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Abstract

Preferences structures are informa-
tional systems that enable us to rep-
resent the objects prefered or de-
tested by users. Given a preference
structure relations reflecting rela-
tionships between users disclose the
implicit information derived from
preferences and detestations. Next
we introduce a modal logic that al-
low us to represent and make infer-
ence from this implicit information.
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1 Introduction

Consider a file from the opinion poll presented
in tables 1— 4 where usy, uss, uss and us, de-
note users and oby, 0by, obs, oby, 0bs, 0bg, ob7
and obg denote objects. In all tables the first
column lists the set of all users. In tables 1
and 2 subsequent columns contain the objects
most prefered and prefered by users whereas
in tables 3 and 4 subsequent columns con-
tain the objects most detested and detested
by users. This file is an information system
which describe users in terms of their pref-
ered or detested objects. For instance user
usy is very keen on objects obq, oby, 0bs, 0by
and obs whereas user uss does not like object
obg that much. In this paper we present
preferences structures, i.e. informational sys-
tems that enable us to formally represent the
objects prefered or detested by users. The no-

Table 1: Most prefered objects.

Users ‘ Most prefered objects

Usy 0

US3 {0by, 0by, 0b3, 0by, 0b5}
uS3 {oby}

US4 {ob7, obg}

Table 2: Prefered objects.
Users ‘ Prefered objects ‘

us; {oby, 0bs, 0b3}
USs {0by, 0by, 0b3, 0b4, 0bs, 0bg, 0b7}
US3 {oby, 0by, 0b3}
US4 {obg, 0b7, 0bs}

tion of preference structure employed in this
paper is a special instance of the notion of in-
formation system introduced by Pawlak [10]
and furthered by Vakarelov [14]. A distinction
between various forms of information systems
is discussed by Demri and Orlowska [5].

Preference structures are collections of in-
formation that enable us to formally repre-
sent the most essential concepts related to
the notions of preference and detestation.
They employ the notions of objects and users
whereas the basic pieces of information are
given by preference functions and detestation
functions. More formally given a positive in-
teger n a structure S = (Ob, Us, f) is called a
preference structure iff Ob is a nonempty set
of objects, Us is a nonempty set of users and f
is a total function which for each s € {+, -},
for each ¢ € {1,...,n} and for each = € Us
assigns a subset f?(z) C Ob. Every set f7(z)



Table 3: Most detested objects.
Users ‘ Most detested objects

uSy 0

US2 0

uS3 {obs}

US4 {oby, 0by}

Table 4: Detested objects.
Users ‘ Detested objects ‘

us; {obs, obg, 0b7, 0bg}
Sy {obs}

US3 {obg, 0b7, obs}

US4 {oby, 0by, 0b3}

can be viewed as the given set of objects of a
user z corresponding to the pair (s, ¢) where s
denotes either preference or detestation and
denotes the level of preference or detestation:
[ (z) is the set of objects prefered by user z
at level ¢ whereas f; () is the set of objects
detested by user z at level . We want the
subsets f7(z) to reflect the intended meanings
of preferences and detestations. Thus a pref-
erence structure § = (0Ob,Us, f) will be de-
fined to be standard iff for all 4,5 € {1,...,n}
and for all z € Us, if i < j then fi(z) C
@), fR@)nfi(@) =0, f7(2) € f; (x)
and f7 (z) N fF(z) = 0. We should con-
sider for example with n = 2 the standard
preference structure & = (Ob,Us, f) where
Ob = {oby, oby, 0bs, 0by, obs, 0bg, 0b7, 0bg},
Us = {usy, usy, uss, usq} and f is the total
function defined by tables 1- 4, i.e. for all
z € Us, f{(z) is the set of all objects most
prefered by =, fi (z) is the set of all objects
prefered by z, fi (z) is the set of all objects
most detested by z and f; (z) is the set of all
objects detested by =z.

A preference system § = (Ob,Us, f) con-
tains some implicit information about rela-
tionships among the users from the set Us de-
termined by their prefered objects and their
detested objects. Following the line of reason-
ing suggested by Orlowska [7, 8], Orlowska
and Pawlak [9] and Vakarelov [12, 13] these
information relations have the form of binary

relations between users. They are tradition-
ally called indistinguishability relations and
distinguishability relations.
introduce the indistinguishability relations of
forward inclusion, indiscernibility and back-
ward inclusion between users in preference
structures. Section 3 presents the modal
logic based on these binary relations. In
section 4 and section 5 we address the is-
sues of axiomatization/completeness and de-
cidability /complexity of our modal logic. Sec-
tion 6 concludes the paper and outlines open
problems. We assume some familiarity with
modal logic and model theory. Readers want-
ing more details may refer to Blackburn,
de Rijke and Venema [1], Chagrov and Za-
kharyaschev [2] and Chang and Keisler [3].

In section 2 we

2 First-order characterization

Let § = (0Ob,Us, f) be a standard preference
structure. For all s, € {+,—} and for all
t,j € {1,...,n}, define in Us the unary re-

lation of emptiness A and the binary rela-
tions of forward inclusion <ff, of indiscerni-

bility =! and of backward inclusion > by

o Af(z)iff f2(z) =0,

o z < yiff f2(z) C fi(y),
o o =¢tyiff f2(z) = fi(y),
o x> yiff f2(x) 2 fi(y).

In the above example we have AT (us),

us; <3T usy, us; =5"

usy. The relational system F(S) =

us3 and us; 25"1_
(Us, A,
<t =g, > is the standard preference frame
corresponding to §. We show first that

Lemma 1 Let s, t,u € {+,-}, i,5,k €
{1,...,n} and z,y,z € Us. Then
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Moreover

(Cre) <5y B <57y = Af(2),

(Cir) e <y Eax >ty = o=ty

Proof: Left to the reader. -

Following the approach of Vakarelov [14]
lemma 1 suggests the following definition. Let
F = (W, A5, <& =2, >2) be a relational sys-
tem. F Wlll be called a prenormal prefer-
ence frame iff it satisfies the conditions (C)—
(Cy5) from lemma 1. F is said to be normal
iff it satisfies the conditions (C7)—(Ci7). We
shall say that F is standard iff there exists a
standard preference structure § such that F

is isomorphic to F(S). Lemma 1 implies that

Theorem 1 Fach standard preference frame
s normal.

Proof: By lemma 1. -
Slightly less trivial is the following result.

Theorem 2 FEach normal preference frame is
standard.

Proof: Let F = (W,Af,<f,=,>%) be a
normal preference frame. For all s € {+, -},

for all i € {1,...,n} and for all z € W, let

o §_§(ac) = (< (2): t € {+,-}and j €
{1,...,n}),

where <% (z) = {y € W: = <¥ y} for any
t € {+,-} and for any j € {1,...,n}. Let
S = (0Ob,Us, f) be the preference structure
defined by

¢ Ob = {? ) st € {+,-), i) €
{1,..,n}, 2,y € Wand = £5 y},
e Us=W,

o ;1) = (kW) tu € {+-} gk e
{L,...,n}, g2 € W, y £ 2 and
y <i x} for any s € {+,-}, for any
i€{l,...,n} and for any z € W.

The reader is asked to show that § is stan-
dard and F is isomorphic to F'(S). -

As a consequence normal preference frames
and standard preference frames are equiva-
lent classes of relational systems. Theorem 2
provides an informational representation of
standard preference structures. It is there-
fore natural to develop a modal framework
based on normal preference frames for study-
ing the most essential features of information
relations in standard preference structures.

3 Modal interpretation

We begin here the development of a proposi-
tional modal language for preference frames.
The symbols of our language are based on
a countable set ®y of atomic formulas, with
typical members denoted p, ¢, etc, parenthe-
ses ( and ), Boolean connectives = and V,
modal constants é7 for any s € {4, -} and
for any 7 € {1,...,n}, modal connective [U],
modal connectives [<#], [=£] and [>#]] for
any s,t € {+,—}and forany ¢,5 € {1,...,n}.
The formulas of our language, with typical
members denoted A, B, etc, are

e Every atomic formula p is a formula,
e If A is a formula then —A is a formula,

o If A and B are formulas then (AV B) is
a formula,

e 0f is a formula for any s € {+,
forany i € {1,...,n},

—} and



e If Ais a formula then [U]A is a formula,

o If Ais aformula then [<ff]A is a formula
for any s,t € {+,—} and for any i,j €

{1,...,n},

o If Ais a formula then [=#{]A is a formula
for any s,t € {+,—} and for any i,j €

{1,...,n},

o If Ais a formula then [>#]A is a formula
for any s,t € {+,—} and for any i,j €

{1,...,n}.

A model is a pair M = (F,V) where F =
(W, Af, <3, =%,>2) is a relational system
and V is a function assigning to each atomic

formula p € ®g a subset V(p) of W. For all
formulas A and for all z € W, the relation
“Ais true at = in M”, denoted M =, A, is
defined by

o M, piffz € V(p),

o M =, —Aiff not M =, A,

e M, AVBiff M=, Aor M =, B,
o M=, 67 iff Af(a),

e M, [UlAiffforall ye W, Mz, A

e M, [§f]t]A iff for all y € W, if §th y
then M ):y A

o M, [Ef]Aiff forally e W, if z =5 y
then M =, A

e ME, [>5t]A iff for all y € W, if & >2 y
then M ):y

We shall say that A is true in model M, in
symbols M | A, iff for all z € W, M £,
A. A is said to be valid in relational system
F, denoted F |= A, iff for all models M on
F, M E A. Let C be a class of relational
systems. A will be defined to be valid in C, in
symbols C = A, iff for all relational systems
F elC, F = A. Let Cpys be the class of all
prenormal preference frames and C,p,¢ be the
class of all normal preference frames.

4 Axiomatization/completeness

We aim to give a sound and complete deduc-
tive system L, for validity in the class Cy,, .
The proper axioms of L,,; are all instances
of the schemata

Ay) IF i < j then [<B]A — A,

Ay) [Z5]A — A,

Ag) 1f i > j then [>H]A — A,

Ag) A— [<H](>19)A,

As) A— [E1EDA,

Ag) A — [>H)(<I) A,
) [
)
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A1) 63 N [EH]A — [U](6] v A),

Atz) =67 A[2F]]A = [U] (=6} Vv A),

A14

(

(

(

(

(

(

(

(4s) (=114 = [=1[=014,
(

(

(

(

(

( — [2§7155,
(

) &
)
) 6%
)
) 6
)
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A formula A is called provable in L,,¢, de-
noted b, . A, ifl it can be derived from tau-
tologies, the above axioms and instances of
the schemata

o [U(A— B) = ([UJA = [U]B),
o [<HI(A— B) = ([<T]]A = [<7]]B),

i1B),

]

=
o El(A— B) = ([Ej1A— [=
o [271(A = B) — ([{]]A = [>]]]B),
o [UJA = [<HIAN[=HIAN[>2H]A,
o [UJA — A,
o A— [U|U)A,

o [U]A = [U][U]A,



by applying the inference rules

e Given A and A — B, infer B,

e Given A, infer [U]A,

Given A, infer [<f]A,
e Given A, infer [=]A,

=i

Given A, infer [>#]A.

We now prove two simple theorems. First,
soundness of L, ¢-provability with respect to
Cpps-validity.

Theorem 3 Let A be a formula. Iftp, . A
then Cpps = A.

Proof: Obviously, prenormal preference
frames satisfy the conditions which are needed
to validate the axioms of L,,; and inference
rules of L,,f are correct with respect to va-
lidity in prenormal preference frames. As a
result, every formula provable in L, is valid
in Cppyp.

Second, inclusion of the notion of C,, s-validity
in the notion of C,,¢-validity.

Theorem 4 Let A be a formula. IfC,,; = A
then Cpp5 = A.

Proof: Each normal preference frame is
prenormal. Hence every formula valid in Cp,
is valid in Cppp.

Slightly less trivial is the following
result  stating completeness of  L,,¢-
provability with respect to C,p¢-validity.

Theorem 5 Let A be a formula. IfC,,5 = A
then I—anf A.

Proof: Suppose A is not provable in L,
we demonstrate A is not valid in C,f. See-
ing that A is not provable in L,,¢, there is a
maximal set z 4 of formulas such that A & z 4.
Let F = (W, A?, <gf, =21, >¥) be a generated
subframe of the Canonlcal frame for L, con-
taining z 4. It is a simple matter to check that
the proper axioms (A;)—(Ays) of L,,; are
all Sahlqvist schemata. Hence they are first-
order definable. To be more precise they cor-

respond to the conditions (C7)—(Cy5) from

lemma 1. By the Sahlqvist completeness the-
orem it follows that the relational system F is
a prenormal preference frame. We now claim
that

Claim 1: Every prenormal preference frame
is a bounded morphic image of a prenor-
mal preference frame satisfying the con-

dition (Cy7),

Claim 2: Every prenormal preference frame
satisfying the condition (Ci7) is a
bounded morphic image of a normal pref-
erence frame.

From these two claims and from the fact that
A is not valid in F it follows that A is not
valid in C,pf. Firstly let us proceed to the
proof of claim 1. Given any prenormal pref-
erence frame F = (W, Af, <& =2 >21) et

2]7_2]7
Fo= (W AY <t =t >sf’) be the rela-

—1t] 7_2] ?
tional system defined by

o W' = {(z,a): x € W and a € I} where
I is the set of all functions « assigning
to each s € {4,—} and to each i €
{1,...,n} an integer a7 such that for all
s,t € {+,—} and for all 4,5 € {1,...,n},
i< jiff of < o,

o A¥(z,a) iff Af(z),

L ($7a)§f;/(y,ﬁ) iff either A?(z), or §f]t

y and af < (% or z =5 y and of =

:st
7

o (z, )E” (y,8) iff either A?(z) and
At( ), or z =5y and of = 5,

o (m,a)Zf;/(y,ﬁ) iff either Al(y), or = >#
yandaf>ﬁ orac:Styandoz _ﬁt

F' is obviously a prenormal preference frame
satisfying the condition (C47). Now, let 7
be the mapping from W’ to W defined by
m(z,a) = z. The reader is asked to show that
7 is a bounded morphism from F’ to F. Sec-
ondly let us proceed to the proof of claim 2.
Given any prenormal preference frame F =
(W, Az, <3, =2, >#1) satisfying the condition

(017)7 let F' = (W’ AS/ <S7f/ —st! >st’) be

—1t] 7_2] ?
the relational system defined by



o W' ={(z,0): z € W and a € I} where
I is the set of all functions « assigning
to each s € {+,—} and to each i €
{1,...,n} an integer o such that for all
s,t € {4+, -} and for all 4,5 € {1,...,n},
s # Liff of # o,

o A¥(z,a)iff Af(z),

° (.’E a)<st’(y ﬂ) T either AS( ) or x Sf]t
y and af = ﬁw

o (z,0)=3(y, )
A;(y) oerStyanda =

iff either Af(z) and
t
7

o (z, a)Zth (y, B) iff either A%(y), or = >%

y and af = (%,

F' is obviously a normal preference frame.
Now, let 7 be the mapping from W' to W
defined by w(z,a) = z. The reader is asked
to show that 7 is a bounded morphism from
Flto F. H

As a consequence L, is a sound and com-
plete deductive system for validity in the class
Crps-

5 Decidability /complexity

The issue of decidability can be approached
via the notion of the finite frame property.
Let Cy¢ppy be the class of all finite prenormal
preference frames.

Theorem 6 Let A be a formula. If Cyppr =
A then Cppy = A.

Proof: Suppose A is not valid in C,,s, we
demonstrate A is not valid in Cyppp.  See-
ing that A is not valid in Cp,f, there is a
prenormal preference frame F = (W, A?, <f]t,
=g, >2) such that F & A. Hence there is a
model M = (F,V) on F such that M [~ A.

Let 'y be the smallest set of formulas such
that

e Aisin I'y,
e ['4 is closed under subformulas,

e [',4 is closed under Boolean connectives,

e 07 is in I'y for any s € {+,—} and for

any ¢ € {1,...,n},
e Lor all formulas B

—If [<H]B is in I'y then [<]B
and [<]B are in Iy for any
s,t,u € {+,—} and for any ¢, j,k €
{1,...,n},

—If [=¥]B is in Ty then [=}]B
and [—]k]B are in I'y for any
s,t,u € {+,—} and for any ¢, 7,k €
{1,...,n}

—If [>¥]B is in Ty then [>3]B
and [>%]B are in Iy for any
s,t,u € {+,—} and for any ¢, j,k €

{1,...,n}.

Let =, be the equivalence relation on W de-

fined by

e v =p, y iff for all formulas B in I'y,

M, Biff M =, B

For all z in W, the equivalence class of z mod-
ulo =r, is denoted | 2 |. The quotient set of
W modulo =r, is denoted W|:FA.
simple matter to check that W|_

Let F' = (W', Ay, <5t =8t >t be the re-

T =1 7_2]7

lational system defined by

It is a
is finite.

o W' = W|:FA,

o AY(| )il Aj(z),

o |z | §f}l | y | iff for all formulas B, if
[<#]Bis in T'4 then
— If M =, [<]B then M =, [<%]B,
and if [>12]B is in I'y then
— If M |=, [>]B then M |=, [>%]B,

x :fj | y | iff for all formulas B, if

|[Ef;]B is in T4 then

- If M =, [=%]B then M |=, [=%}]B
and if [=%]B is in T'4 then

— If M =, [E1]B then M |=, [=%]B,

o | & | >3t | y|iff for all formulas B, if
[>#]Bis in I'4 then



- If M =, [>3]B then M =, [>t“]
and if [<!]B is in 'y then
— If M |, [<I{]B then M =, [<]B.

F'is obviously a finite prenormal preference
frame. Now, let M’ = (F', V') be the model
on F' defined by

o V'(p)={] z |: z € V(p)} for each atomic
formula p € T'y4,

e V'(p) = 0 for each atomic formula p €
@0\ 4.

The reader is asked to show that M’ is a fil-
tration of M through I'y. A
As a consequence the decision problem

Problem: L,,¢-provability,
Input: a formula A,

Output: determine whether -7, . A or not,

is decidable. Qur intention is to prove that
Ly g-provability is PSPAC FE-complete. In
the first place we prove that PSPACE is a
lower bound.

Theorem 7 L,,-provability is PSPACE-
hard.

Proof: To demonstrate that L, ;-provability
is PSPAC E-hard, we have to show that some
PSPACFE-hard problem is reducible toit. To
this end we use the PSPAC FE-hard problem
of K-provability. Let A be a formula in the
restriction of the language of L,,; obtained
by deleting all modal constants as well as all
modal connectives but [<]~]. We now claim
that

Claim 1: If Fx A then FLpy As
Claim 2: If Fr,,; A then i A.

From these two claims and from the fact
that K-provability is PSPACE-hard, see
Ladner [6] for details, it follows that L, -

provability is PSPACFE-hard. Firstly let us
proceed to the proof of claim 1. Suppose A

is provable in K, we demonstrate A is prov-
able in Ly,f. Seeing that A is provable in
K, it can be derived from the axioms of K
by applying the inference rules of K. It is
a simple matter to check that all axioms of
K are axioms of L,,; and all inference rules
of K are inference rules of L,,;. Hence A is
provable in Ly,¢. Secondly let us proceed to
the proof of claim 2. Suppose A is not prov-
able in K, we demonstrate A is not provable
in L,,¢. Seeing that A is not provable in K,
there is a tree F = (W, R) such that F [~ A.
Let F' = (W', AY, <3t =t' >5t') be the re-
lational system defined by

o W =W,
QA‘?/:@,

ox<5ty1ffe1thers_t i <jand z =y,
ors=+4,t=—,1=1, j =n and zRy,

. —Stylffs—t i=7and z =y,

o fo}/y iff either s = ¢, 4 > j and z = y,
0r3:_7t:—}—,i:n,j:1anda:R_1y.

It is a simple matter to check that F’ is
a prenormal preference frame.
<{~"=R. H

In the second place we prove that PSPACFE
is an upper bound.

Moreover

Theorem 8 L,,¢-provabilily is in

PSPACE.

Proof: L, ,s-provability can be solved
by means of a polynomial-space
bounded nondeterministic algorithm &
la Demri [4].  Seeing that NPSPACE
= PSPACE, see Savitch [11] for details, we
therefore conclude that L,,-provability is in
PSPACE. H

We leave the details of the proof to the
extended version of this paper.

6 Conclusion

The notion of preference structure employed
in this paper is a special instance of the
notion of information system introduced by
Pawlak [10] and furthered by Vakarelov [14].



Binary relations like forward inclusion, indis-
cernibility and backward inclusion have been
considered by several authors, see Demri and
Orlowska [5] for details. Within the context
of standard preference structures one can also
define the binary relations of positive similar-
ity X¢f, of complementarity C$f and of nega-
tive similarity fo by

o oX3y iff f7(z) Z Ob\ f](y),
o «C3ty iff f2(x) = 0b\ fi(y),
o Nty iff f(x) 2 Ob\ fi(y).

Together with the unary relation of empti-
ness and the binary relations of forward
inclusion, of indiscernibility and of back-
ward inclusion, the characterization of these
binary relationships by means of first-
order conditions is not problematic, see
Vakarelov [14] for details.
sues of axiomatization/completeness and de-
cidability /complexity of modal logics based

However the is-

on at least one of them are still open.
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