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Abstract

In this paper, we propose a logic for integrated reasoning about graded trust and belief fusion
in multi-agent systems. Two kinds of graded trust in information sources are analyzed. One is the
trust in validity and the other is the trust in completeness. Based on the former, an agent can induce
his partial beliefs from what the other agents have told him, whereas by the latter, he can induce
his partial beliefs from what the other agents did not tell him. Then an agent would have beliefs
of different grades when he received information from other agents, so he has to merge these graded
beliefs to form his overall belief. The fusion of graded beliefs may be done according to two different
strategies. In the first one, if inconsistency occurs at some level, then all beliefs at the lower levels
are discarded simultaneously, so it is called level cutting strategy. For the second one, only the level
at which the inconsistency occurs is skipped, so it is called level skipping strategy. It is shown that
these notions can all be formulated in a modal logic framework. The syntax, semantics and axiomatic
systems for such logical formulation are presented in this paper.

1 Introduction

Recently, the research of intelligent agents have received much attention due to the rapid development
of internet applications and electronic commerce. An intelligent agent can search through the web and
find information matching the user’s need or buy and sell goods on behalf of the users[13]. In most
cases, agents do not live alone. They are situated in a multi-agent societies. From the viewpoint of agent
societies, each agent plays both the roles of information provider and receiver, so the information search
process can be seen as the communication between two agents and a receiver has to decide whether he
can believe the received information according to his trusting attitude toward the provider. It has been
shown that the notions of trust play a very important role in the interaction between agents, whether
they are competitive or cooperative[3].

In [14], an agent is characterized by mental attitudes, such as knowledge, belief, obligation, and
commitment. This view of agent, in accordance with the intentional stance proposed in [7], has been
widely accepted as a convenient way for the analysis and description of complex systems[15]. The model
of these attitudes has been the traditional concern of philosophical logic, such as epistemic logic, doxastic
logic[9], and deontic logic[2]. Some logics derived from the philosophical analysis have been applied to the
modeling of AT and distributed systems[12, 8]. In most of these logics, the mental attitudes are represented
by modal operators and their meanings are in general given by the possible world semantics for modal
logic[4]. In [6, 11], the notion of trust is formulated as a kind of modal operators and its relationship
with agents’ belief and information transmission action is characterized by logical axioms. These systems
formulate a dichotomous concept of trust, thus when agent ¢ received contradictory information from
agents j and k, he can not trust both of them. In [6], the formulation is further extended to graded trust,



where we can speak of an agent ¢ trusting j to some level. However, in the formulation, if agent i trusts
agents j and k to different levels respectively, then his belief will crash when he received contradictory
information from them. In the practice, however, an agent may induce graded belief from the graded
trust and the information he has received, so if he received contradictory information from two (or more)
agents whom he only partially trust, it should be possible for the agent to merge the induced graded
belief and form his overall belief.

In [10], a logic of belief fusion based on multi-agent epistemic logic[8] and multi-sources reasoning|[5]
has been proposed. While the logic merges the beliefs of different agents according to a total ordering
on the reliability of these agents, it can also be applied to fusion of beliefs at different levels for a single
agent. There are two strategies for the fusion of beliefs in [10]. In the first one, if inconsistency occurs
at some level, then all beliefs at the lower levels are discarded simultaneously, so it is called level cutting
strategy. For the second one, only the level at which the inconsistency occurs is skipped, so it is called
level skipping strategy.

Thus, following these approaches, we would like to propose a doxastic logic integrating graded trust
and belief fusion, and then discuss how one agent’s belief is influenced by his graded trust toward other
agents and the information he acquires. More specifically, in traditional doxastic logic, K;p means that
agent ¢ believes ¢, so we will add to the logic additional modal operators Bf, TV,, T'C}; and I;;. The
operator Bf* is for the graded belief of agent i at level a and the intended meaning of T'V;§ ¢ (resp. T'CF}) is
that agent ¢ trusts the validity(resp. completeness) of j on ¢ to some extent «, whereas I;;¢» means agent
i acquires information ¢ from j. The logic of graded trust then characterizes the relationship between
graded trust, information acquisition action, and graded belief. Then belief fusion operators based on two
different strategies are introduced to merge the graded beliefs for each agent and the resultant merged
belief will be related with the agents’ ordinary belief modeled by the K; operators.

In the rest of the paper, we will first give a general logic for graded trust. The syntax, semantics,
and a basic axiomatic system of the logic is presented in section 2. The logic of belief fusion based
on level cutting and skipping strategies are presented in sections 3 and 4 respectively. In section 5, we
consider some practical problems in the application of the logic. Finally, we conclude the paper with a
brief summary of the results.

2 A Logic of Graded Trust

Let A be a finite set of symbols, called grades or levels, and assume there are n agents and a set ®¢ of
countably many atomic propositions, then the set of well-formed formulas(wff) for the logic of graded
trust(LGT) under A is the least set containing ®g and closed under the following formation rules:

e if pis a wif, so are —p, Kip, By, Lijp, TV p and TCp for all 1 <i#j <n and a € A,

e if ¢ and ¢ are wfifs, then ¢ V % is, too.

As usual, other classical Boolean connectives A(and), D(implication), =(equivalence), T (tautology), and
1 (contradiction) can be defined as abbreviations. The doxastic operator K; is to model the belief of
agents, so it is a kind of KD45 normal modal operators[4]. In [6], K;p is read as “agent i strongly
believes ¢”. Since in this paper, an agent’s belief is related with the fusion of information he has received
from other agents, we can say that agent ¢ deliberatively believes ¢ if K;p holds. However, for simplicity,
we will in general only read K;¢ as “agent i believes ¢”. On the other hand, as in [6], BY is to model
the graded beliefs of agents, so BXp means that agent i believes ¢ at the level a. Following [6], we
require that it is a KD normal modal operator. An agent’s graded beliefs are closely related to his
graded trust in other agents and the information he has received (or not received) from them. There
are at least six notions of trust mentioned in [6]. These are trusts on the agent’s validity, completeness,
sincerity, credibility, cooperativity, and vigilance. Here we will consider the first two, that is, validity and



completeness. We choose these two notions because they directly connect the fact sent (or not) by an
agent to the receiving agent’s belief on the same fact. This makes it possible to model the relationship
between an agent’s acquired information and its belief. An agent is valid on a proposition if his affirmation
of the proposition implies it is true and complete on it if his not asserting it means it is false. These
notions are respectively modeled by T'VZ, TC? and I;;. Thus TVZ»‘]’.‘ap(resp. TC’%) means that agent i
trusts the validity(resp. completeness) of j in ¢ to some extent «, whereas I;; means that j has informed
i of ¢ or ¢ has acquired information ¢ from j.

The possible-worlds semantics provides a general framework for the modeling of knowledge and
belief[8]. In the semantics, an agent’s belief state corresponds to the extent to which he can deter-
mine what world he is in. In a given world, the belief state determines the set of worlds that the agent
considers possible. Then an agent is said to believe a fact p if ¢ is true in all worlds in this set. Analo-
gously, the information of an agent acquired from another agent constrains the possibility of the worlds
according to the acquired information. However, since an agent perceives the possibility that other agents
may be unreliable, he will not blindly believe all acquired information. Thus, the set of possible worlds
according to acquired information from some particular agent may be different with that associated with
his belief state. Of course, since an agent may lie, the information of other agents acquired from him
may not be compatible with what he believes. On the other hand, the semantics of trust is relatively
more “syntactic” and less restrictive. Though trust in general depends on some rational factors such
as the honesty and credibility of the trusted agent, it also usually contains some irrational or emotional
components. Since the assessment of credibility of an agent can only depend on his past records, we can
not guarantee that the agent does not provide any wrong information in the future. Even very respectable
news media may make some errors, so any trust must be accompanied with risk. This means that we
will only impose minimal constraint on the set of statements on which an agent trusts another agent’s
judgement.

According to the informal discussion above, the formal semantics for K;, Bf* and I;; is the Kripke
semantics for normal modal operators, whereas that for TV;§ and T'Cj; is the so-called minimal (or
neighborhood) semantics[4]. Formally, a LGT model is a tuple

(W, m, (Ki)i<i<n, (Bi')aea1<i<ns (Zij)i1<izi<n, (TVij)aea1<izi<n, (TCij)aen1<izj<n)
where

e W is a set of possible worlds,

o m:®; — 2W is a truth assignment mapping each atomic proposition to the set of worlds in which
it is true,

o K; CW x W is a serial, transitive, and Euclidean binary relation! on W

BY CW x W and Z;; C W x W are both serial binary relations on W,

TV CW x2W and TC; CW x 2V are binary relations between W and the power set of 1.

For simplicity, we will write an LGT model as (W, 7, K;, B, Zi;, TV}, TC;;) with the understanding that
1<i#j<nandaé€A.

In the following, we will use some standard notations for binary relations. If R C A x B is a binary
relation between A and B, we will write R(a,b) for (a,b) € R and R(a) for the subset {b € B | R(a,b)}.
Thus for any w € W, K;(w), Bf(w) and Z;;(w) will be subsets of W, whereas TV;;(w) and TC7; are
subsets of 2. Informally, K;(w)(resp. B&(w)) is the set of worlds that agent i considers possible under w
according to his belief (resp. at level a), whereas Z;;(w) is that agent i considers possible according to the

LA relation R on W is serial if YwIuR(w,u), transitive if Yw,u,v(R(w,u) A R(u,v) = R(w,v)), and Euclidean if
Yw, u, v(R(w, u) A R(w,v) = R(u,v)).



information acquired from j. On the other hand, since each subset of W is the semantic counterpart of a
proposition, for any S C W, S € TV{;(w) (resp. S € TC{;(w)) means that agent ¢ trust j’s validity (resp.
completeness) to the extent « on the truth of the proposition corresponding to S. The informal intuition
is reflected in our formal definition of satisfaction relation. Let M = (W, w, K;, B, Z;;, TV{;, TC5;) be an
LGT model and ® be the set of wifs, then the satisfaction relation =3, C W x @ is defined by the following
inductive rules(we will use the infix notation for the relation and omit the subscript M for convenience):

1. wEpiff wen(p) if p € ¥y,

2. wE np iff w E @,

B wEeVyiffwEgorwE1,

4. w | K;p iff for all u € K;(w), u = ¢,

5. w = By iff for all u € B (w), u = ¢,

6. w = Lijo iff for all u € Z;;(w), u = ¢,

7. wE TV e iff [o] € TVi;(w), where |p| = {u € W : u |= ¢} is called the truth set of ¢,
8. w TCy iff |p| € TCH;(w).

As usual, we can define validity from the satisfaction relation. A wif ¢ is valid in M, denoted by
Er o, if o] = W. Let C be a class of LGT models, then |=¢ ¢ if for all M € C, we have =y . Let
Y U{p} C P, then ¥ =¢ ¢ denotes that for all M € C and w in M, if Vi € T, w |=pr ¢ then w [ .

So far, we have defined an LGT model so that the relations B, Z;;, TV;; and TCj; are completely
independent. This means that the information an agent acquired from other agents may be completely
irrelevant to his belief, so the agent will not benefit from the communication with others. This is definitely
not what we want to model. Though we do not want an agent to believe blindly what the other agents
tell him, it is indeed inevitably his belief should be influenced by the information he acquired from the
agents he trusts. Based on the consideration, we will impose some constraints on the LGT models. Let
M = (W,m,Ki, B}, Lij, TVi;, TC;) be an LGT model, then M is called ideal if it satisfies the following
constraints for all a € A, 1 <i# j<nand w e W,

m1.1) for all S € TV{;(w), if Ki(w) C {u | Zij(u) € S}, then By (w) C S,

(m1.1)
(m1.2) for all S € TC3(w), if Ki(w) C {u | Zij(u) NS # 0}, then B (w) C S,
(m2.1) for all w,u,v € W, K;(w,u) and Z;;(u,v) implies Z;; (w,v),

(m2.1)

m2.1) for all w,u,v € W, K;(w,u) and Z;;(w,v) implies Z;; (u, v).

The class of ideal LGT models is denoted by IG. The constraints (m2.1) and (m2.2) essentially require
that the information transmission action between agents occurs in an ideal communication environment,
so once agent i acquires information from j, he believes the interaction indeed has occurred and vice verse.
On the other hand, (m1.1) and (m1.2) make a connection among the three classes of modal operators.
(m1.1) means that if an agent 7 believes he has acquired the information ¢ from j and he trusts the
validity of j to the extent a on the truth of ¢, then he should believe ¢ at the level a. (m1.2) means that
if an agent 7 believes j did not informed him of ¢ and he trusts the completeness of j to the extent o on
the truth of ¢, then he should believe =y at the level . These constraints are represented by natural
axioms in our axiomatic system for ideal LGT logic. The axiomatic system, called IG, is presented in
Fig. 1.

2This is equivalent to C; o Z;; C S, where o denotes the relational composition.




1. Axioms:

P: all tautologies of the propositional calculus
K1: [Kip A K;(p D )] D K

K2: —K; 1

K3: K;p D K;K;p

K4: =K D Ki~IK;p

BL: [Bf'¢ A B (¢ D ¥)] D B¢

B2: =By 1

I: [Lije A Lij(0 DY) D Liyp

12: -I; 1

Cl.1:
C1.2:
C2.1:
C2.2:

TVSe D (Kilijp O Biy)
TChe O (Ki=lije O Bi'~p)
Lijo O Kilijp

Lo D K=l

2. Rules of Inference:

R1(Modus ponens, MP): from ¢ and F ¢ D ¢ infer - ¢
R2(Necessitation, Nec): from F ¢ infer - K;p, - B¢, and F ;¢
R3: from ¢ = ¢ infer F TV 2o =TV F¢ and - TCHp = TCLY

J

Figure 1: The axiomatic system IG for ideal LGT




The axioms K1-K4 correspond to the KD45 system for doxastic operators K;, K1 means that the
agents are perfect logical reasoners, so their belief are closed under logical consequence. K2-K4, cor-
responding to the serial, transitive and Euclidean properties of the K; relation, stipulate respectively
the consistency, positive introspection, and negative introspection of the agent’s belief. Analogously, the
axioms B1-B2 and I1-I2 correspond to the KD systems for doxastic operators B{* and the information
acquisition operators I;;. Here, we assume that the information acquisition operators describe not only
the explicit information an agent acquires directly but also all consequences that are implicitly implied
by it, so if an agent acquires the information ¢, he also obtains all logical consequences of ¢ at the same
time. This is just what I1 asserts. Though there may be differences between the epistemic status of the
externally acquired explicit information and that of the internally reasoned consequences, we do not have
to model both of them because it is the latter notion that is really related to the agent’s belief when
we consider ideally perfect reasoning agents. Under the assumption, a source providing contradictory
information will be useless, so we use axiom 12 to exclude the possibility that an agent can acquire con-
tradictory information from a single source. However, note that this does not rule out the possibility
that an agent can acquire contradictory information from multiple sources. Indeed, it is that the notion
of graded trust can help to select what to believe when such situation occurs. Finally, the connection
axioms C1.1 to C2.2 correspond to the same numbered constraints on the ideal LGT models. C1.1 and
C1.2 specify the characteristic properties of trust in validity and completeness respectively, whereas C2.1
and C2.2 describe that the agent is aware of the receipt or not of the information. By axioms C2.1 and
C2.2, axioms C1.1 and C1.2 can in fact be simplified respectively to

TVSe D (Lije D Biy)

and
TCije D (nlijp D Bif ).

K3

However, under imperfect communication environment, if 7 received some information from j but j can
not prove himself to ¢ (so i is not sure he has received information from j, i.e. I;j¢o but —K;I;;j¢), then
the trust of 7 in j is not sufficient for 7 to form his belief.

The Nec rule assures that valid wif is believed and acquired a prior, while R3 asserts that if an agent
trust another agent’s judgement on some wif, then his trust is independent of the syntactic form of the
wif.

The derivability in the system is defined as follows. Let ¥ U {¢} C ®, then ¢ is derivable from ¥
in the system IG, written as ¥ Fig ¢, if there is a finite sequence ¢, ..., @, such that every ¢; is an
instance of an axiom schema in IG, a wif in X, or obtainable from earlier ¢;’s by application of a rule in
IG. When ¥ = {), we simply write Fig ¢. The system IG is said to be sound if Fig ¢ implies FErg ¢ and
complete if the converse holds.

Theorem 1 The aziomatic system 1G is sound and complete.

The system IG is not in much difference with that for dichotomous trust in [11] except there is now a
class of doxastic operators instead of a single B; for each agent ¢. What makes the difference will be the
fusion of an agent’s beliefs in different levels into a total belief. In fact, in the systems of graded trust in
[6], a partial ordering > is imposed on the set of levels and the following two axioms are considered

B?@Dchp if a>p

K;p D B*p forall a €A

where K;p denotes that agent i strongly believes . This is based on the interpretation of B¢ as “agent
i believes ¢ at or above the level @”. By this interpretation, if agent i received information ¢ from j
and - from k, then TV ¢ and TVf,i—wp can not hold simultaneously if « and  has a common lower



bound in A since otherwise, from C1.1 and the first axiom above, it is contradictory with the consistency
of belief B2. Therefore, to utilize the ordering on the levels, we would like to interpret BY*p as agent ¢
believes ¢ ezactly at the level a. By adopting this interpretation, then it is possible that for an agent
t, B¢ and Bf = hold simultaneously without contradiction. Thus it becomes possible to merge the
agent’s beliefs at different levels.

There are several possibilities to achieve belief fusion. The most straightforward way is just to put
them together. This can be done for any subsets of levels, so we will introduce a new class of doxastic
operators B’ for each agent i and G C A. Intuitively, By means that ¢ can be deduced by pooling
together the beliefs of agent i at all levels belonging to G, so it is also called direct merging. However,
since an agent may receive contradictory information from different sources, just putting them together
would result in the crash of the agent’s merged belief. Thus more sophisticated belief fusion approaches
based on the partial ordering of levels are expected. In [10], two conservative belief fusion strategies for
multi-agent systems are proposed. In the first one, if inconsistency occurs at some level, then all beliefs
at the lower levels are discarded simultaneously, so it is called level cutting strategy. For the second one,
only the level at which the inconsistency occurs is skipped, so it is called level skipping strategy. While
the belief fusion approach considered in [11] is based on total orders on agents, we have to merge an
agent’s belief according to a partial ordering on the set of levels. This can be achieved by considering all
total orders compatible with the given partial ordering. We will describe the approach in the next two
sections.

3 Fusion by Level Cutting

Let > be a strict partial ordering on A, i.e., a binary relation on A satisfying irreflexivity and transitivity?,
then a total order compatible with (A, >) is any (A, >) such that A C A, > is a strict total ordering on
A, and for any o, 8 € A, a > [ implies a > 3. The set of total orders compatible with (A, >) is denoted
by O, (A). If A = {a;,as,...,ar}, then we usually write the total order (A, >) as a3 > as > -+ > ay.
Let us denote the elements of O, (A) by O and if O = ay > as > -+ > ay, then {a1,as,...,ax} is called
the domain of O and is denoted by §(O). Furthermore, in this case, O > ay41 denotes the total order
ayp > g >+ > ap > apyr- Also the cardinality of 6(O)(i.e. the number k) is called the length of O
and denoted by len(0). The symbol OF (A) denotes the subset {O € O, (A) | len(O) = k}. Sometimes
> and A are omitted in these notations when they are clear from the context.

To model the fusion of agent’s belief, we add the new modal operators B¢ and BY ¢ for each agent
i, ) # G C A and O € O and the following formation rule to LGT

o if  is wif, so are By and BYp foreach 1 <i<n, 0 # G C A and O € O.

Intuitively, BYp means that ¢ is deducible from merging the agent i’s graded belief according to the
total ordering O, whereas B is the result of directly putting the agent’s beliefs together which has
been mentioned above. In the following, we will somewhat abuse the notations and identify B¢ with B¢
and BY when G = {a} and O is the unique total ordering on {a}. The fusion of belief under a total
ordering in this section is according to the level cutting strategy, so in the semantic side, we would define
the binary relations BY C W x W and BY C W x W by

Bf = () B; (1)
aeG

and 5 ,
By (w) if BY (w) = 0,

O>a(y) =4 i Bes(0>a) Li 5

B w) { B (w) N B (w) otherwise, (2)

Sv(r=z)and z = yAy>=z=>a > 2



for any w € W, and the satisfaction relation is extended to the wffs By and BPp by
1. w | B iff for all u € BY (w), u |= ¢, and
2. wE BP¢ iff for all u € BY (w), u = .

According to semantics of BS operators, B (w) is the set of worlds agent i considers possible by
putting together all of his belief at levels belonging to G, so it should be the intersection of the B (w)’s
for all a € G. If the intersection is empty, it means that there is a contradiction by putting together these
belief sets directly. Thus in the definition of B?”‘(w), if there is no contradiction by directly putting
together all belief sets at levels belonging to the domain of O > «a, then we can just do it, otherwise, we
have to recursively reduce it to BY(w). If O = ar > -+ > ag > agq1 > -+, and ¢, B; (w) # 0 but
ﬂ1<j<k+1 Biaj (w) = 0, then obviously, B (w) = ﬂ1<j<k Biaj (w), so the level below ay is cut out. This
is why it is named level cutting strategy. Since the belief sets at different levels are merged according
to a total ordering whereas we have only a partial ordering > on A, we would consider all total orders
of length |A| that are compatible with >. Thus an agent will believe ¢ (with deliberations) if it is a
consequence of all these fusion results. This is semantically achieved by the following constraint.

Let |A| = m, then an FC model (meaning “fusion by cutting strategy”) is an ideal LGT model

satisfying
(m3) Ki € Upeom BY-

The class of FC models is denoted by FC. The axiomatic system FC is the extension of IG with the
axioms in Fig. 2 and the Nec rule for B{. Then we have

Theorem 2 The system FC is sound and complete with respect to FC.

The axioms G1 and the Nec rule for BiG assert that it is still a normal modal operator. However,
note that except when |G| = 1, the consistency property =B L does not hold any more since the direct
merging of belief may result in contradiction. G2 says that the more levels of belief sets are merged, the
more consequences can be derived. These axioms correspond exactly to those for distributed knowledge
in multi-agent epistemic logic[8]. There is only a superficial difference that the distributed knowledge
is to merge knowledge of different agents whereas here we do it for a single agent’s belief at different
levels. The axioms O1 and O2 reflect exactly two conditions on the definition of Blo % (w). O1 is the case
where direct merging does not cause contradiction, i.e., all levels of belief sets in the domain of O > « are
consistent, then the fusion result is equivalent to the direct merging one. However, if contradiction indeed
occurs due to direct merging, then the lowest level of belief must be discarded first and then the fusion
result is recursively reduced to that for the remaining levels. This is just what O2 asserts. Finally, the
axiom C3 ties the fusion results of a single agent with his overall belief. This means that if a consequence
can be derived from the fusion results under all possible total orders compatible with >, then the agent
would believe it. Note that the converse of C3 does not hold because we would not like to exclude the
possibility that an agent can acquire his belief from outside of the information he has received from other
agents(e.g. by observation made by himself).

4 Fusion by Level Skipping

Admittedly, the level cutting strategy for information fusion is very conservative since it discards all
information below a level where the inconsistency occurs. A less conservative one is to just skip the level
causing inconsistency and continue absorbing the belief below it into the fusion result if they are after all
consistent by doing so. To model this kind of fusion strategy, we have to add to our language the modal
operators BS? for any nonempty Q C O, (A) and the rule:



G1: (Bf o ABf (¢ D ¢)) D B{'y)

G2: BE1p > B2 if Gy C Gy

O1: ﬁ(Bf(o>a)J_) > (BO>p = Bf(o>a)¢)
02: (BY9”% 1) 5 (B9>%p = BPyp)

C3: (Apecom B?‘P) D K;p

Figure 2: The axioms to be added for FC

e if  is a wif, so is B{¥¢ for any nonempty Q C O.

Note that each a € A can also be seen as the unique total ordering on the singleton {a}, so any subset
of A is in fact also a subset of O. This means that each B where G C A can be seen as a special case
of the more general operator Bf?. Also, by abusing the notation, BY can be identified with Bi{o}.

For the semantics, an FC model can still serve as an FS (meaning fusion by skipping strategy) model,
however, the inductive definition of BY in (2) must be modified as follows:

a(yy = | BEw) if BY (w) N B (w) =10,
BP0 (w) = { B (w) N B¥(w) otherwise, (3)

for any w € W. Then a definition for B C W x W is

B = (1 B? (4)
0eN

In the definition above, when a new level « is added to the tail of a total ordering O, the agent will decide
whether accept the belief at that level by considering its consistency with those already merged according
to the ordering O instead of the consistency of directly merging these levels of belief sets. Therefore, if
there are some levels in O which have been discarded due to inconsistency with higher levels of belief,
then these discarded levels do not have any effects on BY (w), so they does not influence the test for
the acceptance of the level a. In effect, these discarded levels have been skipped. However, testing the
emptiness of BY (w) N B (w) is equivalent to check the consistency of directly merging the fusion result
according to the ordering O with the belief at level . This is the reason why we need the operators of
the form BS* which can directly merge the fusion results according to different total orders in (2.

The satisfaction relation is extended to B’y as usual. An FS model must still satisfy (m3) though
the BY appearing there is now according to the new definition (3). The class of FS models is denoted
by FS and the axiomatic system FS consists of IG (the Nec rule is rewritten as “from F ¢ infer - K;¢p,
F B, and I;;¢”), axiom C3, and those in Fig. 3.

The axioms Q1 and Q2 are analogous to G1 and G2 except that the levels are replaced by total orders.
Axioms O1’ and O2’ are for the fusion by skipping strategy. The Q in these two axioms may be empty
or nonempty subsets of ©. When Q is empty, they correspond exactly to the two conditions on (3).
However, for the logical completeness of the system, we have to add the general term €2 in them[10].

Theorem 3 The system FS is sound and complete with respect to FS.



O1: (B¢ A B (p D 4)) D By
02: B%p > BRpif 0 € Oy
O1: ~(B{?* 1) o (BPP197o, = pPUioety)

02 (BI** 1) o (B9 = BV

Figure 3: The additional axioms for FS

5 Some Practical Consideration

A practical problem to be considered when applying our logic to the derivation of the agents’ belief is
regarding axioms O1 and O1’. Though these two axioms are heavily used in the fusion of agent’s graded
belief, their antecedents (i.e., wifs of the form =B L or —=B{? 1) are hardly derivable from the mere
description of a situation.

Example 1 Assume a set of grades A = {1,2,3} with the partial ordering 1 > 2 > 3 is given and the
situation is described by the following set of wifs,

then by axiom C1.1, the following graded beliefs for agent i can be derived
{Bip, B{q, B{-p}.

Obviously, we would like to derive K;(pAq) since the beliefs in the first two levels are consistent. However,
by applying 02 (and other axioms like G1, G2, etc.), though we can prove Frc B} ~27(pAq) = B} (pAq)
and Fpc BZ.{I’Q}(p/\q), we can not prove Fpc B} 72 (pAq) = Bi{m}(p/\q) because —IBZ.{I’Q}J_ is not derivable
from the premises. This is due to the fact that while we have the positive knowledge about the graded
beliefs of i (i.e. what i believes), we do not have the negative one (i.e. what ¢ does not believe). ll

To solve the representation problem of negative knowledge?, many non-monotonic reasoning mech-
anisms have been proposed in the AI literature[l]. Here we will adopt a similar but less complicated
solution. The basic idea is to add some default assumptions to the set of premises. However, the main
difficulty in non-monotonic reasoning is that the default assumptions to be considered are in general
infinite and there are hardly constructive approaches to add them (witnessed by the fact that many
non-monotonic reasoning mechanisms resort to some kind of fixed point definition). Fortunately, what
we are concerning here are only the wifs of the form =B L for some agent i and nonempty G' C A. Thus
we will restrict the default assumptions to wifs of this form and called them belief-consistency literals, or
in short, be-literals. The number of be-literals is finite and actually it is equal to n - (2™ — 1) if |A| = m.
Let ¥ be a set of wifs in FC(resp. FS) logic, then X' is a be-extension of £ if ¥ C ¥ and £’ — ¥ is a
maximal subset of be-literals such that ¥/ I/pc L (resp. ¥/ tfps 1). Let L= FC or FS and ¥ U {¢} be a
set of wifs for L, then we write X |~y ¢ if for every be-extension ¥ of &, ¥ Fp, ¢ and ¥ 7 ¢ if there
exists a be-extension ¥’ of ¥ such that X' by, .

Example 2 (continued) There is exactly one be-extension to ¥ in example 1, it is

su{-~B"H L -B L B L B L,

4Also called frame problem in the AT literature.




so the desired result K;(pAq) can be finally derived from the extension. Note that we omit some subsumed
be-literals in the bc-extension. For example, from —rB}l’m}J_, we can derive —IB}M}J_ by G2, so the

explicit incorporation of the latter is not necessary. Thus we have & Lo Ki(pAgq) and ¥ i Ki(pAq).
In this example, we can derive the same results for FS system since the inconsistency occurs at the lowest
level. H

In the example above, the set of premises has only one bc-extension. However, in the general case,
there may be a dilemma on the choice between the ¥ or p7 derivability relations. The former is
computationally more difficult than the latter since it requires the computation of all bc-extensions of
the premises. However, the results derived by the |~ relation may be incompatible with each other.
The good news is that in many real situation, we do not have to face the dilemma. Let us define a
simple situation description(SSD) as a set of wifs of the forms T'V§ ¢, I, or Bf*p where ¢ is a classical
propositional wif, then it can be easily shown that

Proposition 1 If ¥ is an SSD such that ¥ t/ic L, then ¥ has exactly one bc-extension.

In the case of SSD’s, the relation |~¥ and |7 coincide, so it will be denoted by p only.
The preceding example is based on a total ordered grades set. Let us now consider a situation where
the ordering on the grades is properly partial.

Example 3 Let A = {1,2,3,4} be endowed with the partial order {1 > 2,1 > 3,1 > 4,2 > 4,3 > 4}
and the set of premises be an SSD

S ={TV;;(pV q), TV;jr, TVi3—p, TVii~q, Lij((pV @) Ar), Li(-p A =q) },
then the following graded beliefs are derivable by axiom C1.1.
B (pV q), B =p, B{—q, Bir
Thus the unique be-extension is to add the following be-literals into ¥
_|Bi{1,2,4}J_’ _|Bi{1,3,4}l, —iBi{2’3’4}J_, —IBJ{1’2’3’4}J_, —lB,£1’2’3’4}J_
From this extension, we can derive
BI>2>3>4(p ¢y g) A BP>3>2>4(p g )

in both FC and FS, where @ denotes the ‘exclusive-or’ operation and

Bi1>2>3>47" A Bi1>3>2>4r

in FS, so by C3 and the fact that Of (A) ={1>2>3>4,1>3>2> 4}, we can finally prove
Y re Ki(p®q) and ¥ pvps Ki((p®q) AT).

Note that the example also shows the difference between level cutting and skipping strategies. The wif
r is not accepted by agent i in the FC system because it is believed at level 4 which is lower than the
one at which the inconsistency occurs, i.e. levels 2 or 3, whereas for the FS system, no matter which of
level 2 or 3 is skipped, the belief at level 4 is still acceptable since it is consistent with the fusion results
of beliefs at levels 1 and 2 or 1 and 3 (as assured by the be-literals —|BZ»{1’2’4}J_ and —lBi{l’3’4}J_).

Note that from the example (and the preceding ones), we can also see why the operators I;; must
be the normal ones. If we can not infer the implicit information I;;—p and I;;—g from the explicit
Lir.(=p A —q), then we can not have B?—p and B3—gq, either. This will block many useful deductions from
the beginning. W



6 Conclusion

In this paper, we have proposed a logic integrating the notions of graded trust and belief fusion. By the
graded trust in other agents, an agent can induce his partial beliefs from the information he has received.
These graded belief can then be merged into his overall belief according to a partial ordering on the set of
grades. Two fusion strategies are discussed, leading to the development of respective axiomatic systems.
For level cutting strategy, if beliefs at a level are to be discarded, then all those lower than it are also
discarded without further examination. On the other hand, for level skipping strategy, only the level
under conflict is skipped, and the next level will be considered independent of those discarded before it.
Finally, two example are used to illustrate the basic ideas of the logic and the solution to the problem of
negative knowledge (or belief) representation is presented.
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