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Propositional dynamic logic: overview

@ programs and actions
@ propositional dynamic logic (PDL)

» semantics
» axiomatics

* induction axiom

@ reasoning about actions
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Actions: introduction and language

@ program = relation between states = possible worlds (cf.
automata)

» intermediate states are not considered (only result counts)
» program # formula

@ action ~ program
@ set of atomic actions Acts = {ay, az, ...}

@ BNF: parameter set and formulas defined by mutual recursion:

a= al|skip|a,alaUala*]|p?

e= pPl-vlene]|lae
where a ranges over Acts, and p ranges over Atms
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Actions: introduction and language, ctd.

@ complex actions:
» skip = “do nothing”
» «; 3 = "“dofirst a, then 5"
» a U S = “nondeterministically choose between « and 3, and perform
chosen action”
» o =“do « an arbitrary number of times”
» 7 ="test p” = "“if ¢ is true then continue, else fail”
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Actions: introduction and language, ctd.

@ complex actions:
» skip = “do nothing”
» «; 3 = "“dofirst a, then 5"
» a U S = “nondeterministically choose between « and 3, and perform
chosen action”

VO[*:

“do « an arbitrary number of times”

» 7 ="test p” = "“if ¢ is true then continue, else fail”
> exercises:

*
*
*
*
*

express fail (action which always fails)
express if-then-else

express if-then

express while-loop

express repeat-loop

» missing: assignments x :=f

*
*

A. Herzig ()

should replace the abstract atomic actions of Acts
uninterpreted vs. interpreted version of PDL
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Actions: introduction and language, ctd.

@ abbreviation:
def
» (a)p = —la]-yp

@ complex formulas:
» [a]e = “p holds after every possible execution of o”

> (a)p = —[a]—p
» (a)p = “there is a possible execution of « after which ¢ is true”
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Actions: introduction and language, ctd.

@ abbreviation:
def
» (a)p = —la]-yp

@ complex formulas:
» [a]e = “p holds after every possible execution of o”
> () = o]
» ()¢ = “there is a possible execution of « after which ¢ is true”
@ nondeterministic actions/programs:
[toss](Heads V Tails)
(toss)yHeads
(toss) Tails
—[toss]Heads

v

v vy
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Actions: exercises

express that « is executable

express that « is inexecutable

express that ¢ is the precondition of «

express that ¢ is the postcondition of «

express the effect of toggling a switch

express: ‘if switch-on is executable then switch-off is not’

express: ‘exactly one among switch-on and switch-off is
executable’

@ express: ‘toggling a switch twice does not change the state of the
lamp’

find the preconditions of the action of starting a car
@ find the postconditions of the action of starting a car
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Propositional dynamic logic (PDL): semantics

[Fisher&Ladner 76, Pratt 77, Parikh, Harel]; Polish predecessor:
algorithmic logic
@ option 1: directly define R and truth conditions in mutual recursion
» model M = (W, R, V) such that W nonempty, V : Atms — 2%,
and:

*

Roip = {(w,w) : we W}
* Ra;ﬁ =R,o Rﬂ
* RaUB =R, U R5
* Rar = (Ra)"
* R ={(w,w) : Mwlik ¢}

» truth condition:
* M, w ik [o]p iff M, v IF ¢ for every v/ € Ry (w)
* M, w i {a)piff M, v I ¢ for some v/ € R.(w)
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Propositional dynamic logic (PDL): semantics

[Fisher&Ladner 76, Pratt 77, Parikh, Harel]; Polish predecessor:
algorithmic logic
@ option 1: directly define R and truth conditions in mutual recursion
» model M = (W, R, V) such that W nonempty, V : Atms — 2%,
and:

*

Rsip = {(w,w) : we W}
* Ra;ﬁ =R,o Rﬂ
* RaUB =R, U R5
* Rur = (Ra)"
* R ={(w,w) : Mwlik ¢}
» truth condition:
* M, w ik [o]p iff M, v IF ¢ for every v/ € Ry (w)
* M, w i {a)piff M, v I ¢ for some v/ € R.(w)
@ option 2: define frames where R interprets only atomic actions:
» frame F = (W, R) such that R, C W, for a € Acts
then define standard models interpreting complex formulas and
complex actions in the ‘right’ way:
> a;[g:RaOFl’@,...
> wmﬁ:VWﬁVw,...
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Propositional dynamic logic (PDL): axiomatization

@ axiomatics of K([a]) for all «

» equivalences: (can’t be abbreviations!)
* [sKiplp < ¢
* [ Blp < [a][Ble
* [aUBle < [a]p A Bl
* [P?p = (Y — »)

» fixpoint axiom:
* [a*]p < (o Aa][a”]p)

» least fixpoint axiom (alias induction axiom):
* (A [a"](p — [a]p)) — [ ]e
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Propositional dynamic logic (PDL): axiomatization

@ axiomatics of K([«]) for all «
» equivalences: (can’t be abbreviations!)
* [skip]y < ¢
* o Ble < [a][Ble
* [aUBle < [alp A[Ble
* [Ple < (b — )
» fixpoint axiom:
* [a"]p = (e Ala][a’]e)
» least fixpoint axiom (alias induction axiom):
* (e [a™](e = [el)) — [a']e
@ deduction, theorems, ...
» N.B.: version of deduction theorem:
* Pty pn F "/J iff [(U{a : gaoceursin i} a)*](% AN L»0'7) - w
* proof uses generated submodel property: modal formulas cannot
distinguish between a pointed model M, w and the pointed submodel
of M generated from w
@ sound, complete and decidable
» only weakly complete, but not strongly
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@ axiomatics of K([«]) for all «
» equivalences: (can’t be abbreviations!)
* [skip]y < ¢
* o Ble < [a][Ble
* [aUBle < [alp A[Ble
* [Ple < (b — )
» fixpoint axiom:
* [a"]p = (A ld][a’]y)
» least fixpoint axiom (alias induction axiom):
* (e A [a'](e — [ale)) — [@"]¢
@ deduction, theorems, ...
» N.B.: version of deduction theorem:
* o1y on YT [(Ura . aoccursingy @191 Ao Apn) — 4
* proof uses generated submodel property: modal formulas cannot
distinguish between a pointed model M, w and the pointed submodel
of M generated from w
@ sound, complete and decidable
» only weakly complete, but not strongly

@ complexity of satisfiability: EXPTIME complete

@ N R - alan" ~ N A (intersection of nroarams: ~ narallel execiition)
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Exercises

@ bpp (P?U-P?)T

@ FppL p— ()P

@ Fpp. (@)p — (a)p

@ model blocksworld with 2 blocks in PDL:

» Atms = On1}2, On2,1, HOIdS1 s HOId82
» Acts = pickUp1, pickUps, putOn; o, putOns 1
» preconditions:

* robot can only hold one block at a time
* to pick up a block it must be free

» postconditions: ...
@ frame problem, qualification problem, ramification problem . ..
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