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Common knowledge and common belief: overview

@ common knowledge
» induction axiom

@ common belief
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Common knowledge: introduction

o AgtS = {l1 oy .., icard(Agts)} (‘individuals’)
@ CK;; ¢ = “itis common knowledge of / and j that ¢”
» required in situations of coordination
* conventions in societies (‘drive on the right’)
* coordinated attack problem (‘Byzantine Generals’)
* remember: Agts finite (else 29 uncountable)
@ expected to be valid:
» (CKijo ACKjj) < CKjj(p A1)
> CK,‘JT
» CKijp — KipAKjp
> CKijo — KiKjp AKjKip
> CK,‘_’]‘ @Y — P
» CKjjkp — CKijp
@ expected to be invalid:
» (CKijp ACKikp) — CK; ke
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» CKijp — KipAKjp
> CKijo — KiKjp AKjKip
> CK,‘_’]‘ @Y — P
» CKjjkp — CKijp
@ expected to be invalid:
» (CKijp ACKikp) — CK; ke
@ informally:
> CK,‘}j(pZ K,‘(p/\Kj(pAK,‘Kj(p/\KjK,‘(p/\K,‘KjK,‘(p/\...
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Common knowledge: semantics

o M, wik CK,"/'L)O iff M, w I- Ko A Kjtp/\K,'Kjgo/\
@ accessibility relation for CK;; is ‘big’
> Rck,, (W) = Rk, (W) U Rk, (w) U (Rx o Rk )(w) U (Rx o Rk, )(w)U...
@ formally:
> Rok,, (W) £ (R, U R )" (w)
@ generalizes to groups:

> Rok, (W) =€ (Uiey Rr, )" (W)
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> Rck,, (W) = Rk, (W) U Rk, (w) U (Rx o Rk )(w) U (Rx o Rk, )(w)U...
@ formally:
> Rok,, (W) £ (R, U R )" (w)
@ generalizes to groups:

> Rok, (W) =€ (Uiey Rr, )" (W)

@ abbreviation:
> EKi e & KA. AK;, ‘everybody knows’

@ properties:

» = (EKy, ¢ NEKy, @) < EKyug, ¢
> bﬁ EKJQO — EKJEKJQO
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o M, wik CK,"/'L)O iff M, w I- Ko A Kjtp/\K,'Kjgo/\
@ accessibility relation for CK;; is ‘big’
> Rck,, (W) = Rk, (W) U Rk, (w) U (Rx o Rk )(w) U (Rx o Rk, )(w)U...
@ formally:
> Rok,, (W) £ (R, U R )" (w)
@ generalizes to groups:

> Rok, (W) =€ (Uiey Rr, )" (W)

@ abbreviation:

» EK; i def Kion...AKj @ ‘everybody knows’
@ properties:

> = (EKy o AEK, ) — EKyuu, @

» FEKyjp — EKJEK ¢
0 CKyp =EK ;o NEKJEK ;o ANEKJEKJEK 0o A ...

» cannot be defined as an abbreviation

» new modal operator
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Common knowledge: axiomatization

@ axiomatization of KT5(K;) with common knowledge:
» axiomatics KT5(i)
» fixpoint axiom:
* CK, ¢ « (¢ NEK,CK,p)
* N.B.: right -to-left direction already a theorem:
Frsek;) EKy CKy ¢ — K; CKy ¢, and
FkTs(k; EK CKyp — CKy
> least f|xp0|nt axiom (alias induction axiom):
* (p ACKy(p — EK,)) — CKyp
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FkTs(k; EK CKyp — CKy

> least f|xp0|nt axiom (alias induction axiom):
* (p ACKy(p — EK,)) — CKyp

@ sound, complete and decidable
» only weakly complete, but not strongly:
* {EK,;"p : n>0} E CK,p, but
{EK,"p : n>0} I/ CK,p
» ‘KT5(K;) with common knowledge not compact’
» same for LTL
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Common knowledge: axiomatization

@ axiomatization of KT5(K;) with common knowledge:
» axiomatics KT5(/)
» fixpoint axiom:
* CK, ¢ « (¢ NEK,CK,p)
* N.B.: right -to-left direction already a theorem:
Frsk,) EKs CKy ¢ — Ki CKy ¢, and
FkTs(k; EK CKyp — CKy

> least f|xp0|nt axiom (alias induction axiom):
* (p ACKy(p — EK,)) — CKyp

@ sound, complete and decidable
» only weakly complete, but not strongly:
* {EK,;"p : n>0} E CK,p, but
{EK,"p : n>0} I/ CK,p

» ‘KT5(K;) with common knowledge not compact’
» same for LTL

@ complexity of satisfiability: EXPTIME complete
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Exercises

@ muddy children with n children
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» solution requires n rounds
» specification requires common knowledge
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Exercises

@ muddy children with n children

» solution requires n rounds
» specification requires common knowledge

@ consecutive numbers: let n;, n; be integers;
|7$ CK,‘J (|n,- — nj\ = 1) — CK,‘J (n; < 100)
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Exercises

@ muddy children with n children

» solution requires n rounds
» specification requires common knowledge

@ consecutive numbers: let n;, n; be integers;
|7$ CK,‘J (|n,- — nj\ = 1) — CK,‘J (n; < 100)

@ prove that the logic of common knowledge has all principles of
KT5
» axiomatically: ...
» semantically: prove that the reflexive and transitive union of
equivalence relations is an equivalence relation

* (Ujey Bx; )" is reflexive
* if some R, is reflexive then (U, Rg; )™ is reflexive
* if every Ry, is symmetric then (U, R« )" is symmetric
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Common belief: semantics and axiomatics

@ CB, = “itis common belief of the agents in J that ¢”
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Common belief: semantics and axiomatics

@ CB, = “itis common belief of the agents in J that ¢”

def

@ Reg, = (UieJ RB,-)+
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Common belief: semantics and axiomatics
@ CBy = “itis common belief of the agents in J that ¢”

def

@ Reg, = (UieJ RB,-)+

0 EB,p & NiesBi® ‘everybody believes’
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Common belief: semantics and axiomatics

@ CB, = “itis common belief of the agents in J that ¢”

def
@ Rcg, = (UieJ RB,-)+

EBye o /\ieJ Biy ‘everybody believes’

axiomatization of KD45(B; ) with common belief:
» axiomatics KD45(B;)
» fixpoint axiom:
* CByp < (EBJ » ANEB,CBy Lp)

» least fixpoint inference rule (alias induction rule):

e—EB, ¢
EB, ¢—CB, ¢

equivalent to least fixpoint axiom
* (EByp ACBy (¢ — EByp)) — CByyp
sound, complete and decidable

EXPTIME complete
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Exercises

@ prove that if Rg, is serial then (|J,, As, )" is serial
@ prove that (|, Ag, )" is transitive
@ prove that (U, As; )" is not necessarily Euclidean
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Exercises

@ prove that if Rg, is serial then (|J,, As, )" is serial
@ prove that (|, Ag, )" is transitive

@ prove that (U, As; )" is not necessarily Euclidean
> l# —|CB,'_J' © — CB,’J —|CB,'7/'(,D
(no negative introspection)
» logic of common belief weaker than KD45!
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Remarks

@ common knowledge, common belief impossible to obtain when
messages may be lost (‘Byzantine Generals’)
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Remarks

@ common knowledge, common belief impossible to obtain when
messages may be lost (‘Byzantine Generals’)
@ also studied: distributed knowledge
» M,w Ik DK;;piff M,v I ¢ for every v € Rk, N Rk, (w)

» ‘the common knowledge i and j potentially have’ (after having
communicated all they know)

* intersection of accessibility relations: not modally definable
* but a complete axiomatization exists
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Remarks

@ common knowledge, common belief impossible to obtain when
messages may be lost (‘Byzantine Generals’)
@ also studied: distributed knowledge
» M,w Ik DK;;piff M,v I ¢ for every v € Rk, N Rk, (w)

» ‘the common knowledge i and j potentially have’ (after having
communicated all they know)

* intersection of accessibility relations: not modally definable
* but a complete axiomatization exists

@ check that for the extension of PAL by common knowledge, the
reduction axiom [¢!]K; 1 < = V K;[¢!]¢ is not valid.
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