
The Visual Computer manuscript No.
(will beinsertedby theeditor)

Luc Claustres � Mathias Paulin � Yannick Boucher

A Wavelet-BasedFramework for Acquir ed Radiometric Quantity
Representationand Accurate PhysicalRendering

Abstract In this paper, we presenta framework basedon a
genericrepresentation,which is ableto handlemostof the
radiometricquantitiesrequiredby global illumination soft-
wares.A sparserepresentationin the wavelet spaceis built
usingthe separationbetweenthe directionalandthe wave-
lengthdependenceof suchradiometricquantities.Particu-
larly, we show how to usethis representationfor spectral
power distribution, spectralre�ectanceandphasefunction
measurementsmodelling. Then, we explain how the rep-
resentationis usefulto performspectralrendering.On one
hand,it speedsup spectralpathtracingby importancesam-
pling to generatere�ecteddirectionsandby avoidingexpen-
sivecomputationsusuallydoneonthe�y . Ontheotherhand,
it allowsef�cient spectralphotonmapping,bothin termsof
memoryandspeed.We alsoshow how complex light emis-
sionfrom real luminairescanbeef�ciently sampledto emit
photonswith ournumericalmodel.

Keywords Global Illumination � Wavelets� Spectral
Rendering

1 Intr oduction

Recently, the greatchallengeof interactively renderingob-
jectswith realisticmaterials,complex illumination,andshad-
owshasbeendeeplyaddressedandproducedconvincingre-
sults[38,46,34,29,64,33]. However, currentapproachesare
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still limited to low dimensionality(moving light or view-
point position but not both, RGB spectralrepresentation),
low frequency lightingandmaterials,andpre-computedlight-
ing informationfrom a scene.On thecontrary, conventional
realisticrenderingaimsatreproducingthephysicalbehaviour
of light as closely as possiblein an effort to predictwhat
the�nal appearanceof a scenewill be,without restrictions.
Thecoreof theprocessconsistsin solvingtheglobalillumi-
nationproblem,i.e. the renderingequation[27], with tech-
niquessuchasMonte Carlo ray tracing[71], photonmap-
ping [25], andradiosity[10]. The input dataof thesimula-
tion arethegeometryandthecorrespondingopticalmaterial
properties.The output is the incident radiancereceived by
a virtual sensorpositionedin the scene(the task of creat-
ing imagesis doneby letting this sensorbethehumaneye).
Thus,theneedof spectraldatanaturallyincreasestoproduce
accuratesimulationof naturalphenomenaincluding polar-
ization,interference,dispersionand�uorescence,but alsoin
orderto performphysicalanalysisof light transfer. In order
to reacha certainaccuracy, it hasbeenacknowledgedthata
certainnumberof wavelengths- morethanthree- haveto be
used[14]. Oneneedsto characterizesurfacere�ection, sur-
facetransmission,scatteringin participatingmedia,aswell
asspectralpower distribution of light sources.Altough re-
centmethodsdealwith a suf�cient setof wavelengthswhen
necessary[6], thedirectuseof measurementdatasetsis in-
ef�cient andleadsto anunwieldystorageproblem.Unfortu-
nately, dueto theintrinsicdifferenceof theunderlyingphys-
ical phenomenainvolved,no genericmodelfor all of these
opticalpropertieshasbeendevelopedsofar.

The main contribution of this paperis to provide such
a numericalmodelfor the representationof acquiredspec-
tral radiometricquantitiesinvolvedin physicallybasedren-
dering.Thesequantitiesall vary with wavelengthandwith
incomingand/oroutgoingdirectionsof thelight ray (except
for spectra).Therefore,formally, everyquantityis afunction
having the following signature:(S2� ) � R 7! R, where� is
theregularexpressionmetacharactermeaningzeroor more,
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S2 is theunit sphere1 andR is therealaxis.We show how
the separationbetweenthe spacesS2 and R, usingappro-
priatewavelet transforms,leadsus to a genericradiometric
quantity representation.Our approach,basedon the well-
understoodfact that onecanwrite transformson a per ar-
gumentbasis,demonstratethattherearesigni�cant bene�ts
from takingthisobservationliterally andmakingit thebasis
of animplementation.

In this paper, we extendour previous work on wavelet-
basedBRDF modelling[9]. First by achieving bettercom-
pression,providing thefunction'sdomainwith auniformac-
curacy, thanksto an automaticadaptive schemethat com-
putesa local thresholdfor eachspaceof the decomposi-
tion (seesection4.2 and 5.2.1). Secondlyby performing
moreef�cient importancesamplingof thefunction'sdomain
for stochasticillumination algorithmsthanksto the com-
pactsupportof wavelets(seesection6.2.1).We alsocare-
fully validatetheapproachby intensively testingthemodel
againstrealandsynthetizedmeasurementsof variousradio-
metric quantitiesinvolved in global illumination softwares
(seesections5.1, 5.2, 5.3 and 5.4). Finally, we apply our
framework to expensive spectralpath tracing and photon
mapping(seesection6), achieving enhancedcomputational
performancesaswell as large memorysaving. The frame-
work is part of our global illumination softwarecalledRay
Of Light, whichis releasedundertheGNU GPLLicenseand
availableonlineathttp://ray-of-light.sourceforge.net.

The paperis organizedasfollows. We recall the major
radiometricquantitiesusedin global illumination aswell as
basicson wavelet transformsin section2. Then,we present
thepreviouswork thatwasthestartingpointof our research
in section3. Our approachis detailedin section4 by �rst
presentingtheconceptsunderlyingthegenericwavelettrans-
form(GWT), i.e.awavelettransformappliedonany kind of
object,thenthe implementationissues.Applicationsto the
modellingof acquireddataandphysicallybasedrendering
arerespectively shown in section5 and6. At last,we con-
cludeanddiscussaboutfuturein section7.

2 De�nitions

2.1 Radiometry

Thereareseveralradiometricquantitiesusedin realisticren-
dering.Themostimportantonesaresummarizedin theren-
deringequation[27]:

Lr (x;wr ; l ) = Le(x;wr ; l ) + (1)
Z

Wi

fr(x;wi ;wr ; l )Li(x;wi ; l ) cosqidwi :

A physicalpropertyP(l ) thatvarieswith wavelengthiscalled
a spectrum. A spectral powerdistribution function(SPD)is

1 Actually, somequantities(like the BRDF) areonly de�ned over
thehemisphereandnot thewholespherebut this doesnot restrictthe
generalityof ourwork.

thepowerof a light ray in unit wavelengthin aunit areaper-
pendicularto the propagationdirection.SPDsdescribethe
energy transferalonglight paths(Li andLr in therendering
equation)and determinethe radianceincident to a sensor
(andthereforethecolorsof animage).SPDsalsocharacter-
ize light sourceemissionspectra,somewere standardized
by theCIE [11].

Spectral re�ectanceis the ratio of the re�ected �ux F r
to theincident�ux F i [18]:

r (l ) =
F r(l )
F i(l )

: (2)

There�ected SPDdoesnot dependon the incomingor the
outgoingdirection(integratedoverall directions).Foramore
accuratedescriptionof thesurfacebehaviour, weneedaspec-
tral bidirectional re�ectancedistribution function (BRDF)
de�ned as[47]:

fr(qi ; f i ;qr ; f r ; l ) =
dLr (qr ; f r ; l )

Li(qi ; f i ; l ) cosqidwi
; (3)

wherewr = (qi ; f i) andwi = (qr ; f r ) arerespectively thein-
coming(or lighting) directionandtheoutgoing(or viewing)
direction.Li andLr arerespectively theassociatedincoming
andtheassociatedoutgoingradiance.Thecounterpartof the
re�ectanceandthe BRDF, for light transmissionthrougha
surface,arerespectively the transmittanceandthe bidirec-
tional transmittancedistribution function(BTDF) [18]. The
counterpartof theBRDF, for light scatteringwithin amedia,
is thephasefunction[18]. Our work is alsorelevant for all
thesequantitiesbecausethey have similar signatures.An-
otherimportantquantityin renderingis theemittancedistri-
bution function(EDF) thatcharacterizestheSPDof a light
source(or an emissive material) for eachdirection (Le in
therenderingequation).Usually, sourcesareassumedto be
isotropicandhomogeneous:theSPDisdirection-independent
andposition-independent.

In thispaperwewill notconsiderwavelengthdependent
phenomena,like light dispersion.We assumeonly nondis-
persive objects,thusallowing a vectorrepresentationof the
spectralinteractionbetweenthe light andthe surface.Dis-
persive objectsshouldbe handledby a speci�c datastruc-
ture suchas the one proposedby Sun [67]. First, because
we want to testour algorithmswith realmeasurementsthat
are currently very dif�cult to obtain for BTDF. Also, be-
causea vector representationcanbene�t of the sparsityof
thewaveletrepresentation,whichisnotpossiblewhenwork-
ing independentlyon separatedwavelengths.Nevertheless,
a compressedrepresentationfor someof the involved data
is certainlybene�cial for renderingmethodswhich handle
wavelengthdependentphenomena.

2.2 WaveletTransforms

ThewavelettransformW is a linearoperator:

W : ( f : A 7! B) 7! T ( f ) (4)
T (a f + bg) = aT ( f ) + bT (g): (5)



A Wavelet-BasedFramework for AcquiredRadiometricQuantityRepresentationandAccuratePhysicalRendering 3

The inversewavelet transformoperatorcanreconstructthe
function f from its transformedversion:

W � 1 : T ( f ) 7! ( f : A 7! B): (6)

The applicationof W is calledanalysisof the function f ,
while theapplicationof W � 1 is calledsynthesis. Theanal-
ysis processconsistsin projectingthe function,at different
resolutionsor scalesj 2 N+ , onto a setof new basisfunc-
tionsY j = f y m

j : A 7! Bg, calledwavelets. Waveletsat res-
olution j arederivedfrom a setof functionsat �ner resolu-
tion F j+ 1 = f f k

j+ 1 : A 7! Bg, calledscalingfunctions.The
wavelettransformprovidesa hierarchical decompositionof
f atdifferentlevelsof accuracy.

Theremarkablepropertyis that thewaveletshave com-
pactsupport.Thereforeto matcha�nite signal,a�nite num-
berof �nite waveletsareput together. As aconsequence,the
recursivedecomposition(analysis)of f canbewrittenas:

f = å
k

ak
0f k

0 +
n

å
j= 0

å
m

dm
j y m

j : (7)

The scalingfunctionsencodethe smoothapproximationof
f atagivenscale,while thewaveletfunctionsencodethede-
tails, i.e. themissinginformationto retrieve theapproxima-
tion at a �ner scalefrom theoneat a coarserscale.Thecor-
respondingprojectioncoef�cients ak

j anddm
j arecomputed

usingfastrecursivealgorithms:

ak
j = å

l
g̃k;l

j al
j+ 1 (8)

dm
j = å

l
d̃m;l

j al
j+ 1: (9)

Thereconstruction(synthesis)of f is computedusingasim-
ilar recursivealgorithm:

al
j+ 1 = å

k
gk;l

j ak
j + å

m
dm;l

j dl
j : (10)

Thediscretewavelet transformcanbeviewedasa �ltering
operationthatseparatesthesignalinto low-frequenciesand
high-frequencies,applied recursively on the resulting ap-
proximation.Thecoef�cients g̃andd̃ areanalysis(low-pass)
�lters, while gandd aresynthesis(high-pass)�lters. As the
magnitudeof the wavelet coef�cients is directly relatedto
their importancein the reconstruction,compressionof the
wavelet decompositioncanbe achievedby removing weak
coef�cients of theprojectedfunction.Practicallyit consists
in selectingwaveletcoef�cients lowerthanagiventhreshold
e.

Variousnumericalapplicationsrely onwaveletsbecause
the wavelet transformoffers fast reconstruction,compres-
sionandmultiresolution.Furtherinformationonwaveletthe-
ory canbefoundin [39,54].

3 PreviousWork

Severalotherprojectivemethodscanbeusedinsteadof wavelets.
For instanceSphericalharmonics[72,63,4] and Zernicke

polynomials[31] arealsoapplicabletodirectionaldata.How-
ever, their globalsupporton thesphereimplieshighevalua-
tion costaswell ashardadjustmentof thecompressionratio
with respectto theaccuracy. Onthecontrary, thewaveletre-
constructionis donein a logarithmictime accordingto the
numberof samplesandis possibleat differentlevelsof ac-
curacy. Furthermore,thecompressionratio canbeprecisely
controlleddueto their local supporton thesphere.

Separabledecompositions[28], factorization[69,41] and
principal componentanalysis(PCA) [37,59,45] are more
generaldimensionreductiontechniques[61]. Theseworks
mainly focuson extremedatareductionfor interactive ren-
deringusinggraphicshardwarewith BRDFsorspatiallyvary-
ingBRDFs,alsocalledbidirectionaltexturefunctions(BTFs).
Evenif they provide plausiblerepresentations,theaccuracy
of suchmodelsfor physically-basedrenderinghasnot been
clearly studiedyet. PCA is effective at compressingmulti-
variatedatasetsby computingorthogonalprojectionsthat
maximizethe amountof datavariance.It is typically per-
formedthroughthe eigen-decompositionof the covariance
matrix.Thus,it suffersfrom memoryproblemsduringcom-
putationwhile thewavelettransformisappliedin place.More-
over, it stronglydependson theparameterizationandthere-
constructionis fastandcorrectonly for relativelysimplema-
terials[59].

Spectralrepresentationsrely on polynomials[55], basis
functions[16,52], or hybrid schemes[67]. Relevant wave-
lengthselectionin thecontext of spectralrenderinghasalso
beenstudied[76,42]. A methodbasedon theHaarwavelet
decompositionproposesanadaptive representationof spec-
tral datawith a control of theperceptualerror [23,58]. But
the usefulnessof thesemethodsin the context of a gen-
eralrenderingsystem,with no assumptionson sensors,sur-
faces,andlightsrequiresmoreinvestigations[73]. Recently,
Kaewpijit et al. [26] appliedwavelet decompositionin the
context of hyperspectralimagery[57] for the identi�cation
of groundsurfacepixels. They showed that waveletspre-
serve thedistinctionsbetweenspectralsignaturesandyield
betterclassi�cationaccuracy thanPCA at thesamelevel of
compressionrate.Nevertheless,this approachbasedon uni-
dimensionalwavelettransformcannothandlemorecomplex
radiometricquantitiesandincludedirectiondependency.

LalondeworkedonprojectingtheBRDFonwaveletbases
andusedmultidimensionalrealwavelets(4D) tohandleBRDFs
at �x edwavelength[32]. This approachrequiresa new pa-
rameterizationto mapthespaceof directionsS2 � S2 to the
spaceR4 [35]. The major disadvantageis thedistortionin-
troducedby themapping.Our methodis ratherinspiredby
Schröder's et al. [60], who areusingwavelet functionsde-
�ned over a discretizationof thesphereS2. This discretiza-
tion is basedon a recursive subdivision of an octahedron
[19]. Eachtriangleis recursively split into four childrenup
to a given level of accuracy (Figure1). A function de�ned
over S2 is approximatedby a piecewise constantfunction
over theresultingtrianglesof thesubdivision.Schröderde-
�nes awaveletbasisoverthetriangles,whichis anextension
of thewell-known Haarbasis[17,44] to S2, constructedvia
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Lifting Scheme[70]. Dueto thelocalsupportof thesespher-
ical wavelets,analysisandsynthesisareperformedin place
on eachtrianglebasedon the valuesof the triangle's chil-
dren.Nevertheless,the major drawbackof this work is the
restrictionto functionsde�ned on thesphereS2. Thedepen-
denceon wavelengthandthedependenceon morethanone
directionseemsvery hardto handle.

Fig. 1 Octahedronsubdivision at levels0,1,2,3.

In the next section,we will show that waveletscanof-
fer a uni�ed vision, not provided by previous representa-
tions, for the directionaland the spectralcomponent.Ac-
tually, thesamecouldbedonewith non-wavelet basis,e.g.
Fourier [75], albeit not asef�cient. We will demonstratein
section5 thehighaccuracy of our representation,according
to thecompressionratio. It is directly relatedto theintrinsic
propertyof wavelettransformsthatpreserveshigh-andlow-
frequency featuresduring thesignaldecomposition.There-
fore, specularpeaks,aswell aspeaksandvalleys found in
typical spectra,arewell-conserved.

4 Wavelet Radiometry

A lot of researchhasbeenconductedonwaveletrepresenta-
tion for radiosityprojection[20]. Extensionshandlingglossy
surfaces[36,7] managetheradiancedistributionoverpatches
usinga similar transformto Lalonde's [32]. But theserep-
resentationsare very complex in termsof implementation
and areboth memoryand computationaltime consuming.
For thesereasons,mostof themwerelimited to thespeci�c
caseof the Haarbasis.Nowadays,high-orderwaveletsare
usedto approximatesmoothlyvarying illumination with a
small numberof patches,considerablyreducingthe mem-
ory consumption[22]. SchröderandLalondeprovidedmore
ef�cient, but speci�c, modelsthat are not easily applica-
ble to complex functionsde�ned over a productof different
spaces.

To overcomethelimitationsof previousapproaches,we
proposethe conceptof the GWT. The GWT is actually a
new approachto thestandard one[12], whichusesaproduct
of decompositionsto transformmultidimensionalsignals,in
contrastwith thenon-standardapproachwhich usesa prod-
uct of basisfunctions(Lalonde's work). Nevertheless,this
new pointof view leadstoanelegant,�e xibleandsimpleim-
plementationusing object-orientedand templateprogram-
mingparadigmssuchasthoseprovidedby theC++language
[66]. Moreover, the compressionpower of waveletscanbe
enhancedby performingadaptivethresholdingfor eachsup-
port spaceof thefunction's domain.

4.1 GenericWaveletTransform

Notethatwavelettransformsdonotrelyonaparticularwavelet
function or supportspace,and hencetheir formulation is
generic(seeEq.7). As aconsequence,algorithmsarepretty
similar for any transformandspace.Thereis only onere-
quirement:the supportspacemustbe a Hilbert, i.e. linear,
vectorspace.Indeed,the discretewavelet transformis per-
formedvia convolution, whichrequiresscalarmultiplication
andadditionof two elementsof thesupportspace.

Now let usconsiderafunction f : A� B7! C andits cur-
ried 2 version f̃ : A 7! (g̃ : B 7! C). If the functionalspace
G = f g̃ : B 7! Cg is a linearvectorspace,thenwecande�ne
a wavelet transformof f̃ . Next, if C is alsoa linear vector
space,wecansimilarly de�ne awavelettransformof eachg̃.
Usinga combinationof thesetwo transforms,we provide a
full transformof f . For theinversetransform,sincethespace
of transformedfunctionsT (G) is a linearvectorspace(be-
causeof thelinearity of thewavelet transform),theprocess
is similar. Therefore,we can provide a full inversetrans-
form of f by combiningthe inversetransformof f̃ and g̃.
Thecompletetransformpipelineis summarizedin Figure2.
It consistsin iterativelyprojectingthefunctioninto different
setof waveletbasisfunctions(onefor eachsupportspaceof
thefunction's domain):

f (a;b) = å
i

f̃i(b)y i(a) = å
i; j

g̃i jy j (b)y i(a) (11)

Fig. 2 Genericwavelettransformpipeline.

The wavelet coef�cients f̃i aresaid to be generic because
they arefunctionsthatcanbetransformedover. Thewavelet
transformof f̃ is saidto be genericbecausethe projection
spaceis a functionalspace.

In the context of the GWT, modellingany radiometric
quantity f : (S2� ) � R 7! R simply consistsin combininga
setof sphericalwavelettransformsandasingleone-dimensional
transform.Indeed,thissignatureisequivalentto (S2 7! ) � R 7!
R. For instance,a spectralEDF being the combinationof
a directionalanda wavelengthdependencewill be decom-
posedas:

f (wr ; l ) = å
i

f̃i(l )y i(wr ) = å
i; j

g̃i j y j (l )y i(wr ) (12)

2 Currying (after logicianHaskell Curry, but thatwasoriginally in-
troducedby Schon�nkel in functionalprogramming[56]) is the tech-
niqueof transformingafunctiontakingmultipleargumentsinto afunc-
tion thattakesasingleargument(the�rst of theargumentsto theorig-
inal function) andreturnsa new function that takesthe remainderof
theargumentsandreturnstheresult.
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Thediscreterepresentationof f isapiecewiseconstantspher-
ical function,which samplesarenot singlevaluesbut vec-
torsrepresentingthespectraldistribution of theradiometric
quantityfor eachdifferentialsolid anglede�ned by the tri-
anglesof the subdivision. First, a sphericalwavelet trans-
form is performedin the directionaldomain.Then,a one-
dimensionalwavelet transformis performedin the spectral
domainon theresultingvectorsof sphericalwaveletcoef�-
cients.

4.2 Adaptive GenericWaveletCompression

Conventionalmultidimensionalwavelettransformsuseasin-
gle thresholdon the �nal set of multi-transformedcoef�-
cients(g̃i j in Eq. 11), which implies a globalerror control.
In our genericrepresentation,thereis a cleardistinctionbe-
tweeneachspaceandcompressionoccursindependentlythereto.
As a consequence,different thresholdsare used(one per
space)whenperformingcompression.For instance,we can
compressmore over S2 (direction- dependence)than over
R (wavelength-dependence),or theopposite.Genericcom-
pressionconsistsin evaluatingthemagnitudeof thegeneric
coef�cients within the transformspaceandremoving those
arebelow theconsideredspace's threshold.Then,repeating
the thresholdingagainon the remaininggenericelements,
until eachtransformspacehasbeenproceeded.The error
introducedin the wavelet representationby removing any
coef�cient c equalsjj cjj . Therefore,the inner or dot prod-
uctbetweentwo elementsof thecoef�cient spaceprovidesa
comparisonoperatorfor thresholdingbecause

p
< u;u > =

jjujj . We usethe standardinner product
R

f :g de�ned be-
tweentwo functionsf andg for ourgenericcoef�cient mag-
nitudeevaluation.

Most radiometricquantitiescan have a different spec-
tral behaviour accordingtodirection.For instance,spectrain
high-valuedpartsof BRDFs(specularhighlightsor retrod-
if fusion) usuallydiffer from spectrain low-valuedpartsof
the BRDF (diffusecomponent).Even if we usea different
thresholdfor the directionalandspectralcomponent,spec-
tra in thediffusepartscouldberelatively morecompressed,
yielding to a non-uniformaccuracy over the function's do-
main.Weexploit thegenericview of thetransformtoachieve
signi�cantly bettercompressionproviding thefunction'sdo-
mainwith a uniform accuracy. Indeed,eachgenericcoef�-
cientcanbeconsideredasa stand-alonefunction f̃i to com-
press,which amplitudedifferenced = j max f̃i � min f̃i j in-
dicatesthe relative level of the genericcoef�cient values.
Then,startingfrom thethresholdeof thereleventtransform
space,a local thresholdindependentof the genericcoef�-
cientlevel canbeautomaticallycomputedasẽ= e

p
d. This

adaptivethresholdingperformedfor eachgenericelementof
the transformedfunctionensuresa relatively uniform com-
pressionandthusresultsin moreaccuracy accordingtocom-
pressionratio asshown in section5.2.1.

4.3 Wavelet-BasedRadiometryFramework

The framework we have developedis a simplemappingof
thegenericwavelet transformconceptto anobject-oriented
context. We de�ne a WaveletTransform<A;B> to beanob-
ject representinga functionof typeA 7! B thatcanbetrans-
formed,untransformedandcompressedusinga waveletba-
sis.Thisobjecthastwo genericparametersAandB. Thenwe
de�ne a Spectrumto be a WaveletTransform<R;R>. This
objectcanhandleany physicalpropertythatvarieswith the
wavelength.Now, wede�ne aRe�ectanceasaWaveletTransform-
<T,Spectrum>, whereT is thesetof geodesictrianglesgen-
eratedby thesphericalsubdivision.This objectcanbeused
to handlehemisphericalre�ectanceor EDF becausethey
have the samepro�le. Finally we createthe mostcomplex
radiometricquantity, the BRDF, by letting A be T and B
be the setof Re�ectanceobjects.Following the sameidea,
and replacingthe set of Spectrumobjectsby R, leadsto
monochromaticRe�ectanceobjects,andthereforemonochro-
maticBRDF objects.A singlewaveletbasisis availablefor
direction-dependantbehaviour, whereasmany arefor thespec-
tral dependencebecauseone-dimensionalbasesarewidely
spread[12]. In our framework,weimplemented52different
1D bases.Lots of thembelongto the samefamily suchas
theDaubechiesor theCoi�et wavelets.Theselectionstrat-
egy is to pick, for a givencompressionratio, the bestbasis
in termsof global error. Basicstructuresto managesparse
dataaredetailedin [9].

Consideringthe wavelet transformin a genericway al-
lows a simple implementationin C++ thanksto algebraic
operatorde�nition. Indeed,atomictransforms(sphericaland
one-dimensional)of our framework arebasicallywritten the
samewayasthey wouldbefor basicdatatypessuchas�oat-
ing point values.Multidimensionaltransformscomenatu-
rally throughgenericity, whenwavelettransformobjectsare
usedasbasicelementsof anothergenerictransform.At last,
our representationyields to a fastreconstructionof spectra,
whicharetherootobjectsfor spectralrendering.Indeed,we
only have to perform the inversewavelet transformon S2

(directions),in orderto reconstructthecompressedversion
of a spectrumfor a directionof interest.Then,only theone-
dimensionalinversetransformis appliedto reconstructany
spectralsamples.With a non-standardprojection,thewhole
transformneedsto beinvertedfor each spectralsampleeval-
uation.Thedimensionconnectionsaremixedupandimpos-
sibleto separatein orderto work onaparticulardependence
(herethewavelength-dependence).

5 Application Examples

In this sectionwe presentthe compressionresultsand the
correspondingrelative errors(%) for a largesetof spectral
radiometricquantities.Let si be thesamplesof theoriginal
measuredradiometricquantity, with n measurements,ands0

i
the reconstructedsamplesfrom thecompressedrepresenta-
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tion, thenrelative errorsbasedon L1 andL2 normsarere-
spectively de�ned as:

er (L1) =
1
nå

i

js0
i � si j
si

ander (L2) =

s
1
n å

i

(s0
i � si)
s2
i

2

:

Thecompressionratetc is thepercentageof initial datare-
movedby compression.Thecompressionratio rc is thera-
tio of theinitial numberof sampleswith respectto the�nal
numberof waveletcoef�cients aftercompression.They are
relatedby a simpleequation:tc = 100� (1� 1

rc
). Usuallyrc

is written asx : 1, which meansthatonly onecoef�cient for
x initial coef�cient(s) is keptaftercompression.

5.1 SpectralFunctions

A spectrumcanhandlevariouspropertiessuchasre�ectance,
transmittance,emittanceor radiance,which areusuallyac-
quiredwith aspectrophotometer. Wepresentheresomepro-
jectionsof differentmeasuredspectralproperties.We have
selectedsomere�ectancesof the MacbethColor Checker
[74] but alsosomestandardilluminantsof theCIE [74,11].
Original evenly sampledspectrahave 80 samplesalongthe
visiblespectrum.Theglobalerrorlevelaccordingto thecom-
pressionratio is satisfying(seeTable1), which shows the
versatilityof thewaveletrepresentation.

Table1 Relativemodellingerrors(%) for spectralfunctionsusingthe
highest16,8 and4 waveletcoef�cients.

# coef. 16 8 4
Name er (L1) er (L2) er (L1) er (L2) er (L1) er (L2)

Light Skin 1.1 1.6 2.9 3.8 7.6 10
BlueSky 0.47 0.68 2 3 9.1 12
Foliage 3.9 5.9 10 14 26 33

Red 4.5 6.8 8 13 17 26
Neutral.35 0.15 0.23 0.39 0.58 1.7 3.2

A 0.23 0.36 2.6 4.8 9.6 15
B 1 1.3 3 3.8 5.2 6.4
C 1.1 1.5 4.1 5.6 7.7 10

D65 1.2 1.6 2 3 3.4 5.3

A qualitative comparisonis shown in Figure3 between
the reconstructedrelative SPDsfor the Light Skin and the
D65 illuminant from differentsetsof highestwaveletcoef�-
cients.Thewaveletbasesarerespectively theBrislawn and
theVillasenorbasis.We canseethatevenwith a little num-
berof coef�cients, spectralvariationsarewell-preserved.

Sunetal. [68] preferredto evaluatetherelativeerrordX
on theCIE XYZ [11] tristimulusvaluesof thespectrain or-
derto getaperceptualmeasurefor thehumanvisualsystem.
This choiceis not relevent in the context of a generalren-
deringsystem,with no assumptionson sensors.However, a
qualitative comparisonfor theLight Skin spectrum(Figure
3) seemsto show a betterrepresentationof the spectrum's
shapewith our method,which is con�rmed evaluatingthe
relativeerroron theCIE XYZ tristimulusvalues(Table2).

Fig. 3 Light SkinandD65illuminantspectrumfor variousnumberof
highestwaveletcoef�cients (with arbitraryunits).

Table 2 Relative XYZ modellingerrors(%) for theLight Skin spec-
trumwith theSun's model[68] andourapproach.

# coef. CompositeModel OurModel
3 6.9 3
7 1.9 0.5
11 0.22 0.019

5.2 BRDFs

MeasuringBRDFs is a more tedioustask than measuring
spectra.A goniore�ectometeris adevice thatmeasureslight
re�ection asa function of lighting andviewing directions.
Goniore�ectometerstend to be large, expensive and non-
portable.Usingthegoniore�ectometerof theONERA [62],
we have measuredandmodelledthe BRDF of several dif-
ferentsurfaces.The visible spectrumis sampledevery � ve
nanometers,and BRDFs areprojectedon a sphericalsub-
division at level 4. Table3 shows the resultsachieved for
someof thesematerials.Errorsarealwaysacceptable,even
for radicalcompression.

A renderingexamplefor two differentspectralBRDFsis
shown in Figure4 andFigure5. Thecomplexity of thevel-
vetBRDF is well-preservedevenwith ahigh threshold.The
samerenderingwith a standardRGB ray tracingalgorithm
resultsin a falsecolor image(themeasuredsurfaceis not a
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Table3 Relative modellingerrors(%) for measuredspectralBRDFs.

SpectralBRDF spectralon plywood plastic
rc # coef. er (L1) er (L2) er (L1) er (L2) er (L1) er (L2)
1:1 1,228,800 0.078 0.36 0.26 1.2 0.42 2.9
2:1 614,400 0.18 0.41 0.43 1.3 0.75 3
8:1 153,600 0.27 0.46 0.65 1.4 1.7 4.9
16:1 76,800 0.36 0.54 0.73 1.4 2 5.1
64:1 19,200 0.5 0.74 1.3 2.2 8 13
128:1 9,600 0.63 0.92 2 3 8.8 20
256:1 4,800 0.92 1.1 4.4 6.3 15 30

SpectralBRDF cloth velvet
rc # coef. er (L1) er (L2) er (L1) er (L2)
1:1 1,228,800 0.53 2.8 0.25 1
2:1 614,400 1.3 3.2 0.58 1.1
8:1 153,600 6 10 0.71 1.2
16:1 76,800 7.1 12 1.1 1.6
64:1 19,200 7.4 12 1.6 2.2
128:1 9,600 9.5 16 2.4 3
256:1 4,800 11 19 2.8 3.5

red velvet but a dark mauve one).This exampleillustrates
that thewhole radiometricinformationis usefulto perform
anaccuratephysicalsimulation.

Fig. 4 Spectralray tracingof a sofa with the isotropiccloth BRDF
(32:1)andtwo differentviewing directions.

We have alreadyshown that a bettercompression,ac-
cordingtomodellingerror, canbereachedwith ourapproach
comparedto the work of Lalondeat �x ed wavelength[9].
Table3 alsodemonstratesthatouradaptivegenericcompres-
sionschemesigni�cantly improvespectralmodellingathigh
compressionratescomparedto theresultswehavepresented
in [9]. For instancetherelativeL2 errorhasbeenrespectively
reducedby 34%,70%,and46%for thespectralon,plywood
andplasticBRDFsin thecaseof the128:1compressionra-

Fig. 5 Spectralray tracingof asofawith theanisotropicvelvetBRDF
(32:1)andtwo differentviewing directions.

Fig. 6 RGB ray tracingof thesofa with thevelvetBRDF (32:1).

tio. Thebene�t of our novel thresholdingis moreprecisely
investigatedin thenext section.

5.2.1GenericandAdaptiveCompression

As theBRDF is themostcomplex functionhandledby our
framework at the presenttime, it is also the bestsuitedto
studytheimpactof thenew compressionscheme.Themod-
elling resultsachievedusingnon-adaptivethresholding,with
andwithout genericcompression,aresummarizedin Table
4. Thegenericschemealwaysyieldsa betteraccuracy than
theconventionaloneat thesamelevel of compressionratio
(oftentwice or evenbetterin termsof globalerror).

Compressionwith our genericschemeis a moretedious
taskthanfor conventionalalgorithmsbecauseit requiresto
�nd anappropriatethresholdperspaceof thefunction's do-
main,insteadof asingleglobalthreshold,tomatchtheuser's
qualitycriteria.Actually, two differentsetsof thresholdscan
leadto thesameglobalcompressionrateeventhoughoneis
moreaccuratefor the spectralcomponentand the other is
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Table 4 Relative modellingerrors(%) without, thenusing,generic
compressionfor acquiredwoodspectralBRDF.

without with gain(%)
rc er (L1) er (L2) er (L1) er (L2) er (L1) er (L2)
8:1 2 4.2 0.93 1.9 115 121
16:1 5.1 11 3.1 7.5 64 46
64:1 8.1 22 4.4 9.4 84 134

moreaccuratefor the directionalcomponent.As a general
rule, the morethe function's domainis complex, the more
the modellingprocessbecomesa task that needstechnical
skill andexperience.Nevertheless,genericcompressionis
more�e xible from theuser'spoint of view.

Theotherimportantbene�t of ourcompressionapproach
arisesfrom its intrinsic adaptive nature.For instance,the
mostimportanterrorfor ourmeasurementsis noticedfor the
plasticBRDF, which is the mostglossyone.In this partic-
ular case,BRDF levelsdiffer by a factor100.So theadap-
tive thresholdis particularlygoodin contrastwith thenon-
adaptive threshold,especiallyfor highcompressionratio,as
shown in Table5.

Table 5 Relative modellingerrors(%) for theplasticBRDF usinga
non-adaptive, thenanadaptive threshold.

non-adaptive adaptive
rc er (L1) er (L2) er (L1) er (L2)

128:1 20 37 8.8 20
256:1 21 41 15 30

5.3 EDFs

The useof EDFs is not as commonas BRDFs' in realis-
tic rendering.Light sourcedistributionsareprimordial for
anaccuratelighting simulation,however they areoften left
aside.On onehand,thereis a lack of analyticalmodels,es-
peciallyfor thespectralbehaviour of lights.And ontheother
hand,therearenotenoughphysicalmeasurements.If theac-
quisitionof BRDFsis dif�cult, measuringtheoutputof lu-
minairesis evenharder. Someworks try to modelandsim-
ulatespectrallighting [13,51,5], but they do not provide a
generalanswerto theproblem.Onesimpleway to simulate
spectralEDFsis to useinformationsgivenby IESNA LM-
63 photometricdata�les [24,18]. They areASCII text �les
commonlyusedby North Americanlighting �xture manu-
facturersto distribute photometricinformationsabouttheir
products[50]. A IESNA �le givesthe candeladistribution
(over S2) for a givenluminaire.As it is a photometricquan-
tity, it is notdirectlyusedfor rendering.Wemustassumethe
samerelative spectralpower distribution for eachdirection,
andsimplyscalethespectrumby thelevel of thedistribution
in a givendirection(andperformtheappropriatecandelato
radianceconversion).Table6 presentsthe resultsof com-
pressionfor threedifferentIESNA descriptionsof reallumi-
nairesshown in Figure7 (a, b, andc). We respectively use

the CIE standardilluminant B, C, andD65 for the spectral
distribution (sampledevery 5nm in the visible spectrum),
anda sphericalsubdivisionat level 4.

Table 6 Relative modellingerrors(%) for measuredEDFs.

SpectralEDF (a) (b) (c)
rc # coef. er (L1) er (L2) er (L1) er (L2) er (L1) er (L2)
1:1 186,368 0 0 0 0 0 0
2:1 93,184 0.13 0.18 0.2 0.28 0.69 0.9
8:1 23,296 0.2.4 3.3 3.8 4.6 3.3 4.1
16:1 11,648 3.5 5 4.8 6.1 4.6 6
32:1 5,824 9.5 15 9.9 14 7.5 12
64:1 2,912 18 31 13 19 13 21

Fig. 7 Candeladistribution for four realluminaires(a,b, c, andd).

Therearemainly two reasonsexplainingthelow perfor-
mancesin contrastwith BRDF modelling.First, the spec-
tral behavior is smootherfor BRDFsthanfor EDFs.Indeed,
emissionspectracontainmany more high frequenciesand
spikes.Secondly, thedirectionalbehaviour is morecomplex,
composedof multiple lobes.But modellingis still satisfying
(up to 32:1).

Fig. 8 A CornellBox lighting solutionwith auniformEDF(left) then
a compressed(32:1) wavelet-basedrepresentation(right) of the real
luminaireIESNA descriptionshown in Figure7d.

5.4 PhaseFunctions

In this case,the lack of measuresis evenmoreemphasized
thanpreviously, especiallyfor spectraldata.Therefore,we
chooseto generatevirtual measurementdata sets from a
sampledanalytical model at �x ed wavelengthto validate
ourapproach.Themostfamousmodelis theonecreatedby
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Henyey andGreenstein[18] thatallows to handlebothprin-
cipal classesof phasefunctions:Rayleighscattering[3,30],
whentheparticlesof themediaarefarsmallerthanthelight
wavelength,andMie scattering[43], when the sizeof the
particlesis comparableto thelight wavelength.Nishitaetal.

Fig. 9 3D view at �x ed wavelengthand incoming direction of the
threephasefunctionsusedto testour model.Color indicatesthe rel-
ative level of thenormalizedfunctionvalues(green=weak,red=high).
Fromleft to right: Rayleigh,Mie hazyandmurky scatteringfunctions.

have reported[48] that the expensive Mie scatteringfunc-
tionsmay beef�ciently approximatedfor sparseanddense
particledensities,calledhazyandmurky, respectively. More
recently, Schlicket al. presentedanaccurateapproximation
for thesethreescatteringfunctions [2]. We usedtheseto
simulatephasefunctionmeasurementsaccordingto thepa-
rametersgivenin their paper. Table7 presentstheresultsof
compressionfor thethreedifferentphasefunctionsshown in
Figure9.A renderingexampleusingtheRayleighscattering

Table 7 Relative modellingerrors(%) for measuredphasefunctions.

PhaseFunction Rayleigh Mie (hazy) Mie (murky)
rc # coef. er (L1) er (L2) er (L1) er (L2) er (L1) er (L2)
1:1 4,194,304 0 0 0 0 0 0
2:1 2,097,152 0.28 0.44 1.5 2.1 2.4 3.4
8:1 524,288 2 2.5 2.9 3.5 7.2 8.9
16:1 262,144 2.1 2.6 4.5 5.4 9.4 11
32:1 131,072 2.3 2.8 6.2 8.5 16 19
64:1 65,536 4.2 4.9 9 10 19 23

phasefunctiondecomposedandcompressedin thewavelet
spaceis shown in Figure10. In this examplewe only take
singlescatteringinto account.Onecanseeno particularar-
tifactsdueto thecompression.

5.5 Performances

In this section,we evaluatethemeanreconstructiontime tm
of a spectrumfor the differentradiometricquantities.They
arecompressedupto arateof 95%,whichis agoodcompro-
misebetweenspeedandmemoryfor rendering,accordingto
ourestimations.Thereare90spectralsamplesin thevisible
domain,andwe performfour levelsof subdivision. Results
in Table8 wereachievedwith anAthlon XP1800+proces-
sor. Themeanreconstructiontime wasestimatedusingone
million evaluationswith arandomselectionof thedirections
eachtime.

Fig. 10 RGB ray tracingof the Cornell box with a phasefunction
modellingRayleighscattering(32:1).

Table8 Meanevaluationtimefor differentspectralradiometricquan-
tities.

Quantity SPD EDF BRDF
tm(µs) 23 72 117

Waveletsare very ef�cient comparedto global recon-
structionschemes,suchassphericalharmonics,becauseof
their narrow support.With the datagiven in [49], we mea-
suredthat theevaluationof our modelis ten timesfasterin
thecaseof aBRDFat �x edwavelength.Evenmoreimpres-
sive resultswereachievedwhenperforminganalysisof the
datasets,which is thousandsof time faster(from hoursto
seconds).

6 Application to Rendering

6.1 SpectralRendering

Accuratespectralrenderingisverymemoryconsuming(large
scenesandmaterial'sdata)andcomputationalintensive(large
numberof wavelengths).Our framework providesa reduc-
tion techniquefor bothproblems,usablewith standardstochas-
tic algorithms(wepresentin thenext sectionapplicationsto
pathtracing[27] andphotonmapping[25]). First,besidesan
intrinsiccompressedrepresentationof many involvedmate-
rial'sdata,a compactstoragefor spectralillumination com-
ponentcomputedon-the-�y suchasphotonsor pixel radi-
ance.Secondly, an importancesamplingstrategy for radio-
metricquantities,whichspeedsuptheconvergenceof Monte
Carlobasedtechniquesby ef�ciently samplingthe relevent
function,e.g. the BRDF for pathtracingandalsothe EDF
for photonmapping.

6.1.1RenderingProcess

Our renderingprocesscan be divided in threestages,the
sameway Sundecomposedhis framework in [67]. First a
spectralimageis generatedusingspectralphysicalproper-
ties of the light sourcesand the surfacesof the scene(re-
�ectances,BRDFs).TheusualRGBcolor informationis re-
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placedby a spectralpower distribution (incidentradianceto
the camera),for eachpixel in the image.This imagemay
becompressedusingour waveletencodingto reducemem-
ory consumptionor theamountof datawhenstoredon the
disk.Then,theseSPDsareexpressedin theCIE XYZ color
model[11] aftertheapplicationof a tonemappingoperator
[14]. At last,XYZ colorsaretransformedto theRGB space
andclippedaccordingto a RGB gamut[21] for visualisa-
tion.

Before the renderingprocesscomesthe analysisphase
of the radiometricquantitiesinvolved in the scene.With a
dedicatedtool, theuserloadandcompressthedifferentdata
to matchhis quality requirements.Then,thedataarestored
in a compactbinaryform on thedisk in orderto beusedby
theilluminationsoftware.

6.1.2ImportanceSampling

We have presentedin [9] an importancesamplingmethod
basedon thewaveletrepresentationof theBRDF. Re�ected
directionsaregeneratedaccordingto theBRDF magnitude
in a O(log4n) time complexity, wheren is the numberof
sphericaltriangles.Thealgorithmprocessesrecursively from
coarseto �ne resolution,selectingateachstepthechild of a
trianglein thesubdivisionaccordingto its globalimportance
in therepresentation.Resultsweregivenfor astandardRGB
renderingonly but areeasilyextendedto spectralrendering
usinga spectralintegratedversionof the function,encoded
with our wavelet representation.Moreover, generatingpho-
tonsfrom the EDF's magnitudeis quite similar to generat-
ing a re�ected direction,given an incomingone, from the
BRDF's magnitude.Indeed,the function to sampleis rep-
resentedwith the sameRe�ectanceobject(seesection4.3)
within our framework.

Wehavesigni�cantly improvedthealgorithmby remov-
ing a bias presentin our �rst implementation.In our new
implementation,we usea randompermutationof the chil-
dren,insteadof a sequentialsearch,in orderto performan
unbiasedestimation.At last, we have also improved sam-
pling by selectingchildrenat eachlevel accordingto their
local importancein therepresentation.That is, for eachtri-
anglewe considerthe function projectedonto the children
asastand-alonefunctionto sample.Thenew recursivesam-
pling algorithm is presentedin Figure11. EachtriangleT
de�nesanassociatedprojectedsolidangledw, whichisused
for computationsandtakesalsointo accountthecosineterm
of the renderingequation.The full integral of the function
usedto computetheprobability densityfunction(pdf) value
of thegenerateddirectioncanbepre-computedateachlevel
to speed-upthesampling(seesection6.1.3).

TheresultsachievedonanAthlon64XP3500+processor
comparedto simplesamplingtechniquesaresummarizedin
Table 9 for a shiny plastic BRDF. Theseresultsare aver-
agedamong100 simulations,with a different initialization
of thepseudo-randomnumbergeneratoreachtime, in order
to correctly handlethe stochasticnatureof the algorithm.
Eachsimulationconsistsin selectingarandomincomingdi-

functionsample(TriangleT, Integercurrent_level, Integerend_level) :
returnDirectionwr , Realpdf

{
if (current_level < end_level) then
{

Realintegral= T.value* T.dw
Realy = real_random(0,integral)
Integer�rst_child = int_random(0,3)
Realsum= 0

for i = 0..4
{

Integerindex = (�rst_child + i) % 4
sum+= T.child[index].value* T.child[index].dw

if (y <= sum)
sample(T.child[index], current_level + 1, end_level)

}
}
else
{

wr = T.random_direction()
pdf = T:value� coswrR

Wr
f (wr ) cosqr dwr

break
}

}

Fig. 11 Waveletimportancesamplingrecursive algorithm.

rectionin thehemisphere,thengenerating10,000outgoing
directionsby BRDF samplingto evaluatethe varianceof
the Monte Carlo estimator. The timing presentedin Table
9 also includesthe evaluationof the BRDF for the result-
ing setof directions(without interpolationthough).Theloss
in performanceis greatlybalancedby thegain in variance,
which convergesat a rateof O(

p
N), whereN is the num-

berof samplesusedfor theestimator. Moreover, thereis no
needto managethe full detailedwavelet-basedrepresenta-
tion to achieve a signi�cant variancereduction.Thus,un-
compressedstructurescanbe used(asin Table9) to speed
up thesampling.

Table 9 Variance estimation for uniform, cosine-weightedand
waveletimportancesamplingatdifferentlevelsof accuracy.

Sampling Variance # samples/ s
Uniform 0.28(reference) 1,192,000(reference)

Cosine-Weighted 0.14(- 50%) 908,879(- 23%)
Wavelets(level 0) 0.11(- 60%) 883,662(- 25%)
Wavelets(level 1) 0.061(- 78%) 607,847(- 49%)
Wavelets(level 2) 0.043(- 85%) 401,279(- 66%)
Wavelets(level 3) 0.037(- 86%) 303,751(- 74%)
Wavelets(level 4) 0.036(- 87%) 239,399(- 79%)

6.1.3Spectral Computations

Variancereductionusing wavelets is not the only way to
speedup rendering.Actually, pathtracingandphotonmap-
pingusuallyneedsmorethanaBRDFrepresentation.For in-
stance,theRussianroulettetechnique[18] needstheBRDF
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albedofor a givenlighting direction,whichgivestheproba-
bility of re�ection for agivenphotonor light ray:

a(wi ; l ) =
Z

Wr

fr(x;wi ;wr ; l ) cosqrdwr :

Computingspectralalbedosis a very time consumingtask
in spectralrenderingusing measuredBRDFs (even in the
sparsewavelet space).Indeedwe have to perform lots of
operationson spectra.But pre-computationandstorageof
theseinformationsusingour �e xible waveletrepresentation
is possible.Thus, the speed-upwill not be affected by a
large increaseof memory. Otherradiometricquantitiescan
becomputedstartingfrom theBRDF, andthencompressed
using the wavelet representationto modify the time/space
trade-off: spectralre�ectances,spectralintegratedalbedos,
andsoon.

Computinglighting directly in thesparsewaveletspace
would also considerablyacceleratethe process.However,
this mappingis only possiblefor linear operators,because
of thelinearity of thewavelet transform.But non-linearop-
erators,suchastheproductbetweentheincomingspectrum
and the surfacere�ectance,are problematic.Iehl [23] de-
scribesa solutionin thespeci�c caseof Haarwavelets,but
theresultingoperatoris moreexpensive thanaconventional
product.More effective resultshave appearedrecentlyfor
productof even more complex functionsthan spectrabut
arestill limited to Haarwavelets[8,46]. To the bestof our
knowledge,ageneralef�cient solutionfor any waveletbasis
hasnot beenyet provided. It may comefrom an extension
of previouswork or connectioncoef�cients [53,1], but there
is nopracticalandef�cient computerimplementationyet.

As aconsequence,spectraarefully reconstructedon-the-
�y from their compressedwaveletrepresentationto perform
lighting computationsfor path tracing or the photontrac-
ing phasein the photonmappingalgorithm.Although the
full vector representationof spectrais well-suitedin these
cases,it is not for photonmapping.Indeed,noextra-storage
is requiredexceptfor the �nal spectralimage,which could
be compressedthough,in ray shootingtechniques.More-
over, a very limited numberof interactionsusually arises
alonga light ray path.But photonmappingconsistsin pre-
computingandstoringeachspectralphotoncontribution to
thescenein aphotonmapthatgenerallycontainsmillions of
elements.The�nal lighting evaluationis performedthrough
a gatheringphase, which sumsup thecontributionsof tens
or thousandsof photonsfor a singlepoint in thescene.For-
tunately, usingawavelet-basedrepresentation,spectralpho-
toncontributionscanbecompressedto savealot of memory
whenstored,andgatheringspeedsigni�cantly increased,as
shown in thenext section.

6.2 Applications

6.2.1Spectral PathTracing

To comparetheef�ciency of RGBandspectralrenderingus-
ing our importancesamplingalgorithmwetestascenecom-

posedof about30,000polygons,with � vemeasuredspectral
BRDFs:redcloth for thesofa,darkgreenvelvet for thebed,
white paintedplywood for the table's surface,ivory plastic
for therodsof thebedandtheteapot,andspectralonfor the
walls andthe�oor . EachBRDF is compressedup to a ratio
of 20:1.Both lights in the sceneusean isotropicEDF and
the D65 CIE standardilluminant for emissionspectrum.A
spherewith a perfectspeculartransmittanceis addedto the
scenein orderto generateacausticonthetable,which is not
aperfectdiffusesurfacebut usesarealmeasuredBRDF. The
left imagein Figure12 is computedusinguniformsampling
of theBRDFin theRGBspace.Thetransparentspherelooks
blackbecauseuniform samplingnevergeneratestheperfect
directionof transmission.The right imagein Figure 12 is
similarbut computedusingwaveletimportancesamplingof
the BRDF. The imagein Figure13 is computedusing the
sametechniqueandeven samplingof the visible spectrum
every10nm.

Fig. 12 RGB pathtracingon a bedroomscene(256 raysper pixel),
top:uniformsampling,bottom:waveletbasedimportancesampling.

We estimatedthe meanper pixel varianceon theseim-
ages,andfoundthatthewaveletbasedimportancesampling
reducesthe varianceby 45% in the RGB caseand30% in
thespectralcase.This resultis not surprisingasit is a well-



12 Luc Claustresetal.

Fig. 13 Spectralpath tracing on the bedroomsceneusing wavelet
basedimportancesampling(256raysperpixel).

knownstatisticalproblemdetailedin [65,18]: themorespec-
tral bandsareadded,themoretheprovidedsolutionhashigh
variance.But at thesametime, generatingdirectionsin the
RGB processincreasesrenderingtime by 27%on the bed-
roomscene,while it only increasesrenderingtimeby 5%in
the spectralcase.Finally, spectralrenderingis morerealis-
tic especiallyfor the tones.Indeed,RGB renderingresults
in unrealistic�ashy colors(look at thecloth andthevelvet)
andevenfalsecolors(therealcolor of theplasticis ivory).

6.2.2Spectral PhotonMapping

Figure 14 shows threerenderingsof the Cornell Box cre-
atedby photonmapping.The light emissionis a D65 CIE
standardilluminant. Spectralre�ectancesareacquireddata
from the Cornell Box. Photontracinguses100,000initial
photons,which carry evenly sampledspectraevery 10nm
for lighting computations.Whenstoredin thekd-treestruc-
ture,�nal photoncontributionsarecompressedwith theVil-
lasenorwaveletbasisthough.Gatheringusesthe500nearest
photonsfor the radianceestimate,accordingto the method
of Jensen[25]. The per-pixel error, computedon the �nal
imagesin the L*a*b* color space[11], providesus a per-
ceptualerrormapshown Figure15.In the�rst case,wavelet
compressiondoesnot introducea speci�c error. The error
is uniformly distributedandcertainlymoreinducedby the
stochasticbehaviour of the algorithmthanby a systematic
error in the representation.But in the secondcase,when
compressionincreases,the error is mainly localizedin the
indirect lighting. Indeed,indirect photoncontributions are
characterizedby large and weak variationsthat are more
sensibleto waveletcompression,whichpreservesmorehigh
andlocalizedvariations(typically direct lighting). In Table
10 a morequantitative comparisonis done.For eachcom-
pressionrate,the memoryusedby the spectralsamplesin
thephotonmap,themeaneµ andthemaximumeM percep-
tual errormeasuredon theimages,aregiven.Recallingthat
an error around1 in the L*a*b* spaceis the thresholdfor

nonperceptibleerrors,onecanseethatrenderingis still ac-
curatewith only 10%of theoriginal spectralinformation.

Fig. 14 Spectralphotonmappingof the Cornell Box, top left: com-
pletespectralinformation,top right: 10%,bottom:5%.

Fig. 15 Per-pixel L*a*b* error for a compressionrate of 90% and
95%(squaredandscaledby 8).

Table 10 Quantitative resultsfor photonmappingusingcompressed
spectra.

compressionrate memory eµ eM gathering(s)
0%(reference) 70MB 0 0 2792

90% 7MB 2.5 9 447
95% 3.5MB 4.8 21 410

Thegainin memorystorage,dueto thewaveletcompres-
sion,is importantfor spectralphotonmapping,asthiscould
enhancetheproducedlighting's accuracy by increasingthe
numberof storedphotons.Furthermore,we alsobene�t of
thesparsewavelet representationto speedup gathering.In-
deed,in thisprocess,contributionsof thenearestphotonsare
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addedto the total contribution computedfor a given scene
location.Then,thetotalcontribution is modulatedby there-
�ectanceof thesurface.Accumulatingphotoncontributions
is directly possiblein thewavelet spaceasthe transformis
linear, avoiding the needto convert spectraldatabackand
forth.This requiresthede�nition of ef�cient algebraicoper-
atorsbetweenoursparsestructuresasdetailedin [9]. Gather-
ing timepresentedin Table10showsthesaving with respect
to thecompressionratefor a 512x512image.

Complex EDFs Thelackof analyticalmodelsmakestheuse
of numericalmethodsimperativefor EDFsampling,whereas
in thecaseof BRDFmodelling,someanalyticalmodelscan
beexploited.Therefore,rejectionsamplingis oftenusedbut
this methodsuffersfrom poorconvergenceandis a dramat-
ically slow process[18]. Thusthe wavelet basedsampling
strategy [9] is very interestingin this case.Figure16 shows
the Cornell Box illuminatedby a real EDF describedin a
IESNA �le with the spectraldistribution of the real light
source.Theblackpointsshow the�rst 10000photonhits,for
uniform samplingin the left image,andfor wavelet based
importancesamplingon the right image.Onecanseehow
the photondistribution follows the real light distribution.
Variancereductionin the lighting, andparticularly the in-
directlighting, is themainconsequenceof importancesam-
pling of the EDF in the photonmappingsolution (Figure
17). But thedirect lighting is very sharp.This phenomenon
is mainly due to the concentrationof photonhits in local-
izedareasby importancesampling,contrarytouniformsam-
pling.Actually, it wouldrequireadedicatedphotonmapasit
is usuallydonefor caustics.Nevertheless,thephotonmapis
usuallydedicatedto indirect illumination althoughwe have
alsostoreddirect photoncontributions for illustration pur-
pose.

Fig. 16 CornellBox lighting usingthe real luminairedescriptionof
Figure7d, left: primaryphotonhits for uniform samplingof theEDF,
right: primaryphotonhits for importancesamplingof theEDF.

7 Conclusion

Wehavepresentedagenericframeworkbasedonwaveletsto
handlemostof theradiometricquantitiesinvolvedin global

Fig. 17 Photonmappingsolutionusinguniformandimportancesam-
pling of theEDFshown in Figure7d.

illumination in a uni�ed way. Our model ensuresimpor-
tant memorysavings for large measurementdatasets,e.g.
spectralBRDFs,orwhenmany measured/evaluatedphysical
propertiesareusedatthesametime,e.g.photonmaps.Actu-
ally, our genericwavelet transformconceptandits adaptive
thresholdingincreasesthe compressionability of the stan-
dard wavelet compressionscheme.We have demonstrated
thatthemodelis versatileandguaranteesa physicallyvalid
reconstructionby several testsagainstmany different ac-
quiredorsynthetizedopticalproperties(SPDs,EDFs,BRDFs,
and phasefunctions).Then, we showed that someopera-
tionsperformedduringrenderingarefasterwhencomputed
in thewaveletspace,e.g.photonsgathering.Waveletbased
importancesamplinghelpsto reducethevarianceof Monte
Carlo algorithms:path tracingfor optimal ray propagation
andphotontracingfor optimalphotonemission.Many global
illumination problemsshouldbene�t of this �e xible repre-
sentation,especiallyfor spectralrendering,whichneedsboth
prohibitive time andmemory.

Futureresearchwill includefull lighting computationin
the sparsewavelet space,which needsthe de�nition of an
ef�cient productoperatorbetweenspectraas explainedin
section6.2.1.Themodelshouldalsobeeasilyextended,fol-
lowing the genericapproach,to handleBTF representation
andincludethe dependenceof the light re�ection on posi-
tion. At last, the modelcould leadto the developmentof a
signal-processingframework. On theonehandto build ef�-
cientmeasurementschemes.For instance,denselysampled
BRDFsare long to acquiredueto the intrinsic complexity
of thefunction's domain.Matusiket al. [40] presentanovel
measurementprocedurethat shortensacquisitionbasedon
a waveletanalysisof samples.However, their analysisis re-
strictedto RGBandisotropicBRDFsbecauseit reliesonthe
Lalonde's approach.Using our genericmodel, it could be
extendedto both anisotropicandspectralBRDFs(or other
radiometricquantities)analysis.Ontheotherhand,ourframe-
work might beusedfor analysisof light transport,thesame
way Durandet al. did in theFourierdomain[15]. Theradi-
ancein the neighbourhoodof a ray alongall stepsof light
propagationshouldbe thenstudiedin termsof frequency-
and time-spacecontent,as a naturalway to tackle effects
suchasmotionblur.
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