
An Extension of SOL-resolution to Theories withEqualityRobert Demolombe and Pilar Pozos Parra?ONERA-Toulouse2, Avenue Edouard Belin BP 4025, 31055 Toulouse Cedex 4, France.Abstract. Two inference rules called E-lit and E-equ, are de�ned in order to improvethe e�ciency of automated deduction with respect to Paramodulation, in the contextof theories with equality. These inference rules are incorporated into SOL-resolution,an e�cient Ordered Linear resolution that can be used to generate consequences ina given production �eld. It is proved that this extension, called SOLE-resolution, issound and complete. The SOLE-resolution has been implemented, and we give anexample of non trivial deduction obtained with the SOLE-resolution.1 IntroductionAutomated deduction in the context of theories with equality raises di�cult prob-lems with respect to e�ciency. Indeed, when the Paramodulation inference rule isapplied without restrictions, it can lead to a huge number of useless clauses (see [8,1, 9]). The �rst objective of this paper is to adapt an existing e�cient strategy tothe treatment of equality in order to reduce the generation of useless clauses.Another di�cult problem in the �eld of automated deduction is to de�ne e�cientand complete strategies for the derivation of consequences. Most of the works havethe objective to be complete for the derivation of the empty clause, but it is de�nitelya non trivial problem to transform a deduction procedure which is complete for thederivation of the empty clause into another one which is complete for the derivationof consequences. A concrete application of consequence generation is hypothesisgeneration [4].In [5{7] Inoue has de�ned an e�cient strategy, called SOL-resolution, which is ofthe type of Ordered Linear resolutions, and which is complete to derive consequencesthat are in a given production �eld (see De�nition 6 in section 3). That is why oursecond objective was to extend the SOL-resolution to the treatment of equality.The solution, which is presented in this paper, is based on the de�nition of twoinference rules, called E-lit and E-equ, and on the extension of SOL-resolution withthese inference rules. It is proved that with these extensions the soundness andcompleteness of SOL-resolution is extended to theories with equality.In section 2, we brie
y recall fundamental results by Chang and Lee [3]. Insection 3 we prove that these results can be used to prove that SOL-resolution iscomplete for theories with equality if we add to the theories their correspondingsets of generalized equality axioms. Finally, in section 4, are de�ned the inferencerules E-lit and E-equ. The SOL-resolution is extended with these inference rules,this extension is called SOLE-resolution. It is proved that with the SOLE-resolution? This work has been partially supported by a grant allocated by CONACyT.



we do not need any more the generalized equality axioms. The SOLE-resolution hasbeen implemented and an example of SOLE-deduction that has been obtained withour implementation is presented in this section.2 Equality theoryIn this section the minimum background about equality theory is presented. In [3]Chang and Lee give the following de�nitions and theorem.For convenience, if an expression E (a clause, a literal or a term) contains a termt, we denote E by E[t], and, if one single occurrence of t is replaced by a term s, theresult is denoted by E[s]. For instance, for the literal P (f(a); x), P [f(a)] (resp. P [a])may be used to denote the fact that the term f(a) (resp. a) occurs in P (f(a); x).De�nition 1. (Paramodulation inference rule). Let C1 and C2 be two clauses (calledparent clauses) with no variable in common. If C1 is r = s_C01, and C2 is L[t]_C02,where L[t] is a literal containing the term t and C01 and C02 are clauses, and t and rhave a most general uni�er �, then infer L�[s�]_C01� _C02�, where L�[s�] denotesthe result obtained by replacing one single occurrence of t� in L� by s�.This inference rule can be graphically represented by1:r = s _ C01 L[t] _ C02L�[s�]_ C01� _ C02� t� � r�:De�nition 2. (Set of equality axioms). Let � be a set of clauses, then the set ofequality axioms K(�) for � is the set of clauses:a. x = xb. :(x = y) _ y = xc. :(x = y) _ :(y = z) _ x = zd. :(xi = x0) _ :P (x1; : : : ; xi; : : : ; xn) _ P (x1; : : : ; x0; : : : ; xn), for every n-placepredicate symbol P occurring in �e. :(xi = x0)_f(x1; : : : ; xi; : : : ; xn) = f(x1; : : : ; x0; : : : ; xn), for every n-place func-tion symbol f occurring in �.De�nition 3. (E-interpretation). An E-interpretation I of a set of clauses � is aninterpretation of � satisfying the following four conditions. Let �, � and 
 be anyterms in the Herbrand universe of �, and let L be a literal in I . Then1. (� = �) 2 I ;2. if (� = �) 2 I , then (� = �) 2 I ;3. if (� = �) 2 I and (� = 
) 2 I , then (� = 
) 2 I ;4. if (� = �) 2 I and L0 is the result of replacing some one occurrence of � in L by�, then L0 2 I .De�nition 4. (E-satis�ability). A set � of clauses is called E-satis�able if and onlyif there is an E-interpretation that satis�es all the clauses in �. Otherwise, � iscalled E-unsatis�able.Theorem 1. (Chang and Lee) Let � be a set of clauses and K(�) be the set ofequality axioms for �. Then � is E-unsatis�able i� � [K(�) is unsatis�able.1 The notation t� � r� is used to express that the terms t� and r� are syntactically identical.



3 SOL-resolution for theories with equalityIn this section we de�ne a set of generalized equality axioms. We have proved theequivalence between the equality axioms and the generalized equality axioms, andwe have proved the completeness of SOL-resolution for theories with equality thatare completed with their generalized equality axioms.De�nition 5. (Set of generalized equality axioms). Let � be a set of clauses, thenthe set of generalized equality axioms K�(�) for � is the set of clauses2:a*. x = xb*. :(xi = x0) _ :P [xi] _ P [x0], for every predicate symbol P occurring in �.The following theorem shows the equivalence between K(�) and K�(�).Theorem 2. Let � be a set of clauses, K(�) be the set of equality axioms for �,K�(�) be the set of generalized equality axioms for �. We have:` K�(�)$ K(�)Proof : The proof is by induction on the depth of terms3. utNext lemma shows that E-unsatis�ability of a theory � is equivalent to its un-satis�ability provided � is extended by K�(�).Lemma 3 Let � be a set of clauses and K�(�) be its set of generalized equalityaxioms. Then we have:� is E-unsatis�able i� � [K�(�) is unsatis�able.Proof: Direct consequence of Theorem 1 and Theorem 2. utLemma 4 Let � and �1 be two sets of clauses. We have:� [K�(�) is satis�able i� � [ K�(�) [K�(�1) is satis�able.Proof :(() Trivial.()) The idea of the proof is to show that the Herbrand interpretation that satis-�es � [ K�(�) can be transformed into an Herbrand interpretation that satis�es� [ K�(�)[K�(�1). utThe following Lemmas 5 and 6 respectively are the translations of Lemma 3 andLemma 4 in terms of logical consequence.We shall use the following notations. � ` T denotes the fact that T is a log-ical consequence of �. Th(�) denotes the set of clauses T such that � ` T .� `E T denotes the fact that T is a logical consequence of � [ K(�) [ K(:T ),i.e. �;K(�); K(:T ) ` T . Th E(�) denotes the set of clauses T such that � `E T .2 When there is no risk of misinterpretation we use the notation K�(C) instead of K�(fCg), whereC is a clause or the negation of a clause.3 An extended version of this paper with detailed proof of all the lemmas and theorems is availableon request.



De�nition 6. (Production �eld). A production �eld P (see Inoue [6] De�nition2.1) is represented by a pair < L;Cond >, where L is a set of literals closed underinstantiation and Cond is a certain condition. A clause C belongs to the production�eld P if every literal in C is in L and C satis�es Cond.ThP (�) denotes the set of clauses in Th(�) that are in the production �eld P .Th EP (�) denotes the set of clauses in Th E(�) that are in the production �eld P .Lemma 5 Let � be a set of clauses and T be a clause. We have:T 2 Th E(�) i� T 2 Th(� [K�(�) [K�(:T )).Proof: From Theorem 1 and Lemma 3. utLemma 6 Let � and �1 be two set of clauses and T be a clause. We have:T 2 Th(� [K�(�) [K�(:T )) i� T 2 Th(� [K�(�) [K�(:T ) [K�(�1)).Proof: From Lemma 4. utA SOL-deduction is a sequence of structured clauses (see De�nition 7) that satis-�es some conditions. To avoid redundancies we have not explicited here the de�nitionof a SOL-deduction because it is very close to the de�nition of a SOLE-deduction(see De�nition 9). In a SOL-deduction the E-inference rules are not allowed. Theprocess of �nding a SOL-deduction is called a SOL-resolution.Theorem 7. (Completeness of SOL-resolution for theories with equality)Let P be a production �eld, � be a set of clauses and C be a clause. If T is a clausesuch that T =2 Th EP (�) and T 2 Th EP (�[fCg), then there is an SOL-deductionof a clause S from f�;K�(�); K�(:T ); K�(C)g+ C4 and P such that S subsumesT .Proof: The proof is based on Lemma 5 and Theorem 4.7 by Inoue in [6]. utThis theorem shows that the SOL-resolution can be used for theories with equal-ity, provided appropriate generalized equality axioms are added. With these addi-tional axioms, the equality predicate can considered like any other predicate.Notice that when the SOL-resolution is used to derive consequences (not onlythe empty clause), the set of axioms K�(:T ) is unknown as long as T is unknown.However, if we are looking for consequences S formed with the predicates that occurin �, K�(:T ) is included in K�(�), and K�(:T ) can be ignored.4 SOLE-resolutionIn this section two inference rules are de�ned for the treatment of equality in thecontext of SOL-deductions. These inference rules play the same role as theK� axiomspresented in the previous section (except for the axiom x = x).De�nition 7. (Structured clause). A structured clause is a pair < P;Q >, suchthat P is a clause and Q is an ordered clause (a sequence of distinct literals).4 If E is a set of clauses, E +C is used to denote the set of clauses E [C, with the top clause C.



In the following it is assumed that clauses are ordered clauses. The inferencerules E-lit and E-equ are to be used in function of the �rst literal that occur in Q.Depending on the fact that this literal is formed with equality predicate or not, weuse the appropriate rule.De�nition 8. (Inference rules for equality). The inference rules E-lit and E-equ arede�ned as follows.E-lit Let L[t] _ C be a clause such that t is a term that occurs in L and thevariable x does not occur in L[t] _ C. From L[t] _ C we can infer the clauseL[x]_ :(t = x)_ L[t] _C5, where L[x] denotes the result of replacing one singleoccurrence of t by x in L.The rule can be graphically represented as follows:L[t]_ CL[x]_ :(t = x) _ L[t] _ C (E-lit)E-equ Let r = s _ C be a clause such that the �rst literal is formed with equalitypredicate. From r = s _ C we can infer the clause6 :L[r] _ L[s]_ r = s _C.The rule can be graphically represented as follows.r = s _ C:L[r] _ L[s] _ r=s _ C (E-equ).The next de�nition extends the de�nition of an SOL-deduction given by Inoue in[6] in order to take into account properties of equality. The only di�erence with theoriginal Inoue's de�nition is that Inoue's de�nition does not involve the E-inferencerules.De�nition 9. (SOLE-deduction). Let � be a set of clauses such that x = x in �,C be a clause and P be a production �eld. An SOLE-deduction of a clause S from� + C and P is a sequence of structured clauses D0; D1; : : : ; Dn such that:1. D0 =< �;C >.2. Dn =< S;� >.3. For each Di =< Pi;Qi >, Pi [Qi is not a tautology.4. For each Di =< Pi;Qi >, Qi is not subsumed by any Qj with the empty substi-tution, where Dj =< Pj ;Qj > is a previous structured clause and j < i.5. For each Di =< Pi;Qi >, Pi belongs to the production �eld P .6. Di+1 =< Pi+1;Qi+1 > is generated from Di =< Pi;Qi > according to thefollowing steps:(a) Let l be the left-most literal of Qi. Pi+1 and Ri+1 are obtained by applyingone of the following rules:i. Skip: If Pi [ flg belongs to P , then Pi+1 = Pi [ flg and Ri+1 is theordered clause obtained by removing l from Qi.5 Framed literals are used to keep memory of eliminated literals.6 If L is a negative literal of the form :P (t1; : : : ; tn), :L is used to denote P (t1; : : : ; tn).



ii. Resolve: If there is a clause Bi in � [ fCg such that :k 2 Bi and land k are uni�able with the mgu �, then Pi+1 = Pi� and Ri+1 is anordered clause obtained by concatenating Bi� and Qi�, framing l�, andremoving :k� (extension).iii. E-inference:A. If t is a term in l and the variable x does not occur in Di, then Pi+1 =Pi and Ri+1 is an ordered clause obtained by E-lit by concatenatingl[x]_ :(t = x) and Qi, framing l[t].B. If l is of the form r = s, where r and s are terms, and k is a literalformed with any predicate symbol, then Pi+1 = Pi and Ri+1 is anordered clause obtained by E-equ by concatenating :k[r] _ k[s] andQi, framing r = s.iv. Reduce: If eitherA. Pi or Qi contains an unframed literal k that is either di�erent from l(factoring) or another occurrence of l (merge), orB. Qi contains a framed literal :k (ancestry),and l and k are uni�able with mgu �, then Pi+1 = Pi� and Ri+1 isobtained from Qi� by deleting l�.(b) Qi+1 is obtained from Ri+1 by deleting every framed literal not preceded byan unframed literal in the remainder (truncation).The process of �nding SOLE-deductions is called SOLE-resolution. The proof ofcompleteness of SOLE-resolution is based on Theorem 7.Theorem 8. (Soundness and completeness of SOLE-resolution) Let P be aproduction �eld, C be a clause and � be a set of clauses that contains x = x.(1) Soundness of SOLE-resolution. If a clause S is derived using an SOLE-deductionfrom � + fCg and P , then S belongs to Th EP (� [ fCg).(2) Completeness of SOLE-resolution. If T =2 Th EP (�) and T 2 Th EP (� [ fCg),then there is an SOLE-deduction of a clause S from � + C and P such that Ssubsumes T .Proof:Completeness. The proof is based on the completeness of SOL-resolution for the-ories with equality (Theorem 7). Then, it is shown that SOL-deductions can betransformed into SOLE-deductions.Soundness. Direct consequence of Theorem 2 and Theorem 4.7 by Inoue in [6]. utExample: Let us consider an example in the context of robotics, which is intendedto show how SOLE-resolution can be used in theories with equality to infer conse-quences that are in a given production �eld.The predicates R(x) and O(x) respectively mean that a robot is at the positionx and that there is an obstacle at the position x. It is assumed that there is anobstacle at the distance of one unit in front of the robot (formula (a)), and that ifthere is an obstacle it is necessarily at the position 3 or 7 (formula (b)).(a) 9x9y9z(R(x) ^O(y) ^ Plus(x; 1; z)^ z = y).(b) 8x(O(y)! y = 3 _ y = 7).



We want to know the position of the robot.To avoid to deal with all the machinery of arithmetics, instead of the formula9x9y9z(R(x) ^ O(y) ^ y = x + 1) we have represented the information in (a) withthe predicate Plus(x; y; z) whose intuitive meaning is z = x + y. Then, we can useSOLE-resolution to \postpone" the treatment of arithmetic constraints. For thatpurpose we de�ne a production �eld < L;Cond >, where L is the set of instancesof the literals Plus(x; y; z) and :Plus(x; y; z), and the condition Cond is True (i.e.no condition).Then, we have:� [ C = f(1) R(�); (2) O(�); (3) Plus(�; 1; 
); (4) 
 = �;(5) :O(y) _ y = 3 _ 7 = y; 7 (6) x = xg.If the top clause C is (5), we can generate the following SOLE-deduction.D0. < �;:O(y)_ y = 3 _ 7 = y > (top)D1. < �;:O(x)_ :(y = x)_ :O(y) _y = 3 _ 7 = y > (E-lit)D2. < �;:(y = �)_ :O(y) _y = 3 _ 7 = y > (res D1,2)D3. < �; 
 = 3 _ 7 = 
 > (res D2,4)D4. < �;:Plus(x; y; 
)_ Plus(x; y; 3)_ 
 = 3 _7 = 
 > (E-equ)D5. < �; P lus(�; 1; 3)_ 
 = 3 _7 = 
 > (res D4,3)D6. < Plus(�; 1; 3); 7 = 
 > (skip)D7. < Plus(�; 1; 3); P lus(x; y; 7)_ :Plus(x; y; 
)_ 7 = 
 > (E-equ)D8. < Plus(�; 1; 3)_ Plus(x; y; 7);:Plus(x; y; 
)_ 7 = 
 > (skip)D9. < Plus(�; 1; 3)_ Plus(�; 1; 7);�> (res D8,3)The intuitive meaning of the derived clause is �+ 1 = 3 _ �+ 1 = 7. From thatclause a speci�c program for the treatment of arithmetic constraints could be calledto infer that the position � of the robot satis�es � = 2 _ � = 6.5 ConclusionsWe have presented an extension of SOL-resolution which is complete for theorieswith equality. It has been proved that this extension is sound and complete. It isworth noting that the SOLE-resolution has been implemented, since there are notso many goal-directed equality strategies that have been implemented (see [9]).In [2] Brand has presented a method which is based on the same intuitive ideaas the E-lit inference rule. He de�nes a transformation of the initial set of clauses �into a new set of clauses �0 such that, for example, the clause :(t = x) _ :(f(x) =y) _ C(y) is in �0 i� the clause C(f(t)) is in �, where f(t) is the unique term thatoccurs in C. Therefore, the set of clauses generated by E-lit in a SOLE-deductionis a subset of �0. Moreover, the set of clauses generated by E-lit is smaller than �07 To show how the symmetry of equality can be managed in SOLE-deductions we have commutedthe operands in y = 7.



since the clauses generated by E-lit depend on the top clause while �0 is independentof the top clause. For these reasons SOLE-resolution is more e�cient.According to De�nition 8, the E-lit inference rule can be applied to a variablethat occurs in a literal. For instance, :(y = x) _ L[y] _ C can be generated fromL[x] _ C. Brand has prevented such application of his transformation, and he hasproved that this restriction preserves the completeness. We plan to prove in thesame way that this restriction preserves the completeness of SOLE-resolution, andwe shall implement this restriction.Another signi�cant di�erence with Brand's method is that the SOLE-resolutionhas been proved to be complete for consequence generation, while Brand only con-siders the generation of the empty clause.Finally, the SOLE-resolution takes bene�t of Inoue's idea of restricting conse-quence generation to clauses that are in a given production �eld, and this restrictionpreserves completeness.Then, even if E-lit is based on the same intuitive idea as Brand's method, SOLE-resolution is more e�cient and o�ers new functionalities.AcknowledgementsWe would like to thank K. Inoue for some interesting suggestions. If there are someerrors in the paper they are our own responsibility.References1. L. Bachmair, H. Ganzinger, C. Lynch, and W. Snyder. Basic Paramodulation. Information andComputation, 121(2):172{192, 1995.2. D. Brand. Proving Theorems with the Modi�cation Method. SIAM Journal of Computing,4(4):412{430, 1975.3. C.L. Chang and R.C.T. Lee. Symbolic Logic and Mechanical Theorem Proving. Academic Press,1973.4. R. Demolombe and L. Fari~nas del Cerro. An Inference Rule for Hypothesis Generation. In Proc.of International Joint Conference on Arti�cial Intelligence, Sydney, 1991.5. K. Inoue. Consequence-Finding Based on Oredered Linear Resolution. In Proc. of InternationalJoint Conference on Arti�cial Intelligence, Sydney, 1991.6. K. Inoue. Linear Resolution for Consequence Finding. Arti�cial intelligence, an InternationalJournal, 56, 1992.7. K. Inoue. Studies on Abductive and Nonmonotonic Reasoning. PhD thesis, Kyoto University,1992.8. R. Nieuwenhuis and A. Rubio. Paramodulation-based theorem proving. In A. Robinson andA. Voronkov, editors, Handbook of Automated Reasoning. Elsevier, 1999.9. W. Snyder and C. Lynch. Goal directed strategies for paramodulation. In Proc. 14th Int. Conf.on Rewriting Techniques and Applications (LNCS 488). Springer-Verlag, 1991.


