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Common knowledge and common belief: overview

common knowledge
I induction axiom

common belief
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Common knowledge: introduction

Agts = {i1, i2, . . . , icard(Agts)} (‘individuals’)

CKi,j ϕ = “it is common knowledge of i and j that ϕ”
I required in situations of coordination

F conventions in societies (‘drive on the right’)
F coordinated attack problem (‘Byzantine Generals’)
F remember: Agts finite (else 2Agts uncountable)

expected to be valid:
I (CKi,j ϕ ∧ CKi,j ψ)↔ CKi,j (ϕ ∧ ψ)
I CKi,j >
I CKi,j ϕ→ Ki ϕ ∧ Kj ϕ
I CKi,j ϕ→ Ki Kj ϕ ∧ Kj Ki ϕ
I CKi,j ϕ→ ϕ
I CKi,j,k ϕ→ CKi,j ϕ

expected to be invalid:
I (CKi,j ϕ ∧ CKi,k ϕ)→ CKi,j,k ϕ

informally:
I CKi,j ϕ = Ki ϕ ∧ Kj ϕ ∧ Ki Kj ϕ ∧ Kj Ki ϕ ∧ Ki Kj Ki ϕ ∧ . . .
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Common knowledge: semantics

M,w 
 CKi,j ϕ iff M,w 
 Ki ϕ ∧ Kj ϕ ∧ Ki Kj ϕ ∧ . . .
accessibility relation for CKi,j is ‘big’:

I RCKi,j (w) = RKi (w)∪RKj (w)∪ (RKi ◦RKj )(w)∪ (RKj ◦RKi )(w)∪ . . .
formally:

I RCKi,j (w)
def
= (RKi ∪ RKj )

∗(w)

generalizes to groups:
I RCKJ (w)

def
= (

⋃
i∈J RKi )

∗(w)

abbreviation:
I EKi1,...,in ϕ

def
= Ki1 ϕ ∧ . . . ∧ Kin ϕ ‘everybody knows’

properties:
I |= (EKJ1 ϕ ∧ EKJ2 ϕ)↔ EKJ1∪J2 ϕ
I 6|= EKJ ϕ→ EKJ EKJ ϕ

CKJ ϕ = EKJ ϕ ∧ EKJ EKJ ϕ ∧ EKJ EKJ EKJ ϕ ∧ . . .
I cannot be defined as an abbreviation
I new modal operator
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Common knowledge: axiomatization

axiomatization of KT5(Ki ) with common knowledge:
I axiomatics KT5(i)
I fixpoint axiom:

F CKJ ϕ↔ (ϕ ∧ EKJ CKJ ϕ)
F N.B.: right-to-left direction already a theorem:
`KT5(Ki ) EKJ CKJ ϕ→ Ki CKJ ϕ, and
`KT5(Ki ) EKi CKJ ϕ→ CKJ ϕ

I least fixpoint axiom (alias induction axiom):
F (ϕ ∧ CKJ (ϕ→ EKJ ϕ))→ CKJ ϕ

sound, complete and decidable
I only weakly complete, but not strongly:

F {EKJ
nϕ : n ≥ 0} |= CKJ ϕ, but

{EKJ
nϕ : n ≥ 0} 6` CKJ ϕ

I ‘KT5(Ki ) with common knowledge not compact’
I same for LTL

complexity of satisfiability: EXPTIME complete
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Exercises

muddy children with n children

I solution requires n rounds
I specification requires common knowledge

consecutive numbers: let ni , nj be integers;
6|= CKi,j (|ni − nj | = 1)→ CKi,j (ni ≤ 100)

prove that the logic of common knowledge has all principles of
KT5

I axiomatically: . . .
I semantically: prove that the reflexive and transitive union of

equivalence relations is an equivalence relation
F (

⋃
i∈J RKi )

∗ is reflexive
F if some RKi is reflexive then (

⋃
i∈J RKi )

+ is reflexive
F if every RKi is symmetric then (

⋃
i∈J RKi )

+ is symmetric
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Common belief: semantics and axiomatics

CBJ = “it is common belief of the agents in J that ϕ”

RCBJ

def
= (

⋃
i∈J RBi )

+

EBJ ϕ
def
=

∧
i∈J Bi ϕ ‘everybody believes’

axiomatization of KD45(Bi ) with common belief:
I axiomatics KD45(Bi )
I fixpoint axiom:

F CBJ ϕ↔ (EBJ ϕ ∧ EBJ CBJ ϕ)
I least fixpoint inference rule (alias induction rule):

F ϕ→EBJ ϕ
EBJ ϕ→CBJ ϕ

equivalent to least fixpoint axiom
F (EBJ ϕ ∧ CBJ (ϕ→ EBJ ϕ))→ CBJ ϕ

sound, complete and decidable
EXPTIME complete
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Exercises

prove that if RBi is serial then (
⋃

i∈J RBi )
+ is serial

prove that (
⋃

i∈J RBi )
+ is transitive

prove that (
⋃

i∈J RBi )
+ is not necessarily Euclidean

I 6|= ¬CBi,j ϕ→ CBi,j ¬CBi,j ϕ
(no negative introspection)

I logic of common belief weaker than KD45!
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Remarks

common knowledge, common belief impossible to obtain when
messages may be lost (‘Byzantine Generals’)

also studied: distributed knowledge
I M,w 
 DKi,j ϕ iff M, v 
 ϕ for every v ∈ RKi ∩ RKi (w)
I ‘the common knowledge i and j potentially have’ (after having

communicated all they know)
F intersection of accessibility relations: not modally definable
F but a complete axiomatization exists

check that for the extension of PAL by common knowledge, the
reduction axiom [ϕ!]Ki ψ ↔ ¬ϕ ∨ Ki [ϕ!]ψ is not valid.
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