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Abstract

In this paper, we further investigate the consistency prob-
lem for the qualitative temporal calculus TN'DU intro-
duced by Pujari et al. [10]. We prove the intractability
of the consistency problem for the subset of preconvex re-
lations. On the other hand, we show the tractability of
strongly preconvex relations. Furthermore, we also define
another interesting set of relations for which the consistency
problem can be decided by a method similar to the usual
path-consistency method.

1. Introduction

Temporal reasoning is a central task for numerous appli-
cations in many areas such as natural language understand-
ing, specification and verification of programs and systems,
scheduling, etc. In the field of qualitative reasoning about
temporal data, the framework proposed by Allen [1], the In-
terval Algebra (Z.A), is one of the best-known models.
Allen considers as basic temporal entities intervals of the
time line and bases the Z.A calculus on 13 qualitative binary
relations which correspond to all possible configurations
between the four end-points of two intervals. In the Z.A cal-
culus, temporal information can be represented using con-
straint networks (interval networks) whose variables corre-
spond to intervals and whose constraints are expressed by
disjunctions of the basic relations (interval relations). The
consistency problem for interval networks is NP-complete.
A large amount of research in the recent past has been de-
voted to the study and characterization of tractable sub-
classes of the interval algebra (see for example [9, 3]). Now
all tractable subclasses of Z.4 are known.

More recently, a new qualitative formalism, called ZN DU
has been proposed by Pujari et al. [10, 5, 6]. ZN'DU also
considers intervals as temporal entities, but it adds informa-
tion about the relative durations of the intervals considered
to the information expressed by Allen’s relations. The re-
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sulting calculus has 25 basic relations corresponding to a
refinement of Allens’s basic relations. Each one of the 25
basic relations of ZNDU can therefore be represented as
a pair consisting of one of Allen’s basic relations and of a
basic relation of the Point Algebra (<, > or =), which ex-
presses the relation between the durations.

From a structural point of view, ZN"DU and ZA look very
similar. This first impression, however, is quite deceptive.
The real fact is that there exist numerous differences be-
tween the two formalisms. In particular, contrary to the re-
lations of Z.A, the relations of ZA DU are not closed for the
composition operation. We can also show that the consis-
tency problem for ZA"DU networks whose constraints are
singleton relations cannot be decided by means of the well
known path-consistency method.

In this paper, we are mainly interested in the consistency
problem for ZNDU networks. Our aim is to characterize
several important tractable sets for this problem. To this
end we define the set of convex relations of ZN DU (in a
way which is different from that used by Pujari et al.), the
set of preconvex relations, and a subset of the latter, the set
of strongly preconvex relations [2]. On the negative side,
we prove that the consistency problem for ZA DU networks
whose constraints are preconvex relations is NP-complete.
On the positive side, we show that strongly preconvex rela-
tions can be expressed as conjunctions of Horn clauses [4]
and, as a consequence, that the corresponding consistency
problem is tractable. We also show that the usual method
based on path-consistency cannot be used for strongly pre-
convex relations. On the other hand, we define an interest-
ing subclass of ZN DU relations for which the consistency
problem can be decided by means of that method.

2. The ZN DU calculus: an extension of Z .4

2.1. The ZN DU relations

The framework introduced by Pujari ef al. [10], called
INDU, is an extension of the well-known Allen’s calculus

YF]',F.

COMPUTER
SOCIETY

Proceedings of the 10th International Symposium on Temporal Representation and Reasoning and
Fourth International Conference on Temporal Logic (TIME-ICTL’03) 1530-1311/03 $17.00 © 2003 IEEE



[1], viz. the Interval Algebra (Z.A).

TA considers the intervals of the line and is based onto 13
binary relations. Each relation corresponds to a particular
relative position between two intervals. An interval can be
before (b), meet (m), overlap (o), contain (di), start (s),
finish (f), be equal to (eq), another interval (the remaining
six relations correspond to the converses of the first six
relations). We denote by IA the set of these 13 relations:
IA = {b,bi,m,mi,o,o0i,s,si, f, fi,d,di,eq}. Vilain er
al. have defined a similar but less expressive formalism,
the Point Algebra (P.4). PA is based onto three basic
relations PA = {<,>,=}, corresponding to the three
possible relative positions between two points of the line.
INDU is based on 25 binary relations between intervals
of the line. Each one is defined as a pair of relations.
The first relation is a basic relation of IA and denotes the
relative position satisfied by the two intervals, the second
one is a basic relation of P Aand corresponds to the relation
satisfied by the durations of the two intervals. Each basic
relation of ZADU will be denoted by an expression i?
where ¢ € 1A and p € P A Two intervals = and y satisfy 7,
denoted by z i? y, iff z i y and (zT — z7) p (y* —y ™),
with =, y~ (resp. =+, y*) the lower (resp. upper)
endpoints of = and y. For example, the intervals' (1,2)
and (2, 4) satisfy the basic relation m<. We will denote by
INDU the set of the 25 basic ZNDU relations, INDU =
{b<,b”,6=,bi<,bi”, bi=, m<,m”,m=,mi<, mi~, mi=,

0%,0”,0=,0i<,0i”,0i=,5%,5i”,d<,di”, f<, fi~,eq™}.

Any two intervals satisfy one and only one relation of
INDU. In the sequel, we will also consider other basic
relations which we call virfual. These particular basic rela-
tions are the unsatisfiable relations ¢”. This set corresponds
to {eq<7eq>7d:7d>7dzz7 di<7f:7f>7fi:7fi<7sz7
§7,81=,81<}.

From the 25 basic relations of INDU, 22° relations are
defined. Each one corresponds to an element of the power
set of INDU, i.e. 2'NPY. Letr € 2'NPY and z and y be
two intervals, z r y iff  a y for some a € r. For instance,
(1,2) and (3, 4) satisfy the relation {b<,b=, m=,d<}. The
particular relation {} is called the empty relation. Each
relation » € 2'NPU can be seen as the disjunction of the
basic relations which it contains. Similarly, 2'* defines 2'3
interval relations and 2P defines 2° relations.

In some cases, the constraint “two intervals 2 and y must
satisfy a relation »r € INDU” can be expressed by a con-
junction of Horn clauses. A Horn clause [4] is a disjunction
of literals (inequations or inequalities) of the following
forms: ciug + ...+ cpu, < Cn4+1Un4+1 + ..+ CppkUntk
or ciuy + ... + Cplly # Cpg1lUnt1 + - + CntkUntks
with at most one literal using < (each ¢; is a rational

'We will consider the closed intervals of the rational number line. Such
an interval will be denoted by (a,b) with a and b two rational numbers
satisfying a < b.

number, each u; is a rational variable). The basic relations
belonging to INDU can be expressed by a conjunction
of unitary Horn clauses (one literal by Horn clause).
For example, the satisfaction of m< by two intervals
x = (z7,2%) and y = (y ,y") can be expressed
by the following conjunction of unitary Horn clauses:
(= <a)A@™ £a)AN WY <y A #yHA
(zt < y) Ay < at) A (@t -2 <
yT —y7)A (2t — 2= # yT —y~). A ORD Homn
clause is a Horn clause which contains only literals of
the forms v # v or u < v, with u, v two endpoints. All
relations of 2PA can be expressed be a conjunction of ORD
Horn clauses, those of 2'* having this property are called
the ORD Horn relations [9].

In the same way as for the basic relations of IA, the basic
relations of ZNDU can be represented by regions of the
plane equipped with an orthogonal basis. Each interval
x = (z~,x") is represented by a point with coordinates
(z~,zT). Given an interval of reference y = (y—,y™),
the region representing the basic relation ¢ € INDU,
denoted by Reg(a,y), corresponds to the set of points
{r = (z7,z%) : z a y}. We obtain 25 convex regions
partitioning the half plane H = {(z,y) : y > x} (see Fig.
1). The geometrical representation of r € 2'NPY is the
region defined by Reg(r,y) = (J,c,{Reg(a,y)}. When
the choice of the point of reference y is not significant, we
will denote this region by Reg(r).

_ b1~
0i 3 b
di”] bi=
[si7]
01~ mi
01
7 leg]] =

Figure 1. Geometrical representation of the
basic relations of ZAN'Dl/.

2.2. The fundamental operations

As for relations Z.A and P.A we define operations allow-
ing us to manipulate relations of ZNDU. Considering a
relation of 2'NPY as a usual binary relation defined on in-
tervals, the operations union (U), intersection (M), converse
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(—1) and composition (o) can be defined in the usual way:
zirns)yifferyandz sy; z(rUs)yiffxryorz s y;
xz(ros)yiffdz, xrzandz sy, z r~! yiffy r z. We
can show that r N's = {a € INDU : @ € randa € s},
rUs = {a € INDU : @ € rora € s}. The converse
of a singleton relation is a singleton relation, like for 1A
and P A and can be defined by {i?}~! = {(i=1)?" '}, with
¥ € INDU (we use operation symbols for the relations of
2'A and 2PA similar to the ones used for the ZN'DU rela-
tions). Hence, r ' = |J, ¢, {a"'}. Hence, 2'NPY is closed
for N, U and ~!. The ZN"DU composition operation has
an unusual behavior for a qualitative formalism. Indeed,
unlike the relations of ZA and of P.A, 2'NPY is not closed
for this operation. Consider the relation r = {m™}, the
pair of intervals formed by (1, 2) and (3,4) belongstor o r
as (1,2) and (2, 3) satisfy m=, moreover, (2,3) and (3, 4)
satisfy m=. Assuming that 2'NPY is closed for the compo-
sition operation, from the fact that (1,2) and (3,4) satisfy
the relation b=, b= € r o r. Now, given a pair of intervals
(z,y) satisfying the basic relation b=, an interval z such
that z m= z and z m™ y may not exist. For example, this
is the case for x = (0,1) and y = (4,5). So, the com-
position operation is inadequate for qualitative reasoning in
INDU since basic building blocks must be the basic rela-
tions. It is necessary to define a weaker operation, some-
times called weak composition, for which 2'NPY is closed,
we will denote it by o. The operation ¢ can be defined by:
aob={c€INDU:3z,y,zwithzaz,zbyandz cy},
with a,b € INDU, r o s = ,c,pes1a © b}, with
r,s € 2NDU 1 o 5 is the smallest relation of 2'NPY in-
cluding r o s. Note that o and ¢ are the same operations
for ZA and PA. The operation ¢ is not associative, for
instance, ({bi” }o{mi>})o{m~} = {0i”,mi>,bi”} and
{bi”Yo({mi” }o{m>}) = {bi~}. As a result ¢ cannot
be used to define a relation algebra [11] on INDU. We
also define a binary operation corresponding to the Carte-
sian product of an interval relation and a point relation by:
rxs={i?:i € r,pe€ s} Thisrelation can contain vir-
tual basic relations of ZA"DU. Note that for ¥, j¢ € INDU,
i? 0 j7 = ((i 0 j) x (pogq)) NINDU. The interval and
point projections of an ZA'DU relation r, denoted respec-
tively, by r; and rp are defined by r; = {i : # € r},
rp = {p : i? € r}. In the sequel we will say that a sub-
set of relations of 2'NPY is a subclass iff it is closed for the
operations ~!, o, and N.

3. Qualitative constraint networks
3.1. Definitions
An ZTN'DU constraint network is a pair N = (V,C),

where:
e Visafiniteset {V7,...,V,,} (withn = |V]) of variables

representing intervals of the line,

e (' is a mapping associating with each pair V;,V; € V a

constraint, denoted by C;;, defined by a relation of 2!NPY.
We assume that C;;~! = Cj; and Cy; = {eq™}.
We suppose that the constraint networks of ZA (the inter-
val networks) and the constraint networks of P.A (the point
networks), are defined in a similar way. An atomic network
is a network whose constraints are defined by singleton re-
lations.

Definition 1 Ler N' = (V,C) be a constraint network of
INDU withn = |V|. An instantiation m of N is a map-
ping which associates an interval ( m;) with each variable
Vi € V.. The basic relation of INDU satisfied by m; and m
will be denoted by m;;. The instantiation m will be called
a consistent instantiation or a solution of N iff for every
pair of variables V;,V; € V, my; € Cyj. In the case where
N has a solution, N will be said to be consistent. N is
k—consistent (with k € {1,...,n}) iff any partial consis-
tent instantiation on k — 1 variables can be extended to a
new variable while remaining consistent. N will be said o-
closed iff for each i, j, k € {1,...,n}, Cij C CijoCyk;. A
subnetwork N' = (V',C") is a network such that V! =V
and ng C Cyj for each pair of variables V; and V. A net-
work N"' = (V,C") is equivalent to N iff N and N have
the same solutions.

Given a constraint network, the main problem is to decide
whether it admits a consistent instantiation. This problem is
called the consistency problem.

Given a set £ C 2PV (closed for converse and contain-
ing the relation {eg=}), the consistency problem for the
INDU networks whose constraints belong to £ will be
denoted by Cons(€). The consistency problem for inter-
val networks being NP-complete, obviously Cons(2NPV) is
also NP-complete.

We call o-closure method, the method which consists in
obtaining from a network N = (V,C) an equivalent and
o-closed subnetwork A by iterating the operation Cj; :=
Cij N (CigoCl;y), fori, j, k € {1,...,|V|}, until a fixpoint
is obtained. This method can be implemented in O(n?) time
(withn = |V|) by an algorithm similar to those used to ob-
tain equivalent path-consistent constraint subnetworks from
binary constraint networks [8].

3.2. Consistency and the o-closure method

Given that the set 2'NPV is not closed for the composi-
tion operation, several fundamental properties of networks
of ZA and P A are not true anymore in the framework of
INDU.

Proposition1 Let N be an INDU network. A 3-
consistent network N equivalent to N' may not exist.
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Figure 2. (a) a not 3-consistent atomic network, (b) an atomic network which is 3-consistent and not

consistent.

The atomic ZN DU network depicted in Fig. 2 (a) is o-
closed and consistent but not 3-consistent. Consider the
partial solution m(Vy) = (1,2), m(V3) = (3,5). It can-
not be extended to V5. This network is consistent and does
not admit an equivalent 3-consistent network. Nevertheless,
there are 3-consistent ZN DU networks, in particular some
atomic networks. What about their consistency ? Actu-
ally, it is possible to exhibit 3-consistent atomic networks
of ZN'DU which are not consistent, see Fig. 2 (b). These
networks are o-closed. Consequently, we can state the fol-
lowing property:

Proposition 2 A o-closed (atomic) TN DU network which
does not contain the empty constraint is not necessarily con-
sistent.

For ZA it has been established that the complexity of
Cons(€), with & € 2'A, is the same as the complexity of
Cons(€), with £ the closure of & for the operations con-
verse, intersection and composition. The proof of this re-
sult is based on the fact that from an interval network whose
constraints belong to £ we can always build an equivalent
network from £. By substituting ¢ for the composition oper-
ation, we can no longer establish this property for ZNDU.
This comes from the fact that if  (ros) y then a third inter-
val z such that x r z and z s y may not exist (a necessary
property for building of the equivalent network on £ from
the network on E). Nevertheless, we can establish a weaker

property:

Proposition3 Let £ € 2PV (closed for the converse
operation and containing the singleton relation {eq=}).
Cons(&) has the same time complexity as Cons(E*), where
* denotes the closure for the intersection operation.

To prove this proposition, the idea is to replace the con-
straint x (r N s) y by the constraints x r y, ¢ s z and
y {eq™} z, with z a new variable.

In the sequel of this paper, we are going to characterize sev-
eral sets of ZA'DU for which the consistency problem is

polynomial. Several cases of tractability can be obtained in
a direct way from the tractable cases of Z.A:

Proposition 4 Let & C 2'A be a set for which the consis-
tency problem is polynomial. Let &' C 2'NPY be defined by
E ={(r x{<,=,>})NINDU : r € £}. Cons(&’) is
polynomial .

Let us now establish less trivial tractability cases.

4. Convex relations in the ZN DU/ Calculus
4.1. Definition and representation

The convex relations of ZA (resp. P.A) correspond to the
intervals of the interval lattice (resp. the point lattice) (see
Fig. 3 (a) and (b)). In a natural way, we define the ZN'DU
lattice by the Cartesian product of the interval lattice and
the point lattice (see Fig. 3). This lattice is also defined on
the virtual basic relations of ZN'DU. We define the set of
convex relations of 2'NPY denoted by C, in the following
way:

Definition 2 Let 7 € 2'NPY. 1 € C iff r = [min, maz] N
INDU with [min, maz] an interval of the IN'DU lattice.

Remark that 7 € 2'NPY is convex iff r = (s x t) N INDU
with s and ¢ convex relations of 2'A and 2PA. It follows that
from a geometrical point of view, a relation r of ZNDU
is a convex relation when its geometrical representation in
the plane Reg(r) satisfies the following equality: Jh €
H, Reg(r) = (Proji(Reg(r)) x Proja(Reg(r))) Nk, with
H = {Reg(INDU), Reg(INDUN(IA x {<})), Reg(INDUN
(IA x {<,=})),Reg(INDU N (IA x {>})),Reg(INDU N
(IAx {>,=})),Reg(INDUN(IA x {=}))} and with Proj;
(resp. Proj») denoting the projection function on the hori-
zontal axis (resp. vertical axis).

Like for the convex relations of Z.A and of P.A we have the
following property:

TEEE .2
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Figure 3. (a) the interval lattice, (b) the point lattice, (c) the ZA'Di/ lattice.

Proposition 5 Let r € INDU. r is a convex relation iff r
can be equivalently expressed by a conjunction of unitary
Horn clauses ® such that if u v € ® thenu < v € ® or
v < u € ® (with u and v denoting endpoints or differences
of endpoints).

Remark that a convex relation of ZA"DU cannot always be
represented by a conjunction of unitary ORD Horn clauses.
Pujari et al. enumerate 227 convex relations. On the other
hand, we enumerate 240 convex relations, this difference
arising from the fact that Pujari ef al. use a lattice which
does not take into account the virtual basic relations. The
set C is closed for 1, N, but not closed for ¢. The closure
for the intersection and converse follows directly from the
definition. The following example shows the instability of
C foro: {b=<}o{d<,0<,0”,0™,s<} is the non-convex rela-
tion {b<,b>,b=,d<,0<,m<,s<}. Some relations of C can
be expressed by conjunctions of ORD Horn clauses. These
relations, denoted by the set Cy 4, correspond to convex re-
lations of ZA. Cy4 can be defined by:

Proposition 6 Let r € 2'NPV. r € Cr 4 iff r satisfies one of
the equivalent properties:

o r = (s x {<,=,>}) NINDU with s a convex interval
relation,

o 7 = [a<,b>] NINDU, with [a<,b”] an interval of the
INDU lattice (a,b € IA).

Given that the set C;4 corresponds to the convex interval
relations, the operation ¢ on Cy 4 corresponds to the compo-
sition operation o. Moreover, it follows that C;4 is a sub-
class.

4.2. Tractability of the convex ZN Dl/ relations

The convex ZN DU relations can be represented by con-
junctions of unitary Horn clauses, consequently the con-
sistency problem of the convex ZN DU networks (ZN DU
networks whose constraints are convex) is polynomial. We
can translate this kind of network into conjunctions of Horn
clauses and apply a resolution algorithm such as the al-
gorithm proposed by Koubarakis [4]. Notice that we can
also use the Simplex algorithm or Kachian’s algorithm for
solving these particular constraints (as a consequence of
Prop. 5).

Proposition 7 Cons(C) is a polynomial problem.

It is well known that the path-consistency method can be
used to solve the consistency problem of the convex interval
networks. Hence we have the following property:

Proposition 8 Cons(Cra) can be decided by the o-closure
method.

5. The preconvex ZN DU relations

The maximal tractable set of Z.A containing the 13 sin-
gleton interval relations is the set of preconvex interval re-
lations, which is identical with the set of ORD Horn inter-
val relations. To define the preconvex relations of ZN DU
we use the definition given by Ligozat [7] by extending the
notions of convex closure and dimension to ZN"DU. The
dimension of an interval relation corresponds to the dimen-
sion of the geometrical representation of this region in the
plane. This dimension is the maximal dimension of the di-
mensions of its basic relations. In a similar way, we give the
following definition:
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Definition 3 Ler a € INDU. The dimension of a, denoted
by dim(a), is the dimension of Reg(a). If r € 2NPY is a
non-empty relation, dim(r) = maz{dim(a) : a € r}.

We define dim({}) as —L. As an illustration,
dim({m=,0<}) = maz{l,2} = 2.

The convex closure of an ZNDU relation r, denoted by
I(r), is the smallest convex relation of C containing 7. No-
tice that this particular relation exists since the set C is
closed for N.

Definition4 Letr € 2NPY. [(r) =N{s € C:r C s}.

The convex closure of ZNDU can be computed from the
convex closures in ZA and P A:

Proposition9 Let r € 2'NPV [(r) = (I(r7) x I(rp)) N
INDU.

Now, we can define the preconvex relations of ZNDU.

Definition 5 Let r € 2'NPY. 1 is a preconvex relation iff
r={}ordim(I(r)\r) < dim(r).

We will denote by P the set of preconvex ZA DU relations.
P contains 88096 relations. The convex ZN DU relations
belong to this set. The set P is closed for —1 but not closed
for the operations N and ©. Consider the preconvex ZN DU
relations r = {eq=,b<,b=,0<}, s = {eq=,b>,b=, 07},
t = {b<} and u = {d<,0<, 07 }. Then the relations rNs =
{eg=,b=} and tou = {b<,b”,b,d<,0< ,m<,s<} are
not preconvex relations.

5.1. Intractability of the preconvex ZNDU/ relations

In this section we prove that the consistency problem for
‘P is NP-complete. In order to do so, we define a polyno-
mial reduction from the 3-coloring problem of a graph to
Cons(P*).

Proposition 10 Cons(P*) is a NP-complete problem.

Proof. Let G = (S, A) be anon-oriented graph, with .S a set
of vertices and A a set of edges between these vertices. We
build an ZN"DU network N = (V, C) in the following way:
V is a set of variables corresponding to the union of C'ol =
{Coly,Coly,Colz} and Vs = {S4,...,S,} withn = |S].
Each variable of C'ol is associated with a color. Each vari-
able S; € Vg is associated with a vertex s; € S. The con-
straints of A between the three variables of Col are given
in Fig. 4 (a). Those between two variables S; and S; such
that (s;,s;) € A (resp. ¢ A) are given in Fig. 4 (b) (resp.
(c)). We can check that these constraints belong to P*. For
example, the relation {m=, eq=, mi~} is the intersection
of the preconvex relations {0”,di~,0i”,m=,eq=, mi~ }
and {o<,d<,0<,m™,eq™, mi=}. We can prove that G =
(S, A) is 3-colorable iff N is consistent. Given a solution

INDU

)

(©)
Figure 4. The constraints of ' = (V,C)

of the 3-coloring problem for G, it is sufficient to assign to
each variable S; the interval corresponding to the color as-
signed to the vertex s;. Conversely, to obtain a solution of
the 3-coloring problem for G from a solution of A, it suf-
fices to assign to the vertex s; the color corresponding to the
interval assigned to S;.

From this proposition and Proposition 3 we can assert:

Theorem 1 Cons(P) is a NP-complete problem.

6. The strongly preconvex ZN DU/ relations

Balbiani et al. have proved that for the strongly precon-
vex generalized interval relations the consistency problem
is polynomial [2]. Following the line of reasoning given by
Balbiani et al., we define the strongly preconvex relations
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of INDU.

Definition 6 Let rr € 2'NPY. 1 is strongly preconvex iff for
each convex relation s € C, the relation r N s is a preconvex
relation.

JF will denote the set of the strongly preconvex relations of
INDU. 1t has 45792 elements.

Proposition 11 The set F is closed” for the operations ~*,

N, but not closed for ©.

Consider the strongly preconvex relations r = {b<}
and s = {d<,05,07}, ros is the relation
{b<,b>,b=,d<,0°,m<,s<} which is not a strongly
preconvex relation.

6.1. Tractability of the strongly preconvex ZA D/
relations

This section is devoted to the nice properties of the
strongly preconvex ZN DU relations in relation to the con-
sistency problems.

Proposition 12 The strongly preconvex TN DU relations
can be represented by conjunctions of Horn clauses.

Proof. Letr € F. As I(r) is convex, there exists a conjunc-
tion of Horn clauses representing it. Let us denote by ®(;,)
such a conjunction. In the general case, @y, is too permis-
sive. Indeed, a basic relation a € I(r) \ r is realizable w.r.t.
®D7(,). We must forbid these basic relations, without forbid-
ding the basic relations of r. Let a € I(r) \ r. Let us define
for all possible a an Horn clause, denoted by @, such that
the addition of ®, to ® allows to exclude the satisfaction of
a without excluding the satisfaction of the atomic relations
belonging to r. r is preconvex, so dim(I(r) \ r) < dim(r),
then dim(a) < dim(r). It follows that dim(a) = 1 or 0.
First, let us consider the basic relations which do not impose
equality between the interval durations.

< = (2t Ay~ Vat —zm >yt —y7),
S,> =T £y Vet —z- <yt —y7),
S« =yt £z VvVt —z >yt —y7),
P> = (yt A2 Vat —z” <yt —y)
Poc = (z” Ay~ Vot —az” >yt —y7),
P> = (@~ #y Vat —z= <yt —y7),
Ppc = (" Ayt Vat -z >yt —y),
P> = (T #ytvat —z- <yt —y7),

)

Now, let us consider the basic relations imposing equality
of the interval durations. These atomic relations belong to
the convex relation s = {eq=, b=, bi=, 0=, 0i=,m=, mi=}.
This is why &, will always contains z+ — 2~ # y* —y~
(except for ®.,).

2 A computer-program has been used to prove this result, idem for the
future Proposition 13.

Pp== (27 —z~ Ayt —y vat >y"),

Ppi= =zt -z~ #yt —y Vyt >a7),
== (2T —a” Ayt -y~ Vet £y7),
D= = (¢t —z £yt —y~ Vyt £7),
q)eq= = (xi 7é Y VT 7é y+)'

The cases of the basic relations o~ and 0¢~ remain. Con-
sider the case a = o~ (the case o¢~ is similar). Suppose
that rN{b=,m=} # 0 and rN{eq=, mi=,0i=,bi~} # 0.
Hence a € I(rNs). Moreover, we know that a ¢ 7. As a
consequence dim(I(rNs) \ (rNs)) > 1. Since rNs C s
and dim(s) = 1, dim(I(rns) \ (rNs)) < 1. Hence,
dim(rns) < dim(I(rNs) \ (rNs)) and rNs is not precon-
vex. There is a contradiction (r is a strongly preconvex re-
lation). Hence, only three cases can hold:

erNs=0. ®,=iszt —z~ Ayt —y~,

o rN{b=,m~} = P and rn{eq™, mi=, 0i=,bi=} = (). ®,-
szt —a” #yt —y"Va+ <y,

o rN{b=,m=} = P and rN{eq=, mi=, 0i=,bi=} # . ®,=
szt —x” Ayt —y  Vz+ >yt

r can be represented by the conjunction of Horn clauses
@1 A Naernr ®ar

From this, we can assert that:

Theorem 2 Cons(F) is a polynomial problem.

7. The tractable subclass G

In this section we characterize a new subset of preconvex
relations for which the ¢o-closure method gives a decision
method for the consistency problem (unlike the F case). We
will denote this set by G. The definition of G was guided by
our desire to obtain preconvex relations forming a subclass
for which the convex closures are convex interval relations.

Definition 7 Let r € 2™NPY. 1 belongs to G iff for each
convex relation s € Cry rNs is a preconvex relation and
I(rNs) is a convex relation which belongs to the set Cr 4.

The set G forms a subclass containing 11854 relations.
Proposition 13 The set G is closed for the operations ~1,
N and .

From the fact that the universal relation INDU belongs
to Cra, we can deduce that each relation of G is a
preconvex relation.  Moreover, we notice that some
relations of G are not strongly preconvex. For ex-
ample, the relation {eq=,d<,di”,0<,0”,0i<,0i”,m<,
m”,m~,mi<, mi”, mi~ } belongs to G but is not strongly
preconvex: indeed its intersection with the convex relation
{eq=,0=,0i=, m=, mi=} is not a preconvex relation.

YF]',F.

COMPUTER
SOCIETY

Proceedings of the 10th International Symposium on Temporal Representation and Reasoning and
Fourth International Conference on Temporal Logic (TIME-ICTL’03) 1530-1311/03 $17.00 © 2003 IEEE



7.1. Tractability of G

We are now in a position to prove the tractability of
the consistency problem for the set G. Given a solution
m of a network N' = (V,C), m will be said maximal if
dim(m;;) = dim(Cy;) foralli,j € 1,...,|V][. Firstly, we
prove the following result:

Proposition 14 Let N = (V,C) a convex TN DU network
whose constraints belong to Cra (# 0). If N is o-closed
then N admits a maximal solution.

Proof. Cy4 corresponds to the convex relations of Z.A4. Let
N' = (V,C") be the convex interval network equivalent
to M. A admits a solution my, ..., m, (withn = |V])
such that ¢ = b, with a and b two endpoints of m; and
m;, iff all basic relations of IA belonging to szj imposes
this equality (a maximal solution for Z.A, see [7]). We
can modify m to obtain a solution s having the additional
property: s —s; = s;r —s; iff Cj; = {eg™}. Consider
the lower endpoint m;, let [ be the number of endpoints
located before m; . We assign to s; the value I/(1+1). We
treat in a similar way the upper endpoints. s satisfies the
properties fixed previously. Hence, s is a maximal solution
of V= (V,C). 4

Proposition 15 Letr, s € INDU such that I(ros), I(r) and
I(s) € Cra. We have I(ros) C I(r)ol(s).

Proof. r C I(r) and s C I(s). Hence ros C I(r)ol(s).
Consequently, I(ros) C I(I(r)oI(s)). As Cra is
closed for the operation ¢, I(r)oI(s) is a convex rela-
tion. Hence, I(I(r)oI(s)) = I(r)ol(s). It results that
I(ros) C I(r)oI(s). -

Proposition 16 Let N = (V,C) be a network whose con-
straints belong to G. Let N1 = (V,C!) be defined by
Cl = I(Cy) forall i,j € {1,...,n}, withn = |V|. If
N is o-closed then N is o-closed.

Proof. Let V;, V;,V, € V. Cy; C Cy0C};, consequently,
I(Cij) C I(CikoClj). We know that G is closed for the
operation ¢. It follows that I(Cj,0Cyj) € Cra. Moreover,
by definition of G, I(Cy;) and I(Cy;) € Cra. From Prop.
15, it follows that I(CxoCk;) C I(Cix)oI(Cyj). Using
this result, we deduce that I(C;) C I(Cit)oI(Cy;j).

Now, we can establish the main result concerning the set G.

Theorem 3 Cons(G) can be decided by means of the o-
closure method.

Proof. Let N = (V, C) be a network containing constraints
belonging to G. By using the ¢-closure method on A we
obtain an equivalent subnetwork A’ = (V,C"). The con-
straints of A/ belongs to G since G is closed for the three

operations ~%, N and o. If N contains the empty con-
straint, then A is not consistent. In the opposite case, let
us show that A/" (and consequently A) is consistent. Let
N = (V,C") be defined by C}; = I(Cj;). N" is o-closed
(Prop. 16). It admits a maximal solution m (Prop. 14). This
solution m is also a maximal solution of A/’. This is due to
the fact that dim/(I(Cj;) \ C};) < dim(C;) (see definition
of G), for each pair of variables V; and V. H

Hence, we have characterized a set for which the o-closure
method is complete.

8. Conclusions

The ZN'DU calculus lacks many of the nice properties
of Allen’s calculus: its (weak) composition table does not
define a relation algebra. Consistency does not imply 3-
consistency, and neither does 3-consistency imply consis-
tency, even for atomic networks: some four node networks
are 3-consistent but not consistent. In spite of these nega-
tive results, we are able to characterize interesting tractable
subsets of relations. To this end, we use both the syntac-
tic approach (Horn classes) and the geometrical approach
(convexity and preconvexity). While the two methods yield
the same class in Allen’s case, they provide us with two
separate tractable subsets in the case of ZNDU. Follow-
ing the geometrical approach, we define the set of pre-
convex relations and prove that its consistency problem is
NP-complete. We then characterize two subsets of precon-
vex relations: one is the subset of strongly preconvex rela-
tions, which is tractable (for reasons pertaining to the syn-
tactic properties of its relations), but for which consistency
cannot be decided by the usual path-consistency method.
The other (incomparable) subclass is tractable and its con-
sistency problem can be solved by the path-consistency
method. This paper constitutes a first fully successful ex-
ploration of the complexity properties of the ZN DU calcu-
lus.
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