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Abstract

Interval-valued fuzzy sets were proposed thirty
years ago as a natural extension of fuzzy sets.
Many variants of these mathematical objects ex-
ist, under various names. One popular variant
proposed by Atanassov starts by the specification
of membership and non-membership functions.
This paper focuses on interpretations of such ex-
tensions of fuzzy sets, whereby the two member-
ship functions that define them can be justified
in the scope of some information representation
paradigm. It particularly focuses on a recent pro-
posal by Neumaier, who proposes to use interval-
valued fuzzy sets under the name “clouds”, as an
efficient method to represent a family of proba-
bilities. We show the connection between clouds,
interval-valued fuzzy sets and possibility theory.

Keywords: Interval-valued fuzzy sets, possibil-
ity theory probability theory

1 Introduction

Interval-valued fuzzy sets were introduced inde-
pendently by Zadeh [24], Grattan-Guiness [14],
Jahn [15], Sambuc [21], in the seventies, in the
same year. An interval-valued fuzzy set (IVF) is
defined by an interval-valued membership func-
tion. IVFs are a special case of L-fuzzy sets in
the sense of Goguen [13], so as a mathemati-
cal object, it is not of special interest. Indepen-
dently, Atanassov [1] introduced the idea of defin-
ing a fuzzy set by ascribing a membership func-
tion and a non-membership function separately,
in such a way that an element cannot have de-
grees of membership and non-membership that

sum up to more than 1. Such a pair was given the
misleading name of “Intuitionistic Fuzzy Sets” [6]
but corresponds to an intuition that differs from
IVFs, although both turned out to be mathemat-
ically equivalent notions (e.g. G. Deschrijver, E.
Kerre [4]). What is somewhat debatable with
all these extensions is that it is not always ex-
plained where do the two membership functions
come from. This lack of foundations is embar-
rassing as it triggers papers that just play with
the (rather derivative, as subsumed by lattice-
valued constructs) induced mathematical struc-
tures, without laying bare clear motivation. In-
deed, IVFs should be the by-product of some prin-
ciples or some practical situations where they ap-
pear as natural constructs. Fuzzy set theory itself
somewhat suffered from the same type of diffi-
culty, even if the situation is clearer now (see the
discussion in [12]). In this paper, we review moti-
vations for fuzzy sets with two membership func-
tions, borrowing from various applied settings or
paradigms. We particularly focus on a recent pro-
posal by Neumaier [17], who independently came
up with the same mathematical object, under the
name cloud as a tool for representing imprecise
probabilities. We show the connection between
the possibilistic representation of probability sets,
the so-called guaranteed possibility measures [5],
and the notion of clouds.

2 Fuzzy Sets with Two Membership
Functions.

An IVF is defined by a mapping F from the uni-
verse U to the set of closed intervals in [0, 1].
Let F (u) = [F∗(u), F ∗(u)]. The union, intersec-



tion and complementation of IVF’s is obtained by
canonically extending fuzzy set-theoretic opera-
tions to intervals. As such operations are mono-
tonic, this step is mathematically obvious. For in-
stance, the most elementary fuzzy set operations
are extended as follows, for conjunction, disjunc-
tion and negation, respectively

F∩G(u) = [min(F∗(u), G∗(u)),min(F ∗(u), G∗(u))];

F∪G(u) = [max(F∗(u), G∗(u)),max(F ∗(u), G∗(u))];

F c(u) = [1− F ∗(u), 1− F∗(u)].

An IVF is also a special case of type 2 fuzzy set
(also introduced by Zadeh [24]). See [22] for a
careful study of connectives for type 2 fuzzy sets;
their results apply to the special case of IVFs.

A so-called “intuitionistic fuzzy set” (IFS) in the
sense of Atanassov is defined by a pair of mem-
bership functions (F+, F−), where F+(u) is the
degree of membership of u and F−(u) is its degree
of non-membership. IFSs are supposed to verify
the constraint

F+(u) + F−(u) ≤ 1 (1)

The basic intuitionistic fuzzy set-theoretic (or log-
ical) operations for such IFS’s are proposed as
follows for conjunction (F+, F−)∩ (G+, G−), dis-
junction (F+, F−) ∪ (G+, G−), and negation of
(F+, F−) respectively:

(min(F+(u), G+(u)),max(F−(u), G−(u)));

(max(F+(u), G+(u)),min(F−(u), G−(u)));

(F−(u), F+(u)).

The use of an involutive negation acting on the
pair of membership and non-membership func-
tions makes IFS theory formally collapse to IVF
theory. Indeed, constraint (1) always guaran-
tees the existence of the membership interval
[F+(u), 1 − F−(u)], which can thus be identified
with [F∗(u), F ∗(u)], and the set theoretic opera-
tions defined for IFS agree with the standard ex-
tension of basic fuzzy set connectives to interval-
valued membership recalled above. For instance,
negation in IFS theory becomes the above comple-
mentation to 1 extended to intervals. The same
holds for min and max connectives. This collapse
was already noticed by Atanassov and Gargov [2]
in the eighties, and later emphasized by several
scholars.

3 Naturally Generated Fuzzy Sets
with Double Membership Functions

By generated IVF or IFS, we mean that the two
membership functions can be interpreted in the
framework of some meaningful paradigm of infor-
mation representation. In other words, there is
a process, related to a well-defined problem, for
generating them, instead of considering them as
primitive objects. This approach makes IVF or
IFS closer to applications, and provides guidelines
for the choice of connectives.

3.1 Examples of generated IVFs

The idea behind IVFs is that membership grades
can hardly be precise. As fuzzy sets are sup-
posed to model ill-defined concepts, some scien-
tists have argued that requiring precision in mem-
bership grades may sound paradoxical. Although
this view could be challenged, it naturally leads to
IVFs in a first step of departure away from stan-
dard fuzzy sets. Indeed it is a long tradition in
economics, engineering, etc., that intervals were
used to represent values of quantities in case of
uncertainty.

For instance, dealing with uncertain possibilistic
information about the potential elements of an
ill-known set, gives birth to a special kind of IVF
named twofold fuzzy set [9]. Suppose that there
is a set of objects Ω, and an attribute A on a scale
U such that generally the value of attribute A is
ill-known, say A(ω) ∈ [u−(ω), u+(ω)] for ω ∈ Ω.
The fuzzy set F of objects that verify a (stan-
dard) fuzzy property defined by a regular fuzzy
subset Φ of U is then interval-valued : Φ(ω) ∈
[infu∈[u−(ω),u+(ω)] Φ(u), supu∈[u−(ω),u+(ω)] Φ(u)].

A rough set [19] is a kind of IVF induced by in-
discernibility of elements, modelled by an equiva-
lence relation R on U . Subsets of U are approxi-
mated by their upper approximation S∗ = SoR
and their lower approximation S∗ = (ScoR)c.
Fuzzy sets can be approximated likewise by an
IVF, even if R is a fuzzy similarity relation (See
Dubois and Prade [10]).

Interestingly these notions are not truth-
functional in general: the upper and lower ap-
proximations of unions and intersection of fuzzy



sets in these settings cannot be completely defined
by the union and intersection defined for IVFs.
So, while extensions of fuzzy connectives to IVFs
can be straightforwardly defined, they do not al-
ways make sense. But this is related to the lack of
compositionality of uncertainty since upper and
lower degrees F ∗(u), F∗(u) quantify uncertainty
about membership and may not express degrees
of membership. For instance, in the twofold fuzzy
sets paradigm, if the property F is Boolean and
the A(ω)’s lie in fuzzy sets, F is approximated by
two membership functions expressing degrees of
possibility and necessity of Boolean membership.

3.2 Examples of generated membership
and nonmembership functions

However, the membership and non-membership
degrees in the IFSs may represent something else,
namely the idea that concepts are more naturally
approached by separately envisaging positive and
negative instances. It is worth pointing out that
the ideas developed by Atanassov may be seen
as a fuzzification of sub-definite sets, introduced
some years before by Narin’yani [16] who sepa-
rately handles the (ordinary) set F+ of elements
known as belonging to the sub-definite set and the
(ordinary) set F− of elements known as not be-
longing to it, with the condition F+ ∩ F− = ∅
(together with some additional information ex-
pressed by bounds on the cardinalities of F+ and
F−). Condition (1) extends this requirement to
the two membership functions F+ and F−. In
other words, F+(u) is viewed as a lower bound on
actual membership degree, and F−(u) is a lower
bound on non-membership. It leads to the idea
of bipolarity in information representation.

The idea of handling information in terms of sepa-
rate positive vs. negative chunks is actually con-
firmed by psychological investigations [3]. It is
currently studied in various domains of informa-
tion engineering including preference modelling,
learning, and reasoning (see for instance Dubois et
al. [5], and papers from two special sessions at the
IPMU 2004 conference in Perugia [7]) under the
term “bipolarity”. Dubois et al. [5] consider that
information coming from the background knowl-
edge of people is not of the same nature as infor-
mation contained in observed data. The former

is negative information because it rules out situa-
tions considered impossible a priori. They define
a possibility distribution π on the universe of dis-
course as π(u) = 1 − ι(u), where ι(u) expresses
a degree of impossibility reflecting the amount of
surprise felt by an agent hearing that situation u
occurred. Observed data are positive information
summarised by a distribution δ. δ(u) measures
the extent to which the possibility of u is sup-
ported by evidence; it is a degree of guaranteed
possibility (in the sense that it focuses on situ-
ations that were actually observed). Clearly the
pair of functions (δ, ι) is close to Atanassov intu-
itions. Especially, the IFS condition δ ≤ π re-
flects the necessary consistency between positive
and negative knowledge. The stronger condition
requiring that δ and ι have disjoint supports can
be enforced but may be challenged, as one may
observe to a limited extent situations that are not
fully ruled out by our background knowledge (for
instance it is known that birds fly but one can see
a few species that don’t). δ = π correspond to the
situation where our knowledge is fully supported
by experience.

These ideas of bipolar information also make
sense in various other contexts like preference
modelling (desires vs. constraints), deontic logic
(forbidden vs. explicitly permitted by jurispru-
dence), learning (counter-examples vs. exam-
ples), and voting. In Szmidt and Kacprzyk [20]
the IFSs were illustrated on a voting example
when ”yes”, ”no” and ”abstain” votes are pos-
sible.

4 Clouds and Imprecise Probabilities

This section recalls basic definitions and results
due to Neumaier [17], cast in the terminology of
fuzzy sets and possibility theory. A cloud is an
IVF F such that (0, 1) ⊆ ∪u∈UF (u) ⊆ [0, 1]. In
the following it is defined on a finite set U or it
is an interval-valued fuzzy interval (IVFI) on the
real line (then called a cloudy number). In the
latter case each fuzzy set has cuts that are inter-
vals. When the upper membership function co-
incides with the lower one, (F∗ = F ∗) the cloud
is called thin. When the lower membership func-
tion is identically 0, the cloud is said to be fuzzy.



Note that in both cases an IVF is characterised
by a standard fuzzy set. However, while most
fuzzy set specialists would call a thin cloud a fuzzy
set, Neumaier considers a fuzzy set to be inter-
preted as a fuzzy cloud. A subcloud G v F of
a cloud F is such that ∀u ∈ U, [G∗(u), G∗(u)] ⊆
[F∗(u), F ∗(u)]. A minimal cloud has no other sub-
cloud but itself [18]. This notion does NOT gen-
eralize fuzzy set inclusion, but expresses the idea
that the membership grades of G are more precise
than those of F .

Let Fα = {u, F ∗(u) > α} be the upper cut of F
and Fα = {u, F∗(u) ≥ α} be the lower cut of F .
A random variable x with values in U is said to
belong to a cloud F if and only if ∀α ∈ [0, 1]:

P (x ∈ Fα) ≤ 1− α ≤ P (x ∈ Fα) (2)

under all suitable measurability assumptions.

Moreover x ∈ F if and only if x ∈ F c, the latter
being called the mirror cloud. When the cloud is
thin, it reduces to

P (x ∈ Fα) = P (x ∈ Fα) = 1− α. (3)

A distribution function (DF) defines a thin cloud
containing all random variables having this dis-
tribution. So a thin cloud (or precise fuzzy set in
our terms) is in this sense a generalized DF.

5 Casting Clouds in Possibility theory

A possibility distribution π is a mapping from U
to the unit interval (hence a fuzzy set) such that
π(u) = 1 for some u ∈ U . Several set-functions
can be defined from them [5]:

• Possibility measures: Π(A) = supu∈A π(u)

• Necessity measures: N(A) = 1−Π(Ac)

• Guaranteed possibility measures: ∆(A) =
infu∈A π(u)

Possibility degrees express the extent to which an
event is plausible, i.e., consistent with a possible
state of the world, necessity degrees express the
certainty of events and ∆-measures the extent to
which all states of the world where A occurs are

plausible, and generally apply to guaranteed pos-
sibility distributions denoted by δ.

A possibility degree can be viewed as an upper
bound of a probability degree [11]. Let P(π) =
{P,∀A ⊆ U measurable, P (A) ≤ Π(A)} be the
set of probability measures encoded by π. Viewed
in the scope of bipolarity, a possibility distribu-
tion describes negative information in the sense
that all values u such that π(u) = 0 are ruled
out. But in the absence of positive information,
the guaranteed possibility distribution is δ = 0.
Hence, as expressing upper bound on probabili-
ties, or on the actual possibility of occurrence of
outcomes, π is better equated to the IVF with
F∗ = 0, F ∗ = π (a fuzzy cloud, for Neumaier).

Now suppose two possibility distributions π1 and
π2 are known to dominate a certain family of
probabilities. The largest such family is clearly
P12 = P(π1) ∩ P(π2). Note that the probability
of any event induced by P12 is such that

max(N1(A), N2(A)) ≤ P (A) ≤ min(Π1(A),Π2(A))
(4)

It is important to point out that P is not the set
of probability measures generated by min(π1, π2).
The latter may be empty without the former be-
ing empty. For instance, if U = {u, v}, π1(u) =
1, π1(v) = 0.5, π2(v) = 1, π2(u) = 0.5. Then the
uniform probability on U lies in P(π1) and P(π2),
but P is empty as min(π1, π2) is subnormalized.
Let us recall the following result (see Dubois et
al.[8]):

Proposition 1 P ∈ P(π) if and only if 1 − α ≤
P (π(x) > α),∀α ∈ (0, 1]

Besides note that P (x ∈ Fα) ≤ 1−α is equivalent
to P (1 − F∗(x) > β) ≥ 1 − β, letting β = 1 − α.
So if we let π1 = F ∗, π2 = 1 − F∗, it is clear
from equation (2) that a random variable with
probability measure P is in the cloud F if and
only if it is in P(π1) ∩ P(π2). Hence eq.(4) is the
possibilistic version of eq. (2). It also confirms
that a possibility distribution is what Neumaier
calls a fuzzy cloud (letting F∗ = 0).

The following results indicate conditions under
which the family P12 = P(π1)∩P(π2) is empty or
not. First consider a finite partition {A1, . . . , Am}
of U . Since

∑m
i=1 P (Ai) = 1, it is clear that a nec-



essary condition for P12 6= ∅ is due to eq.(4)

m∑
i=1

min(Π1(Ai),Π2(Ai)) ≥ 1 (5)

In particular,
∑n

i=1 min(π1(ui), π2(ui)) ≥ 1 must
hold if U is a finite set with n elements. Based on
two-partitions another condition can be derived:

Theorem 1 If c12 = supu∈U min(π1(u), π2(u)) <
0.5 then P12 = ∅.

Proof Indeed if the premise holds then ∃c12 <
α < 0.5 and a subset A such that (π1)α ⊆ A
and (π2)α ⊆ Ac. Then Π1(A) = Π2(Ac) = 1, so
Π1(Ac) + Π2(A) ≤ Π1(((π1)α)c) + Π2(((π2)α)c) ≤
2α < 1, violating (5).

An important case where this proposition applies
is when ∀u ∈ U, π1(u)+π2(u) < 1, i.e. a case when
(π1, 1 − π2) is not a cloud. Recalling that a pos-
sibility distribution stands for an upper member-
ship function, this condition does contradict the
one linking (lower) membership function and non-
membership function as requested by Atanassov.

Now let us find natural sufficient conditions for
P12 6= ∅, and the natural candidate is ∀u ∈
U, π1(u) + π2(u) ≥ 1, i.e. the pair (π1, 1 − π2)
defines an IVF or a regular cloud. The most in-
teresting case is the one of thin clouds (IVFs re-
duced to fuzzy sets) π1 = 1 − π2. Some general
results are proved by Neumaier [18]. Here we ba-
sically give some examples that have practical im-
portance:

Theorem 2 If U is finite, then P(π) ∩ P(1− π)
is empty.

Proof Choose A to be the 0.5-cut of π. Then
Π(A) = 1,∆(A) = 0.5, ∆(Ac) ≤ Π(Ac) < 0.5.
It is easy to see that if π = π1 = 1 − π2, then
eq. (4) now comes down to 1− Π(Ac) ≤ P (A) ≤
1−∆(A)). Hence eq. (4) is violated.

In fact, this is due to finiteness, and a simple shift
of indices solves the difficulty. Let π1(ui) = ai

such that a1 = 1 > . . . > an > an+1 = 0. Con-
sider π2(ui) = 1 − ai+1 > 1 − π1(ui). Then
P(π1) ∩ P(π2) contains the unique probability
measure P such that the probability weight at-
tached to ui is pi = ai − ai+1,∀i = 1 . . . n. To

see it let Ai = {ui . . . un}. Then, N1(Ai) = 0,
Π1(Ai) = ai, N2(Ai) = 0, Π2(Ai) = 1, so,
eq.(4) reads ai ≤ P (Ai) ≤ ai. So the val-
ues P (A1), . . . , P (An) are completely determined,
and enforce pi = ai − ai+1,∀i = 1 . . . n. This
result is formulated by Neumaier in terms of
clouds [17], and he concludes that clouds gener-
alise histograms. Note that possibility function π
is viewed a kind of distribution function with re-
spect to the ordering induced by the probability
values pi.

Theorem 3 If π is a continuous fuzzy interval
then P(π) ∩ P(1− π) 6= ∅.

Proof. Let DF (x) = Π((−∞, x]). This is
the distribution function of a probability measure
P ≤ Π. It is such that ∀α ∈ [0, 1], Pπ(x ∈ πα) =
1 − α according to eq.(3). πα forms a continu-
ous sequence of nested sets and its definition in-
volves the differentiability assumption (see [8] p.
285). Such a probability lies in P(π). Moreover,
Pπ(x ∈ πα) = Pπ(x ∈ πα) (due to continuity)
= 1 − Π((πα)c) = 1 −∆(πα) (due to continuity)
= supu∈πα

1− π(u). Hence Pπ ∈ P(1− π).

Another probability measure in the thin cloud
induced by a unimodal differentiable possibility
distribution π has density of the form p(u) =
π′(u)π′(f(u))

π′(f(u))−π′(u) where π′ is the derivative of π whose
cuts are of the form [u, f(u)] (see [8] p. 285). If
π is convex on each side of the mode, then p is
unimodal and is ordinally equivalent to π, with
the same support. If π is concave on each side of
the mode then p has two modes located on each
end of the support of π and has its minimum on
the mode of π.

In general, the probability measure whose den-
sity has the same support as a unimodal con-
tinuous π, and is ordinally equivalent to it, is
unique. It lies in the corresponding thin cloud.
For instance consider a symmetric π. Let M be
the mode of π. By symmetry, πα is the open
interval (aα, 2M − aα). Then Pπ(x ∈ πα) =
DF (2M−aα)−DF (aα) = 1−2 ·DF (aα) = 1−α.
So for u = aα ≤ M,DF (u) = π(u)/2, and
u = 2M − aα ≥ M,DF (u) = 1−π(u)

2 . This DF
uniquely defines Pπ. If π is a triangular fuzzy in-
terval, then Pπ is the uniform distribution on the



corresponding support (see [8]). The determina-
tion of all P ’s in a continuous thin cloud is a mat-
ter of further research. They are clearly infinitely
many.
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