatics that allows to infer answers to
validity and completeness queries. This axiomatic is intended to support the
validity of an associated Prolog program which computes these answers. However
the axiomatics is not complete.

The intuitive reason is that the computation of answers envolves testing
expressions of the form  C f, and this is an undecidable problem because it is
equivalent to testing whether F/ — F is a theorem, where F and F’ are formulas
of first order predicate calculus respectively equivalent to f and f’. Moreover,
we want that this program always terminates in a finite time. Therefore, if we
impose termination, we have to abandon completeness. Nevertheless, in section
3.1 the proposition 19 gives a set of sufficient conditions that guarantee that
f C g and that covers most of the current cases.

3.1 Axiomatic Definition

Proposition19. Let f, f’, g and g’ be formulas of the same Relational Algebra
language. We have the following propositions.

(i1) fcft

(i2) fCfug
(i3)  gCfug
(i4) fngct
(i5)  fnsce
(i6) s.f Cf

(i7) sef C seyerf
(28) Sclf g chclf
(i9) Sepcif C s 1
(210) SC/\C/f g Sclf

(itl) (FCHA( Cg —(fug Cfug)
(i12) (P CHA( Cg) —('ng Cing)
(i13) (P CHA( Cg)— (I xg Cfxg)
(ity) (FCHA(gCg) > (F—g Cf—g)



(i15) (I C1) = (sef’ C sef)
(i16)  (I' C 1) — (mpl’ C mpf)
(i17)  (fCg)AlgCh) = (fCh)

Proof. The proofs of propositions (il) to (i10) are rather trivial. We only give
the proof of proposition (i14), others are very similar. From the hypothesis f C f
we have: for very database extension se, if a tuple t is in f’(se) then t is in f(se),
or in formal terms: t € f'(se) = t € f(se). In the same way from g C g’ we
have t € g(se) = t € g'(se). Then, by contraposition, we have =(t € g’(se)) =
—(t € g(se)). From these two consequences we infer t € f/(se) A =(t € g'(se)) =
t € f(se) A —(t € g(se)), that is, t € f' — g’(se) = t € f — g(se), and, from the
definition of formulas inclusion, we have {' — g’ Cf — g. O

Proposition20. Let f and g be two formulas of the same Relational Algebra
language. We have the following propositions.

(al) V() AV(g) = V(fug)
(a2) VIH)AV(g) = V(Ing)
(a3) V) AV(g) = V(I x g)
(a4) V() AC(g) = V(I —g)
(ad) V(f) = V(s.f)
(ab) V() = V(mpf)
(b1) CH)nC(g) = C(fUug)
(b2) CHHAC(g) = C(fng)
(b3) CHAC(g) = C(f x g)
(b4)  C{E)AV(g) = C(f —g)
(b5) C(f) = C(s.f)
(b6) C(f) — C(mpf)

Proof. Let us consider the proof of proposition (al). From the hypothesis V(f),
for any database state db and world state w we have: if t is a tuple in f(db)
then t is in f(w). That is t € f(db) = t € f(w). In a similar way from the
hypothesis V(g) we have t € g(db) = t € g(w). From this two consequences we
can infer t € f(db) vVt € g(db) = t € f(w) Vt € g(w), and this is equivalent to
t € fUg(db) = t € fUg(w), and by definition of V we have V(f Ug).

Proofs of propositions (a2), (a3), (ab), (ab), (bl1), (b2), (b3), (bb), and (b6)
are very similar.

The proof of proposition (a4) is a bit different. From V(f) we have t € f(db) =
t € f(w), and from C(g) we have t € g(w) = t € g(db), which, by contraposition,
gives =(t € g(db)) = —(t € g(w)). Then we have t € f(db) A =(t € g(db)) =
t € f(w) A =(t € g(w)). Therefore we have t € f — g(db) = t € f — g(w). That is
V(f — g). The proof of proposition (b4) is very similar. The proof of proposition
(b4) is of the same style. O



Proposition21. Let f, f’, g and g’ be formulas of the same Relational Algebra
language. We have the following propositions.

(a?) V()AL CEH V()
(a8) V() A V(fng)
(a9)  V(fug) £ V(I)

(b7)  CE)AF Cf A CE)
(b8)  C(f) £ C(fNg)
(b9)  Cfug)+ C(f)

Proof. The proofs are very similar for each proposition, we just give the proof of
proposition (a8). For this, we consider the following example where V(f) holds
and V(f N'g) does not hold: t € f(db), t € g(db), t € f(w) and t ¢ g(w). The
reason why in this example we do not have V(f Ng) is that we have t € f Ng(db)
and t € f Ng(w). O

Proposition22. Let f, f’, g and g’ be formulas of the same Relational Algebra
language. The following rules hold.

(rl) V() AE CE) = vine (£, f
(r2) V() A ECH) = veup(F, 1)
(r3)  C() A (F CT) — cine(F, 1)
(rf)  CHEYVA(ECH) — cqup(F, 1)

(r5)  vine(f,1) Avine(g,8") = vine(fU g, f' U g')
(r6)  Veup(£, ') Aveup(g,8) = veup(fU g, f'Ug)
(r7)  cine(f, 1) Acine(g,8) = cns(fUg, UG
(r8)  coup(f, ') Acsup(g,8’) = caup(fUg, T Ug)

For the operators N and x we have the same rules as for U

(r9)  vint (£, 1) A csup (g, 8')
(r10) veup(f,1") Acing(g,8") = veup(f — g, — ¢)
(r11)  cine (£,1') A veup(g, ') = cine (f — g, — g')
(r12)  coup (£, 1) A vine (g, 8')

(r13)  Vins (£, ") = vine (scf, s.f”)
(r14) vVeup(f, ') = veup(scf, scf’)
(r15)  cinr(f, 1) = cine(scf, scl”)
(r16)  coup(f, 1) = coup(sct,sct’)

For the operator m, we have the same rules as for the operator s.

Proof. The proofs of all the propositions are very similar. We just present the
proof of (r9). From the hypothesis vine(f, ') we have V(f"), and from csup (g, g')



we have C(g’). Then, from (a4) we have C(f' —g’). From vine (f, f') we have f C f,
and from cgup (g, g’) we have g C g’. Then from (il4) we have ' — g’ C f — g.
This consequence and the fact C(f' — g') allow to infer vipe(f — g, ' — g’).

3.2 Computational Definition

From the rules presented in proposition 22 we can easily define a Prolog program
that computes for a given set of valid views and complete views, and for a given
answer to a standard query q, the answers to associated validity queries and
completeness queries. These answers are respectively obtained by running the
program with the queries vine(q, %), and csup(q, x).

In the program are defined the predicates Vins(X,¥), Veup(X,¥), Cint(X,¥),
Caup (X,¥), V(x), C(x) and C (x,y). The predicate C (x,y) denotes x C y, and
the function symbols U(x,y), N(x,y), x(x,¥), —(x,¥), s(x,y), 7(x,¥), V(X,¥),
A(x,y) and —(x) respectively denote x Uy, x Ny, X X ¥, 8xy, Txy, X VY, XAy
and —x.

The Prolog clauses defining the predicates vins(x,¥), Veup(x,¥), Cint(x,¥),
Caup (X,¥), V(x), C(x) and C (x,y) are trivial reformulations of their correspond-
ing rules in the propositions 19, 20 and 22. For instance, we give these clauses
for the predicate vipe (x,y).

inf (
Vinf(U(Xa Y), U(X/a y/)) - Vinf(xa X ), Vlnf(Ya y )
Vinf(ﬂ(X, Y), m(xla y/)) Vinf (X, X ), Vinf (Ya y/)
Vinf(>< (X, Y), X (X/a y/)) L Vinf(xa X ), Vlnf(Ya y/)
Vinf(_ X, Y), _(X/a y/)) L Vinf(xa X ), Csup (Ya y/)
Vlnf(s X, )a 5(X, y/)) L Vinf(Ya y/)
( /

Assumptions about valid views and complete views are represented as data
of the program. For instance if it is assumed that V(r Up) and C(s;=,,r) hold,
we have in the program:

V(U(r,p)) : —
C(s(l =a,r): —

If we have, for example the query s;—,v1=11 the answer to the corresponding
validity query is obtained by running the program with the query:
vint (3(V(1 = a,1 = b), 1), x).

The predicate C (x,y) is defined by a set of clauses which is a direct reformu-
lation of propositions (il) to (i16). For instance (i14) and (i15) are reformulated
into:

(_ X/ay/)’_(XaY)) L g (X/,X),g (Yay/)
(S Xay/)’S(XaY)) L g (y/aY)

NN



Notice that for program evaluations corresponding to queries of the form
Vine(q,¥) and ceup(q,y), in clauses like vine(x,¥) : — V(¥),C (x,y), the goal
C (x,y) is called for x and y being instantiated by ground terms. In that case
the evaluation of C (x,y) terminates if the rule (i17) is removed, because the
complexity of terms x” and y’ are respectively lower than the complexity of terms
x and y in the recursive calls to C (x,y). However if the rule (i17) is envolved,
termination is not guaranteed. The global program terminates if the evaluation
of C (x,y) terminates. Indeed, for example, a call of the form viy (U(f, g), x)
generates calls to vipe (f, x") and vipe (g, /).

We see that termination can be reached by imposing strong limitations to
the completeness of the program. For example, by removing the rule (i17). The
definition of a good compromise between termination and completeness has to
be investigated, but this is not the main topic of this paper.

4 Comparison with Other Works

Coming back to Motro’s work, we have mentioned in the introduction that his
method does not work for Relational Algebra formulas that contain either union
or difference operators. We can see how we can compute answers to validity
queries and to completeness queries, with the presented method, for two queries
that contain a union and a difference.

Let, for instance, the meta database be mdb = {V(s1=a1), V(s2=1Dp), C(r),
C(SlzaVZpr)}~

Let us consider first the standard query: q = r U p. From mdb we can infer
V((s1=zar) U (82=1D)), and from proposition 19 we can infer: (sj=,r) U (s2=pp) C
rUp. Then, we have qgp, = (S1=ar’) U (S2=bP)-

Let us consider now the standard query: ¢ = r — sa—pp. From mdb we can
infer V(s1=,1) and C(sj=av2=bD), and from proposition 19 we have: (s;=or) —
(sizav2=bp) C r—sa=pp. Then, we have qgp = (S1=ar') — (S1=zav2=bp). From mdb
we also have C(r) and V(s2=pp). Then, we have coup (1, 1) and vVin (S2=5p, S2=bP),
and therefore we have quup, = 1 — S9-pp.

As i1t has been mentionned in the introduction the notion of validity has
already been investigated in a logical framework in [4]. We would like to give some
guidelines for a logical reconstruction of the notions of validity an completeness
as they are defined in this paper.

Databases, meta databases and queries can be represented in a first order
modal language with a fixed domain. In this language we have a doxastic modal-
ity B and an epistemic modality K. The intended meaning of By is “the database
believes ¢” and the intended meaning of K¢ is “one knows ¢”. The axiomatics
of the doxastic logic is (KD) (see [1]) plus axiom schemas: (D’) =By — B(—¢),
and (C) B(p V ¢) = Be V By, which reflect the closed world assumption.

In this logical framework the notions of valid views and complete views might

be defined as follows: V(F) % vt K(B(F(t)) — F(t)), and C(F) " vt K(F(t) —

B(F(t))), where F(t) is a formula of classical first order logic, and t is the tuple
of free variables in this formula.



5 Conclusion

We have presented a formal representation of information about validity and
completeness of parts of a database in terms of valid views and complete views.
We have also presented formal definitions of validity queries and completeness
queries associated with standard queries, and we have shown that the correct
answer to a standard query is bounded up and down by the answers to the
completeness query and to the validity query.

For the computation of answers to validity queries and completeness queries
we have presented a set of axioms that allows to infer the answers. These answers
are formulas of the Relational algebra, and they can be evaluated by standard
techniques. We have shown how the axiomatics can be transformed into a Pro-
log program that computes the answers. The axiomatics is sound but it is not
complete. The lack of completeness is not a so dramatic issue as it is for an-
swers to standard queries. Its practical consequence is that correct answers are
bounded by larger intervals than it would be possible to compute with a complete
axiomatics.

In comparison to the approach by Motro (M) and to the approach by De-
molombe and Jones (DJ), the presented approach is more general than M, since
there i1s no restriction on the form of queries, and less general than DJ, since
data are restricted to facts. From efficiency point of view, it can be implemented
by combining Prolog deduction techniques and algebraic techniques. Then, it
1s less efficient than M which can be implemented with an extended version of
Relational algebra, and it is more efficient than DJ which requires automated
deduction techniques for full propositional calculus.
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