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Abstract. This paper is devoted to the completeness issue of PDL{ — an iteration-free
fragment of Propositional Dynamic Logic with intersection of programs. The trouble with
PDL{ is that the operation of intersection is not modally definable. Using new techniques
connected with rules for intersection and the notions of large and maximal programs, the
paper demonstrates that the presented proof theory for PDL{ is complete for the standard
Kripke semantics of PDL'.
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Introduction

Propositional Dynamic Logic — PDL, is one of the simplest applied modal logics designed for
reasoning about the behaviour of programs (see [7], [24], [14]). PDL has various modifications
and extensions with applications in different areas: PAL — Propositional Algorithmic Logic [19],
DAL - Data Analysis Logic [6], BML — Boolean Modal Logic [9], RAL — Relative Accessibility
Logic [20], logics for reasoning about knowledge [5], dynamic logic of information [23], deontic
logic as a variant of dynamic logic [18], applications of PDL to linguistics [16], multi-dimensional
dynamic logic [22], dynamic arrow logic [3] and so on.



A typical feature of PDL is that it is a multi-modal logic with an algebraic structure in the set
of modalities: composition a; 3 (“sequential composition” of programs « and 3), corresponding
to the composition of the accessibility relations R(«) and R(8); union oV § (“nondeterministic
choice” or “disjunction” of programs a and 3), corresponding to the union of R(«) and R(3);
star operation a* (“nondeterministic iteration” of program a), corresponding to the reflexive and
transitive closure of R(«); test A? (an operation transforming the formula A into the program
A7), corresponding to the partial identity relation in the subsets of the PDL-models in which
the formula A is true.

One of the most interesting extensions of PDL is PDL", i.e. PDL with intersection a A 3
(“intersection” or “conjunction” of programs « and 3), corresponding to the intersection of the
accessibility relations R(«) and R(3). The interest to introduce intersection lies in the fact that
it formalizes some aspects of parallelism. Intersection appears also in many other applied modal
logics quoted above.

Harel [13] proves that PDL"™ with at least two deterministic programs is highly undecidable,
while Danecki [4] proves that PDL™ with nondeterminstic programs is decidable. After Danecki’s
paper the problem of finding a good axiomatization of PDL" remains open. Let us note that
the difficulty of this problem is based on the fact that intersection of modalities is not modally
definable in the language of PDL. A partial solution of this problem is found by Passy and
Tinchev [21] in an extension of PDL"™ with names — special propositional letters interpreted
in the models in exactly one point (giving in this way a name of the corresponding point).
In the named version of PDL", intersection of modalities is definable but it is still an open
problem if the named version of PDL"™ is decidable. Balbiani and Farinas del Cerro [2] present
an axiomatization of a subsystem of PDL" containing only composition and intersection, and
prove its completeness by an adaptation of the subordination method introduced by Hughes
and Cresswell [15]. Another completeness proof for this system is given by Balbiani [1] using
a special modification of the “mosaic method” [17]. However it is not clear how to extend
these completeness proofs to the full language of PDL with intersection, seeing that both proofs
produce irreflexive models, while test and star are reflexive operations.

In this paper we attack the problem of axiomatization of iteration-free PDL with intersection
— PDL{ — by a method using additional inference rules for intersection. Intersection rules for
ordinary multi-modal languages have been introduced by the second author in [26]. In some
ways they are similar to Gabbay’s irreflexivity rule [8]. Marx and Venema [17] call such rules
“non-sructural rules”, while Goranko [11] names them “context dependent rules”. The rule for
intersection from [26] is based on the following idea (described in an unpublished manuscript
[27]). Although intersection is not definable in ordinary quantifier-free multi-modal languages, it
becomes definable in languages with propositional quantifiers. In a quantifier-free multi-modal
language with intersection, we can imitate the rule for the universal quantifier only for the case of
the definition of intersection. As a result we obtain the corresponding rule for intersection. The
main effect of such rule is that it makes the canonical model (consisting of all maximal consistent
sets closed under the rule) standard for the intersection. However the canonical model does not



behave well with some existential conditions for the accessibility relations, because with such
conditions one has to construct some special maximal consistent sets required by the condition,
which in addition have to be closed under the rule of intersection. In general the construction
of such maximal consistent sets is not always possible. In the case of PDL such a condition
is connected with the semantics of composition: if zR(a; )y then (3z)(zR(a)z and 2R(5)y).
Thus the composition makes complications. Similar complications with composition arouse in
some axiomatizations of PDL with an infinitary rule for the star operation (see [25], or in a
similar situation [10]). Let us note that in the presence of an irreflexivity rule, as in the case
of named extensions of PDL in [21], composition does not make complications due to some nice
properties of Gabbay’s irreflexivity rule, which are not possessed by the rule of intersection. In
our case we overcome these complications by an idea suggested by the first author to use in
the canonical model special constructs called “maximal programs”. Like maximal consistent
sets, which are special sets of formulas, maximal programs are special sets of programs, with a
meaning to be explained later on in the paper.

The main achievement of the paper is not only the completeness theorem of a version of
PDL with intersection but also a demonstration of a new technique connected with maximal
programs and the rule of intersection. We hope to extend this technique to the full language of
PDL with intersection, including the star operation and the converse of programs.

The structure of the paper is the following. In Section 1 we introduce the syntax and
semantics of PDL{. Section 2 is based on [27] and here we discuss the definability of intersection
in languages with quantifiers. For simplicity the presentation here is in an algebraic form in terms
of set-theoretic dynamic algebras with intersection. Here we introduce the rule of intersection
INT and prove its correctness. Section 3 is devoted to the axiomatic system for PDL{. In
section 4 we introduce the notion of a theory and maximal theory (corresponding to the notion
of a maximal consistent set) and we prove some basic facts for them, including the Lindenbaum
Lemma and the Diamond Extension Lemma. Section 5 is devoted to the notion of a maximal
program. In section 6 we introduce the canonical model for PDL{ and prove the completeness
theorem. Section 7 is for some concluding remarks and open problems.

The results of this paper have been obtained during the visit of the second author in the
Faculty of Computer Science at the University of Paris-Nord at Villetaneuse, which makes
possible the collaboration between the two co-authors. Special thanks are due to the referees
for some good suggestions improving the readability of the text and to Nathalie Chetcuti, Luis
Farinas del Cerro, Valentin Goranko, Dimiter Guelev, Andreas Herzig and Tinko Tinchev for
some valuable comments and discussions.

1. Syntax and semantics

Syntax of PDL{ The language of PDL{ consists of a denumerable set ®y of propositional
variables and a denumerable set Il of program variables and the following symbols:

e logical symbols: L (logical falsehood).



e program symbols: ; (sequential composition), V (disjunction), A (conjunction) and ? (test).

e parentheses (, ), [, |-

The set @ of all formulas and the set II of all programs are defined by the following parallel
induction:

e All propositional variables and L are formulas.

o If Ais a formula and « is a program then [a]A is a formula.

e If a and (3 are programs and A is a formula then (o;3), (aV §), (o A ) and A? are
programs.

We adopt the standard rules for omission of the parentheses and define the implication as a
special case of the box modality:

A= B —=ge [A?]B

Having the implication and the logical falsehood, we adopt the standard definitions for the
remaining Boolean operations and for the diamond modality:

—A =gt A= L.

—l— —def _|L.

AV B =g A = B.

AN B =g4ef —|(A = —|B).

A B —=ge (A:>B)/\(B:>A)

< o> A =g —|[Oz]—|A.

The notion of subformula is standard. The notion of subprogram is defined as follows:

e If o is a program variable or « is a test then the only subprogram of « is a.

e « is a subprogram of foy, 0 € {;,V,A} if a coincides with 5 o~ or « is a subprogram of
[ or «a is a subprogram of ~.

Example: Let « and 3 be program variables. Then « is not a subprogram of v = [a]A? A 3,
and the only subprograms of v are v, [a]A7 and 3.

Note that one and the same program may have different occurrences as a subprogram of
another program. Program variables and tests occurring in a program « as subprograms are
called atomic subprograms of a. Obviously « is built up from the set of its atomic subprograms
by means of the program operations {;,V,A}. Let A(B) be an expression (program or formula)
and B be a fixed expression which is a part of A. Then the result of the replacement of B in its
place in A with another expression C' will be denoted by A(C).

Admissible forms

For the definition of the rule of intersection in the next section we will need programs of a
special form, called admissible forms — AF. Let the language of PDL{ be extended with a new
propositional variable #. Each AF will have a natural number as a rank and the definition is
by induction on the rank:

If a(#7) is a program with unique occurrence of #7 as a subprogram then a(#7) is an AF
of rank 1.

Let a(#7) be an AF of rank 1, 3(#7) be an AF of rank n and A be a formula not containing
#. Then v(#7) =aer a(=[F(#7)]A7) is an AF of rank n+1.



Note that in each AF «, #7 has a unique occurrence, not in general as a subprogram of «.
What is more, #7 is a subprogram of « only if « is of rank 1.

Semantics of PDL{

To introduce the semantics of PDL{', we need the notion of a set-theoretical dynamic algebra,
corresponding to the language of PDL{. Let W # 0. Let B(W) denote the Boolean algebra
of all subsets of W and R(W) denote the set of all binary relations in W. Then the pair
DA =< B(W),R(W) > is called set-theoretical dynamic algebra over W if it is endowed with
the following operations:

e All Boolean operations in the set B(WW) of all subsets of W. For the sake of simplicity
we use logical notations for Boolean operations. For instance the complement W \ A will be
denoted by —A, the union A U B will be denoted by AV B and so on.

e The following relational operations in the set R(W) of all binary relations in W (S,T C
W x W):

S;T =get {(z,y)/(32 € W)(2S2&2Ty)} — composition of S and T.

SVT =4ef SUT — union of S and T.

S AT =ge SNT — intersection of S and 7.

e We consider also two intersort operations (A C W and S C W x W):

A? =4e {(z,2)/z € A} — test.

[S]A =qet {z € W/(Vy € W)(zSy — y € A)} — box modality.

The diamond modality < .S > A is defined as usual:

<S> A=ge T[S A={2z e W/(3Fy € W)(zSy&ky € A)}.

We consider also infinitary unions and intersections in B(W) and R(W), which will be used
in the next section.

PDL-models

Let W # 0, R be a function from the set Iy of all program variables into the set R(W) of
all binary relations in W and let V' be a function from the set ®q of all propositional variables
into the set B(W) of all subsets of W. Then the triple M = (W, R, V) is called a PDL-model
and R and V are called valuations. We extend R and V to the set of all programs and to the
set of all formulas by a parallel induction as follows:

o V(L) =qef 0.

o V([a]A) =t [R()]V(A).
7ﬁ) —def R( )’ R(ﬁ)

V B) =aet R(a) V R(B).
A B) =aet R(a) A R(B).
. R(A?) =det V(A)7.

Having in mind this semantics and the definitions of the remaining Boolean operations and
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the diamond modality, we can see that their semantics have the intended meaning: V(-A) =
-V(A),V(T)=W,V(AVvB)=V(A VV(B), V(AANB) =V(A)AV(B) and V(< a > A) =
< R(a) > V(A). A formula A is true in the model M = (W, R, V) if V(A) = W. A formula A
is called a PDL-tautology if A is true in all PDL-models. Let € W. The pair < (W, R, V), z >



is a model for a formula A if 2 € V(A). In this case we say also that A is true in . The pair
< (W,R,V),z > is a model for a set ¥ of formulas if < (W, R, V), z) is a model for all formulas
of 3.

2. Modal definability of intersection and the rule of intersection

It is a well known fact that the semantics of intersection is not modally definable in the usual
modal languages and also in the language of PDL. We will show that in the presence of proposi-
tional quantifiers it becomes definable. For simplicity of notations this will be done algebraically
on the level of set-theoretical dynamic algebras. The formulas and programs of PDL{' can be
considered as expressions over dynamic algebras.

Proposition 2.1. Let W # (), DA(W) be the dynamic algebra ower W, S, T be binary relations
in W and A be a subset of W. Then the following equality is true:
<SAT>A=Ncw(<S > (ANp)V <T > (AAN-p)).

Proof. (C) Suppose z €< SAT > A, p C W and proceed to show that z € (< S > (AAp)V
< T > (AA-=p)). By the assumption there exists y € A such that Sy and zTy.

Case 1: y € p. Theny € (AADp),z €< S > (AADp) and consequently z € (< S > (AAp)V
<T > (AA=p)).

Case 2: y € =p. Then y € (AA-p), 2 €< T > (AA-p) and thus z € (< S > (AAp)V
<T > (AA=p)).

(D) Suppose that z ¢< S AT > A. We have to prove that there exists a p C W such that
t g (<S>(AAp)V <T > (AA-p)). Put: p={y € W/azTy}. Suppose, for the sake of
contradiction that z € (< .S > (AAp)V<T > (AA—p)).

Case 1: ¢ €< S > (AAp). Then for some y € (A A p) we have zSy. From here we
obtain y € A, y € p and, by the definition of the set p, zTy. Then we have z(S A T)y and
x €< SAT > A — a contradiction with the assumption.

Case 2: 2 €< T > (AA-p). Then for some y € (AA—p) we have zTy. From here we obtain
y € A, y € —p and, by the definition of the set p, Ty — a contradiction with z7Ty. W

Corollary 2.2. The following PDL-formula with propositional quantifiers modally defines the
semantics of intersection: < a A3 > A< (Vp)(<a> (AAp)V < B> (AA-p)).

The implication from left to right can be expressed without propositional quantification:
<aANf>A= (<a>(AAp)V < B> (AA-p)). Assuming that p is not in A and substituting
here first p with A and second p with A we obtain the following two formulas which we will
take in the next section as axioms for the intersection:

el aNf>A=<a> A

e<aNf>A=< (> A

The implication from right to left cannot be expressed by a formula in our language but
instead it will be imitated by a rule of inference. The simplest form of such a rule is the
following one, the correctness of which follows immediately from proposition 2.1:



(INTo) From B = (< a@ > (AAp)V < B > (A A —p)) for all propositional variable p infer
B=<anp> A

However, (INTy) is not sufficient for the axiomatization of PDL{. We will introduce a much
more general rule which imitates the interaction of quantifiers with modal operators (like in the
Barcan formula) and tests. For that purpose we will generalize proposition 2.1. First we will
state some simple facts concerning infinitary intersections and unions in set-theoretical dynamic
algebras.

Lemma 2.3. Let DA(W) be a dynamic algebra over W, I be an index set and let for any ¢ € [,
A; be a subset of W, S; be a binary relation in W and « and §; be programs considered as
expressions ranging over DA(W). Then:

(i) - ﬂie[ A = Uie[ —A;.

(i) (Uier A:)7 = User A7

(iii) [Uier SilA = Nier[Si]A.

(iv) ao (Uier 8i) = Uier(@o Bi), 0 € {V, A, }.

(V) e(Uier Bi) = User a(8i)-

(vi) Let a(#7) be an AF considered as an expression ranging over DA(W). Then o(;c; Ai7)
= Uier @(4i7).

Proof. The proofs of (i)-(iv) follow directly from the definitions of the corresponding operations.
The proof of (v) follows from (iv) by induction on the complexity of the program a. (vi) follows
from (i)-(v) by induction on the rank of a(#7), the basis of the induction is just (v). ®

Lemma 2.4. Let W # (), DA(W) be the dynamic algebra ower W, S, T be binary relations in
W, A, B be subsets of W and +v(#) be an AF considered as an expression ranging over DA(W).
Then the following equality is true:

[y <SAT > ANB =Nyewly(=(< S > (AAp)V <T > (AA-p))?7)]B.

Proof. By 2.1 we have: < SAT > A =,cp(< S > (AAp)V <T > (AA-p)). Taking the
complement we obtain: = < SAT > A =,cw (<S5 > (AAp)V <T > (AA-p)). Then by
2.3 (ii) we have: (< SAT > A)? =Upcw ~(< 5 > (AAp)V <T > (AA-p))?. Applying 2.3
(vi) and (iii) we get: [y(= < SAT > AN)]B =,cw[v(~(< S > (AAp)V <T > (AN-p))7)|B
which proves the lemma. W

The rule of intersection

From 2.4 we obtain the following more general rule of intersection, where v(#7) is an AF.

(INT) From [y(=(< > (AAp)V < B > (AA=p))?)]B for all propositional variables p infer
[Y(=<aAp> A?)]B.

Note that taking v(#7) = #? we obtain the rule (INTy). Obviously, If C'is a conclusion of
(INT) then C can be represented in finitely many ways in the form C' = [y(- < a A > A7)]B.

Example: Let C = [7 < ag A f1 > A7 A= < az A P2 > A7]B. Put v1(#7) = #7A
o < ag APy > A7 and 12(#7) = - < a1 ABr > A7 A #?7. Then we have immediately
C=[m=<a1 APy > A17)]B = [12(— < az A By > A7)]B.



Lemma 2.5. Correctness of (INT).
The rule (INT) is correct with respect to the semantics of PDLY.

Proof. Immediately by 2.4. &

3. Axiomatization

In this section we will propose an axiomatic system for PDL{.

Axiom schemes

(A0) All instances of classical tautologies.

(K) [¢](A= B) = ([a]A = [a]|B).

H<uyf>Ae<a>< f> A

(V) <aVvp>Ae<a>Av <G> A

(M) <anf>A=><a> A

(A2) <aNB>A=< > A

(Distr) < a A (BV7Yy) > A< (aAP)V(aAy) > A.

(7) < A?> B < (ANB).

Rules of inference

(MP) Modus ponens: From A and A = B infer B.

(N) Necessitation: From A infer [a] A.

(INT) The rule of intersection: From [y(—=(< o > (AAp)V < B > (AN —p))?)]B for all
propositional variables p infer [y(= < e A § > A?)|B, where vy(#7) is an AF.

A formula A is a theorem of PDL{ if it belongs to the least set of formulas containing all
axioms and closed under the rules.

Program inclusion and program equivalence.

We define the relations of program inclusion < and program equivalence = as follows:

a=XBiff <a>p=< > pisa theorem of PDL{.

a=0iff < a>pe< f>pis a theorem of PDL{.

In both cases p is a propositional variable not appearing in «, 3.

Remarks

1. Let us note that the axioms (A;) and (Az) are equivalent, without the rule (INT), to the
following formula: < a A3 > A=< a>(AAB)V< 3> (AA-B).

2. In the above formulation the rule (INT) is infinitary. It can be replaced by the following
finitary one:

(INTf;p,) From [y(=(< ao > (AAp)V < B > (AA=p))?7)|B infer [y(—~ < aAB > A?)]B, where
v(#7) is an AF and p is a propositional variable not occurring in v, o, 5, A, B.

We have the following lemma:

Lemma 3.1. The rules (INT) and (INTy;,) are equivalent in a sense that they are inter-
changable.



Proof. Obviously (INTy;,) implies (INT). For the converse, let us suppose that the premise
[Y(o(<a>(AAp)V < B> (AA-p)?)]B of (INT;,) is a theorem. Then substituting p with
an arbitrary propositional variable ¢ we again obtain a theorem. Since p is not in v, «, 5, A, B
this theorem has the form [y(~(< o > (AAq)V < 3 > (AA~q))?)]B. Then by the rule (INT)
we obtain the conclusion [y(-= < aAf > A7)|B. R

We will use also the following special case of (INT;,):

(INTy) From [y](< @ > (AApP)V < B > (AA-p)) infer [v] < a A S > A, where pis a
propositional variable neither occuring in A nor in the programs «, 3, ~.

In order to demonstrate how the rule (INT) works we will give the proofs of some theorems
of PDL{, which will be of later use.

Lemma 3.2. The following formulas are theorems of PDL{
(1) <aApB>A=><[BAa> A
(2) < ATAB?>C < (AANB)?>C.
(3) <A?VB?>C &< (AVB)?>C.
(4) <a;(BV7y) > Ae<(ah)V () > A
(5) <a(fVy)>Ae<alf)Valy) > A
(6) < a(A?7) > C o< al((AANB)?) >CV<a((AN-B)?) > C.

Proof. (1) We mentioned that the axioms (A1) and (Az) together are equivalent without the rule
(INT) to the following formula: < a A3 > A=< a>(AANB)V <> (AA-B). Then by the
commutativity of the disjunction and taking B to be the negation of a propositional variable p
not occurring in A, o, § we obtain: <aAf>A=<p>(AAp)V <a>(AA-p). Applying
to this formula the rule (INTy) we obtain the needed result: < aAf > A=< fAa > A.

(2) The implication = follows without the rule of (INT) and we leave it to the reader. For
the converse implication, let us note that the following formula is a theorem of the ordinary
PDL: < (AAB)? > C = (< A7 > (CAp)V < B? > (C'A—p)). Since p can be any propositional
variable, then by an application of (INTg), we obtain < (AA B)? > C =< ATAB? > C.

(3) and (4) are ordinary PDL-theorems.

(5) The proof is by induction on the complexity of a using (4), axiom (Distr) and some
PDL-theorems concerning program disjunction.

(6) The proof is based on the fact that the program A? in (6) is equivalent to the program
((AANB)V (AA—=B))?. This program by (3) is equivalent to the program (AA B)?V (AA-B)?
and the later can be substituted for A?7. Then applying (5) we obtain the theorem. B

Lemma 3.3. (i) The program equivalence is a congruence relation with respect to the program
operations (= is stable with respect to replacement of equivalent programs).

(ii) If we consider = as equality then the set of all programs is a distributive lattice with
respect to the program operations V and A. The ordering of the lattice coincides with the
relation of program inclusion. This lattice has a smallest element 0 =g L7.

(iii) The operation of composition is associative and distributive with respect to the operation
of disjunction, with unit 1 =gef T7 and zero 0 =ger L7.



(iv) Each program is equivalent to a disjunction of programs not containing disjunction
(disjunctive normal form for programs).

(v) Each formula is equivalent to a formula not containing the operation of program disjunc-
tion.

(vi) Let @(A?) be a program without program disjunction and containing a subprogram A?
such that A7 = 17. Then a = 17 and the formula < & > B < 1 is a theorem.

(vii) All program operations are monotonic with respect to program inclusion. If A, B are
formulas then we have: A = B is a theorem iff A7 < B?.

Proof. We left to the reader the proofs of (i)-(iii) and (vii) as an exercise. (iv) follows from the
fact that composition ; and program conjunction A distribute with the operation of program
disjunction V. (v) is a consequence of (iv) and the axiom (V) for program disjunction. (vi)
follows from the fact that 1?7 is a zero for the operation of composition and the operation of
conjunction. The last equivalence uses axiom (7) for the test and the fact that o can be replaced
by L7. ®

We conclude this section by the soundness theorem for PDL{'":

Proposition 3.4. If A is a theorem of PDL{ then A is true in all PDL-models.

Proof. Obviously the axioms of PDL{ are true in all PDL-models and the rules (MP) and (N)
preserve validity. That the new rule (INT) preserves validity follows from 2.5. B

4. Theories and quasi-canonical model

A set z of formulas is called a theory if it satisfies the following conditions:

(th 1) @ contains the set of all theorems of PDLY.

(th2)if Ac 2 and A= B € z then B € 2 (z is closed under modus ponens).

(th 3) If v(#7) is an AF and [y(—=(< a > (AAp)V < > (AA=p))?)]B € z for every
propositional variable p then [y(= < a A > A?)]B € z (z is closed under the rule (INT)).

Obviously the smallest theory is the set T'H of all theorems and the greatest theory is the
set of all formulas. The later theory is called trivial theory. A theory z is called consistent if
1 ¢ x, otherwise it is called inconsistent. It is a well known fact that a theory z is consistent iff
it is not trivial and that z is inconsistent if it contains a formula A together with its negation
—A. A theory z is called a maximal theory if it is consistent and for any formula A: A € z
or =A € z. A set of formulas Y is called consistent if it is contained in a consistent theory. It
can be shown that a single formula A is consistent (considered as a singleton {A}), iff it is not
equivalent to L.

Remark. In the literature instead of maximal theory the notion of a maximal consistent
set is used, where consistency is defined without using the notion of theory. It can be proved
that each maximal theory is a maximal consistent set in the classical sense, and each maximal
consistent set which is closed under the rule of (INT) is a maximal theory. We will use the
following properties of maximal theories without explicit reference (z is a maximal theory):



Fact 4.1. (i) ~Acziff A ¢z,
(i) ANBeziff A€z and B € z,
(i) AvBeaziff A€z or B €z,

Let 2 be a set of formulas and & be a program. Define [§]z =qef {A/[6]A € z}. If Ais a
formula then define 2 + A =4 {B/A = B € z}. Obviously z + A = [A7]z. In the next lemma
we summarize some properties of theories.

Lemma 4.2. (i) If  is a theory then [§]z is a theory too.

(ii) # + A is the smallest theory containing A and z.

(iii) « + A is inconsistent iff —A € z.

(iv) Let = be a consistent theory, v(#7?) be an AF and —[y(= < a A > A?)]|B € z. Then
there exists a propositional variable p such that z +-[y(—-(< a> (AAp)V < 8> (AA=-p))?)]|B
is consistent.

Proof. (i) Let A be a theorem. Then by the rule (N), [6]A is a theorem and hence [§]A € z,
so A € [0]z. Let A € [0]z and A = B € [6]z. Then [6](A = B) € z and [§]A € . By the
axiom (K), [6](A = B) = ([0]A = [§]B) € z. Applying two times modus ponens we obtain
that [§]B € x, so B € [§]x. Thus [§]z is closed under the rule (MP). To show that [§]z is closed
under (INT), suppose that for any propositional variable p and for any AF ~(#7) we have:
[Y(=(<a> (AAp)V < 8> (AA-p)?)]B € [6]z. Then we obtain: [§][y(—(< a > (A A p)V
< B> (AAN=p))?)]B € zand [§;7(-(< a> (AAp)V < B> (AA-p))?)]B € z. Since z is closed
under the rule (INT), we obtain: [6;v(-m< aA B > A?)|B €z, flly(~<aAp > A?)]B € x
and hence [y(- < aAf > A?)]|B € [d]z.

(i) By (i) and the fact that z + A = [A7]z we obtain that z + A is a theory. The verification
that it is the smallest theory containing A and z is by an easy application of the relevant
definitions and is left to the reader.

(iii) We have the following sequence of equivalences: z 4+ A is inconsistent iff L € z + A iff
A= 1lexiff A€ z.

(iv) Suppose that for any propositional variable p, z + —[y(=(< @ > (AAp)V < 3 > (AA
—p))?)]B is inconsistent. Then for any propositional variable p, we have [y(=(< o > (A A p)V
< B> (AAN=p))?7)]B € x and, by (INT), [y(- < e A B > A?)]B € z. But by assumption we
have also =[y(= < @ A § > A7?)]B € z, which implies that z is inconsistent — a contradiction
with the assumption. W

Now we are ready for the main lemma in this section:

Lemma 4.3. Lindenbaum Lemma. Each consistent theory can be extended to a maximal

theory.
Proof. Suppose z is a consistent theory and let C, Cs,...C),, ... be an enumeration of all formulas.
We define an increasing sequence of consistent theories zg,...,z,,... by induction as follows.

Let 9 =4ef © and suppose that, for some integer n, z, is defined. For z,41 we consider two

cases:



Case 1: z, + (), is consistent. Then define z,,41 =qer ©, + Ch.

Case 2: z,, + C,, is not consistent. Then —C, € z. In this case we consider two subcases:

Subcase 2.1: (), is not in a form of a conclusion of the rule (INT). Then let @41 =def T

Subcase 2.2: C), is in the form of a conclusion of (INT), namely C,, is in the following form
[v(-m < aAp > A?)]|B, where v(#7) is an AF. Then there are finitely many such representations
for Ch: [vi(0 < oy A B > A7)]B, i = 1,...,k. We define inductively an increasing sequence
t,i=0,...,k, as follows. Let 20 =g¢f ,. Suppose 2! is defined and
consistent. Then it contains =C,, = =[vi(= < a; A B; > A;7)]B and by 4.2 (iv) there exists a
propositional variable p; such that 2%, + =[y;(=(< @ > (A; Ap)V < B > (Ai A =p;))?)]B is
consistent. We define zi*! as follows: a8t =40 2%, + =[1:(—(< a; > (A; Ap)V < Bi > (AA
—p;))?7)]B. Now we put Z,41 =det zF. Finally, we define y =qer U2y 2;. It is straightforward

of consistent theories z’

that y is a maximal theory which extends z. H

Let L denote the logic PDL{ and Wy, be the set of all maximal theories of L. We define in
Wi, a function @1, (denoted sometimes by () which assigns to each program « a binary relation
Qr(a)(= Q(a)) as follows:

For all z,y € Wi, 2Q(a)y iff [a]z C y.

Let us note that we also have the following equivalence, which will be used later on: zQ(a)y
iff (VA € y)(< @ > A € z). This is a standard construction in the canonical models for various
modal logics but we will call the pair (W, Q1) quasi-canonical model for some reasons to be
explained later on. The following lemma summarizes some properties of the relation Qp.

Lemma 4.4. Let z,y,z € Wy, o and [ be programs and A be a formula. Then:
() <a>Aecziff (Jy e Wi)([a]e C y&A € y).

(i) [a A Ble C y iff [a]z C y and [B]z C y.

(iii) [aV Blz Cy iff [a]e Cy or [Blz C y.

(iv) [A7le Cyiff a =y and A € =.

(v) [a]z C z and [B]z C y iff (VC € z)([a; C7; Bl C ).

Proof. (i) The implication (+) is easy.

(—) Suppose < @ > A € z. Then [a]-A ¢ z and —A ¢ [a]z. Then by 4.2 (iii), [a]z + A is
a consistent theory and by the Lindenbaum lemma there exists a maximal theory y such that
[a]z + A C y. From here we obtain [a]z C y and A € y.

(ii) (—) Suppose [a A ]z C y and for the sake of contradiction that [a@]z € y. Then there
exists formula B such that B € [a]z and B ¢ y. From here we obtain that B ¢ [a A ]z and
consequently [a A f]B ¢ z. So < a A > =B € z and by axiom (Al) for program conjunction
< a > B € z. By the maximality of z, we get [a]B ¢ = and B ¢ [a]z — a contradiction. So
[anB]z C y — [a]z C y. In the same way one can prove the implication [aAS]z C y — [B]z C y.

(«<) Suppose [a]z C y , [f]z C y and for the sake of contradiction that [ A flz € y. Then
for some formula A we have that A € y and < a A > A ¢ z. By the rule (INT), there exists a
propositional variable p such that < o > (AAp)V < 3 > (AA—p) ¢ z. By the maximality of
x, we obtain: (1) <a > (AAp) ¢z and (2) < B> (AA-p) ¢ z. We consider two cases for p.



Case 1: p € y. Since A € y then AAp € y, 7(AAp) ¢ y and by [a]z C y, we obtain
[a]~(AAp) € xand < a> (AAp) €z — a contradiction with (1).

Case 2: =p € y. Since A € y, then AA-p € y, =(AAN-p) € y and by [F]lz C y, we obtain
[B]7(AA-p) ¢ 2z and < 3> (AA-p) €z —a contradiction with (2).

(iii) The proof of (iii) follows directly from the axiom (V) for the program disjunction without
the rule (INT).

(iv) We have the following sequence of equivalences: [A7]z Cyiffe + ACyiffa+ A==z
and z = y (because z is maximal and & + A is consistent) iff A € z and z = y.

(v) (=) Suppose [a]z C z and [$]z C y and in order to obtain a contradiction that (VC' €
2)([a; C?7; Bl C y) is not the case. Then there exist formulas C' and A such that C' € z,
[0; C7; B]A € z and A ¢ y. From the later and [$]z C y, we get [#]A ¢ z. From here and
C € z, we obtain C' = [§]A ¢ z. From this and [a]z C z, we obtain [&](C' = [8]A) ¢ . This is
equivalent to [a; C7; 5]A ¢ z — a contradiction.

(¢-) We have to prove the implications:

(a) (VC € 2)([o; C7; Blz C y) — [a]z C =

(b) (VC € 2)([a;C?; 8]z Cy) — [Blz C v

Suppose that (a) is not true. Then we have (3) (VC € 2)[o; C7; 8]z C y and (4) [a]z € =.
From (4), there exists a formula A such that (5) =A € z and (6) A € [a]z. So from (5) and (3
we obtain (7) [a;—A?; ]z C y. Since L ¢ y, from (7) we get (8) [a;—A7;5]L ¢ z. From (8),
we conclude that (9) A = [B]L ¢ [a]z. We observe that (6) implies (10) =4 = [F]L € [a]z,
which contradicts (9). This proves (a).

To prove (b) suppose that (VC' € z)[o;C7;5]e C y and that [f]z € y. From the later,
we obtain that there exists a formula B such that B ¢ y and [8]B € z and from the former,
that [o; [B]B?; 3]B ¢ x. This is equivalent to [3]B = [§]B ¢ [a]z, which is impossible because
[3]B = []B is a theorem and consequently belongs to every theory. B

),
)

Remark. If in 4.4 the condition (v) is in a stronger form, namely for any maximal theories
z,y: [o; Bl C y iff (3z € Wi)([a]z C 2z and [§]z C y), then the quasi-canonical model would
be sufficient to prove the completeness theorem for PDL{. However the above equivalence is
not true and that is why we call the model quasi-canonical. We will overcome this defect of
quasi-canonical models by introducing in the next section other objects — large and maximal
programs.

We conclude this section with some technical statements about maximal theories.

Lemma 4.5. (i) Let z be a maximal theory, < §(C?) > B € z, where C? is a subprogram of
. Then for every formula F' we have either < §((CAF)?) > B € z or < §((CA—-F)?) > B € z.

(ii) Let z be a maximal theory, < §((C'A—F)?) > B € z, where (C'A—=F)7 is a subprogram
of the program ¢ and F'is in the form [y(= < a A 8 > A?)]B’ for some admissible form v (#7).
Then there exists a propositional variable p such that < §((C'A =F A =[y(-(< a > (AAp)V
< B> (AA-p))]B)?) > B € x.

Proof. (i) The proof follows from 3.2 (6) and the fact that = is a maximal theory.



(ii) Suppose that the statement is not true and proceed to obtain a contradiction. Then
we have < 6((C' A —=F)?) > B € z and for every propositional variable p, < §((C A =FA
[y a > (AAp)Y < B8 > (AAN-p)))]B)?) > B ¢ x or equivalently [6((C' A —FA
Aly(~(<a> (AAp)V < B> (AAN-p))?)]B)?)]-B € z. Applying 3.2 (2), we obtain: [§(C? A
SF?AA[y(n(< a> (AAp)V < 8> (AA-p))?]B'?)]-B € z for every propositional variable p.
Observe that 6(C? A =F? A —[v(#7)]B'?) is an admissible form. Then since z is (INT)-closed
we obtain: [§(C? A =F? A=[y(- < a A3 > A?)|B'?)]-B € z. Again by 3.2 (2), we obtain:
B(CA-FA=[y(-<aAB>A?)]B)?)]-B € z. Since F' = [y(- < a A > A?)]B’, we obtain:
B((CA=F)?)]=B €z and < §((CA-F)?) > B ¢ x — a contradiction. W

The following technical lemma will be important in the next section.

Lemma 4.6. Diamond Extension Lemma. Let § = §(F17,...,F,?7) be a program not
containing the operation of program disjunction and F;7,..., F,,7 be the sequence of all subpro-
grams of § which are tests. Let z be a maximal theory such that < § > B € . Then there exist
maximal theories x4, ..., z, such that:

(i) Forany i =1,...,n, F; € ;.

(ii) For any Ay € z1,..., A, € Ty, < 6(A17,..., A7) > B € x.

Proof. The proof is rather heavy and technical, so the reader can skip it in the first reading.

We will construct the maximal theories zy,...,z, by a step-by-step construction similar to the
construction in the proof of the Lindenbaum Lemma. Let Cy,Cs,... be an enumeration of all
formulas. We define by induction n sequences of formulas F/, where i = 1,...,nand j =0,1,.. .,

with the following properties:

(e1) All formulas F; are consistent, namely not equivalent to L.

(02) < 8(FI?,...,Fi?) > B € x.

(3) If j > k then Fij = FF is a theorem.

These sequences will be used to define the required maximal theories.

Basison j: j=0,i=1,...,n. We put: F? = F}.

Hypothesis on j, i = 1,...,n. Suppose F;, t = 1,...,n, are defined and satisfy the
required conditions and proceed to define Fij-l'l, 1=1,...,n.

Step 7 + 1. Now we start an internal induction on <.

Basis: for the given j and i = 1. We consider two cases:

Case 1: < §((F/ NC;)?, ..., F,7) > B € z. In this case define Fitt =4 F/ ACj.

Case 2: < O6((F) A Ci)?,...,F,7) > B ¢ z. Then by 4.5 (i), we have < S((FY A
=C5)?,...,F,7) > B e .

Subcase 2.1: C; is not in the form of a conclusion of the rule (INT). Then in this case
define Ff‘H =def Flj A =Cj.

Subcase 2.2: C; is in the form of a conclusion of (INT). There are finitely many, say k,
such representations of Cj: [y1(= < aq A By > A17)|By, ..., [ve(— < o A B > A7) Br. We
define in this case a sequence of formulas Flj’l, .. .,Flj’k by induction as follows. By 4.5 (ii),
there exists a propositional variable p; such that < 8(FY A —=C; A =[y1(=(< aq > (A1 A p1)V
< B > (AL A=p)D]B1)?,...,F)) > B € z. Take such a propositional variable p; and



define: F' = FI A =Cj A=[11(=(< a1 > (A Ap)V < B1 > (A1 A =p1))?)]By. Repeating
again 4.5 (ii) and proceeding as above, we find a propositional variable p, such that < §((FJ"'A

A2 (—(< ag > (Ag /\pg)\/ < /62 > (A A =p2)))]B2)?, ..., Fi) > B € . For this propositional
variable py, define: F]’ F]’ “[y2(—(< az > (Az /\pg)\/ < B2 > (A2 A —p2))?)]Bz. Proceed
further in this way till £ and finally define: FH'1 = F]’ The case 2 = 1 is finished.

Hypothesis on i for the given j. Suppose ¢ < n and let F,z"H be defined for k =1,...,1

Step for ¢+ 1 and the given j. We proceed similarly as for ¢ = 1 and consider two cases.

Case 1. < 5(F1j+1?, .. .,Fz-j"i'l?, (Fl-j_H ANC;j)?,...,F}) > B € z. Define in this case Fitl —

i+1
iy A G

Case 2. < 5(Fj+1" F]'H" (F-I-l ANCj)?,...,F!) > B ¢ x. Then by 4.5 (i), we have

< S(Fithe, .. FItYe (Fj+1 ~Ci)?, ..., Fi) > Bea.

Subcase 2.1. C; is not in the form of a conclusion of the rule INT. Then in this case define
FZ]_:—ll F+1 A =Ch.

Subcase 2.2. () is in a form of a conclusion of the rule INT and there are, say k, such
representations of Cj. Then proceed 51m11a1’1y as in the subcase 2.2 for ¢ = 1, defining inductively
a sequence of formulas Ff_i_l, .. Ff_i_l Put F;]_I:l'll = Ff_i_l

The induction is finished. Condition (e2) is fulfilled by the construction. Also by the
construction one can see that the formula Ff'-H contains as conjuncts the formulas F* for
k=0,...,7,so the condition (e3) is fulfilled. Let us note that from the condition (e2) and the
assumption that the program § does not contain program disjunction, one can conclude, by 3.3
(6), that each formula Fij is consistent. So condition (e1) is fulfilled. Let us remind that T'H is
the set of all theories. Then define:

i_ VR -

v =qet THAFyi=1,...,n,7=0,1,..,,
i

Tj =def U;).;O £y -

Each theory xf is consistent, because the formulas Fl-j are consistent. The fact that the
formula Fij contains as conjuncts the formulas F* for k = 0,...,j — 1 implies that for fixed ¢
the sequence {xf/] =0,1,...} is increasing. Consequently z; is a consistent theory. Further,
by the construction, we obtain that for any formula C' (equal to some formula C,, from the
enumeration), either C' or =C' is in z; and that z; is closed under (INT). So z; is a maximal
theory, which obviously contains F;. Thus part (i) from the lemma is fulfilled.

To prove the Condltlon (ii) suppose that A; € xy,..., A, € xz,. Then for some j!,..., 5"

we have A; € xl v Ay €l Let j be the greatest number in the set {5%,...,5"}. Then
Ajeali=1,...,n. By the definition of 27, we obtain that F] => A, €¢TH,i=1,...,n. Then
by 3.3 (Vu) F]" < A;?7. Again by 3.3 (vii), we conclude that 5(F1]7, o FITY < 5(A1., oy AR,
From here and < §(Fj?,... Fi?) > B € x, we obtain < §(A;?,...,A,?) > B € z. This ends

the proof of part (ii) of the lemma. B



5. Large programs

In this section we introduce the notions of large and maximal programs, the latter having a
key role in the completeness theorem. In some sense large programs enable us to consider and
operate with many usual programs simultaneously.

By a large program we mean any non-empty set I' of programs. If I' is a singleton {«a} then it
is identified with «. In this way each usual program can be considered as a large program. If z
is a non-empty set of formulas then the large program z7 =gef {A7/A € z} is called a large test.
If z is a maximal theory then z7 is called a maximal test. The standard program operations are
extended in the set of large programs in the following way (I' and A are large programs):

e I'VA =4y {yVi/yeTl,sec A}

e U ANA =g {yAS/y €T, 6 €A}

o [NA =ger {7;6/7€ 1,6 € A}.

It is obvious that in case I' and A are singletons, then the above operations coincide with the
standard program operations. Two large programs I' and A are equivalent, in symbols I' = A
if each element of I' is equivalent to some element of A and vice versa. Sometimes we will
treat equivalent large programs as equal. A large program I is called mazimal program if it is
generated by singletons and maximal tests, using the above operations. The following lemma
describes the structure of maximal programs.

Lemma 5.1. The structure of maximal programs
(i) Let @ = a(A47,..., A,7) be a program, A;7,..., A,7 be a sequence (possibly empty) of
all subprograms of a which are tests and let z17,..., 2,7 be a sequence of maximal tests. Then
a(z1?,...,2,7) is a maximal program and all maximal programs can be obtained in this way.
(ii) Let I" be a maximal program, @ € ' and a = (417, ..., A7), where A;7,..., A, 7 is the
sequence (possibly empty) of all subprograms of o which are tests. Then there exists a sequence
of maximal tests z17,..., 2,7 such that 417 € 17,..., A7 € 2,7 and ' = a(2,7,...,2,7).

Proof. (i) follows directly by the definition of a maximal program.

(ii) By (i), I' is in the form ~v(z,7,...,2,7), where 7 is a program. From « € I', we obtain
that o = v(A417,..., A7) with A7 € 247,..., A7 € 2,7, which ends the proof. B

In section 4, we introduced the notion of quasi-model (Wp,Qr), where Wy, is the set of all
maximal theories and ¢ = @, is a function which assigns to each program « a binary relation
Q(a): 2Q(a)y iff [a]z C y. Now we extend the function @ to large programs as follows. Let I
be a large program and z,y be maximal theories. Then define:

2Q(D)y iff (Ya € I)(2Q(a)y) iff (Va € I)(ale C y).

Obviously, if I' is a singleton large program then ¢ is the same as for usual programs. The
following lemma generalizes some statements from 4.4.

Lemma 5.2. Let [' and A be large programs and z,y, z be maximal theories. Then:
(1) 2Q(I' AA)y iff 2Q(I')y and 2Q(A)y.
(i) zQ(I'V A)y iff 2Q(I")y or zQ(A)y.



(iii) 2Q(z7)y iff z =y = =.
(iv) 2Q(I; 27; A)y iff 2Q(T)z and 2Q(A)y.

Proof. (i) Applying 4.4 (ii), we obtain the following: zQ(I'AA)y iff (VaAB € TAA)([anfle Cy)
iff (Va € I')(VB € A)([a]z C y&[Blz C y) iff (Va € T')([a]z C y) and (V5 € A)([flz C y) iff
2Q(D)y and 2Q(A)y.

(ii) The proof is similar to that of (i) by an application of 4.4 (iii).

(iii) By 4.4 (iv), we obtain the following equivalences: zQ(z7)y iff (VA? € 27)([A7]z C y) iff
(VAez)(a=y&Aca)iffa =yand (VAez)(Aer)iffa=yand zCziff a =y and z =z
iff e =y =z

(iv) zQ(I; 27, A)y iff (Vo € T)(VC? € 27)(VB € A)([osC7 6]z C y) iff (Vo € I)(VB €
A)([a]z C 2&[B]z C y) iff (Vo € T)([a]z C z) and (V5 € A)([B]z C y) iff 2Q(T)z and 2Q(A)y.
We have used 4.4 (v). &

Lemma 5.3. Let z,y be maximal theories and I' be a large program. Then zQ(I')y iff (Vo €
(VB €y)(<a>BE€u).

Proof. Let us note that for maximal theories we have the following equivalence, which proves the
lemma: [a]z Cyiff (VAey)(<a>Acz). A
The following is one of the important propositions for maximal programs in this section.
The proof uses the Diamond Extension Lemma from section 4.

Lemma 5.4. The Main Lemma for Maximal Programs. Let z be a maximal theory and
< 8 > B € . Then there exist a maximal program I' and a maximal theory y such that é € T,
B € y and zQ(I')y.

Proof. First we suppose that the lemma is proved for the case where § does not contain program
disjunction and show the general case. By lemma 3.3, § is equivalent to a disjunction & V...V
of programs not containing program disjunction. For simplicity, we assume k£ = 2 (the general
case can be proved in the same way). From here, we obtain < §; > B€ zor < d; > B € z. We
consider two cases.

Case 1: < & > B € z. Then by the lemma, there exist a maximal theory y and a maximal
program I'; such that B € y, §; € I'y and zQ(I'1)y. Let I'; be a maximal program such that
d3 € 'y and I'y VI'y be a maximal program (such a program can be constructed by lemma 5.1).
Then zQ(I'1)y implies the disjunction (zQ(I'1)y or zQ(I'2)y). By 5.2 (ii), the later is equivalent
to zQ(I'y vV I'y)y. Obviously, §; V §; € (I'y vV I'z) and in this case the lemma is proved.

Case 2: < d3 > B € z. The proof is similar to the above one.

Now we start proving the lemma with the additional assumption that § does not contain
program disjunction. First suppose that § do not contain tests as subprograms. Then § itself is
a maximal program and the proof follows from 4.4 (i). Now let § contains tests and F17,..., F},7
be the sequence of all tests which are subprograms of §. So we have § = §(F17,...,F,7)
and < §(F17,...,F,7) > B € z. The later is equivalent to < §(F1?,...,F,7);B? > T € =.
By the Diamond Extension Lemma 4.6, there exist maximal theories zi,...,z,,y such that



firstly (a) Iy € z1,...,F, € @, and B € y and secondly (b) if A; € zy,...,4, € z,,B' €y
then < 6(A17,...,A,7);B'? > T € . Let ' = §(247,...,2,7). Then by (a), we have § =
§(A17,...,A,7) € I' and B € y. We will show that zQr(I')y, which will end the proof. In
order to apply 5.3, suppose B’ € y, v € I' and proceed to show that < v > B’ € . From
v € T', we obtain v = §(A}?,..., AL?) for some A} € zy,...,A!, € z,. Then by (b), we have
< O(AY?,... Al B'? > T € z. From here, we obtain < 6(A}7,...,Al?) > B’ € z and finally
< v > B’ € z, which ends the proof. R

6. Canonical model for PDL{ and the completeness theorem

For the definition of the canonical model for PDL{ we introduce the following translation f of
the set of programs into itself:
7) = m for a program variable 7
10) = f(a); T7; f(B).
o) = fla)o f(B), o € {V,A}.
?7) = A? for a formula A.

Let us note that one can prove by induction that for every program «, we have that o = f(a).

I
fla
fla
/(A

The technical importance of the translation f is that it inserts tests between the components
of the composition of programs which will be used later on in the proof of the characteristic
property of composition in the canonical model. Now the canonical model My, = (Wy, Ry, V1)
for PDL{ is defined as follows:

e Wi, is the set of all maximal theories of PDL{.

e Ry is a function from the set of all program variables into the binary relations in Wy,
defined as follows:

For all program variable 7 and for all z,y € Wr, e Ry (7)y iff [7]z C y iff 2Qr(7)y.

e For all propositional variable p, Vi,(p) = {# € Wr/p € z}.

This is obviously a standard model for PDL{ and the valuations Ry, and V7, are extended for
arbitrary programs and arbitrary formulas inductively as it was defined for arbitrary models. It
should be remarked that for all program « and for all z,y € W, 2R (a)y iff R (f(«))y. This
can be proved by induction on the formation of a. The difference between the quasi-canonical
model and the canonical model is that in quasi-canonical model the definition of the relations
Q1 () is for an arbitrary program « while in the canonical model this relation is defined only
for a program variable 7 and then extended inductively to arbitrary programs. In general these
extensions are not the same as those in the quasi-canonical model. The following lemma plays
an important role in the proof of the completeness theorem.

Lemma 6.1. Truth Lemma for the Canonical Model.

(i) For every formula A: Vi, (A) = {z € W /A € z}.

(i) For every program 7 and for all z,y € W @R (v)y iff there exists a maximal program
I such that f(y) € I' and 2Qr(I')y.



Proof. The proof of (i) and (ii) will be given simultaneously by a double induction on formation
of formulas and programs.

Basis. For propositional variables the lemma follows from the definition of V7, and Ry and
from the fact that program variables are itself maximal programs.

Induction Hypothesis (IH). Let us suppose that for a formula A and for programs =, §,
the lemma is true (IH) and let us proceed to prove the lemma for formulas and programs built
from A, v and 4.

Proof of (i).

e Case for L. Since for any maximal theory z, L ¢ x we have Vi (L) = 0.

e Case for < v > A.

We have to show that for z € Wr: 2 € V(< vy > A)iff <v> A€z,

(—) Suppose z € V(< v > A). Then there exists y € Vi, (A) such that 2Rr(y)y. By the
(IH), A € y and there exists a maximal program I' such that f(y) € I' and 2Qr(I")y. Then by
the definition of Qr(I'), we have: for all @ € T, [a]z C y, so for @ = f(v) we obtain [f(y)]z C y.
From here and A € y, we get < f(y) > A € z and since f(7) is equivalent to v, we have that
<v>Ac€u.

(¢) Suppose < v > A € z. From here we get < f(y) > A € z. Then by the Main Lemma
for Maximal Programs 5.4, there exist a maximal program I' and a maximal theory y such that
f(v) € T and zQr(T)y and A € y. By (IH), we have y € Vi(A) and 2Rz (v)y. Hence we get
z € V(< v > A), which completes the proof for this case.

Proof of (ii).

e Case for vV §. We have to prove: z Ry (v V )y iff there exists a maximal program ¥ such
that 2Qr(X)y and f(y V) € X.

(—) Suppose for z,y € Wr, eRr(yV é)y. Then we have 2Ry (v)y or zR(8)y. By the
(IH) for v and &, we have that for some maximal programs I' and A: f(y) € T, f(§) € A and
(zQr(M)y or 2Qr(A)y). From here, we obtain f(y)V f(§) = f(yV ) € ' VA. Then by 5.1,
(I'v A) is a maximal program and by 5.2 (ii), zQr(I' V A)y. So in this case, ¥ =TV A.

() Suppose for some maximal program ¥ that zQp(X)y and f(yVv ) € X. Then by 5.1, &
is in the form I'V A and f(y) € I' and f(6) € A. Thus we have zQr(I' V A)y. Then by 5.2 (ii),
we obtain the disjunction (zQr(I')y or zQr(A)y). By the (IH), we get (zRp(v)y or 2Rr(d)y),
which is equivalent to zRr (v V §)y.

e Case for y A 4.

The proof is similar to the proof of the previous case by using 5.1 and 5.2 (i).

e Case for A?. We have to show: zRp,(A?)y iff for some maximal program ¥: A? € ¥ and
zQrL(X)y.

(—) Suppose zR(A?)y. Then z = y and = € Vi (A). By the (IH), we get: 2 = y and A € z.
Then by 5.2 (iii), we obtain #Qr(z?)y. Thus we have a maximal program z7 such that A? € z7
and zQpr(27)y. In this case ¥ = z7.

() Suppose for some maximal program ¥ that zQr(X)y and A7 € ¥. By 5.1 (ii), ¥ = 27
for some maximal theory z and also A? € z?. From here, we get A € z and zQr(27)y. Then by



5.2 (iii), we obtain & = y = z, which implies 2 Ry, (A?)y.

e Case for v;6. We have to prove: Ry (v;8)y iff there exists a maximal program ¥ such
that f(v;4) € ¥ and 2Qr(X)y.

(—) Suppose for z,y € W, zRp(7;d)y. Then for some z € Wy we have zRp(v)z and
zRr,(8)y. By the (IH) for v and §, we have that for some maximal programs [ and A: f(y) € I’
and f(6) € A and (zQr(I')z and 2Qr(A)y). Then by 5.2 (iv), we have zQr(I'; 27; A)y. From
f(y) €T, T? € 2?2 and f(8) € A we get f(v); T?; f(6) € [';27; A, hence f(v;8) € T;27;A. In
this case, X = I";27; A.

(¢-) Suppose for some maximal program ¥ that zQr,(X)y and that f(v;0) = f(v); T?; f(d) €
Y. Then by 5.1, ¥ is in the form I'; 27; A for some maximal programs I'; A and z? with f(y) € I’
and f(6) € A. From here, we obtain zQp(I';27; A)y and by 5.2 (iv), we have zQ(I')z and
2Qr(A)y. By the (IH), we get 2Ry (v)z and 2R, (8)y. From here, we obtain xRy (vy;6)y which
ends the proof.

The induction is finished and the lemma is proved. B

Remark. The important part of 6.1 is (i), which is essential in the proof of the completeness
theorem for PDL{. However we cannot prove (i) without proving (ii). From here one can see
the technical importance of the notion of a maximal program. Note also that one can see the
role of the translation f examining the proof of (ii) for the case of composition 7; 4.

Proposition 6.2. Canonical Model Lemma. For every formula A, if A is true in the canon-
ical model, then A is a theorem of PDL{.

Proof. Suppose A is true in the canonical model My, = (Wp, Ry, V1) but for the sake of contradic-
tion that A is not a theorem of PDL{. Then A ¢ TH, where TH is the set of all theorems. By
4.2 (iii) TH + —A is a consistent theory and by the Lindenbaum Lemma 4.3 it can be extended
into a maximal theory, say z. From here we obtain that A ¢ z and by the Truth Lemma for
Canonical Model 6.1 = ¢ Vi,(A), so VL(A) # Wr. So A is not true in the canonical model - a
contradiction. W

Now we are ready for the main theorem of the paper.

Theorem 6.3. Completeness Theorem for PDL{. The following conditions are equivalent
for any formula A of PDL{":

(i) Ais a theorem of PDL{.

(ii) A is true in all PDL-models.

Proof. (i) — (ii) is just the Soundness Theorem for PDL.
(7¢) — (¢). Suppose A is true in all PDL-models. Then A is true in the canonical model. By
the Canonical Model Lemma 6.2, A is a theorem of PDL{. B

Theorem 6.4. Model Existency Theorem. If a set of formulas X is consistent, then it has
a model.

Proof. Let Y be a consistent set. Then by definition, there exists a consistent theory zg containing
3. By the Lindenbaum Lemma, zg can be extended into a maximal theory x. Then by the
Truth Lemma for Canonical Model, the pair < (Wg, Rr, Vy),z > is a model of ¥. B



7. Concluding remarks

In this paper we have given a complete axiomatization of star-free PDL with intersection using
a special rule (INT) for intersection. In the standard examples of such completeness theorems,
the main method of proving the completeness is the method of canonical models consisting
of the set of all maximal consistent sets of the logic, equipped with standard definitions for
the canonical accessibility relations like in the classical canonical constructions. In our case
however, this method cannot work, because of the bad behaviour of composition. So we extend
the canonical construction introducing a new machinery, connected with the new notions of large
and mazimal programs. We expect that this new canonical techniques can be applied to other
logics, for instance in the axiomatization of the full version of PDL with intersection containing
the star operation and possibly the converse operation. Another novelty in the paper is the proof
that intersection is modally definable in a language with propositional quantifiers and that the
rule (INT) in a sense simulates the quantifier rule for universal quantification in the context
of the definition of intersection. This is a new look on the nature of some context dependent
rules like (INT). Let us note that the notion of admissible form, used in the formulation of
(INT) is too complicated. So a general question is whether (INT) can be formulated by a more
simple structure of admissible forms, like for instance in (INT;). Connected with this is the
following general question: is it possible to eliminate the rule INT in general and to replace it
with a finite or an infinite set of additional axiom schemes? We conclude with a remark that
PDL{ is decidable. This follows from Danecki’s theorem about decidability of the full PDL with
intersection [4].
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