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Language

@ set of propositional atoms Atms
@ set of parameters Prms = {1}
@ BNF:
o u=plelene|[Oip
where p ranges over Atms

@ convention: Oy = Oqp
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Monomodal axioms

@ the basic monomodal axiom schemas [Chellas 80]:

» Up— T(O)
» Do — Op D(O)
» O — OO 4(00)
> Op — OOy 5(00)
» o — O0p B(O)
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Axiom T(CJ): Oy — ¢

alternatively: ¢ — O

applications:
@ “what is known is true”
@ “if henceforth  then ¢ is true now” (temporal reasoning)
@ “if ¢ is true everywhere then ¢ is true here” (spatial reasoning)
@ “if ¢ is true everywhere else then ¢ is true here” (???)
@ “if | believe that ¢ then ¢ is true” (?77?)
@ “if ¢ is obligatory then ¢ is true” (??7)

A. Herzig () 3. The basic monomodal logics Nov. 2008 5/28



Axiom D(OJ): Oy — Oy

CPL-equivalent to —(O¢ A O-p)

applications:
@ “what is obligatory is permitted”
“knowledge is consistent”
“pelief is consistent”
“if henceforth ¢ then eventually ¢”
“if everywhere ¢ then somewhere ¢”
“if everywhere else ¢ then somewhere else ¢”

“if v is true after every execution of program =, then ¢ is true after
some execution of program 7" (?7?)
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Axiom 4(0J): Oy — OOy

alternatively: ¢0Op — Op

applications:
@ “if | know that ¢, then | know that | know that ”
(‘positive introspection’)
@ “if | believe that ¢, then | believe that | believe that ¢”
(‘positive introspection’)
@ “if ¢ is true after 7, then ¢ is true after executing = twice” (?7?)
@ ‘“if everywhere ¢ then everywhere it is the case that everywhere ¢”
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Axiom 5(C): O — OOw

alternatively: 0Oy — Oy, or =Op — O-0e

applications:

@ “if | don’t believe that ¢, then | believe that | don’t believe that ¢”
(‘negative introspection’

)
“l know what | don’t know” (?, vi.)
“what is permitted is obligatorily so” (?2?)
“if eventually ¢, then henceforth eventually ¢” (?2?)
“if somewhere ¢ then everywhere it is the case that somewhere ¢”
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Axiom B(O): ¢ — OO

alternatively: O0p — ¢

applications:

@ rather in its multimodal version ¢ — 01 02¢:
“if ¢ then henceforth ((J4) there is a point in the past ({2) such that

P
(axiomatizes converse relationship)

A. Herzig () 3. The basic monomodal logics Nov. 2008 9/28



Proofs and theorems

@ logics KXj, ..., Xn, where (Xi), ..., (X,) are basic modal axiom

schemas
» inference rules for KXi, ..., Xp: rules (MP) and RM(OJ)
» axiom schemas for KX; ... X;:
* axioms C(O), N(O) of K, plus (X1), ..., (Xn)
@ definitions as usual:
» proof of ¢ in logic KXi,..., X,
» KXj,..., Xp-theorem
» KXj,..., Xp-consistency
@ Notation:
Fkx,..x, ¢ iff @ is a theorem of logic KX; ... X;
» two logics have historic names [Lewis&Langford 32]:

* S4 = KT4
* S5= KT45 = KT5

» sometimes used in the literature: T = KT, D= KD, B = KB
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Axiomatics: examples of theorems

@ Fyr O0p — ¢
proof:
Q@ 00y — Oy
Q Op— o
Q 00y — o

@ byt o — QOp
proof:

Q Tv—yp
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Axiomatics: examples of theorems

@ 7 Up — Op
proof:
Q Op—op
Q O-¢p——p
Q v—0p
Q Tp— Op

Hence KDT = KT.
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Axiomatics: examples of theorems, ctd.

@ Fyrs Up — Ol

proof:
Q 000 — O00p axiom 5(0J)
Q Op — OOy axiom 5(00)
Q 00p — 000p from 2. by RM(0)
Q 000y — 0000y from 3. by RM(0))
Q 000y — 00y axiom 5(00)
Q 0000 — OO0 from 5. by RM(D))
Q@ 000y — O0p axiom T(Q)
Q O0p — Oy axiom T(O)
Q 00p — Op from1.,4.,6.,7.,8. by CPL
Q@ Op — 00y from 9. by CPL

Hence KT45 = KT5 (you won't get such proofs in the exams. . .)
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The lattice of basic modal logics

(all combinations of D, T, 4, 5)

KT5=KT45=...
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Axiomatics: important KD45 theorems

In KD45, sequences of modal operators can be reduced to length 1:
@ Fxpas Lp « Do

proof:
Q@ 0OpAOL) — Op theorem of K
Q (OO0p A-0OL1) — O0p theorem of K
Q ..

@ Fxpas UOp « Oy

proof:
Q 00y — 009 (D)
Q 009 — Op (4)
Q ..

@ Fipas Oy «— Oy
@ Fxpas O0p — Op

N.B.: a fortiori also holds for KT5 = S5 (why?)
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Axiomatics: important K45 theorems

@ Fius O A OY) — (Op A OY)

proof:
Q O(p A OY) — (O A OOY) theorem of K
Q OO0y — Oy (4)
Q Oy — Oy (5)
Q (O A OY) — (Op AOY) from 3. by CPL
Q (Vo ADOY) — O(p A OY) theorem of K
Q V(oA OY) «— (Op AOY) from 1.,2.,4.,5. by CPL

@ ka5 Ol AY) < (Op ATW)
proof: homework

® Fas U(p vV IY) < (Op v IOY)
proof: ... (use that Fkas O(p A O) < (Op A O2)))

@ ka5 O(p vV O) « (Op v Oy)
proof: ...

Remark. Differently from KDA45, t/k45 OO — Oy
but: Fxas O0p «— (OL V Op), because Fxas OOp «— O(L V )
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Normal form for K45 (and KD45 and KT5 = S5)

@ classicalclause C =Ly V...V Ly,
» L;=literals: L; = por L; = —p, for some p € Atms
@ classical CNF K = Cy A ... A Cp, where C; is a classical clause

@ K45-clause = Cy vVOCy V... vOC, VvV OK where Cy, Cy, ... are
classical clauses and K is a classical CNF

Normal Form Theorem for K45: For every ¢ there are K45-clauses
Ci,...,Cpsuch that Fggs ¢ «— (C1 VANPIRWA Cn)

Proof: rewrite ¢ applying logical equivalences:

g e CPL | O(pvOy) « OpvOy K45

(P AY) = —pV— CPL | O(pVOy) « Opvoy K4b

“(eVY) < oA CPL | O(pATOyp) <« OpAOy K45

eV(WAX) < (pVP)A(pVX) CPL| O(enOY) < QpAQYy K45
O(pA) < OpADy K
OlpVve) = QpV oy K

to be proved: the max. number of nested modal operators decreases
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Normal form for K45, examples

@ example:
OlpAl=-p) < OpAU-p
@ example:
O0p—p) < OFHOpvp)
< O0-pVp)
— O-pvOp
@ example:
O(p A -Op) O(p A O=p)

— OpAUOO—-p

— OpAQO(LVOp)

— OpA(OLvVOp)
» is equivalentto 0L

@ example:

O0(p — O(gAT)) O0(—p Vv O(gAT))
O(0-p Vv O(gnr))
O0-pV O(qgAT)
OLVO-pVO(QATr)
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Semantics: second-order models for KT

@ ¢ is valid in a set ('class’) of K-models K iff
M I+ o for every model M € K

@ a K-model M is a second-order model of KT iff
M - Oy — ¢ for every formula ¢

Soundness and Completeness Theorem.
FxT @ iff @ is valid in the class of second-order KT-models.

Proof: omitted

...but the KT-theorems are also valid in the class of reflexive
K-frames ...
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Semantics: first-order models for KT

@ if a K-model M is reflexive then M Ik Op — ¢ forall ¢

» the converse is wrong: M Ikxr Oy — ¢ for all p does not imply that
M is reflexive

* proof: ...
» S0, in which sense does axiom T([) characterize reflexivity?

Correspondence Theorem for KT.
A K-frame (W, R) is reflexive iff (W, R) IFxr Op — ¢ for all ¢.

Proof.
@ from the left to the right: see above

@ from the right to the left:
let (W, R) be a non-reflexive K-frame, i.e. w ¢ R(w) for some w;
let V be a valuation on (W, R) such that V(p) = W\ {w};
then (W, R, V), w - Op, but (W, R, V), w I} p;
hence (W,R) I Op — p
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Semantics: correspondences for the basic modal
logics

name axiom first-order frame condition
T(O) Op — ¢ reflexivity of R

D(O) Og — Q¢ | seriality of R: Vw3w’R(w, w')
4(0) | Op — Oy | transitivity of R
50) | O0¢ — OOy | Euclidianity of R:

VYwvwiYwo((R(w, wi) A R(w, w2)) — R(wy, ws))
B(O) o —0O0p | symmetry of R

Correspondence Theorem.

Let (X)) be a basic modal axiom schema, and let (x;) be the associated
first-order frame condition.

A K-frame (W, R) satisfies condition (x;) on R iff every instance of (Xj)
is valid in (W, R).

Remarks:

@ more general algorithms: 2nd-order quantifier elimination [van

Benthem 76, ..., Goranko, Vakarelov et col. 04], SQEMA algorithm
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Excursion: second-order quantifier elimination

second-order condition for reflexivity:
vpvw((Op — p)(w)) = Vpvw((Op)(w) — p(w))
= Vpvw(Vv(=R(w,v)V p(v)) — p(w))

SCAN algorithm [Gabbay&Ohlbach 94]:

negate: Fpx(Vy(=R(x,y) vV p(y)) A —p(X))
skolemize: Vy(=R(c,y) VvV p(y)) A —p(c))
put in clausal form: 1. =R(c,y) vV p(y))
2. =p(c)
apply resolution: 3. =R(c, c)
purify (elim. p-clauses): {—-R(c,c)}
unskolemize: Ix-R(x, x)
negate: Vx{R(x,x)}

.. but does not work for every input axiom schema:
» resolution may loop
» unskolemization may fail
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Semantics of K: bisimulations

@ LetM={W,R,V}and M' = {W' R, V'} be K-models. A
relation Z C W x W' is a bisimulation between M and M, noted
Z M= M, iff forevery w € W, w' € W’ such that wZw’:

» we V(p)iff w e V'(p) (atomic)
» for every u € R(w) there is v’ € R'(w’) such that uzv’ (forth)
» forevery v’ € R'(w’) there is u € R(w) such that uzv’ (back)
p e I
wi W 5 w' P
\RT RT
Theorem.

letZ:- M= M. Forallwe Wand w' € W':
if wZw’ then M, w I ¢ iff M, w' I  for all formulas .

Proof: by induction on structure of ¢ (homework)
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Semantics of K: irreflexivity is not modally definable

Theorem.
There is no axiom y; such that (W, R) I- y; iff R is irreflexive.

Proof: Suppose such a ¢, exists. Consider the two frames:

@ (W,R) suchthat W = {wp, w1}, R = {{(wp, wy), (wq, wp)}, and

e (W' R')suchthat W = {w'}, R' = {{w,w)}.
We should have (W, R) I+ ¢ and (W', R") I ©jp.
(W' R") I} @iy implies that there are V', w’ s.th. (W', R", V'), W' I j.
Define V such that the relation Z = W x W’ is a bisimulation:
V(p) = {wy, wq} if V/(p) ={w'}, and V(p) = 0 else.
Z is a bisimulation indeed, and w;Zw’, therefore:

(W, R, V), w; IF piff (W R V) w Ik pforevery p.

Hence (W, R) I @ir.
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Soundness and completeness

Let (X;) be a basic modal axiom schema, and let (x;) be its
corresponding first-order frame condition.

Notation:
=kx,..x, ¥ = “p valid in the class of K-frames satisfying (x1),...,(Xn)”

Soundness Theorem.
If Fix,..x, ¢ then F=kx,..x, ©-

Proof: by induction on the length of the proof of ¢
Remark. more generally, correspondence always implies soundness

Completeness Theorem.
If =kx,..x, ¢ then bix,  x, .
Proof: will follow from a more general result, v.i.

Remark. open problem: when does correspondence imply
completeness?
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The axioms G(k, I, m, n)

[Lemmon/Scott, Sahlqvist]
G(k,I,m,n) = OkOlp — OOy

@ examples:
» axiom T =...

vV vy vy VvVYy
2
—
- 00
— — —
_L_Lo
SN—
([T

@ corresponding frame property: generalized confluence
a(k,I,m,n)=(R~"¥ o R™C Rl o (R~1)"
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The logics of confluence G(k, /I, m, n): semantics

g(k7l7m7n) =
(R—1)kORm C RIO(F{_1)”
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The axioms of confluence G(k, I, m, n): completeness

@ logics KXj, ..., Xn, where (Xj), ..., (X,) are axioms of the form
G(k,I,m,n)

> Fkx,...x, ¢ ="p provable from axioms of K and (Xi), ..., (X»)”

Theorem [Lemmon/Scott], [Sahlqvist].
Let the (X;) be axioms of the form G(k, I, m, n).
Then Fx, .. x, ¢ iff Exx,... x, ¥

Proof: see Chapter 5
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