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Outline of chapter

@ completeness of G(k, I, m, n) logics
» for each logic A, build a the canonical model M, such that:
* for every A-consistent ¢ there is w in My such that M IF ¢
» difficulty: prove that M, is a G(k, I, m, n) model
@ decidability of the basic modal logics built with D, T, B, 4,5
» idea: enumerate the set of A-models

* can be done when models are finite
* prove finite model property

» tool: filtration method
» difficulty: prove that the filtrated model is a A-model
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Introduction: soundness and completeness

?
Fay © Eag

@ Fpop 2 =A@ (soundness)
» standard proof:

@ every instance of every axiom schema of A is A-valid
@ every inference rule of A preserves A-validity

@ Fpop ya EA @ (completeness)
» equivalently: /A ¢ =
* actually proved: /o m¢p = Fa - (‘p consistent = ¢ satisfiable’)
» proof is ‘logic-by-logic’, and requires some creativity
» fairly general method: via canonical models [Henkin]
proof uses infinite model = not constructive
» here: general proof for G(k, I, m, n) logics
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The axioms G(k, I, m, n)

@ axioms G(k,/,m,n) = OkOlp — OO p

og(k/mn)
/\

(R oR™MC R0
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G(k, I, m, n) logics: completeness

@ logics KXj, ..., Xn, where the (Xj) are axioms of the form
G(k,I,m,n)

@ frame property corresponding to (X): (X;)

Theorem [Lemmon/Scott], [Sahlqvist].

Let the (X;) be axioms of the form G(k, /, m, n).
Then l_KX1,...,X,, © iff ’:KX1,...,X,7 ©.

Idea of proof (L. Henkin):

@ build a canonical model Mkx,

,,,,, x, for KXi, ..., Xn, such that for every consistent
@ there is w in Mkx,

Xn such that MKX1 ,,,,, Xny W IS ©
@ worlds of Mkx,,...,x, = maximal consistent sets of formulas. ..

.....
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Maximal consistent sets

let A be any logic
e a set of formulas I is (locally) A-consistent iff T 1/1°¢ 1

@ [ is A-maximal consistent (‘maxcons’) iff

» [ is A-consistent
» ['U{p} is A-inconsistent for every ¢ & T

Properties of A-maximal consistent sets I':

1. Thapiffoel (suppose ¢ ¢ I'; then T U ¢ is consistent. . .)
2. fpelfandp — v eltheny €T by 1....)

3. forall p, eitherp eFor—p el (suppose p gTand - ¢ ; by 1....;
as I' is A maxcons ...)

4. pvyperliffoelory el (suppose p ZTand —~p ¢ ; by 3. ...)
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Lindenbaum Lemma

If [y is A-consistent then there is a A-maxcons I' containing Iy

Proof:

1. enumerate the formulas of the language: (1, 2, s, . . .);

)

2. starting with 'y define inductively:

( I U it if T U i1 is A-consistent

r' =
. I else

The set | J; i is A-consistent (because .. .), and A-maxcons: suppose ¢ ¢ | J; [';; then
@ = pj forsome i; ...

Property of any set I'y.

5. If T Fp o for every A-maxcons I such that g C T, then g Fx .

Proof: suppose Iy /A ¢; then Ty U - is A-consistent; by the Lindenbaum Lemma . ..
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Canonical model for A

canonical model = unique model My = (W, R, V) such that:
@ W = the set of all A-maxcons sets of formulas
o Vip)={weW : pecw}
@ R(w)={v : vis A-maxcons and w5 C v}

Notation: -

w

{e : Dpew}
V+O

{Op 1 pev}
Property. wRv iff wH C viff vo Cw

(suppose W™ C v, and there is ¢ € v such that O & w; ...

remains to be proved:
@ M, is a A-model
» has to be checked case by case

@ for every A-consistent ¢ there is w in My such that M, w IF ¢
» idea: prove that ¢ € wiff MA, w I ¢
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Fundamental Lemma
pew iff Ma,wlik e

Proof: by induction on structure of ¢
@ ¢ € Atms: holds by definition of M

o (p:—ﬂpi...
Q@ p=YAx: ...
@ =0y

Oyew = foreveryve R(w),¢ev
= forevery v e R(w), Mp,vIF4 (byl.H.)
= Mywl-Oyp

Mp, w i Oy
= forevery v e R(w), M\, v IF ¥
= foreveryve R(w),yev (by ILH.)
= 1 in every A-maxcons extension of w—"
= w ko (Property 5.)
= whaOy (apply RM(0J))
= yew (Property 1.)
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Structural Lemma for G(k, I, m, n) logics

If logic A is KX ... X; and every (X)) is G(k, I, m, n)
then My is a KX ... X;-model.

Proof:
Consider axiom (X;) = 0¥0'p — O™ " for some k,l,m,n.
to be shown: M, satisfies constraint (x;) = (R~')¥ o H”" CR'o(R)"

@ suppose wR v, and wR™ v, "
Vi Vm

on o/ def

-0’ is A-consistent (vk = {p: Opew))

@ it suffices to show that v, — U v,

— there exists some A-maxcons u s.th. v, "uvp? cu
(by Prop.1 of maxcons sets)
!
— wcRubecause v,” Cu
,D”
= vpmRubecause v, Cu
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Structural Lemma for G(k, I, m, n) logics, ctd.

@ so the only thing that remains to be shown is that vk‘D/ U v, is A-consistent

> suppose v; 7' U v, is A-inconsistent
= vyPuvp,P L
= 3Jfinite sets (those used in the deductions) {¢x,, ..., ¢k} C vk—‘:" and
{omys - som} C vy (the formulas used in the deductions) s.th.
{Sﬂk1,...,tpk,}U{me“...,(pmj} Fa L
= {@ks-- - ert Ea—(em A A om) (deduction theorem:

remember 4 is local deduction)

= {O'ok,. .., Ok} Fa O'(gm A... Avm)  (apply RM(O), ki times)

= Vi Fa O'<(pm, A N pm)

= O'-(pm A... Apm) € Vi (by Fundamental Lemma)

= 0O0'(pm A... Aom) €W (because v;*" C w)

= 070 "=(pm A...Nom) €w  (by Prop.2 of maxcons sets, because
00l — O"0"p € w)

= O"(@m A ... Npm) € Vm (because w"" C vy)

= but {D"cpm1,...,EI"<pmj} C vp!

= Vp is inconsistent: contradiction
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Completeness theorem for G(k, I, m, n) logics

If logic A is KX ... X; and every (X;) is G(k, I, m, n)
and ¢ is A-consistent then ¢ is A-satisfiable

Proof:

suppose ¢ is A-consistent
= thereis a A-maxcons set ' such that p € I (by Lindenbaum Lemma)
= [ is a possible world in the canonical model My for A (by construction of My)
= M\T ke (by Fundamental Lemma)
= ¢ is A-satisfiable (because My is a G(k, I, m, n)-model of A

by the Structural Lemma)
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Introduction: decidability

“is there a decision procedure for satisfiability in A-models?”

@ decision procedure: stops for every input ¢, and
» output = “no” if =p g
» output = “yes” if [p -
@ finite axiomatizations provide negative satisfiability test
» procedure: enumerate all theorems
(P1,02,03,---)
* if j = = then Fa —¢: output = “no” and stop
* else j:=i+1
> loops if I/p -
@ missing: positive satisfiability test
» procedure: recursively enumerate all models (?777?)
and check whether M; is a A-model of ¢
* would work if suffices to only check finite models . ..
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Decidability via finite model property (fmp)

finite model property (fmp):
if there is a A-model for ¢ then there is a finite A-model for

@ if A has fmp then decision procedure for A:
@ enumerate in parallel
* the set of all A-theorems: (1, 2, ¢3, .. .)
* the set of all finite A-models: (Mj, Mo, Ms, . . .)
@ if p; = —p then -5 —¢ then output = “unsatisfiable! and stop
© if M; is a A-model (check axiom schema instances and rules)
and thereisa win M sth. M,w IF ¢
then output = “satisfiable!” and stop
Q clsei:=i+1
@ procedure stops at some 7 (because A has fmp)
@ here: proof of fmp for K, KT, K4 by the filtration method
» does not work for all G(k, /, m, n) logics
» many simple modal logics are undecidable
» for many simple modal logics decidability still unknown
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fmp via the filtration method

@ suppose M, w I ¢

@ problem: M may have infinite W

@ idea: identify worlds where ¢ and all subformulas of ¢ have the
same truth value

» w = w iff for every ¢ € sf(¢): (M, w Ik iff M, w 1))

* = is an equivalence relation

* equivalence class of w & W w=w}=|w

* the number of equivalence classes in = is finite

(proof: if |w|, # |w'|, then there is ¢ € sf(y) s.th...)

» reduce W by =:

* W= € qwl  we wy

» valuation:
~(py def 0 if p & sf(ep)
VO = Tul  weviey the o)
» relation R™ def .
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fmp via the filtration method, ctd.

@ several possibilities for R~
» minimal conditions for a filtration:
1. if wRv then |w|, R¥|v|,
2. if |wl. R¥|v|, then for all Oy € sf(yp), if M, w I- O« then M, v IF 4
(weaker than bisimulation)

» look for a definition satisfying semantic constraints of logic A ...
e M* = (W=, R~ V=) = “filtration of M by sf(y)”

» a K-model

» W~ finite

Filtration Theorem.
Let M be a filtration of M by sf(y). Then for every ¢ € sf(yp) and every
win M: M,w IF o iff M7, |w|, IF .
Proof: induction on structure of ¢
@ M,viEOyy = M=, |v|, Ik Oyy: use condition (2.)
@ M= vl IFOvy = M,vIFOyy: use condition (1.)
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Filtration Theorem

Let M be a filtration of M by sf(¢p).
Then for every ¢ € sf(¢) and every w in M:
M, w I+ iff M* . |wl, IF 4.

Proof: induction on structure of 1
@ casey =p: ...
@ case v = Py ...
@ case v =1 Aor ...

@ case v = [y
M,viEOyps = M,ul-qyforallue R(Jv).) (oy 2.)
& M7 |ul, I forallue R¥(Jvl,)  (by ILH.)
& ME |V IF Oy

M |lvie IFOgr & M7 jul Ik forallu e R¥(|vie)
& M,ulk forallue R¥(|v).) (by LH.)
= M, ulkforallue R¥(|v|) (by 1.)
& M, vIF Oy
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Decidability using filtration

@ remains to be proved: M~ is still a A-model
» conditions on the definition of R~ do not guarantee this!
@ logic-by-logic:
» A= K: every M¥ is a K-model
» A = KT: if Mis reflexive then every M~ is reflexive  (by condition 1)

» A = K4: if M is transitive then not every M~ is transitive!
= modify 2nd condition on R~:

2." if |wle R|v| then for all Oy € sf(yp), if M, w I- Oy then M, v IF ¢p AT
> ...
@ most general result:
» A= KXi...Xx: whenall X;are in {D, T, B, 4,5} then definition of
R~ can be ‘arranged’ such that M~ is a KX ... Xx-model
@ ...but filtration fails for some G(k, I, m, n) logics:
» A = KD4.De has fmp, but filtration fails (axiom De(0)): 0 — OOp)
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Decidability theorem for the basic modal logics

Let logic KXj ... X, be such that all Xx arein {D, T, B, 4,5}.
Then KX ... X, has the fmp, and KX; ... X,-satisfiability is decidable.

Sketch of proof:

@ If pis KXi ... Xp-unsatisfiable then there is a KX ... Xy-proof of —¢.

@ If pis KXi ... Xp-satisfiable then by the Filtration Theorem there must be a finite
K-model of ¢;
» arrange the filtration such that the result of the filtration is a
KXi ... X,-model.
(to be done logic-by-logic)
» Enumerate in parallel:

* the set of all KX ... X,-theorems
* the set of all finite K-models

» After a finite number of steps ...

= impractical = find efficient algorithms (matching theoretical
complexity)
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