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PROCESSES

Fractional Brownian Motion (FBM): mono-fractal
- Only Gaussian self-similar process with stationary increments

_ X(t) d

- ((q) = qH for q € |0, o0)

Multifractal Random Walk (MRW): multi-fractal

o’ X (t/a) for all a > 0

- Non Gaussian processes with stationary increments

- Multifractal properties mimic Mandelbrot’s multiplicative log-normal cascades

- X (k) = 35 Gu(k)er™

Gu(k)

. increments of FBM with parameter H.

w : independent of GGy, Gaussian, with non trivial covariance:

cov(w(ky),w(ks)) = ¢ In (Vﬁ—éQHl) for |ky — ko < L; 0 otherwise

-C(q) = (H + ¢2)q — g% /2 for q € [O, \/2/02}

= departure from linear behavior in ¢ tully controlled by ¢

o)

Scaling Exponents:

(CI: percentile)

0

FBM gl
MRW o

FBM: C(q), Ié(q), pércentife C1

0

MRW: C(q),f(q), plercentille CI

FESTIMATORS AND CONFIDENCE LIMITS

Estimators G~ Caussian
éX(Q) — ﬁ w; (logy, S(7,q) — gx(7,q)) |X: A - Asymptotic

Confidence Intervals B - Bootstrap

1. Asymptotic (1 — «) Confidence Intervals:

Cliy(9) = (Cla) = p (3) VVx(@), Cla) = (5) VVx(@) )

Vx(q) = Y7 w? 0x*(j,q)

D (%) Quantile of standard Normal distribution
2. Bootstrap (1 — «) Percentile Confidence Interval:

Clg(q) = (é*a’l)(q), é*<b2)(q)> C*(q): bootstrap distribution

B(l—«

blzB@ b2: 9

20

Histograms: C(q) Monte Carlo  (*(q) Bootstrap (MRW, q=2)

) Quantiles of bootstrap distribution

BS histogll"am C*(q)

MC histoéram ¢(q)
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Monte Carlo Simulation:

Biases

Standard deviations

Mean-square errors

FBM:

Empirical coverages

>
PERFORMANCE ASSESSMENT

Estimation procedures applied to N realizations of FBM and MRW of length n:

B(q) = EC(Q)q—C(Q)

5(q) =/ Var¢(q)/q
MSE(q) = \/N s(q)” + B(g)?
Cemp(q) _ 2 5]%\590)7012'(61))

e(C(q),Cl(q)) = 11if ((q) € Cl(q) and 0 otherwise
Results obtained using Daubechies wavelets with N = 3 vanishing moments
. H = 0.8
MRW: (H, cy) = (0.75,0.08)

n =2
Ny = 3000

Resamples B = 200
Blocklength L = 6

COVERAGE OF CONFIDENCE INTERVALS

n = 2'°: Empirical Coverage (in %): Nominal 95%

FBM MRW
0] X CIB CIVG CIVB CIVA CIB CIVG CIVB CI\/A
1| G | 8.9 8.2 909 8.0 (2.5 | 30.0 | 80.6 | 52.0
B ] 8.9 @ &8.5 | 91.0 8.2 | 7.6 | 327 | 82.2 | 55.8
A 8.9 8.3 91.1 | 88.1 3.4 0 31.0  81.3 538
2 1 G | 8.1 868 90.6 | 85.9 82.2 352 | 89.8 | T74.1
b 8.9 | 8.8 | 90.3 86.0 | &4.9 | 38.7 909 @ 76.3
A | 879 8.9 904 | 8.0 | 836 @ 37.3 904 755
3 | G | 8.7 877 90.0 | 86.0 8.9 | 327 | 92.7 | (2.4
b 8.0 | &§7.6 894 8.5 895 | 322 915  81.6
A | 8.7 876 | 894 8.4 | §89.0 327 | 91.9 81.8
4 G | 8.3 | 8.2 893 863 | 926 284 | 914  80.5
b 839 879 | 88.4 | 8.0 | 91.4 | 206.1 | &4 | 76.3
A 8.4 85| 8.0 | 8.2 916 2066 | 89.3 781
b | G 846 904 894 | 8.8 | 921 @ 262 | 8.3 @ 73.9
b 799 | 883 | &1 | 83.6 | 88.9 | 242 | 81.2 | 67.1
A 791  88.0 8.8 | 8.8 | 909 243 | 8.1 | 709

PERFORMANCE OF BESTIMATORS

-0.1—

MRW: f(qg(—qg(q) (in %)

s FBM: S0-8D (i %)
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CONCLUSIONS

Estimators

g5(J,q) has smallest bias and MSE for both Gaussian

mono-fractal and non Gaussian multi-fractal process

Confidence Intervals
FBM: - C'Iy, very good

- C'ly, and C'Ip good
MRW: - C'Ip and C'ly, good
- C'Iy, has empirical coverage below 45% !

Multifractal Analysis

e "Optimal” block length is L = 2/N (wavelet time support

e Confidence intervals are the main benefit of bootstrap in

e Bootstrap C'Ip and C'[y, highly relevant for both Gaus-
sian mono-fractal and non Gaussian multi-fractal process

)

Perspectives

- Double Bootstrap Techniques 7
- Time-Scale Bootstrap 7
- Bootstrap Hypothesis Test (mono- vs. multi.fractal) 7
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FESTIMATION FROM SINGLE REALISATION

2000 3000 4000

n

1000

((q), C(q) and percentile

N
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BOOTSTRAP
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