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1 IntroductionTraditionally automated deduction systems are devoted to prove if a given for-mula is a theorem; their applications , as is well knwon, have been very succesfulin many domains of Computer Science. Gradually this traditional functionalityhas been extended.For example in Logic Programming, or in Deductive Databases, it is notenough to know if a closed formula is a theorem, indeed we want to know theset of substitutions used in the proof of a formula.Recently applications, like ATMS, automated diagnosis, generation of \whynot" explanations, conditional answering in Deductive Databases, partial deduc-tion, all of them involving some kind of abductive reasoning, have emphasizedthe need of new functionalities. For every of these new applications it is neces-sary to produce, for a given formula, the set of hypothesis we have to add to agiven theory to prove this formula. This shows that we are now expecting froman automated deduction method more information than an answer of the form: \yes", or \no", or a set of substitutions.For these new aplications (see [4]) the expected information is, for a givenDatabase DB, and a given query Q which is not derivable from DB, the set ofhypothesis X such that X ! Q is derivable from DB, and X is as general aspossible. Such X are called the minimal supports for Q by Reiter and de Kleerin [9].In order to mechanize the production of hypothesis some new algorithmshave been de�ned. For example, in the frame of Propositional Calculus, bySiegel [8], Cayrol and Tayrac [6], Oxuso� and Rauzy [7], and Kean and Tsiknis[3], and in the frame of First Order Calculus, by Cholvy [1].The objective of this paper is to present a new inference rule, and its as-sociated strategy, which have been designed in order to e�ciently compute theminimal support for a query.We shall assume the reader is familiar with traditional theorem proving tech-niques as they are presented in [2]. 2



2 General de�nition of the generation hypothesis prob-lemIn all the paper we consider a First Order Language where formulas are in clausalform.Let S be a set of clauses, a query adressed to S is represented by a literal L.It is not restrictive to have only query represented by a single literal. Indeed,if the query is a �rst order formula F we can introduce a new atomic formulaQ, and we can add to S the clauses generated by the clausal form of : F ! Q.Then the answer to the query Q provides the minimal support for Q.The answer to the query L, relative to S, is a set of clauses containing in-stances of L, de�ned by :ans(L,S) = f L0 _X j S ` L0 _X, where L0 is an instance of L, and L0 _X isnot a tautology, and there is no clause c derivable from S such that c subsumesL0 _X gAccording to this de�nition the clauses in ans(L,S) are minimal with regardto the subsumption.If L0 _ X is in ans(L,S), the negation of X is an hypothesis which allows toinfer L' in the context of S.It is worth noting some consequences of the condition of minimality. If L0_Xis minimal we have :� L' is not derivable from S. That means we cannot give an answer to thequery L' without additional hypothesis.� X is not derivable from S. Therefore the corresponding hypothesis to inferL' is consistent with S.� there exists no clause L0 _X0 derivable from S such that L0 _X0 subsumesL0 _ X. Since the condition L0 _ X0 subsumes L0 _ X implies X0 subsumesX, there is no weaker hypothesis than X to infer L' in the context of S.A consequence of L0 _ X not being a tautology is that X is not the trivialhypothesis :L0. 3



Example1 :S = fP(x; y) _ :Q(x; y) _ S(x; y); Q(a; b); :S(a; c); Q(b; d)gLet L=P(a,x) be the query, the answer is :ans(L,S) = fP(a; x)_:Q(a; x)_S(a; x); P(a; b)_S(a; b); P(a; c)_:Q(a; c)g3 De�nition of the Inference RuleDe�nition 1. Let L be a literal. A clause C is an L-clause i� there is a literalL' in C such that L is an instance of L'.De�nition 2. Let L be a literal and let Mi_ ei, 1 � i � p, be a set E of clauses,called electrons, such that each Mi is a literal, and each ei is an L-clause. Let nbe the clause : N1_N2_ : : :_Np_n0, where the Ni's are literals, which is calledthe nucleus. A �nite sequence of L-clauses R0; : : : ;Rp is an L-inference i� :� R0 is n,� each Ri+1 is a resolvent obtained (by the Resolution principle) from Ri andMi _ ei, where the literal Mi is resolved against some instance of a literalNj in Ri, 1 � j � p.Rp is called the L-resolvent of E and n, and the Ri, for 1 � i � p � 1, arecalled the intermediate resolvents. The L-inference will be represented by :E nRp .De�nition 3. Let S be a set of clauses. A L-deduction of Cn from S isa �nite sequence C0 : : :Cn of clauses such that : each Ci is either a clause in Sor there are Ci1 ; : : :Cik in the L-deduction, with each ij < i, such that Ci is theL-resolvent of Ci1 ; : : :Cik , where the nucleus is in S.De�nition 4. A R-deduction of Cn from S is a �nite sequence C0 : : :Cn ofclauses such that : each Ci is either in S or there are Ci1 ; Ci2 in the R-deduction,with each ij < i, such that Ci is the resolvent ( by the Resolution Principle) ofCi1 and Ci2 . 4



Theorem 1. (R.C.T. Lee [5]) Let S be a set of clauses, if c is a clausederivable from S, there is a clause c', subsuming c, such that c' is derivable fromS by a R-deduction.Theorem 2. Let S be a set of clauses and L a given literal. If there is aR-deduction of L _ C, then there is a L-deduction of L _ C.Proof. The proof is by induction on the number n of inferences in theR-deduction of L _ C from S.For n=1, L _ C is the resolvent of two clauses C1 and C2 in S. Then eitherC1 or C2 ( say C1 ) is of the form N _ C0, where C' is a L-clause, and N is theresolved literal. Therefore the R-inference is a L-inference.For the induction step we assume we have a R-deduction of L _ C from Susing n inferences. Let's consider in this R-deduction some clause C0 which isthe resolvent of two clauses C1 and C2 which are in S.Then there is a R-deduction of L _ C from S and C0 using n-1 inferences.We distinguish the following two cases:Case 1. C0 is a L-clause. For the same reason as in the base induction stepC1 C2C0 is an L-inference. Then by induction hypothes is the R-deduction ofL _ C from S and C0 there exists a L-deduction D of L _ C from S and C0. Ifwe add the L-inference : C1 C2C0 before the �rst occurence of C0 in D, we geta L-deduction of L _ C from S.Case 2. C0 is not a L-clause. Then by induction hypothesis there exists aL-deduction D of L _ C from S and C0. Assume the L-inference using C0, in D,is of the form E C0C3 , where E is a set of electrons and C0 is the nucleus .Wede�ne a partition of the set E into two sets E1 and E2 as follows : a clause e inE is in E1 if and only if the literal in e which is resolved in the inference E C0C3is provided by the clause C1.Then we transform the proof d : E C1 C2C0C3 ,where E C0C3 is an L-inference, and C1 C2C0 is an R-inference,into d' : E1 C1C4 E2 C2C5C6 . 5



The inferences E1 C1C4 and E2 C2C5 are L-inferences, because E C0C3 is aL-inference, i.e. each intermediate resolvent in the L-inference is an L-clause,and the resolved literals in E1 (resp. E2) and C1 (resp. C2) are the same literalsas the literals resolved in E and C0. Then C4 and C5 are L-clauses, and inthe inference : C4 C5C6 , the resolved literals are the same as in the inference: C1 C2C0 ; moreover these literals are not the literals which make C4 and C5be L-clauses, then C4 C5C6 is an L-inference. So C6 is an L-clause, and thetransformed proof d' is an L-deduction.The set of literals which must be uni�ed, and resolved, in the proof d andin the proof d' are the same, then the two sets of equations de�ning the mostgeneral uni�ers in d and d' are the same. Then the substitution applied to theliterals of E, C1 and C2, whose instances are in C3, is the same as the substitutionapplied to the literals of E1; E2; C1 and C2 whose instances are in C6. ThereforeC6 is identical to C3. Finally if we replace in D the proof d by d' we get anL-deduction of L _ C from S.In the case where there are several occurences of C0 in the proof D, and C0 isinvolved in several L-inferences of the form E0 C0C03 , we remove each C0 occurencewith a similar transformation. Notice that each transformation decreases by onethe number of C0 occurences. Then after a �nite number of tranformation ofthe L-deduction D we obtain a L-deduction of L _ C from S. Q.E.D.The following completeness theorem is a trivial consequence of Theorem 1and Theorem 2.Theorem 3. Let S be a set of clauses, if L _ c is a clause derivable from S,there exists a clause L0 _ c0, subsuming L _ c, which is derivable from S by anL-deduction.Proposition Since every L-inference is a sequence of application of Resolu-tion principle, the L-inference rule is sound.One could notice that an L-deduction is very close to an OL-deduction, oran SL-deduction (see [5]) with top clause :L. However OL-resolution has beenproved to be complete to generate the empty clause, but, as far as we know, thereis no proof that OL-resolution is complete to generate clauses. The complexityof the proof of Theorem 1 clearly suggests that there is no evidence that astrategy which is complete to generate the empty clause is also complete for thegeneration of clauses. That is why the proof of Theorems 2 and 3 is, in our view,the main contribution of our work. 6



4 De�nition of the L-strategyA saturation algorithm is considered in order to de�ne an e�ective procedure tocompute the L-clauses. This algorithm could be improved using more so�sticatedstrategies like ordering.The L-strategy computes the answer to a query into two steps. In the �rststep is computed a set of clauses, called extended answer, containing more clausesthan the clauses in the answer. In the second step we have to remove all theclauses L0 _ X in the extended answer such that X is derivable from S. In thissecond step the clause X is known, then testing if X is derivable from S can bedone by any standard theorem proving strategy. For this reason this second stepis not described in this paper, and we shall present only the �rst step.De�nition 5. We call extended answer the following set of clauses :eans(L,S) = fL0 _ X j S ` L0 _ X, where L' is an instance of L, and L0 _ Xis not a tautology, and there is no clause c in eans(L,S) such that c subsumesL0 _X gNote that this de�nition is weaker than the previous one. Indeed, if L0_X 2ans(L; S), X is not derivable from S, while if L0 _ X 2 eans(L; S), X may bederivable from S.Notation : We denote [S] a set of clauses where all the subsumed clauseshave been removed.De�nition 6. Let S be a set of clauses, and let L be a query, the L-strategycomputes the sets S0; : : : ; Si+1; : : :, inductively as follows :S0 = [f(L0 _X)� j L0 _X 2 S and � is the most general uni�er of L and L0 g]: : :Si+1 = [Si [ fL0 _ X j there exists a set of electrons E in Si, and a nucleus nin S, such that L0 _X is the L0-resolvent of E and ng]: : :For the purpose of the next de�nition we consider deductions as proof-treesinstead of proof-sequences. 7



De�nition We call depth of a deduction the number of inference stepsin the longest path of the proof-tree corresponding to this deduction.Theorem 4. If L0 _ X is in eans(L,S), where L' is an instance of L, thenthere exists some i such that L0 _ X is in Si.Proof : The proof is by induction on the depth j of the L0-deduction ofL0 _X from S.For the base case (j=0) the proof is trivial.For the induction step, assume there is an L0-deduction, of depth j + 1, ofL0 _X from S, where the last L`-inference is of the form E nL0_X . Let e = M _ e0be an electron in E, where M is the resolved literal.If e does not belong to eans(L,S), there is an L-clause c in eans(L,S) subsum-img e. We distinguish the following two cases :Case1 : c susbsumes e'. Then c subsumes the instance of e' which is in L0_X.That contradicts the fact that L0 _X is in eans(L,S).Case2 : c does not subsumes e'. Then c is of the form M0_c0, where M0 is aninstance of M. In this case we can transform the inference E nL0_X by replacing ein E by c. Then the new L0-resolvent subsumes L0 _ X because c0 subsumes e0 .That contradicts the fact that L0 _X is in eans(L,S).Therefore e belongs to eans(L,S). Since the depth of the L0-deduction is equalto j, by induction hypothesis e is in Sj.The same conclusion holds for any electron in E, so from the de�nition ofSj+1 in function of Sj we can conclude that L0 _X is in Sj+1.5 Some typical examplesIn this section we present two examples showing the main features of our ap-proach.Example2 is a very simple example illustrating the interest of the L-strategyfor automated diagnosis. 8



Let's consider a very simple system l, with components : b, b1, b2, and c,whose correct working is de�ned by the following rules and facts :l� works b� works ^ c� worksb� works b1 � works ^ b2 � worksb1 � worksIf we respectively denote by : L, B, B1, B2 and C, the propositions : l-works,b-works, b1-works, b2-works and c-works, we have :S = f L _ :B _ :C; B _ :B1 _ :B2; B1 gQuery : LS0 = fL _ :B _ :C gS1 = fL _ :B _ :C; L _ :B1 _ :B2 _ :C gS2 = fL _ :B _ :C; L _ :B2 _ :C gThe answer : L _:B2 _:C can be interpreted as : \l-works if b2-works andc-works", or as well as : \ a possible explanation that l does not work is that b2or c does not work".Example3, which is in Propositional Calculus, is interesting because itshows that the standard Input resolution strategy is not complete. Indeed withthis strategy we cannot infer L_A, while L_A is derivable with the L-strategy.Here we can see that the reason why the L-strategy is complete, although it isan Input strategy, is that the L-strategy is also an Hyperresolution.S = f L _M _N; :M _N; M _ :N; :M _ :N _ A gQuery : L.S0 = fL _M _NgS1 = fL _M; L _ NgThe clauses : L_N_:N_A, and L_M_:M_A are not in S1 because theyare tautologies, and L _M _ N is not in S1 because it is subsumed by L _M.S2 = fL _M; L _ N; L _Ag 9



L_A is generated by an L-inference where the two electrons are : L_M andL_N, and the nucleus is : :M_:N_A. The clauses L_:M_A and L_:N_Aare not in S2 because they are subsumed by L _A.Example4 shows how we can get in�nite answers. The intuitive meaningof the query is : What conditions implies that x is an ancestor of y ?". Sincethe query does not refer to a speci�c set of persons, there is an in�nite set ofconditions which guarantee that x is an ancestor of y; each condition correpondsto a di�erent level in the ancestor's hierarchy.S = fL(x; y) _ :Ancestor(x; y); Ancestor(x; y)_ :Father(x; y),Ancestor(x; y)_ :Ancestor(x; z)_ :Father(z; y) gQuery : L(x,y).S0 = fL(x; y) _ :Ancestor(x; y) gS1 = fL(x; y) _ :Ancestor(x; y); L(x; y)_ :Father(x; y),L(x; y)_ :Ancestor(x; z1) _ :Father(z1; y) gS2 = fL(x; y)_ :Ancestor(x; y); L(x; y)_ :Father(x; y),L(x; y)_ :Father(x; z1) _ :Father(z1; y),L(x; y)_ :Ancestor(x; z2) _ :Father(z2; z1) _ :Father(z1; y)g: : :Si = fL(x; y)_ :Ancestor(x; y); L(x; y)_ :Father(x; y),L(x; y)_ :Father(x; z1) _ :Father(z1; y),L(x; y)_ :Ancestor(x; z2) _ :Father(z2; z1) _ :Father(z1; y),: : :L(x; y)_:Ancestor(x; zi)_:Father(zi; zi�1)_: : :_:Father(z2; z1)_:Father(z1; y)g6 ConclusionWe have de�ned an inference rule and a strategy to generate the most generalhypothesis allowing to infer a formula, represented by a single literal L, in thecontext of a given theory. This strategy is e�cient in the sense that it generatesonly L-clauses. Then the only useless generated closes are those ones which arenot minimal with regard to the subsumption. Moreover we have the feeling thatthis second step cannot take advantage of the work done in the �rst step, and10



they can be executed into two independent steps without waste of e�ciency.Nevertheless many re�nements of the strategy should be investigated in thefuture. One of them is to make use of an order on the predicate symbols.An important issue we want to investigate in the future is the case of in�niteanswers. A �rst approach is to �nd a �nite representation of those in�nitesets, having some desirable properties. For example to be easy to understand.Another approach is to provide only partial answers, and to cut the computationin a \clean" state. The right approach certainly depends on the application �eld.Our method can be considered as a step in order to supply new functionalitiesfor automated deduction methods.References[1] L. Cholvy. Answering queries adressed to a rule base. Revue d'IntelligenceArti�cielle, 4(1), 1990.[2] R.C.T. Lee C.L. Chang. Symbolic Logic and Mechanical Theorem Proving.Academic Press, 1973.[3] A. Kean and G. Tsiknis. An incremental method for generating prime im-plicants/implicates. Journal of Symbolic Computation, 9:185{206, 1990.[4] R. Kowalski. Problems and Promises of Computational Logic. Springer-Verlag, Brussels, 1990.[5] R.C.T. Lee. A completeness theorem and a computer program for �ndingtheorems derivable from given axioms. PhD thesis, Univ. of California atBerkley, 1967.[6] M.Cayrol and P.Tayrac. Arc : un atms bas�e sur la r�esolution cat-correcte.Revue d'Intelligence Arti�cielle, 3(3), 1990.[7] Oxuso� and Rauzy. Evaluation s�emantique en Calcul Propositionnel. PhDthesis, Universit�e Aix-Marseille, 1989.[8] P.Siegel. Repr�esentation et utilisation de la connaissance en Calcul Proposi-tionnnel. PhD thesis, Universit�e de Aix-Marseille, 1987.[9] R. Reiter and de Kleer. Foundations of assumption-based truth maintenancesystem. In AAAI-87, 1987. 11


