RELATIONAL BELIEF REVISION, BROCCOLI LOGIC AND
MINIMAL CONDITIONAL LOGIC

PATRICK GIRARD
STANFORD UNIVERSITY

AsstracT. We present a generalization of Segerberg’s onion semantics
for belief revision, in which the linearity of the spheres need not oc-
cur. The resulting logic is called broccoli logic. We provide a mini-
mal relational logic, introducing a new neighborhood semantics opera-
tor. We then show that broccoli logic is a well-known conditional logic,
the Burgess-Veltman minimal conditional logic.

Belief revision is the study of theory change in which a set of formulas is
ascribed to an agent as a belief set revisable in the face of new information.
A dominant paradigm in belief revision is the so-calla@M paradigm,
which describes a functional notion of revision (cf. [1]). A natural seman-
tics in terms of sphere systems (cf. [6]) was given by Grove in [5] and a
logical axiomatization was extensively studied by Segerberg (cf. [8] and
the forthcoming [9]). A generalization of th®fGM approach in which re-
vision is taken to be relational rather than functional was first studied by
Lindstrom and Rabinowicz (cf. [7]). Their motivation was to formalize
cases in which an agent may obtain incomparable belief sets after revision
with new information. In this paper, we will pursue this generalization and
propose a relational belief revision logic. We call the resulting logic “broc-
coli logic” (BL) and the type of revision it depicts “broccoli revision”. As it
turns out, and this will be the main result of this pajiir,already exists, in
the guise of what we call “minimal conditional logic”, studied by Burgess
and Veltman (cf. Burgess [2] and Veltman [10]).

In section 1, we outline broccoli semantics. In section 2, we give a mini-
mal relational logic MRL) with its complete proof system. The semantics

Date May 18, 2005.

The topic of this paper arose in a seminar taught by Krister Segerberg at Stanford Uni-
versity in the winter quarter of 2005. | thank the participants for their enthusiasm and
support, then and later. In particular, | thank Krister Segerberg for introducing me to dy-
namic logics for belief revision, Hannes Leitgeb and Tomasz Sadzik for their contribution
in developing the abstract neighborhood models used in this paper, and Johan van Benthem
for suggesting that broccoli logic is really the minimal conditional logic. Finally, | thank
the anonymous referees for their helpful suggestions in improving the paper.

1



2 PATRICK GIRARD STANFORD UNIVERSITY

of this logic is in dfect a neighborhood semantics (cf. [3]), but we will in-
terpret it terms of revision instead. Finally, we will show in section 3 that
BL is equivalent taMCL.}

1. BroccoLr SEMANTICS

This section presents the broccoli semantics. We give definitions of broc-
coli models and provide the semantics for the modal operators.

Definition 1.1. Let U be a nonempty set. Aroccoli flowerB € P(U) is a
set of subsets satisfying a generalized limit condition.

There are two ways to specify the generalized limit condition of definition
1.1. LetBIX={YNX:Ye B} ForallXC U, if UBN X %0, either:

(1) ASCBstVYWYeBYNX#£0=3Ze S(Zu(Be X) AZCY)),or
(2) ASC Bst. VY eB(YNX 0= IZ € S(ZNX)u((BIX)e X)AZ C
Y)).

Intuitively, a generalized limit condition states that every set intersecting a
broccoli flower intersects every members of a Setf smallest elements
of the flower. In the first case, the membersSoare minimal sets of the
broccoli that have a non-empty intersection within the second case, the
members o5 have minimal intersection witX.

Definition 1.2. M = (U, {Bu}ueu, V) is abroccoli modelif U is a set of
worlds, {B}.u is a family of broccoli flowers for each world € U satis-
fying either generalized limit condition, andis a valuation assigning sets
of worlds to propositions.

In what follows, we suppress the indaxvhenever it is clear from context.

Definition 1.3. We say thaty is true at worldu in a broccoli modebx,
written 9t, u £ ¢ iff (taking standard truth definition for the propositional
and the Boolean cases):

(1) M, u e [ply iff VZu(B o [p)(Z N gl € [vl), and
(2) M, u ™ [ ifFYZu(B o [@)(Z N Il N [y]) # 0.

Here, as usualy| = {u : M, u F ¢}. We call|¢| the associated proposition
to ¢.

These two modalities are meaningful with either generalized limit condition
proposed above. Figure 1 illustrates the semantics of both operators.

The completeness of tidRL proof system is provided in an extended version of this
paper, along a with a proposed extensiomtovia generalized selection function and the
inherent dificulties of this approach (cf. [4])
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Ficure 1. Broccoli semantics of the counterfactual operators
[¢]y and )y, with |¢| = P andly| = Q.

2. MINIMAL RELATIONAL LOGIC

Since our goal is to get a logic that captures a notion of belief revision
in which revision is relational rather than functional, we need a language
that can express notions like “all sets obtained under revisiop axe -
sets” and ¥ is consistent with all sets obtained under revisiongy In
counterfactual terminology, the same claims would be read as “all minimal
p-sets arey-sets” and “all minimalp-sets interseat-sets”. In this section,
we introduce a minimal relational logic that captures the core of these ideas.
Section 2.1 introduces the language and the semantics of this minimal logic.
We give the axiomatization of the minimal logic in section 2.2.

2.1. Language and Semantics We use a standard propositional language
whose primitive Boolean connectives are negati@nd disjunction/, aug-
mented with two modalitiesdly and fp)y.

Definition 2.1. Given a finite set of propositional variabl® a minimal
relational models a triple U, R, V), where:

e U is a nonempty set, the universe;
e R={R, :¢pisaformulaR, c U x£(U)}; and
e V:P— P).

Definition 2.2. Let M be a model and letv € U. The truth-definition

for atomic propositions, negations and disjunction is standard. We say that
the formulay is true at pointu in a minimal relational modebi, written

M, uEpif:

MUk [ply iff VX((U,X) e Ry = VYve XN, VEY)
MUk [y iff VX((U,X) e Ry = Ive XM, VEY))

The semantics of the modalitieg][and [¢) contains two levels of quantifi-
cation and should be read in two stages: 1) the left bracket picks out a set of
¢-subsets of the universe and 2) the right bracket evaluates whetaie in

these subsets. Notice that the semantics given by minimal relational models
is a neighborhood semantics (cf. [3]). Indeed, the relaRas a relation
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between worlds and subsets of the universe. The modaljtis the usual
neighborhood universal modality, but indexed with associated propositions
lo]. It comes with its dual modalit{y) with the obvious semantics. The in-
teresting addition of our language is the modality, [which expresses that
every seR -related tou satisfiesy in at least one point. In neighborhood
terminology, this modality expresses that evergeighborhood contains at
least oney-point. This latter modality also come with its natural d¢al.

In the remainder of this paper, we shall no longer appeal to neighborhood
semantics. We will instead provide an interpretation in terms of revision.

2.2. Proof system. The following set of axioms and rules is complete with
respect to onion selection models:
Axioms:

(1) Classical tautologies
(2) <) = =[p]-y
(3) {ely = —[p)~y
(4) [el(y — 6) = ([¢ly — [¢]0)
(5) (ply — (pl(y Vv 0)
(6) [ely A (p]0 — (p](¥ A 6)
(7) ~e] T — [¢ly
Rules

(1) Modus Ponens.

(2) Necessitation forg] and [p).

(3) If ¢ andy’ are formulas dtering only ing having an occurrence of
6 in one place where’ has an occurrence of, and if6 = ¢ is a
theorem, thew = ¢’ is also a theorem.

Rule 3,substitution of equivalentss applied indiscriminately inside or out-
side the modal operators. We count the presence’ahside [¢] and [p)
as occurrences af. For example, ity = 6, then both ]y = [¢]6 and
[V]a = [0]a are instances of rule 3.

Axioms 2 and 3 provide the dual modalities gf| and [p) respectively.
Axiom 4 is a typicalk axiom for the modality¢] and yields modus ponens
under the scope 0f].2 Axioms 5 is a monotonicity axiom for the modality
(¢]. Intuitively, if y is consistent with some revision Iy then anything
weaker thany is also consistent with some revision by Finally, axiom
6 provides a minimal interaction between the modalitieg: i$ consistent

2There is no correspondirtg axiom for the ). Consider a modeWl such that the set
X € U is the only subset o) that is¢-related to the worldi € U, i.e, Ry = {(u, X)}.
Suppose that botly| N X # 0 and|-y| N X # 0, but thatg] N X = 0. Thenu k [p)(y — 6)
(since|-y| N X # 0) andu E [p), butu £ [p)0. Hence, Py (v — 0) — ([e) — [¢)0) is
not valid.
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Ficure 2. Intended semantics of the Broccoli revision oper-
ators ]y and )y, with |¢] = P andjy| = Q.

with every revision by and there is a revision kysuch that is consistent,

then there is a revision hy such that bothy andé are consistent. Finally,
axiom 7 says that if there is no revision pythen every ¢] formula holds
vacuously. This is akin to saying that every necessary formula holds at en
end-point in a Kripke model.

MRL provides the core of broccoli logic and there are two ways to pro-
ceed. One approach to get a complete logicHhris to add restrictions on
the relationR,, or to introduce so-called selection functions, in order to get
the setsX andY as two minimal sets returned under revisiongyOnce
these sets are selected, the minimal relational logic of the present section
will provide the logic to evaluate what holds in these sets. This is illustrated
in picture 2, wheréy| = P and|y| = Q. In the picture on the left-hand-side,
[¢]y is true at worldu, since every set obtained under revisiongys a
y-sets. Similarly, o)y is true atu in the right-hand-side picture, singeis
consistent with every revision hy.

The second approach is to find a logic that satisfies the properties of broc-
coli logic outlined in section 1. This is what we do in section 3, by showing
that broccoli logic is equivalent to a well-know conditional logic, the mini-
mal conditional logic of Veltman and Burgess.

3. BroccoL1 Logic aAnD MiNniMaL ConpiTioNaL Loacic

Minimal conditional logic MCL) was studied by Stalnaker, Pollock,
Burgess and Veltman to capture the idea that a conditipraly is true if
an only if the conjunctiop A =y is less possible than the conjunctipn y,
and no more. Their modeling comes with a reflexive and transitieeder
for each worldx and no spheres need occur. In a sphere system, two worlds
lying on the same sphere agree on which worlds are farther away and which
are closer. This assumption is dropped€L. Hence, if two worldsx and
y are equally far away in the underlying order from the real workthd if
the worldz is farther away than the worlg no conclusions may be drawn
as to whether world is farther from the real world than the world or
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vice versa. Instead of changing the onion picture by allowing non-linearly
ordered sphere system as we wish to d&ip MCL ignores spheres alto-
gether. It has been afticult task to find completeness fMCL, and we
refer the reader to Burgess [2] for a detailed proof. This section will show
how to avoid similar completenesdiittulties withBL by showing that it is
actually equivalent t&¢/1CL.

Section 3.1 provides theICL semantics, section 3.2 gives the complete
proof system and section 3.3 shows the equivalend¢®©E andBL.

3.1. Minimal Conditional Logic. A Minimal conditional logic models a
triple (U, R, V), whereU andV are as above, angf is a ternary relation
on U that respects reflexivity and transitivity (cf. [2]). The relatiBxyz
should be read as “according to wortdworld y is no farther away than
world Z’. We shall write the more suggestiye<, z instead ofRxyz We
let W, = {y : Az y <« Z} be the zone of entertainability for world € U.
Intuitively, worlds outside the zone of entertainability foare worlds so
far away that their distance from the real world is not appreciable mihe
imal conditional logic language&ontains a set of propositional variables,
together with negatior, disjunctionv and a counterfactual modality]
for every formulap.

Definition 3.1. We say that the formulagy is true at worldu in the model
M, and we writedt, u & [¢]y, Iff:

Yy € WynNV(p), 3z € WyNV(p)[z <y Y& YW € WNV(p)(W <, 2 - W e V(¥)]

Notice that the semantic definition gpJiy does not contain a minimality
condition. However, if the model is finite andl, u £ [¢]y, then there is a
minimal worldz € U such thatz € V(¢) N V(). Since we will only use
finite models for our equivalence result, we use the minimality formulation
in evaluating §]y for the remainder of this paper. The semantic condition
reduces to:

Yy e Wy NV(p),Jze W, N V(p)[z <y, Y&YW <, ZW ¢ V(p)&z e V(¥)].

3.2. Proof System. The following set of axioms, with the same set of rules
as for minimal relational logic presented in section 2.2, is complete for
MCL (cf. [2]):

(1) Classical tautologies

(2) [¢le

(3) [elw A lgl6 — [¢](y A 6)
(4) [el(y A 6) — [ply

(S) [ely A 9]0 — [ Aylo
(6) [ply A[6ly — [V Oly



RELATIONAL BELIEF REVISION, BROCCOLI LOGIC AND MINIMAL CONDITIONAL LOGIC

3.3. Minimal Conditional Logic is Broccoli Logic. Let9t = (U,R,V) be

a finite minimal conditional logic model. We will transform this model into
a broccoli model, by constructing a broccoli at each worl@otaking the
downward closed sets of worlds according to the underlying order. More
precisely, letCy(y) = {z € U : z <, y}, thenBROQX) = {Cx(y) : Y €

W,} is the induced broccoli at worlg. In particular, sincét is finite, the
generalized limit condition of definition 1.1 holds. An induced broccoli
modelBROQM) is then given by:

BROQM) = {BROQX) : x € U}
The semantics ofd]y in the induced broccoli model is given by the follow-
ing:
BROQM), x k [¢]y iff YZu(BROQX) e |¢)(Z N le| < ).
The main result of this section now follows from lemma 3.2.

Lemma 3.2. M, X £ [¢]y iff BROQM), X & [¢]w.

Proof. In the one direction, assume th&t x = [¢]y. Let Cu(BROQX) @
lol), and letv € C,, N |¢]. By the truth definition for ¢]y, 3z <, v such that
M,z o Ay andVy <, Zz M,y ¥ ¢. Butzmust be equal te. Otherwise,
C, c C, c C,, (the latter inclusion uses the transitivity ©f), which implies
that C, would be a proper subset @, intersectingy|, contradicting our
assumption. Thug; € |y|, which implies thatC,, N |¢| € |¢|. Therefore, as
Cw was chosen arbitrarifBROQM), X E [¢]y.

In the other direction, assume trBROQM), X E [¢]y and suppose that
M,y E ¢ for somey € U. ThenCy N |¢| # 0. Hence AC,, € C, such that
Cwu(BROQX) e |¢]) (by the limit condition!) andC,, N |¢| C |¥|. But since
Cw € Cy,w <, y. Assume thatv is not a minimal world satisfying A ¢
with respect to<y, then3aw <, w such thathi,w £ ¢ A ¢. This implies
thatC/, c C,, andC/, N |¢| N |y| # O, contradicting the minimality oC,,.
Thereforew is a minimal world satisfying A ¥ and sincew <, y, we get
thatd, X £ [¢]y. O

We are now ready for our main theorem.
Theorem 3.3. Broccoli logic= MCL.

Proof. To show thatMCL is BL, we need to show 1) that all axioms of sec-

tion 3.1 are valid irBL, whose semantics was given in section 1 and 2) that

if a principle is not derivable iMCL, then there is a broccoli countermodel.
Showing that theMCL axioms are valid in th&L-models of section 1

is straightforward. We show that axiom (5) is valid and leave the others to

the reader. Ledt be an arbitrary broccoli model and ke€ U be arbitrary.

If —(¢]T ¢ u, i.e., if there is no revision by, then the thesis is vacuously
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true. Hence, assume that there is a revisiopbpssume furthermore that
N, Uk [ A [¢]0. Sincedt, uE [o]y, ol Nyl # 0. LetZu(B o |¢ A Y|) be
a minimal set ofB intersectingy A y|. Then for everyz € Z, X € |¢| N Y]
implies thatz € |¢| C |6]. Hencet, u k [¢ A ¥]6.

To show that if a principle is not provable MCL, then there is a broccoli
countermodel t@, we use the completeness result of BurgesMTL ¥ ¢
for somey, then there is a finite mod&k = (U,R V) and a worldu €
U such thathi,u ¥ ¢. 3 By lemma 3.2,BROQ),u £ ¢. Therefore,
BROQM) is a broccoli countermodel tp. This completes the proof of
theorem 3.3. O

Corollary 3.4. BL is decidable.

4. CONCLUSION

Our goal was to generalize onion semantics to capture relational belief
revision; the result wa8L. It turns out thatBL is equivalent to a well-
known conditional logic, the Burgess-Veltman minimal conditional logic.
This is a fortunate outcome, as it saves a lot of work in coming up with a
completeness result expanding on the minimal revisional logic of section
2. The major dificulty along the latter line is to devise an appropriate gen-
eralized arrow condition yielding generalized selection functions, and this
is still an open question. Another open question is file played by the
[¢) modality in BL: what is the complete minimal logic ofJy and )y
over the Burgess-Veltman models? An advantageGiL overBL is that it
avoids the problem of choosing an appropriate generalized limit condition
by dropping the sphere representation altogether. A lesson should be drawn
here, namely that, as so often over the past years, we see that logics of belief
revision are largely conditional logics.
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