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Abstract

In this paper we define the notion of a block algebra, which is based upon a spatial application of Allen’s interval
algebra. In the@-dimensional Euclidean space, where> 1, we consider only blocks whose sides are parallel to the

axes of some orthogonal basis. The block algebra consists of a set of relations (the block relations) together with the
fundamental operations of composition, converse and intersectionl 3 tbasic relations of this algebra constitute

the exhaustive list of the relations possibly holding between two blocks. We are interested in the problem of testing
the consistency of a set of spatial constraints between blocks, i.e. a block network. The consistency question for
block networks is NP-complete. We first extend the notions of convexity and preconvexity to the block algebra.
Similarly to the interval algebra case, convexity leads to a tractable set whereas, contrary to the interval algebra case,
preconvexity leads to an intractable set. Nevertheless we characterize a tractable subset of the preconvex relations:
the strongly preconvex relations. Moreover we show that strong preconvexity and ORD-Horn representability are
the same.

Keywords Spatial reasoning, qualitative constraints, consistency problem, interval algebra, block algebra.

1 Introduction

Qualitative temporal and spatial reasoning with constraints are important aspects of reasoning
in many areas of Artificial Intelligence: geographical information systems, natural language
understanding, specification and verification of programs and systems, temporal and spa-
tial databases, temporal and spatial planning, document analysis, etc. Concerning temporal
reasoning, Allen’s interval algebra [1] is one of the most well-known and widely used for-
malisms. Allen takes intervals as primitive temporal entities and considers 13 basic relations
between these intervals (see Figure 1). These basic relations represent all the possible relative
positions of two intervals on the rational line. Temporal information is represented by binary
constraint networks called interval networks, each constraint being defined by an interval re-
lation (a disjunction of basic interval relations). Since the consistency problem of interval
networks is NP-complete, a great deal of research has been done to find sets of interval rela-
tions whose consistency can be decided in polynomial time. In particular the convex subclass
[18, 5] and the ORD-Horn subclass [17] are tractable sets whose consistency problem can be
solved by the path-consistency method. Ligozat [12, 13] gives an alternative characterization
of ORD-Horn relations in terms of preconvex relations. Preconvexity is defined from con-
cepts such as the topological closure, the convex closure and the dimension of a relation. Itis
easy to determine whether an interval relation is preconvex. Moreover, Ligozat has produced
an interesting proof of the tractability of the preconvex relations.

On the other hand, as far as qualitative spatial reasoning is concerned, a well-known ap-
proach is the region-based calculus called Region Connection Calculus (RCC) proposed by
Randell, Cui and Cohn [21]. This approach is based on binary topological relations between
spatial regions. Solving constraint networks in RCC is also an NP-complete problem. Re-
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cently, Renz and Nebel [23, 22] characterized tractable subclasses of region relations.

The real applications of RCC are numerous, however we note that with this calculus we
cannot express relations such as directional relations (like ‘a spatial entity is on the left of
another spatial entity’ or ‘a spatial entity is above another spatial entity’, etc.). That is the
reason why — following our work in [2, 3] — we extend the interval algebra to any dimension
p > 1. This kind of approach has been used during the past few years [16, 11, 20, 19, 24],
nevertheless no complexity problems were examined in that line of work.

We consider blocks whose sides are parallel to the axes of some orthogonal basjs in the
dimensional Euclidean space. The formalism that we obtain — the block algebra formalism
— provides a framework for representing and reasoning about spatial relations between those
blocks. Inthe sequel, the tedolockwill denote this kind of blocks. We will confine ourselves
to the issue of the consistency of block networks which consist of sets of constraints between
a finite number of blocks. Adapting the line of reasoning suggested by Ligozat [13] we
extend the notions of convexity and preconvexity to block relations. We prove that, similarly
to the interval algebra case, convexity leads to a tractable set whereas, contrary to the interval
algebra case, preconvexity leads to an intractable set. Observing this, we define a subset of
the block relations — the strongly preconvex relations — which we show to be tractable and
for which the consistency problem can be decided by means of the path-consistency method
and a new method: the weak path-consistency method. To close our study, we show that
strongly preconvex relations coincide with ORD-Horn relations in the sense of Nebel and
Burckert [17].

Section 2 is devoted to some reminders about the interval algebra and to the definition of
the block algebra. In Section 3 we focus our attention on the notion of convexity while in
Section 4 the main matter is the notion of preconvexity. Then in Section 5 we define the
strongly preconvex block relations; we prove that these relations coincide with ORD-Horn
ones in Section 6 and that they correspond to a tractable set in Section 7.

2 From theinterval algebratothe block algebra
2.1 The interval algebra

An interval in Allen’s framework is an ordered pair of rational numbers, with the first number
being strictly less than the second one. We kis&”, Z, etc. to denote intervals in that sense.
For every ordered paik of rational numbers, the first number will be denoted’®y and
the second one b *. Given an interval’, it defines a partition of the set of all rational
numbers into five zones numbered frono 4: zonel is] — oo, Y ~[; zonel is {Y ~ }; zone2
is]Y~,Y*[; zone3 is {Y*} and zonet is |Y' T, +occ[. Given another intervak’, the relative
location of X with respect taY” is given by the zones to whick — and X T belong. This
yields thirteen possible relative locations between two intervals, each one being represented
by a basic relation in Allen’s sense [1], see Figure 1.1&k the set of these basic relations.
We denote by, b, ¢, etc. elements df. Given a basic relation, we will denote the zone to
which X ~ belongs by:one ™ (a) and the one to whiciX * belongs by:one™ (a). Moreover,
XaY will mean that the interval& andY are in relatiom:. The subsets of define binary
relations (denoted by, 3, v, etc.) making it possible to represent indefinite information
between two intervals. Indeed, each sulsetinterpreted as the disjunction of its elements:
if X andY are intervals X oY iff there is a basic relation € a such thatXaY'.

Let IA be the algebra whose underlying set is the2seof all the subsets of and whose
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Relation a | Converse Graphic lllustration zone (a), zorie (aY¥opological CIosuAe
X b Y (before) bi — y zone 0, zone 0 | {b,m}
XmY (meets) mi m zone 0,zone 1 | {m}
X oY (overlaps) oi — iy zone 0, zone 2 | {m,o.fi,s,eq}
X sY (starts) Si — y zone 1, zone 2 | {s,eq}
X d Y (during) di y —— zone 2, zone 2 | {d,s,f,eq}
XY (finishes) fi y —— zone 2, zone 3 | {f,eq}
XeqY (equals)| eq ii‘ zone 1,zone 3 | {eq}

FIGURE 1. The sefZ of the basic relations between intervals

underlying operations are: the unary operatioh of converse, the unary operatien of
complement, the binary operatianhof union, the binary operation of intersection and the
binary operatioro of composition. To define the operations of converse and composition,
Allen [1] first defines a converse table and a composition table on the thirteen basic relations:

e given intervalsX, Y and a basic relation such thaft"a X, the basic relation ~' repre-
sents the position ok with respect td;

e given intervalsX, Y, Z and basic relations, b such thatXaZ andZbY’, the binary rela-
tion a o b represents the set of all possible positionsofvith respect td".

Second, Allen defines the operations of converse and compositidh:on
at={a"':aca}andaoc = U{a0b:a6aandb€ﬂ}.

It is worth noting that ifX andY” are intervals X a 'Y iff YaX, andX (a o B)Y iff there

is an intervalZ such thatXaZ andZ3Y . This proves a simple but fundamental result: 1A
is a relational algebra. We conclude with the notion of dimension introduced by Ligozat [13]
to define the set of preconvex interval relations. The dimensian@énoted bylim(a), is:

e 2 if a forces no boundary equality (€ {b, bi, d, di, 0, 0i});
e 1if a forces one boundary equality € {m,mi, s, si, f, fi});
¢ 0 if a forces two boundary equalities & eq).

The notion of dimension is extended to the relation® éfas follows: the dimension of
a € 2%, denoted bylim(a), issup{dim(a) : a € a}.

2.2 The block algebra

Let a fixed positive integer be the dimension of the space. We consider only blocks whose
sides are parallel to the axes of some orthogonal basis iprtti@ensional Euclidean space.
We will usez, y, z, etc. to denote blocks. A block is totally characterized by the tuple
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(X1,...,Xp) of thep intervals corresponding to its orthogonal projections ontgithges.

The intervalX; is the orthogonal projection af onto theith axis, withi € {1,...,p}. Then

we can define the positions between blocks as follows: in order to formalize the position of
x with respect tq), we have to examine the positions®f, X, etc. with respect td7, Y>,

etc. To be more precise, the positionzoWith respect tgy is a tuplea = (ay,...,a,) of p

basic relations between intervals whesespecifies the position oX; with respect tady; for
everyi € {1,...,p}. Thus we obtain a set dB” basic relations, denoted If3,. Forp = 1,

B, = . We will useq, b, ¢, etc. for these basic relations. In Figure 2 are represented some
basic relations between 2-blocks. Note that, similarly to what holdg ftine set3,, forms

a jointly exhaustive and pairwise disjoint set of binary relations, i.e. any two blocks satisfy
one and only one basic relation Bf,. Given that our aim is to represent partial information

FIGURE 2. The basic relation&, bi), (s, bi) and(s,mi) satisfied between two 2-blocks
andy

about the spatial locations of objects, we allow the binary relation between two blocks to be
any subset of the sét,. We will usea, 3, v, etc. to denote such subsets. The relation of
28» containing all the basic relations is called the universal relatidd®»f By definition,

if 2 andy are blocksgay iff there is a basic relation € a such thatcay. In the sequel we

will often use the operation of Cartesian product, denotecktgnd defined by : for every

a € 28 anda € 2B« with p,q > 0, @ x B = {(a,...,ap,b1,...,b,) : (ar,...,a,) €

o, (bi,...,b,) € BY.

Let BA,, or BA for short if p is fixed and implicitly determined by the context, be the
algebra whose underlying set is the 28t of all the subsets df,, and whose underlying op-
erations are: the unary operation of converse, the unary operatienof complement, the
binary operatioru of union, the binary operation of intersection and the binary operation
o of composition. The operations of complement, intersection and union are the usual set op-
erations. To define the operations of converse and composition, first we define the operations
of converse and composition &),

cfl:(al_l,...,agl)andaOb:(alobl)x...x(aPObp);

and secondly we define these operationg 6n
a'={a"':aca}andaof = U{aOb:GEOzandbEﬂ}.

This leads to the question of whether these definitions capture the intended meaning of the
operations involved. Actually, for all blocks, y and for all block relationsy, 3, z(a o 8)y
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iff there exists a block such thatcaz andzBy. Indeed, let us suppose on the one hand that
z(a o B)y. There exists € o andb € § such thate (a1 0 b1) % ... x (ap o by) y. For each
i € {1,...,p} X;(a; o b;)Y;, so on the axis there exists an interval ¢ such thatX;a; Z*
andZ'b;Y;. Let z be the block defined by; = Z¢ for eachi € {1,...,p}, we haveraz
andzfy. Conversely, let us assume that there exists a biaikch thatcaz andzgy. There
exista € aandb € § such thatcaz andzby. For each € {1,...,p} X;a;Z; andZ;b;Y;.
ConsequentlyX;(a; o b;)Y;, hencex(a o b)y andz(« o B)y. As an exercise, we leave the
proof of the fact thatay iff ya~'z to the reader. We immediately deduce the desired result:
BA is arelational algebra.
By definition, a subclass &» (resp.27%) is a set of block relations (resp. interval rela-
tions) closed under the fundamental operations of converse, composition and intersection.
Given a relatior € 2%» andi € {1,...,p}, we calli-th projectionof «, denoted by,
the interval relatioda; : a € a}.

EXAMPLE 2.1

Leta, 3 € 252 be the two relations defined y = {(eq,b), (m, s)} et = {(d,b), (s, s)}.
We havea! = {(eq,b)"", (m,s)"'} ={(eq, bi), (mi,si)}, a o B = ((eq,b) o (d.b)) U
((eg,b)o(s,s))U ((m, s)o(d,b))U((m,s)o(s,s))= ({d} x {b})U({s} x {b})U ({d, 0, s} x
}Z})}U ({m} x {s}) = {(d,b),(s,b), (0,b), (m,s)}. Moreover,a; = {eq,m} anda, =

Itis worth noting thata "), = (a;) ™ and(a o 3);, = a; o 3;.
Now we extend the notion afimensiorto BA. Given a basic relation and a relationy of
BA, the dimensions of and«, denoted bylim(a) anddim («) respectively, are given by:

dim(a) = dim(a1) + ... + dim(a,) and dim(a) = sup{dim(a) : a € a}.

Note that the dimension af is equal ta2 x p minus the number of bound equalities forced
by a between the orthogonal projections.

EXAMPLE 2.2
Using Figure 2 we can easily see thtn((o,bi)) = (2 x 2) — 0 = 4, dim((s, bi)) =(2 x
2)—1=3,dim((s,mi)) = (2x2)—2 = 2. From this, we deduce thdim({(o, bi), (s, bi),
(s,mi)}) = 4.

We now give some easy properties of these notions; the proofs are left to the reader as an
exercise.

PROPOSITION2.3
Letal, ..., a™, @Y, ..., 3" be relations o”. The following equalities hold:

@t x...xa")t=(a})"x...x (")

X
G x...xa)NBx...xB") =(a! NP x...x (™ N B");
©)(a* x...xaM)o (B x...xB") =(al o) x...x (a0 B");
(d)dim(a® x ... x a™) = dim(a') + ...+ dim(a™).

To end this subsection, let us stress that BA is not the Cartesian product of IA since most of
the relations o25» are not a Cartesian product of relation8t



890 Tractability Results in the Block Algebra

{(m,s),(b,d),(0,d),(0,s)}

{(m,oi),(m,f),(b,oi)}

{(m,oi),(m,eq),(b,0i)} {(o,si),(d,si)}

FIGURE 3. An example of block network/

2.3 Representation with qualitative constraint networks

A network of constraints between intervals (resp. blocks) is a structure of the(iaré),
whereV is a set{V, ..., V,} of n variables, withn. = |V'|. C is a mapping fromi” x V'

into 27 (resp. 28»). EachV; € V corresponds to an interval (resp. a block) and each
constraintC(V;, V;) — also denoted by’;; in the sequel — corresponds to the possible
relative locations between the objects representeld;landV;. In what follows, we assume
that all interval networks (resp. block networks) satisfy the following conditions:

Cii = {eq} (resp.Cii = {(eq, .- .,eq)}) andC;; = Cﬁl-

Note that an interval network is a block network with= 1.

Given two block networks\V" = (V,C') and N’ = (V,C"), N is a subnetwork of\" iff
foralli,j € {1,...,|V]}, Ci C Cj;.

We extend the notion of projection to block networks in the following way.

DEFINITION 2.4

Let AV = (V,C) be a block network and € {1,...,p}. Theith projection of\, denoted
by N;, is the interval networkV ¢, C*) defined by = V¢ and for allj, k € {1,...,|V|},
Cir = (Cjk);-

J
Theith projection of a block networkl/, C') corresponds to the constraints entailed on the
orthogonal projections of the blocks represented by the variablésootto theith axis.

An instantiation of a block networld’, C') is a mappingn associating with each variable
Vi € V a block denoted byn(V;) or m;. For eachi,j € {1,...,n}, withn = |V], we
will note by m(V;, V;) or m;; the basic relation satisfied by; andV;. m is a consistent
instantiation (also called a solution) iff forj € {1,...,n}, m;; € C;;. Moreoverm is of
maximal dimension ifilim(m;;) = dim(C;;). A block networkN" = (V,C) is consistent
iff it admits a consistent instantiation. It is minimal iff for allj € {1,...,|V]|} and for
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{(b.s),(b,d),(m,s),(m,d),(0,5),(0,d)}

{(b,f),(b,0i),(m,f),(m,oi)}

{(oi,0i),(si,oi),(di,oi)

((si,f} {(0,si),(s;si),(d,si)}

{(b,eq),(b,f),(b,si),(b,0i),(m,eq),(m,f),(m,si),(m,oi

FIGURE 4. A path-consistent convex block network’:’ = I(N)

all a € Cy; there exists a consistent instantiation\é6fsuch thatm;; = a. Furthermore,
two block networks are equivalent iff they have the same variables and the same consistent
instantiations.

An important matter is to decide the consistency of a network (the consistency prob-
lem). An incomplete decision method for the consistency problem of a block network is
the path-consistency method [15, 14]. Applied to a block netwdrk= (V, C), it consists
in successively replacing the constrafi; by the constrainC;; N (Cy, o Cy;) for each
i,7,k € {1,...,n}, withn = |V|, until a fixed point is reached. We obtain in polyno-
mial time (O (n?)) a subnetwork\"" = (V,C") of A" which is path-consistent, i.e. for each
i,j,ke{l,...,n}

Cij C Cig 0 Cyj-

Since the path-consistency method removes from the constraints only basic relations which
cannot participate in a consistent instantiation, it is sound ASas equivalent taV; if it
contains the empty constraint then both networks are inconsistent else, generally, one can
say nothing about the consistency/éf the path-consistency method is not complete for the
consistency problem.

EXAMPLE 2.5

As an illustration, Figure 3 represents a block netwafk= (V, C'). We did not represent
the universal relation(';; andC;; if Cj; is already represented, for allj € {1,...,|V]}.
We note that\" is not path-consistent. For exampl&,. Z C13 o Cs,. Figure 4 represents a
path-consistent block netwoyX’. A is a subnetwork ofV’. Moreover, the instantiatiom
depicted in Figure 5 is an instantiation of maximal dimensioNdf

The projections of a path-consistent block network are always path-consistent.

PROPOSITION2.6
Let N = (V, C) be a block network. If\ is path-consistent then for eatk {1,...,p}, N;
is path-consistent.

PrROOF. Letk,l,m € {1,...,|V|}. Cim C CrioCim S0(Crm); C (Cri © Ci);. Moreover
(Cri © Cim); = (Cri); © (Cim) ;- ConsequentlyCrm); € (Cki); © (Crm);- n
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FIGURE 5. A satisfying instantiatiom of maximal dimension of the block networ¥ '’

The opposite direction of this proposition does not hold. For example, the block network in
Figure 6 is not path-consistent whereas its projections are path-consistent.

{(m.s),(eq,si)}

{(s,5i),(0,9)} {(d,eq),(0,eq)

FIGURE 6. A block network which is not path-consistent

Vilain and Kautz [25] prove that deciding the consistency of an interval network is NP-
complete. Therefore, the question of characterizing tractable subclasses of IA is a matter
of the utmost significance. A first interesting isolated tractable subclass is the set of con-
vex relations [6, 18]. Despite its small size this set contains useful relations including the
thirteen basic relations. Nebel andiBKkert [17] give a definitive answer for the subclasses
which contain all basic relations. More precisely, the subclass of ORD-Horn relations is the
unigue maximal tractable subclass having this property. Moreover, deciding consistency can
be accomplished by using the path-consistency algorithm. Ligozat [13] produces a simple
alternative characterization of the same subclass in terms of preconvex relations. A precon-
vex relation can be roughly described as a convex relation with some lower-dimension basic
relations taken out. Ligozat [13] shows that for each path-consistent preconvex interval net-
work a consistent instantiation of maximal dimension can be constructed. In the context of
the block algebra as well, deciding the consistency of a network is NP-complete. Hence the
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question of characterizing tractable subclasses of the block algebra is also a matter of the first
importance. By extending the notion of convexity to the block algebra we characterize a first
tractable subclass of this algebra. As regards the notion of preconvexity, a problem is that
if p > 2 then the coincidence between the syntactic concept of ORD-Horn representability
and the geometric concept of preconvexity does not hold any longer, because the subclass of
ORD-Horn relations is a proper subset of the set of all preconvex relations. A further diffi-
culty is that the set of all preconvex relations is not a subclass in the usual sense, given that it
is not closed under the operation of intersection. Actually, we prove that this set is intractable.
This leads us to define a stronger notion, the concept of strong preconvexity. As a result, we
prove that the issue of the consistency of a strongly preconvex network of constraints between
blocks can be solved in polynomial time by means of the path-consistency algorithm.

3 Thesubclass of convex relations; afirst tractable case
3.1 Convex interval relations

Let us recall that given two interval®,Y and a basic relation of Z, XaY iff X~ and

X7 belong to particular zones amomgne 0... ., zone 4defined byY. Both these zones
depend oru and we will denote them byone ~(a) (zone of X ) andzone™ (a) (zone of

X1). To define the set of all convex relations between intervals, it is helpful to first arrange
in ascending order the3 basic relations of IA. Following the line of reasoning suggested by
Ligozat[13], leta < b mean thatone ~(a) < zone™ (b) andzone™ (a) < zonet(b). (I, =)

is a distributive lattice called the interval lattice, see Figure 7. By definition, the interval
bounded by: andb, denoted bya, b, is the following relation o2 Z: {c: a < ¢ andc < b}.

An interval relationn is convex iff there exist,, b € Z such thatx = [a, b]. Let us recall that

the set of all convex relations is closed under the operation of intersection. Consequently,
the set of all convex relations containingcontains a least element, denotedIfg) and

called the convex closure of. Furthermore Ligozat [13] proves thBto —!) = I(a)~! and

I(a o B) = I(ax) o I(B3). This implies a simple but fundamental result: the set of all convex
relations is closed under the operations of converse and composition. Therefore, it constitutes
a subclass of 1A, the convex subclass.

The chief feature of the convex subclass is its tractability. The thing is that if a convex
interval network is path-consistent then it is minimal and either it contains the empty con-
straint or it has a consistent instantiation of maximal dimension. As a result, the issue of the
consistency of a convex interval network can be solved in polynomial time by way of the
path-consistency method.

3.2 Convex block relations

In this section we extend the notion of convexity to block relations. In a natural manner, we
define an order of§,, in the following way:

Va,b € Bp,a 2 biff a1 <b1,...,ap < bp.

As a product of distributive lattices, it is easily shown tt}, <) is also a distributive lattice
which we will call the block lattice. Note that for all, b € B, inf{a, b} andsup{a,b} are
the basic relations andd of B, such thaic; = inf{a;,b;} andd; = sup{a;,b;} for every
i € {1,...,p}. By definition, the interval bounded lyandb, denoted bya, b], is the block
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FIGURE 7. The interval latticéZ, <)

relation{c : a < candc < b}. This leads to the introduction of the following definition of
convexity

DEFINITION 3.1
Leta € 28+, a is a convex relation iff there awg b € B,, such thaty = [a, b].

Since the block lattice is the product of the interval latfidemes by itself, a block relation
corresponds to an interval of the block latticeaffs the Cartesian product of intervals of the
interval lattice. It follows thatr € 2%~ is a convex relation iftx = a; x ... x «, with for

eachi € {1,...,p} a; a convex relation o2Z. From this and the fact that the set of convex
interval relations forms a subclass we can easily deduce by using proposition 2.3 that convex
block relations form a subclass too.

FACT 3.2

The set of all convex relations @f- is closed under the operations of converse, intersection
and composition.

As the convex block relations @ are closed under the operation of intersection, we can
extend the convex closure to block relations: giwea 22», the convex closure af, denoted

by I(«), is the least element of the set of all the convex relations containihike the con-

vex closure of interval relations, the convex closure of block relations satisfies the following
properties.

PROPOSITION3.3

Leta, 3 € 25>,
(a) a C I(a) andI(I(a)) = I(a); (b) if « C B thenI(a) C I(B);
(e) l(a) =I(ag) X ... x I(ap); (d) I(a™t) =L(a) L

(e) (a0 B) = I() o I(13).

ProoOF With the definition of the convex closure the properties (a) and (b) are obvious.
To prove (c), just notice thd{a) x ... x I(a,) is a convex relation at®» containingx and
that for each convex relationof 257 if o C « thenI(a;) x ... xI(ap) C I(y1) x ... xI(v,)
wherel(y) x ... x I(yp) = 7.
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Now, let us prove properties (d) and (e). From (c) we have the eqlifdity') = I((a™'),)
x...xI((a™"),). As(a™'); = (a;)~" foreachi € {1,...,p} and as the property is true
for 1A we deduce thal(a=') =I(ay)~! x ... x I(a;,) ™. From (c) and Proposition 2.3 (a)
we can conclude that the second term of this equality is the relEiigim!. From (c) we have
HaopB) =I((aofB)) x...xI((a0p),). As (a0 B), = a; o p; foreachi € {1,...,p}
and as the property is true for IA we halfexo 3) = (I(a1) o I(81)) % ... x (I{ayp) o I(By)).
From Proposition 2.3 (c) and (c) we obtain the desired equdlityo 3) = I(a) o I(3). W

EXAMPLE 3.4

Consider the relation of 252 defined by = {(s, 0i), (s, bi), (fi,0i)}. The convex closure
of a, I(«), is equal to the convex relatidifi; ) x I(as) = I({s, fi}) x I({oi, bi}) =[o, eq] x
[0, bi]={o, s, fi,eq} x{oi, mi,bi} ={(0, 0i), (0, mi), (0, bi), (s,0i), (s,mi), (s, bi), (fi,0i),
(fi,mi), (fi,bi), (eq, 0i), (eq, mi), (eq, bi) }. This relation corresponds to the inter{@l, oi),
(eq, bi)].

We now extend the notion of convex closure to constraint networks.

DEFINITION 3.5

Let V' = (V,C) be a block network. The convex closure &, denoted byi(\), is the
convex block networkV" = (V',C") defined byV' = V andCj; = I(Cy;) for all i,j €
{1,...,[V]}.

Figure 4 represents the convex closure of the block netwbdf Figure 3.
Considery, 3,y € 28, If a C Bo~ythenI(a) C I(B0+) (Proposition 3.3 (b)). Therefore
I(a) C I(B) o I(y) (Proposition 3.3 (e)). Hence we get the following proposition:

PROPOSITIONS.6
Let V' = (V,C) be a block network. If\ is path-consistent theR(\) is also path-
consistent.

We are now ready to prove that the consistency problem of the block networks whose con-
straints are convex relations (convex block networks) is polynomial like the consistency prob-
lem of convex interval networks. First, let us consider convex path-consistent block networks.

PROPOSITION3.7
If a convex block network is path-consistent then either it contains the empty constraint or it
has a consistent instantiation of maximal dimension.

PROOF Let us recall that the property is true foe= 1. Let N = (V, C) be a path-consistent
convex network which does not contain the empty constraint. It is easy to see that each
projection\V;, withi € {1,...,p}, is a convexinterval network without the empty constraint.
Moreover, sinceV is path-consistent; is also path-consistent (Proposition 2.6). Hence,
each interval network\; admits a consistent instantiatien’ of maximal dimension. Let

m be the instantiation ol defined by the condition: for eaghe {1,...,|V|} mj is the
block(m;, cee, m?). It is easily verified thatn is a consistent instantiation &f. Also, from

Proposition 2.3 (c) we deduce that it is an instantiation of maximal dimension. [ |

Note that using a similar proof we can also prove that a path-consistent convex block network
is minimal. Moreover, a consistent instantiation of maximal dimension of a path-consistent
convex interval network/" = (V, C') without the empty constraint can be built in polynomial
time (O(|V])?) by means of quadratic algorithms such as CSPAN [6]. Hence, from this and
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the previous proof we deduce that for path-consistent convex block networks we can use
quadratic algorithms to find a consistent instantiation of maximal dimension too.
Using the previous proposition we can establish the following important result:

THEOREM 3.8
The consistency problem of a convex block network can be solved in polynomial time by
means of the path-consistency algorithm.

PROOF. Let V' be a convex block network. By applying the path-consistency method on
N we obtain an equivalent path-consistent convex subnetWoikif the latter contains the
empty relation, then botlv"" and N are not consistent. Otherwise, from Proposition 3.7 we
deduce the consistency &f’ and by way of equivalence the consistency\of [ |

Hence we have characterized a first tractable fragment of BA: the subclass of convex relations.
This subclass contaigg? + 1 relations out of th@'3” relations of28». Despite its small size

this subclass is very important because of its expressiveness. Indeed, this fragment makes it
possible to express ‘directional relations’ such as ‘a block is on the right of another block’
(the convex relatioqmi, bi} x Z for p = 2), ‘a block is below another block’ (the convex
relationZ x Z x {m, b} for p = 3), etc.

4 Preconvex relations and tractability

To continue with our quest of tractable fragments of BA we are going to extend the notion of
preconvexity to block relations. We will see that despite the tractability of preconvex relations
in the interval algebra we obtain an intractable set of relations in the block algebra (for the
casep > 1).

First, we will make some short reminders about preconvex interval relations, then we will
define and study the set of preconvex block relations.

4.1 Tractability of preconvex interval relations

To define the set of all the preconvex relations between intervals Ligozat introduces the op-
eration of topological closure of an interval relation [13]. This operation can be defined in
differentways, one of them being the following one: the topological closure of a basic relation
a € Z, denoted byC(a), is the set of all the basic relatiohsuch that there exists a sequence
of basic relations, . .., sy, such thata = s, b = s, and for each € {1,...,m — 1},
dim(s;) > dim(s;+1) ands;, s;+1 are two neighbouring basic relations in the interval lat-
tice. The topological closures of the basic relationg afre summed up in Figure 1. The
operation of topological closure is extended to the relatiors’odis follows: the topological
closure ofa € 2%, denoted byC(«), is the interval relationy J{C(a) : a € a}. Then Ligozat
defines the preconvex relations as followsis preconvex iffC(«a) is convex. Moreover he
proves that the following properties are equivalent:

e « IS preconvex;

e I(a) C C(a);

e dim(I(a) \ @) < dim(a);

e dim(I(a) \ a) < dim(I(a)).
In addition, Ligozat proves that the set of all preconvex interval relations is closed under the
operation of intersection. Moreovefj(a~!) = C(a)~! andC(a o 3) O C(a) o C(B).
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As a result, the set of all preconvex relations is closed under the operations of converse and
composition. Therefore it constitutes a subclass of 1A, the preconvex subclass. The chief
feature of the preconvex subclass is its tractability. This one follows from the fact that if a
preconvex interval network is path-consistent then either it contains the empty constraint or it
admits a consistent instantiation of maximal dimension. As a result, the consistency problem
of a preconvex interval network can be solved in polynomial time using the path-consistency
method.

4.2 Non-tractability of preconvex block relations

Now let us define the preconvex relations23t. First, we definghe topological closure

of a € B, denoted byC(a), as the set of the basic relatiohsuch thath; € C(a;) for
everyi € {1,...,p}, i.e. as the relatiolC(a;) x ... x C(a,) of 25». This definition
captures the required notion since, similarly to the interval algebra case, foneach,

we haveb € C(a) iff there exists a sequence of basic relation®3gfsi, ..., s, such that
a=s;,b=syandforeach € {1,...,m — 1}, dim(s;) > dim(s;+1) andsl, Si+1 are

two neighbouring basic relations in the block lattice. As each block relation is a set of basic
relations, we extend the operation of topological closure as follows: the topological closure
of a € 257, denoted byC(a), is J{C(a) : a € a}.

EXAMPLE 4.1

Consider the relation of 252 defined bya = {(s,m), (s, bi)}. The topological closure of

a, C(a), is equal to the relatiofiC(s) x C(m)) U (C(s) x C(bi))= ({s,eq} x {m}) U

({s, eq} x {bi,mi})={(s,m), (eq,m), (s,bi), (s, mi), (eq, bi), (eq,mi) }.

The topological closure satisfies many properties among which several will be useful in the
sequel.

PROPOSITION4.2
Letal, ..., a” € 27 anda, 3 € 2B8». Then:

(a) 0 € C(a), C(C(a) = Cla);  (B)if a C fthenC(a) € C(B)
(¢) dim(a ) dim(C(a)); (d) dim(C(a) \ @) < dim(a);
(e) Cla™!) = C(a)™t; (f)Cla! x...xa") =C(a!) x ... x C(a™);

(™
(9) Clao B) 2 C(a) o C(B).

PrROOF Using the fact that these properties are true for IA, i.e. in the pase 1, their
proofs are not very hard. Let us just prove propérty Leta € C(a) o C(8). There exist
b, c € B, belonging to respectively andg such thats € C(b) o C(c). SinceC(b) o C(c) =
(C(b1) x ... x C(bp)) o (Cler) x ... x C(cp)) = (C(b1) 0 Cle1)) X ... x (C(by) 0 C(cp))
we havea; € C(b;) o C(c;) for eachi € {1,...,p}. As the property is true fop = 1 we
deducethat; € C(b; o¢;). Thusa € C(byocy) x ... x C(by 0 ¢p,). Moreover, from (f) this
term is equal taC((by o ¢1) X ... X (bp 0 ¢p)). Consequently, € C(b o ¢). Hence we can
conclude that € C(a o 3). [ |

We now have all the elements required to definsconvexity in the block algebra in a way
similar to its definition in the interval algebra.

DEFINITION 4.3
Leta be a relation o5». « is preconvex iffC(a) is convex.

1In [3] we use the term of weak preconvexity instead of preconvexity for the block algebra.
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EXAMPLE 4.4
The relationn given in Example 4.1 is not preconvex, while the relatibs {(d, d), (eq, s),
(s,eq)} is preconvex sinc€(f) is equal to the convex relatids, f] x [s, f] of 27z,

The set of convex block relations is contained in the set of preconvex block relations, because
of the following:

PROPOSITION4.5
Leta € 25+, If a is convex therC(a) is also convex.

PROOF. Let us assume that is convex. We havex = a; x ... x a;, wWhere for each

i €{1,...,p} a;is aconvex relation atZ. It follows from Proposition 4.2 (f) tha€(a) =
C(ag) x ... x C(ap). As the property is true for interval relations we know that for each
i € {1,...,p} C(ay) is a convex interval relation. Consequen@yc«) is a convex block
relation. [ |

Note that the Cartesian product of a preconvex block relaiien2 - and a preconvex block
relation3 € 2B+ is always a preconvex block relation 2F»+«.  Before proceeding, let

us prove the following technical lemma which relates the notions of convexity, topological
closure and dimension.

LEMMA 4.6
Leta € 2B, If a is a convex relation then for eaghe€ a there existd € « such that
a € C(b) anddim/(b) = dim(a).

PROOF. Let us suppose thatis a convex relation df®». For the casp = 1 by an exhaustive
study of the 83 convex relations of IA we can prove the property (see [7] for more details).
Now let us prove the property for any p. Letc «. We know thaty ; is a convex interval
relation and that; € «; for eachi € {1,...,p}. Hence, for eacli there exists a basic
relationb’ € Z such thata; € C(b') anddim(b®) = dim(«;). Letb € B, be defined by

b; = b'. Itis easy to see thate a, a € C(b) anddim(b) = dim(a) (Proposition 2.3 (d))ll

Now we have everything required to prove the following equivalence.

PROPOSITION4.7
Leta € 2B». The following properties are equivalent:
(a) ais a preconvex relation; (0) I(a) C C(a);
(¢) dim(I(a) \ a) < dim(a); (d) dim(I(a) \ @) < dim(I(a)).

PROOF

e (a) = (b): asC(a) is a convex relation containing andI(«) is the smallest convex
relation containingy, we can assert thdfa) C C(a).

e (b) = (c): if I{a) C C(a) then(I(a)\a) C (C(a)\a). We know thatlim(C(a)\a) <
dim(«) (Proposition 4.2 (d)). Henc&m (I(«) \ a) < dim(a).

e (¢) = (d): a C I(«), consequentlylim(a) < dim(I(a)). Thus, ifdim(I(a) \ a) <
dim(a) thendim(I(a) \ @) < dim(I(@)).
e (d) = (b): leta € I(a). Because of Lemma 4.6 there exists I(«) such thatlim(b) =
dim(I(a)) anda € C(b). If (d) is true then we are sure thate «, consequently
a € C(a). Hencel(a) C C(a).
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e (b) = (a): letus assume thdfa) C C(a). HenceC(I(a)) C C(C(«a)). Consequently
C(I(«)) C C(«). Inthe general cas€(a) C C(I(a)). HenceC(a) = C(I(a)).
MoreoverC(I(a)) is a convex relation sincE«) is convex (Proposition 4.5). We can
conclude thaty is a preconvex block relation. [ |

As a consequence of property (c), a relatios 277 is a preconvex relation iff to compute

its convex closure, we only have to add to it basic relations of dimension strictly less than its
own. Until now, preconvex block relations have the same behaviour than preconvex interval
ones. In the following theorem we characterize a first important difference.

THEOREM4.8
The preconvex relations @f» are closed under the operations of converse and composition.
But for p > 1 they are not closed under the operation of intersection.

PROOF. Leta, 8 € 287 be two preconvex relations. Sin€#a) is convex andC(a ') =
C(a)~! we know thatC(a ') is convex too. Consequentty ! is a preconvex relation.
With a proof similar to Ligozat's one for IA we haléao 5) C I(a)oI(8) C C(a)oC(f) C
C(a o 3) (Proposition 3.3 and Proposition 4.2). Therefare 3 is a preconvex relation
(Proposition 4.7). This proves the first two claims.

We now exhibit a counterexample for intersection. Let us consider the following two
relations of252: a = {(d,d), (eq, s), (s,eq)} and3 = {(s,s), (eq, 5), (s,eq), (eq,eq)}.
C(«a) is the convex relatiolC((d,d)) = {d,s, f,eq} x {d,s, f,eq}, consequentlyx is a
preconvex relation. Moreoveéris a convex relation, therefore a preconvex relation.~Let
ang={(s,eq), (eq,s)}. v is not preconvex sinc€(~) is equal to the non—convex relation
{(s,eq), (eq, s), (eq,eq)}. This counterexample can be easily adapted for eyery2.

As a consequence of the previous theorem it is not true that in the generapcasg) the
set of all preconvex relations constitutes a subclass of the block algebra. Despite this we can
assert the following property.

PROPOSITION4.9
If a preconvex block network is path-consistent then either it contains the empty constraint or
it has a consistent instantiation of maximal dimension.

PROOF. Let /' = (V,C) be a path-consistent block network which does not contain the
empty constraintI(\) is a path-consistent network (Proposition 3.6) which does not con-
tain the empty constraint either. Consequeritfyy’) admits a consistent instantiatian of

maximal dimension (Proposition 3.7). Since foralj € {1,...,|V|} C; is preconvex,
d’Lm(I(C”) \ C”) < dzm(Cl]) Consequentlynij = dzm(C’”) andmij € Cz] Therefore
m is also a consistent instantiation of maximal dimensioof [ |

It may be asserted, however, that

THEOREM4.10
The consistency problem for preconvex block networks is NP-complegefot.

PROOF We are going to characterize a polynomial reduction of the gBapblourability
problem to the consistency problem of the preconvex block networks (which is clearly NP)
for p = 2. Given a graplt? = (S, A) (S corresponds to the vertices addo the edges), the
3-colourability problem consists in deciding whether there exists a mappfngm S onto
{1,2,3} such that if(u, v) € Athenf(u) # f(v). This problem is NP-complete [10].



900 Tractability Results in the Block Algebra

From such a grapl¥, let us define the block netwotk” = (V,C) as follows: for each
u € S a variableS, is introduced inV/, moreover we add the three variablgs, C>, C3
corresponding to the three colours. Helficé = |S|+ 3. Now let us define the constraints
The constraints betweeti;, C, C'3 and a variables,, € V are given by Figure 8 (a) and
those betweess,, S, (with v # v) by Figure 8 (b). Implicitly, the other constraints &f
are the universal relatio,. The reader can check that each constraint’ag a preconvex

{eq,bi,mi}x{mi} U | x{bi}
{(m,m)}

I x{0,0i,d,di}

{(m,eq)}

{eq,b,m}x{si} U I x{oi}

(a) (b)
FIGURE 8. The constraints of/

relation of252, so V' is a preconvex block network.

Now we are going to show that’ is consistent iffG is 3-colourable. For that purpose,
we will define an interval network/” which is consistent iff\" is consistent. Then we will
show that\/”’ is consistent ifiG' is 3-colourable.

First, for everyS, € V, by computing the composition®'s, ¢, o Ce,c, Cs, 0, ©
Cco,c, andCsg, ¢, o Co,c, We see that we can simpli¥/s, ¢, Cs,c, andCs, ¢, by resp.
{eq,m,mi} x {si}, {eq,b,m} x {si} and{eq, bi,mi} x {mi} to obtain an equivalent sub-
network to /. Proceeding with our simplifications, after computi@g, c, o Co,s, we
can reduc&’'s, s, to the relation{d, bi, m, mi} x {eq} forall S,,S, € V with S,, # S,.

Let us denote byV" = (V, C") the resulting equivalent subnetwork. The constraint€’' bf
correspond to the underlined basic relations in Figure 8. NoteAHatis not a preconvex
interval network. Since all the constraints/gf are Cartesian products of interval relations,
we deduce thatV” is consistent iffA”'; and N, are consistent. We note thaf’, is al-
ways consistent. Consequently is consistent iff\V/’; is consistent. As\ is equivalent to
N, N is consistent iffA”’; is consistent. In the sequel of the proof we will denafé, by
N = (V, C”).

We notice that\"' looks like the interval network defined by van Beek [5] to prove that
the k-colourability problem is polynomially reducible to the consistency problem of interval
networks.

Let us show now that/”’ is consistent ifiG is 3-colourable:
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e Let f be a 3-colouring of7. Let us define an instantiation of A" by: m(C1), m(C>)
andm(Cs) are the intervalf), 1], [1,2] and[2, 3] respectively; for each € S, m(S,,) is
the intervalmn (Cy ). The reader can check thatis a consistent instantiation of .

e Letm be a consistent instantiation 4f”. We notice that the constraints 6f’ force the
satisfaction oin(C,) meets m(Cz) andm(C5) meets m(C3). Moreover eachn(S,,),
with S, € V, always corresponds to an interval amon¢C'; ), m(C-) andm(C3). So
we can define a mappinfjfrom S onto {1, 2,3} by f(u) = i with m(S,) = m(C;).
Without difficulty we can see that i, # v thenm(S,) # m(S,) and consequently
f(u) # f(v). As aresultf is a 3-colouring of5.

This proof is forp = 2 but it can be easily extended to any dimengion 2. [ |

5 Strongly preconvex block relations

We can ascribe the non-tractability of preconvex block relations (with2) to the fact that

they are not closed under the operation of intersection. To obtain a larger tractable set than
the set of convex relations we impose the following requirements on it: it must contains all
convex relations and be a subset of preconvex relations, moreover it must be closed under in-
tersection. These requirements lead us to characterize a new set: theteeiglf preconvex
relations

DEFINITION 5.1
Leta € 2B». a is strongly preconvex iff for each convex relatighof 25> o N 3 is a
preconvex relation.

EXAMPLE 5.2

The relationg given in example 4.4 is not strongly preconvex since the intersection of
{(d,d), (s, eq), (eq, s)} and the convex relatiof(s, s), (s, eq), (eq, s), (eq,eq)} is the non-
preconvex relatiod (s, eq), (eq, s)}. On the other hand, the relatidiid, d), (s, s), (eq, s),
(s,eq)} is a strongly preconvex relation.

The convex relations &5» are closed under the operation of intersection. Using this fact, the
previous definition and Proposition 4.5, we can assert that all convex relations are strongly
preconvex. Consequently the set of strongly preconvex relations is more expressive that the
set of convex relations. Moreover, notice that the Cartesian prodycpaconvex interval
relations is a strongly preconvex block relatior2dt .
The strongly preconvex relations make it possible to be more precise. For example, sup-
pose that we know that a blockis on the right of another block in the plane. We will
use the convex relatiofimi, bi} x Z to represent this information. Now we learn that
andy do not satisfy the particular atomic relatiofgi, m), (mi, si), (bi,eq) and(bi, si).
The spatial information about andy will be expressed by the relatiofmi, bi} x 7 \
{(mi,m), (mi, si), (bi, eq), (bi, si)} which is strongly preconvex and non-convex. As an-
other example we can notice that the quite interesting block relati@fofconsisting of
all basic relations minus the basic relati@m, . . . , eq) is also a strongly preconvex relation
which is non-convex. This relation is useful whenever we want to express the constraint; two
blocks must be different. Although we do not know the cardinality of the set of strongly pre-
convex relations there are numerous relations which are strongly preconvex and non—convex.
Since the universal relatiof,, is a convex block relation we can assert that all strongly
preconvex relations are preconvex. Fkor> 1 the set of strongly preconvex relations is
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distinct from the set of preconvex relations and most of the strongly preconvex relations are
not Cartesian products of interval relations. Let us add that the set of relations which are
Cartesian products of preconvex interval relations (studied in [2]) is strictly included in the
set of strongly preconvex relations. Using experimental tests, we could check that the former
is much smaller than the latter.

Now we must establish that our last requirement is satisfied.

THEOREMS5.3
The set of strongly preconvex relations is closed under the operations of converse and inter-
section.

PROOF We just give a proof for stability with respect to intersection. The stability under the
operation of converse is easier.

First, let us prove that the intersection of two strongly preconvex relatonagd 3 is
preconvex. We are going to prove ti&faN 3) is a convex relation by showing thHIC (aN
B)) = C(anp). Let us denote by the convex relatioi(C(ang)). aNB C v, consequently
anNp Cynaandanf C yN B. Hencey C I(C(y Na)) andy C I(C(y N G)). Let
us recall thaty is a convex relation and that 3 are two strongly preconvex relations, hence
vNaandy N g are preconvex. Therefo@(y N «a) andC(y N §) are two convex relations.
From this fact, we deduce thRl{C(yN«)) = C(yNa) andI(C(yNj)) = C(yn ). Hence
v C C(yNna)andy € C(yNpg). SoC(y) € C(yNa) andC(y) € C(yN B) (Proposition
4.2). Consequentl€(v) = C(y N «a) andC(y) = C(y N B). Hencedim(C(y N «a)) =
dim(C(v)) = dim(y) anddim(C(y N B)) = dim(C(y)) = dim(vy) (Proposition 4.2
(c)). Hence for eactu € ~ such thatdim(a) = dim(y) we havea € C(y N a) and
dim(a) = dim(y N a). Consequently: belongs toy N a (Proposition 4.2 (d)) and thus
belongs tax. By a similar way of reasoning, we can assert that 3. Hencea € a N 3. As
aresulty C C(an B) (Lemma 4.6). Itis obvious tha(a N 8) C . Putting the preceding
facts together, we conclude th@{a N 3) = v and consequently th& («a N §) is a convex
relation. Thereforex N 3 is preconvex.

Secondly, let us prove that if is a strongly preconvex relation arda convex relation,
thena N G is a strongly preconvex relation. For each convex relatiome haves N is
convex relation (Fact 3.2) and therefore a strongly preconvex relation. Consequently from
the first result in this proof we can conclude that (3 N v) is preconvex. Therefore N 3
is a strongly preconvex relation.

Finally, let us prove that ifx and 3 are two strongly preconvex relations them £ is a
strongly preconvex relation too. From the previous result, for each convex refatibn v
is strongly preconvex. Consequently, because of the first result in this @modf3 N v) is
preconvex. We conclude thatn 3 is a strongly preconvex block relation. [ |

A brutal algorithm to check whether a block relation is strongly preconvex follows from the
strong preconvexity definition. It consists in computing the intersection of the block relation
and each convex block relation then checking whether the result is a preconvex relation. We
prove that we can restrict these intersections to a subset of convex block relations.

DEFINITION 5.4
Let ), be the set of convex block relationsf» defined in the following way:

b 1;[}1 = {81, {S,eq,Si}v {f: e%fi}v {m}v {mz}, {eq}};
e, ={a' x...xaP:Viel,...,p,a’ € ¢}, forp> 1.
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Intuitively, each block relation belonging {0, corresponds to the set of basic relationggf
satisfying a set of particular boundary equalities. Note ¢hatontainst” elements.

LEMMA 5.5
For each convex non-empty block relatiane 2%» there exists a convex relatigh € 1,
such thatr C g anddim(a) = dim(f3).

PROOEF Let us prove the property for= 1. Leta be a convex interval relation. dim(a) =
2 then we take3; for 8, if dim(a) = 1 thene is included in one of the following relations
{s,eq,si}, {f,eq, fi}, {m}.,{mi}, we take this relation fog, if dim(a) = 0 then we take

{eq} for .
Now, let us prove the proposition fpr> 1. Leta be a convex block relation @». Since
o is a convex relationy = a1 x ... x ap With for everyi € 1,. .., p, ; which is a convex

interval relation. There exist$’ € v such thalim(a;) = dim(3") anda; C 3. Let3 be
defined by = 3! x ... x BP. We have3 € v, dim(8) = dim(a) (Proposition 2.3) and
a C 3. Moreover,3 is a convex block relation. [ |

PROPOSITIONS.6
Leta € 28, a is a strongly preconvex relation iff for each convex relatiba 1, a N 3 is
a preconvex relation.

PROOF. Leta € 25 such that its intersection with each relation/gfis a preconvex relation.
Let 3 a convex relation o25». We are going to prove th&(a N 8) = I(C(a N 3)) and
hence thatlC(a N ) is a convex relation. Ley = I(C(a N 3)). ~ is a convex relation,
consequently from the previous lemma there exists a convex retation , such thaty C §
anddim(vy) = dim(d). It follows thaty N« C § N, hencel(C(y N a)) C I(C(d N «)).
The same is true fg8, I(C(yN B)) CI(C(6 N B)). §Na andd N 3 are preconvex relations,
consequentlf(C(6 Na)) = C(0 Na) andI(C(6 N B)) = C(d N B) (Proposition 4.7). It
follows thatI(C(yNea)) C C(dNa) andI(C(yNJ3)) C C(dNF). Moreover, aaNf C yNa
andang C yNg, itresults thal(C(ang)) C I(C(yNa)) andI(C(ang)) C I(C(yNH)).
Consequentlyy € C(d Na) andy C C(6 N B). Sincedim(y) = dim(J), we have
dim(C(0Na)) = dim(dNa) = dim(d) anddim(C(dNB)) = dim(dNB) = dim(s). Hence
foreacha € v such thatlim(a) = dim(y) we haven € C(6Na) anddim(a) = dim(dNa).
Consequently, belongs ta) N a (Proposition 4.2 (d)) and thusbelongs tax. By a similar
way of reasoning, we can assert that 3. Hencea € an 3. As aresulty C C(a N )
(Lemma 4.6). It is obvious thaf(« N 38) C 4. Putting the preceding facts together, we
conclude thatC(a N 3) = « and consequently tha'(a N B) is a convex relation. We
conclude thatv N 3 is a preconvex relation.

From strong preconvexity definition, the opposite implication of the proposition is obvious.

Consequently, in order to show that a block relation belongirdftois a strongly preconvex
relation, we just maké? intersections with convex relations instead of &8¢ intersections
required by the brutal algorithm. For example, for 2 we must just maka86 intersections

instead of 6724, and fgr = 3, just108 instead 0551368.

6 ORD-Horn representable block relations

In the interval algebra, preconvex relations and the interval relations expressible with a con-
junction of ORD-Horn clauses [17] coincide. Foe> 2, since the preconvex block relations
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are not closed under the operation of intersection, it is no longer true. So an interesting
point is the relationship between strongly preconvex block relations and the ORD-Horn rep-

resentable block relations. Actually we will prove that these sets are the same. We start by
recalling ORD-Horn representable interval relations.

6.1 ORD-Horn representable interval relations

ORD-Horn representable relations correspond to particular sets of clauses [17]. Clauses are
built up from variables, v, etc. — representing rational points — using arithmetical symbols
such as=, <, # and¥ which represent the possible binary relations between two points on
the line. A literal is any expression in the fora®v, whereX is an arithmetical symbol.

The literalsu = v andu < v are positive literals whereas # v andu £ v are negative
literals. A unit clause is a clause with only one literal. A Horn clause is a disjunction of
literals containing at most one positive literal. An ORD clause is a disjunction of literals of
the formu = v, u < v oru # v. We notice that, £ v can be expressed as the conjunction of

v < wandv # u. A constraint between two interval§ andY” expressed by a relation of IA

can be equivalently given by a conjunction of ORD clauses whose variables are the endpoints
of X andY. Nebel and Bickert [17] define the ORD-Horn relations of 1A by the relations
which can be equivalently represented by a conjunction of ORD Horn clauses (an ORD-Horn
formula). These relations correspond to Ligozat's preconvex relations. The convex relations
are ORD-Horn relations expressible by ORD-Horn formuassing only unit clauses such
thatifu #v € ®thenu <ve dorv<uecd.

6.2 ORD-Horn representable block relations

An important question is to determine which block relations correspo@RD-Horn block
relations i.e. relations expressible by ORD-Horn formulas whose variables are the endpoints
of the orthogonal projections of the blocks. It is obvious that each relati@fofcan be
represented as a conjunction of ORD clauses. Moreover, we have:

LEMMA 6.1
The convex relations af» are ORD-Horn relations which can be expressed by ORD-Horn
formulas® containing only unit clauses.

PROOF. Leta be a convex relation &f®». a = a; x ... x a, and for everyi € {1,...,p}
«; is a convex interval relation. So, there exists an ORD-Horn fornbylaepresentingy;

(3

containing only unit clauses. Consequently we can takéftbre conjunctiom ;_} ;. [ |

Now, we are in a position to prove the following lemma.

LEMMA 6.2
The strongly preconvex relations F» are ORD-Horn relations.

PROOF. Leta € 25» be a strongly preconvex relatiodi(a) is a convex relation, hence it
can be expressed as an ORD-Horn formbig,). Leta € I(a) \ a. As a is preconvex,
dim(a) < dim(I(a)). The basic relation forcesd = 2 = p — dim(a) endpoint equalities

ut =wui,...,ul =u? Letj, be the convex relation corresponding to all the basic relations
forcing these equalities. Remark théin(a) = dim(8,). Let &, be the ORD Horn clause
uf # uiV...Vu} # uj. Taking the conjunctio®, A ®;(,) does not allow: but also
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excludes the basic relations belonginggtpn a.. We must be less restrictive. LeE 5, Na.
Thenb € I(, N a). Suppose that € I(3, N a). Sincea is strongly preconvex and,
convex 3, Na is preconvex. Moreovetiim (a) > dim(3,N«) becausdim(a) = dim(8,)-
Thereforen € 8, N a (Proposition 4.7), from which a contradiction follows. Consequently
a ¢ I(B, N a). Sincel(8, N «) is a convex relation, it can be expressed by a conjunction
of unit clauses.a always falsifies a clause in this conjunction. Let us denotelhysuch

a clause.q falsifies the ORD-Horn clausé, V cl, wheread satisfies it. Hencex can be
expressed by the ORD-Horn formula:

o)y N\ (BaVela).
a€l(a)\a

Note that in this proof we used the fact that the strongly preconvex block relations are closed
under the operation of intersection. Now let us prove the converse implication:

LEMMA 6.3
The ORD-Horn relations di?» are strongly preconvex.

PROOF. The set of the strongly preconvex relations2d¥ is closed under the operation

of intersection, so we will just prove that the ORD-Horn relations expressed by one ORD
Horn clause is a strongly preconvex relation (implicitly we always have the conjunction of
unit clauses corresponding to the following constraint: the lower endpoint is strictly inferior
to the upper endpoint of an orthogonal projection of a block). &gt be an ORD-Horn
clauseuftv V wi # wi Vv ...V w{ # wi, with R € {=,<} andd a positive integer.

The case wher@,, is a unit clause is easy, so we will suppose that this is not the case so
thatd > 0. Let us denote by the relation corresponding ®,. Now consider a convex
relations whose corresponding ORD-Horn formula is denotedhy. Consider the relation

v = a N g expressed by, = &, A ®3. We are going to prove that is preconvex.
Without restricting the problem, we may assume that there exists at least one basic relation
of v satisfyingw! # wé for eachi € {1,...,d} (consequentlyv! = wi ¢ ®3). Let us
denote by®,; the ORD-Horn formula formed by the conjunction of the unit clause$ in

with equality and let us denote hiythe corresponding convex relation. We haeC 4.
Moreover as3 is convex and containgwe have the following inclusiony C I(y) C 3. Let

a € (3 such thaw satisfiesw} # wi (we know that such a basic relation exists). We have
a € v anddim(a) = 2 = p minus the number of equalities &3, hencedim(a) = dim(J).

It follows thatdim(y) = dim(d). Thereforedim(vy) = dim(I(vy)). Now letb € I(y) \ v

such thadim(b) > dim(y). We havedim(b) = dim(vy). Sincel(v) C 3, b satisfies the
equalities of®; and the equalityy; = w) (elseb € 7). It follows thatdim(b) < dim(J).
Consequentlylim(b) < dim(v), a contradiction. Hencéim (I() \ v) < dim(vy), soy is
preconvex (Proposition 4.7). Finally, we conclude thas$ strongly preconvex. [ |

From both these lemmas we get:

THEOREMG6.4
Arelationa € 28» is strongly preconvex iffr can be expressed by an ORD-Horn formula.
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7 Tractability of the strongly preconvex block relations

Now there are two notions to define the same set of block relations: the Ord-Horn repre-
sentability and the strong preconvexity. By using the first notion and the line of reasoning of
Nebel and Bifckert [17] we did not succeed in proving that the set of all ORD-Horn relations

is closed under the operation of composition and is a tractable set in the general case. Con-
sequently, we have continued our study by using the second approach: the notion of strong
preconvexity, with the help of which we are now in position to prove the tractability of the
set of strongly preconvex relations.

The difficulty lies in the fact that it is unclear whether the set of all strongly preconvex
relations is closed under the operation of composition. Consequently, applying the path-
consistency method to a strongly preconvex network may yield a network which is not
strongly preconvex. Hence despite Proposition 4.9 we cannot establish the tractability of
strongly preconvex relations. To remedy this we introduce a new propestak path-
consistencywhich is a weaker property than path-consistency.

DEFINITION 7.1
Let V' = (V, C) be a block network/\ is weakly path-consistentitf';; C I(Cj o Cy;) for
eachi,j, k € {1,...,|V]}.

Of course all path-consistent block networks are weakly path-consistent. However the con-
verse does not hold. For instance the block netwérkf Figure 3 is weakly path-consistent
but not path-consistent.  We call the weak path-consistency method the method which
consists in iterating on a block netwo = (V,C) the weak triangulation operation:
C;j = Ci; NI(Cy, o Cy;), until a fixed point is reached. The resulting network is a weakly
path-consistent subnetwork af. Like the usual path-consistency method this method can
be implemented in polynomial tim&X(n?)). Moreover, it is also sound and not complete
since the weak triangulation operation is weaker than the usual one.

Now, we are going to prove a result which is stronger than Proposition 4.9.

PROPOSITION7.2
If a preconvex block network is weakly path-consistent then either it contains the empty
constraint or it has a consistent instantiation of maximal dimension.

PROOF. Let N = (V, C) be a weakly path-consistent preconvex block network which does
not contain the empty constraint. For allj, k € {1,...,V}, sinceC;; C I(Cy o Ck;) we
deduce thal(C;;) C I(I(Cy, o Ck;)). Consequentl](C';;) C I(Cix) o I(Cy;) (Proposition

3.3). Hencd (/) is path-consistent and does not contain the empty relation. Theil¢fdne
admits a consistent instantiation of maximal dimension (Proposition 3.7) which is also an
instantiation of maximal dimension @f (Proposition 4.7 (c)). [ |

As the set of strongly preconvex relations is stable under the operation of intersection with
convex relations we can assert that applying the weak path-consistency method on a strongly
preconvex block network gives a block network which is always strongly preconvex. From
this and the previous proposition we can deduce the main result of this paper.

THEOREM7.3
The consistency problem of a strongly preconvex block network can be solved in polynomial
time by means of the weak path-consistency method.

PROOF Applying the weak path-consistency method on a strongly preconvex block network
N = (V,C) produces an equivalent strongly preconvex and weakly path-consistent network
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N'. Consequently, ifV’ contains the empty relation then botiY and.\V are inconsistent.
Otherwise, as\” is preconvex we deduce its consistency and the oré fsbm the previous
proposition. [ |

Notice that because of a result of Nebel anddXert [17] the smallest subclassf» con-
taining the strongly preconvex block relations is also a tractable set.
Moreover, from the previous theorem we can assert the following proposition.

PROPOSITION7.4
The consistency problem of a strongly preconvex block network can be solved by means of
the path-consistency method.

ProOF Applying the path-consistency method on a block netwbrk= (V, C') produces
an equivalent path-consistent netwoYK; this one is obtained by triangulation operations
characterized by a finite sequence of tripl(ég, jo, ko), - - -, (in, jn, kn) (Where the triple
(i1, ji, ki) corresponds to th&h triangulation operation C;,j, := Cj,j, N (Cix, © Chyjy))-
Let ' be the block network obtained by making afthe weak triangulation operations
characterized by the same sequence of triplgsjo, ko), - - -, (in, jn, kn) (Where the triple
(i1, Ji, ki) corresponds to thih weak triangulation operationC';,;, := Cy,;, N I(Cix, ©
Ck,;,)) and then by applying the weak path-consistency method. Note\fats a weak
path-consistent strongly preconvex network equivalent/to By induction on the size of
the sequence, we can prove tit is a subnetwork ofV'””. Consequently, if\V”" does not
contain the empty relation thexi” does not contain the empty relation too, it results fkiat
is consistent. [ |

We have two polynomial methods to solve the consistency problem of a strongly block
network. In practice the weak path-consistency method is faster than the path-consistency
method (for the case > 1). This is due to the fact that much of the weak triangula-
tion operation can be computed in the interval algebra slifeo S) = I(R) x I(S) =

(I(R1) x ... x I(Rp)) o (I(S1) x ... x I(Sp)) = (I(R1) 0 I(S1)) % ... x (I(Rp) o I(Sy)).

This is not the case for the usual triangulation operation and the calculatidn $becomes

very slow whenk and.S contain lot of basic relations, see [7] for more details.

8 Conclusions

We have defined the block algebra as a set of relations — the block relations — together with
the fundamental operations of composition, converse and intersection, forevery the
dimension of the space). Adapting the line of reasoning suggested by Ligozat, we extended
the concepts of convexity and preconvexity to the block algebra. In this paper, we proved that
convexity leads to a tractable subset whereas for the general cage;>i¥.the consistency
problem of the preconvex block networks is an NP-complete problem. We introduced the set
of strongly preconvex relations which is larger than the set of convex relations and smaller
than the set of preconvex relations, and we proved its tractability. We established the fact that
the path-consistency algorithm as well as the weak path-consistency algorithm constitute de-
cision methods for the consistency problem of strongly preconvex networks. We also showed
that the strongly preconvex relations and the ORD-Horn relations (in the sense of Nebel and
Burckert [17]) are the same set of relations. The problem of the maximality of this tractable
subset remains an open problem. Usually to prove the maximality of a fragment of a relational
algebra an extensive machine-generated analysis is used. Because of the huge%izeesof
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cannot proceed in the same way. Another open question is concerned with the size of the set
of strongly preconvex relations. We only know that there are many more strongly preconvex
relations than convex block relations and block relations corresponding to the Cartesian prod-
uct of preconvex interval relations. In another direction, the question also arises as to how
the qualitative constraints we have been considering could be integrated into a more general
setting to include metric constraints. In [8] we considered metric constraints of STPs [9]
and proved that the consistency problem of the strongly preconvex block network augmented
with these metric constraints is always polynomial. In conclusion let us indicate that we have
implemented several algorithms (in particular the weak path-consistency method) to solve
the consistency problem of strongly preconvex networkgfer{1, 2, 3}.
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