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Introduction to the course




Action

» action: involves an agent, an , and an outcome
» “After Ann the light is on.”
» action # outcome

» outcome is a state, or rather: a set of states (‘a proposition’)
» action is a relation between states [Segerberg]

» plan = composition of actions
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Agency

» agency: involves an agent and an outcome
» “Ann brings it about that the light is on (by performing some
action)” [Belnap]
» “Ann sees to it that the light is on (by performing some
action)” [Kanger, Porn]
» agentive vs. non-agentive sentences
» “A sentence ¢ is agentive for agent i if and only if ¢ can be
reformulated as / sees to it that ©” [Belnap]
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Capability

» capability = possibility to bring about
» “Ann is capable to achieve that the light is on (by performing
some action)”
» “Ann has a plan guaranteeing that the light is on (by
performing some action)”
» ...but what do the other agents do?

» “Ann is capable to make the light on if the other agents do
nothing”

» “Ann is capable to make the light on whatever the other
agents do’

» cf. strategic games in game theory
» related to multiagent planning
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Doing things together

Ann Bill

—Light

» “Ann is capable to make the light on if Bill does nothing”
» “Ann is not capable to make the light on whatever Bill does”
» “Ann and Bill together are capable to make the light on”
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Actions and mental states

» actions are triggered by the agents’ motivational (proactive,
teleological) mental states:

» desires

vy vy vYyy

>

preferences

goals

standards, values (internalized norms)
future-directed intentions
present-directed intentions (plans)

» actions modify not only the world, but also the agents’
informational mental states

>

>

>

knowledge
beliefs
acceptance (# belief)

...and may modify their motivational mental states
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Course overview

Part | logics of knowledge and action (A. Herzig)

Part Il logics of agency (E. Lorini)

8/72



Part I:
Epistemic logics and
the dynamics of knowledge




Plan
[0]

Multiagent epistemic logic S5,
Introduction
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Reasoning about knowledge: de dicto vs. de re

(1) “there are irrational x and y such that x” is rational”

(2) “Hilbert knows that there are irrational x, y such that x” is
rational”

(3) “there are irrational x, y such that Hilbert knows that x¥ is
rational”

» write these statements in the language of logic
» abbreviate ~Rat(x) A —~Rat(y) A Rat(x¥) by P(x,y)
» it follows from the axioms of Peano Arithmetic that
Ix3yP(x,y)
» non-constructive proof (5 lines)
» Hilbert knew Peano Arithmetic
» Hilbert knew that 3x3yP(x, y)
» there are no x, y of which Hilbert knew that P(x, y)

» although there is a constructive proof (~20 pages, ~1950)
» Hilbert was not a perfect, ‘omniscient’ reasoner
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Reasoning about knowledge: muddy children

a famous puzzle:

1. two children come back from the garden, both with mud on
their forehead; their father looks at them and says:
“at least one of you has mud on his forehead”
then he asks:
‘those who know whether they are dirty, step forward!”
2. nobody steps forward
3. the father asks again:
‘those who know whether they are dirty, step forward!”

4. both simultaneously answer: “/ know!”

N.B.: can be generalized to an arbitrary number n > 2 of
children
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Reasoning about knowledge: muddy children

» use (second-order) predicate Knows(i, »), where i € {1,2}

» Knows(i, ) = “agent i knows that "

» some of child 2’s knowledge at the different stages:

(S0) background knowledge:
Knows(2, Knows(1, mx>) v Knows(1,-my))
equivalently:
Knows(2, —Knows(1,~my) — Knows(1, my))

(S1) learns that at least one of them has mud on his forehead:
Knows(2, Knows(1, (m Vv my)))

(S2) child 2 does not respond:
Knows(2, ~Knows(1, my))

(S3) should follow from (S0)-(S2):
Knows(2, my)

» proof?
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Reasoning about knowledge: muddy children
deduction of (S3) from (S0), (S1), (S2):

1. Knows(2,
2. Knows(2,
Knows(2,
Knows(2,
Knows(2,
Knows(2,
(S0)

Knows(2,
Knows(2,

o ok w

®© N

Knows(1,(my vV my))) hyp. (1)
Knows(1,-mo) — Knows(1, my)) conseq. of 1.

—Knows(1, my) — ~Knows(1,—~my)) equiv. to 2.
—Knows(1, my)) hyp. (S2)
—Knows(1,—-my)) from 3. and 4.
—Knows(1,—-m,) — Knows(1, m,)) equiv. to hyp.
Knows(1, m,)) from 5. and 6.
mo) from 7., bec. Knows(1, mp) — mo

(‘knowledge implies truth’)

informal deduction = formal rules? = deduction in a formal

logic?
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A second-order theory of the Knows predicate

» desirable principles:
» ViVp (Knows(i,p) — p)
» used in step 8.
» Vivpvq ((Knows(i,pV q) A Knows(i,—p)) — Knows(i, q))
» used in step 2.

> ...
» make up theory of knowledge 72,

» second-order formulas: “vVp” quantifies over propositions
» reasoning about knowledge in second-order logic (SOL):

> Ti?nows FsoL ((S0) A (S1) A (S2)) — (S3)
» SOL consequence problem
» undecidable . ..
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Knows: from second-order to first-order logic

idea [Hin62, FHMV95]:
Knows(i, ¢) = “p true in all worlds that are possible for i

» set of possible worlds W
» ternary ‘accessibility’ relation (i, wq, ws)
» /= agent
» w;y = actual world
» wo = world that i cannot distinguish from wy

» in first-order logic:

Knows(i,p,w) = “at w, iknows that ©”

L ww (R, w, W) — p[w])
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Knows: from second-order to first-order logic, ctd.

» muddy children:
» Knows(1,mp, w) = vw' (R(1,w,w') — mp(w’))
» —Knows(1,my,w) = 3w’ (R(1,w, w') A -my(w’))

» exercise: draw the set of possible worlds and the
accessibility relation in the initial situation
K1,K2 K1,K2

my <— Mo

:

e
Ka

i
>

K1,k K1,K2
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Knows: from second-order to first-order logic, ctd.

» desirable principles for knowledge =- properties of
» ViVp (Knows(i, p) — p) corresponds to: Vivw K(i, w, w)
> ..
» make up first-order theory 7, .
» reasoning about knowledge:
> Tnous -FoL YW (((S0) A (S1) A (S2)) — (S3))[w]
» consequence problem in first-order logic (FOL)
» semi-decidable ...
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Knows: from first-order to modal logic

idea [Hin62]:
don’t use first-order language, but add modal operators of
knowledge to the language of classical propositional logic CPL

» K;: modal operator
» Kj¢ =“i knows that ¢”
» epistemic logic
> episteme = emiornun = ‘know’ (Greek)
» N.B.:

» propositional language; no V, 3
» ¢ might contain modal operator K;
» precise definition requires recursive definition of language
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Epistemic language: examples

» knowing-whether:

» Kimo vKy—mo “child 1 knows whether my,”
» ignorance:
> =Ko mo A =Ko —mo “child 2 does not know whether my”

» nesting of modal operators (‘higher-order knowledge’):
Ki Ko (m1 \Y m2)

Ki Ko Ky (m1 V m2)

> PR

Ko (K1 mo Vv Ky —|m2)

Ko (ﬁK1 my A (K1 mo VvV Ky ﬁmz))

vy

vy
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The propositional logic of knowledge

» extend CPL by axiom schemas and inference rules for the
modal operator K;

» FKip—
» if-pthenkK;p
> ..
» reasoning about knowledge:

|—K2K1 m2—>K2m2
F ((S0) A (S1) A (S2)) — (S3)

v

vvyy

reasoning problem: given ¢, do we have - ¢?

» decidable!
» more details later ...
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Reasoning in epistemic logic

» semantics: models? truth conditions?
» resort to first-order semantics in terms of possible worlds
» models: M = (W, K, V) where
» W some set (‘possible worlds’)
» K C Agts x W x W (‘accessibility relations’)
» V valuation
» truth conditions:
» M, wi-K;piff M, w' I ¢ for all w’ such that K(i, w, w')
» N.B.: language of epistemic logic less expressive than that
of FOL

» Jdifferent models that give same truth value to all formulas
» cannot be distinguished by means of a formula
» bisimulation ...
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Recap of basic logic notions

» logic A = language L\ + particular subset of L (called
theorems or validities)
» particular subset of L5 can be characterized in two ways:

» semantically: using models = validities
» syntactically: using axioms and inference rules = theorems
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Recap of basic logic notions: axiomatics

> requires:
1. axiom schemas = basic theorems of the logic

> in an axiom schema, we can perform uniform substitutions:
Ki¢ — @ instantiates to: Ky (m2 vV my) — (mz vV my)
» N.B.: the ¢ are meta-variables over the language
2. inference rules = generate new theorems from existing

theorems
> notation: {1, ..., om} / ¢, or: ELEm
» a proof of p in A is a sequence of formulas (p1,...,¢n)

such that ¢, = ¢, and for every i < n:
» ;is an (instance of) some axiom schema for A, or
» there are formulas ¢, ,. .., ¢j,, such that jj < i, and “01807”"’
is (an instance of) some inference rule for A
» o is a theorem of A iff ¢ is provable in A
» notation: Fx ¢
>  is consistent in A iff t/p —p

» deductions I - p iff ... (several options in modal logic)
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Recap of basic logic notions: semantics

> requires:

1. aclass of models M for A
2. truth conditions: when is ¢ true in M?

» notation in general: M I ¢
» in modal logic: M, w I+ ¢ ‘pistruein (M, w)’

» pisvalid in A iff M, w IF ¢, for every model M for A and
world w in M

» notation: =x ¢
» o is satisfiable in A iff 25 ¢
» logical consequence I' =5 ¢ iff ... (several options in modal
logic)
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Recap of basic logic notions: soundness and
completeness

syntactic and semantic characterizations should coincide!

» soundness: for every formula ¢, if - ¢ then = ¢
» proof by induction on the length of the proof of
» completeness: for every formula ¢, if =p ¢ thenbp ¢
» actually proved: ‘if ¢ is consistent in A then ¢ is satisfiable
in \’
» non-constructive proofs: canonical models [Henkin]
» constructive proofs: via tableau method
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Multiagent epistemic logic S5,

Language
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Language

» primitive symbols:

» countable set of propositional atoms Atms
» finite set of agent symbols Agts

» BNF:
o = ploplene|Kip

where p ranges over Atms and i over Agts

» abbreviations:
> oV E (g A )
> o—1Y = ...
> oo = L.

v
X
AS)

|

J
X

j
©

Il
<
&
©
@]
n
@,
o
()
)
=
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Language (ctd.)

» 3 possible epistemic attitudes w.r.t. a formula :

K,‘Lp R/QD/\R/'_‘QO K/—\cp

» o should be contingent. neither theorem nor inconsistent
» what if ¢ of the form K;?
» what if © of the form K; ¢?

» 4 possible epistemic situations w.r.t. a formula :

oA K ¢ AKip AR~
—p AKip ANKj—p = A Kj—p

» ...for ¢ contingent and non-epistemic
» why are situations ¢ A K; = and = A K; o missing?
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Multiagent epistemic logic S5,

Semantics
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Semantics of S5,: Kripke models

» ‘Saul Kripke’ [Kri59]

» S5,-model = labeled graph (W, KC, V) where:

» W nonempty set

‘possible worlds’, ‘states’

» K : Agts — 2W>W guch that every K; is an equivalence

relation

» equivalence relation = reflexive, transitive, and symmetric

relation
» write K; instead of (i)
» V: Atms — 2%
» V(pcw
» muddy children:
K1,Kz2 Ky,Kz2

A
my <—2% mymp

SI

e
K2

)

K1,K2 K1,K2

‘accessibility relation for /’
‘valuation’
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Semantics of S5,,;: models

» equivalence relation = indistinguishability
Kilmmp) = {w : (mmp,w) € K}

= “set of worlds i cannot distinguish from my;m,”
= “set of worlds compatible with /’'s knowledge”

= “knowledge state of agent i at mymy”

» muddy children:
K1,KC2 K1,K2

K1,K2 K1,K2
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Semantics of S5,: truth conditions

» truth in a pointed model:
M, w ik piff w e V(p)
M, w ik =g iff M,w I ¢
M. wikoAyiff M,wiFpand M, w I- 9
M, w i K; o iff M, w' I © for every w' € KC;j(w)
» hence: M, w I K; o iff M, w' I ¢ for some w' € Ki(w)

» muddy children:

v

vvyy

K1,K2 K1,K2

’C1,/C2 K1,’C2
M, (m1 m2) IFmy Amo AKymo A R1 my A R1 —my
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Semantics of S5,: satisfiability and validity

> ¢ is S5,-satisfiable iff M, w IF ¢ for some S5,-model
M= (W, K, V) and some possible world w € W

> @ is S5p-valid (=gs5, ) iff M, w I ¢ for every S5,-model
M= (W,K,V)and every possible world w € W
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Multiagent epistemic logic S5,

Axiomatics
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Axiomatics of S5,

» axiom schemas for S5,:
» every theorem schema of classical propositional logic

(CPL)
> (Kip AKiY) — Ki(p A1) conjunction C(K;)
» Ki T necessity N(K;)
» Kip— o truth T(K;)
» Kip = KiKigp pos. introspection 4(K;)
» Kip — Ki=Kjp neg. introspection 5(K; )

v

inference rules for S5,:

s modus ponens (MP)
> ngjré-w rule of monotony RM(K; )

v

N.B.: in axiom schemas and rules, ¢, ) and i are
meta-variables
S5,-proof, S5,-theorem: as usual

v

> we say:
» “CPL+C(K;)+N(K;)+RM(K;)+T(K;)+4(K;)+5(K;)

axiomatizes S5.”
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Axiomatics of S5,,;: some useful theorems

» Kripke’s axiom K(K;): Fgs, Ki (¢ — ) — (Kip — K;¢)

» proof:
1. (Kip AKi(p — ) = Ki(p A(p — ) C(Ki)
2. (pA (=) — o (CPL)
3. Ki(pA(p =) = Ki from 2. by RM(K;)
4. (KieAKi(e —¢)) = Ky from 1. and 3. by (CPL)
5 Ki(p = 9) — (Kip = Kiv) from 4. by (CPL)

> Fss, (Kip AKiv) — Ki (0 A1)
» proof: ... hint: use (REq) and K(K;)
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Discussions
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Knowledge: omniscience
knowledge set of agent i = set of formulas known by i

» /’s knowledge set is. . .
» closed under theorems:

> rule RN(K)
» closed under logical implication:

> i rule RM(K)
» closed under material implication:

» KipAKi(p — ) — Ky axiom K(K)

» omniscience problem
» if | know the axioms and inference rules of Peano Arithmetic

then | know whether every even integer greater than 2 can
be written as the sum of two prime numbers

» Goldbach’s conjecture; still unproved!
S5, is an idealization: rational agent, perfect reasoner
inadequate for human agents
widely accepted in Al
negative introspection criticized

vV vy VvVYyy
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The logic of knowledge: properties

» sound and complete: g5, ¢ iff =g5, ¢
» decidable
» complexity of S5,-satisfiability is

» NP-complete if n =1

» PSPACE-complete if n > 1

» there exists a simple normal form for n = 1 (single agent)
» modal depth < 1
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Public announcement logic
PAL
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Public announcement logic PAL
Introduction, motivation, language
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Epistemic logic: what if the agents learn something
new?

» observe: after the children have heard father’s
announcement that my v mo, they eliminate all those
worlds where my vV m» is false

» idea: public announcements transform the model
(‘epistemic update’)
» example of muddy children puzzle: father says “m; v mo!”

Ko K2
my <—= mm; m Y m! m <—— Mm;
K4 I 1’@ 1’@
<> my

K2

(reflexive arrows omitted)
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Public announcement logic PAL: language

» ! = announcement of truth of ¢
» modal operators of public announcement logic (roughly):
{Ki s Ky F Y {10!+ pis aformula }

» either circular definition of formulas
» or would not allow complex announcements

> [([p19)!1Kiq
» BNF:
p 1= ploplene | Kigl el
where p ranges over Atms and i over Agts
» reading:
[Pl = “yistrue after every possible execution

of the announcement of ¢”

ey = =[]y
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Public announcement logic PAL

Semantics and axiomatics
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Public announcement logic PAL: models

» PAL-model = S5,-model
» truth conditions:
M wikp iff we V(p)
M, w ik —p iff ...
M wliFpAy  iff ...
Mwi-Kip iff M w - gforall w e Ki(w)
M,wik [y iff M wlfoor M7 wik )

» M¥' = “update of M by ¢”

K IC
my -5 mm m1vm§2! m <A mmo
Ki I I’Q 1/@
< M> mo
Ko

(reflexive arrows omitted)
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Public announcement logic PAL: models (ctd.)

K
my <% mimp myVmp!

Ka
mym
my <—— IThiIT
’C1I I’Q I’Q

<My
Ko

my

(reflexive arrows omitted)
> M? = (W K# VoY, where
We' = {weW : Mwip}
= /C,'ﬂ(W‘P! X W‘PI)

V(p) n W

K

V¢'(p)
» Remarks.

» announcements have to be truthful

» else satisfaction relation I would be ill-defined
» if there is w € W such that M, w I  then M¥' is an
S5,-model

» PAL-validity (=par ¢), PAL-satisfiability: defined as usual
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Public announcements: non-validities!

» public announcements do not always preserve knowledge:
EraKi — [p!]Ki
» consider ¢y = -K;p...

» public announcements are not always successful:
= paL'1Ki ¢
» consider ¢ = p A —K; p (‘Moore sentence’),
and remember: K; (p A =K p) is S5,-unsatisfiable!
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Reducing PAL to S5,

» useful PAL validities:

[Py — (mp V) if ¢ is atomic
[p!]—y = (mpVply)

[P(1 Ap2) = ([9]e1 A [!]e2)

[!]Ki v = (= VK[p)

» idea: use equivalences as reduction axioms (rewriting from
left to right)
» ‘push down’ announcement operators
» eliminate when a Boolean formula is attained
» red(y) = result of reduction of ¢
> exercises:
> red([p']Kyp) =7
> red([p']K1 Ko ,D) =7
» red([(p A =K1 p)l]Ki p) = ?
» reduction axioms also provide axiomatics (together with
rule of substitution of equivalents)
» while the other axiom schemas of K are PAL-valid, too,
reduction axioms suffice to prove all valid formula instances
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Reducing PAL to S5,, ctd.

Reduction Theorem.
for every PAL-formula ¢:

1. red(y) is an S5,-formula
2. FpaL ¢ < red(p)

Sketch of proof.
» equivalences are theorems
» substitution of proved equivalents (REq) preserves PAL-theoremhood

» define a decreasing counter (sum of the number of announcements
governing subformulas)
= rewriting terminates
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PAL: properties

» satisfiability in PAL is decidable

» apply red + decision procedure for S5,
» reduction to S5, leads to suboptimal decision procedure
» N.B.: rule of uniform substitution not PAL-valid:

> Fpea [PIK1 P (v.s.; p formulal)
> ZpraL [¢!]Ki @ (V.s.:  schemal)
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Muddy children reloaded

» positive formula r:
o= BleNe|leVelKip
where 3 ranges over Boolean formulas

» prove that Fpa ™ — [p!]7 if 7 is a positive formula
» induction step for 7 = K; my:

1. m — [p!]m by induction hyp.
2. Kimi — Ki[e!]m by rule RM(K;)
3. Ki[e!lm — [!Ki no forgetting
4. Kimi — [¢!Kim from 2. and 3. by CPL

» prove that Fpa; [7!]x if 7 is a positive formula
» Fpa ™ — [rl]m because ...
» Fpa -7 — [n!]7 because ...
» show:
> Fpar [(m1 V mg)!]K1 Ko (m1 V m2)
> Fpar [7Ko mo!]Ky =Ko ma
> |_S5n (K1 Ko (m2 \Y m1) A Ky =Ko mo — Ky =Ko —=my
> |—35,7 (K1 =Ko =my A Ky (K2 -my V Ko m1)) — Ky Ko my
» conclude that
Fpar Ky (K2 -mq V Ko m1) — [(m1 V mg)!][—\Kg mg!]K1 my
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Excursion: the Russian Cards problem [Dit03]
Moscow Mathematics Olympiad in 2000:

From a pack of seven known cards Ann and Bill each draw
three cars and Cath gets the remaining card.
How can Ann and Bill publicly and truthfully inform each other
about their cards, without Cath learning from any of their cards
who holds it?

» cards are 0,1,...,6; Ann holds 012 and Bill holds 345
» some bad solutions:
» Ann says: “Cath holds 6”
» Ann can only announce what she knows!
» Ann says: “l don’t hold 6”
» Ann should know that Cath doesn’t learn anything!
» Ann says: “l our Bill hold 012” (and Bill: “I our Ann hold
345%)
» Cath learns that Ann has 012!
» Ann says: “either | hold 012, or I hold none of 0, 1, 2”
» Cath doesn'’t learn any card,
» Ann knows that,
» but Cath does not know that!
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Excursion: the Russian Cards problem [Dit03]

» solutions:
» Ann says: “My cards are among 012, 034, 056, 135 and
246", and then Bill says: “Cath has 6”
> ...
» can be modeled in PAL
» does not work for any number and any distribution of cards
» for which numbers there is a solution? (open problem)

» perspective: unconditionally sure cryptographic protocols
(perfect reasoners, public communication)

» RSA algorithm presupposes non-omniscience
(decomposition into prime factors not feasible)
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Excursion: the paradox of knowability [Fitch]

» add a new modal operator quantifying over

announcements:
» M, w - Oy iff there is ¢ such that M, w I (¥)p
» N.B.: ¢ should have no occurrence of ¢ (why?)
» allows to reason about plan existence (epistemic actions
only)

» =7 Init — O Goal
example: = O(K;p Vv K;—p)
» verificationist thesis:
» ¢ — OK; ¢ should be valid for every ¢
» paradox of knowability:
> = (pA—=Kip) — OKi(p A —K; p)
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From public announcements to private announcements
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Dynamic epistemic logic DEL
» PAL: announcements are perceived by every agent:
» [P(KipAKopAKspA L)
» idea: S5, models the agents’ uncertainty about current
state by means of possible states
= model uncertainty about current event by possible

events
static uncertainty [ dynamic uncertainty
possible worlds possible events

indistinguishability of worlds | indistinguishability of events

» example: suppose p A =Ky p A —Ki—=pA =Ko pA—=Ks—p
» agent 2 learns that p
» various possible perceptions of 1:
» 1 also learns that p, and 2 knows that, etc. = PAL
> 1 sees that 2 learns whether p, but does learn it himself (and
2 knows that, etc.)
1 does not sees this (and 2 knows that, etc.)
1 suspects this

vy
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DEL: event models

» static epistemic logic: static model M* = (WS, K3, VS)
» dynamic epistemic logic: dynamic model
MY = (W9 K9, v9), where

» WY is a nonempty set of events
» K9: Agts — W9 x WA

» every K¢ is an equivalence relation

» ek;e’ = “i perceives occurrence of e as occurrence of e’”
» V9. W9 — Fmis

» precondition of event w?

» exercise: find dynamic models for the above examples
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DEL: product construction

> given:
» a static model M = (W3 K3, V3)
» a dynamic model M9 = (Wd K9, v9)

what is the resulting static model?

» M=MSe M= (W, K, V) where
» W= {(ws,wd) : wse WS, w?e WY, and M, ws I-
Ve(we)}
» K= {{(ws, w9, (vs,v?)) : wSKfvS and wIKIvO}
> V((we, wd)) = Vo(w?)
restricted product

» exercise: build outcome models for the above examples
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DEL: properties

» reduction axioms
» completeness (via reduction axioms)

» applications

» Cluedo
» cryptographic protocols
| .
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Dynamic logic of
propositional assignments
DL—PA
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Epistemic logic: what if the facts change?

» suppose the first child publicly cleans his forehead: m;
becomes false

» idea: public assignment my:=_L transforms the model
(‘ontic update’)

*2_ mim my=L *2_m
my <—— IMH1Tp 1= s <— T2
’C1I I’Q ’Ql I’Q
<> c<—> Mo
Ko K2

(reflexive arrows omitted)
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DL—PA: language

» non-epistemic version
» programs () and formulas (p):

m u= p=T1|p=L|mnr|7Ur|x*|?
¢ = ploplene|[re
where p ranges over Atms
» reading:
[rlp = “pis true after every possible execution

of the program =”
—[r]=e

(m)ep
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Dynamic logic of propositional assignments DL—PA

Semantics and axiomatics
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DL—PA: models

» DL—PA-model = set of propositional variables w C Atms
» = model of classical propositional logic
» = a single possible world
» interpretation of formulas:
wikp iff pew
wik —p iff

w ik [r]y  iff  w'IF ¢ for every w’ such that wR,w’
» interpretation of programs:

R7r;7r’ = RﬂoRﬂ’

R.. = R.,UR.

R = (R

R, = {(w,w) : wike}

oot = {w.w) : w =wu{p}}
oot = {w.w) : w=w\{p}}

» DL—PA-validity (Ep._pa ¢), DL— PA-satisfiability: defined
as usual
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DL— PA: properties

» reduction procedure: ...

» satisfiability in DL—PA is decidable
» apply red + decision procedure for classical logic
» suboptimal

» complexity: just as standard PDL

» full DL—PA is EXPTIME complete
» star-free DL—PA is PSPACE complete
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Applications of DL—PA

» logical account of multiagent simulation [Gaudou et al., MABS
2011]

» coalition logic: special propositional variables of ability
[Herzig et al., IJCAI 2011]
» Ai(p:=T) = “iis able to perform p:=T"
> A,-(p::J_) =...
» normative systems: special propositional variables of
‘deontic ability’ [Herzig et al., IJCAI 2011]
» Pi(p:=T) = “i is permitted to perform p:=T"
> P,-(p::J_) =...
> epistemic extension
» assignments are public:

[P:=TIKi ¢ < Ki[p:=T]p
» reduction
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Summary

» What we saw in Part |
» standard logic of knowledge: S5,

» criticisms: omniscience
> static

» dynamics of knowledge
» public announcement logic
» dynamic epistemic logic
» Part Il: logics of agency
» coalition logic
» the logic of “seeing-to-it-that” (STIT)
» epistemic extension of STIT
» ‘I know that there is a plan’ vs. ‘I know a plan’
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Logics of group action and
social interaction: an overview
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Examples of group action

» Bill and Bob are painting a house together.
» Brazil soccer team can win FIFA world cup.

» Ann and Mary could have avoided the accident (if they were
more cautious).
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Logics of joint and group action

» Coalition Logic (CL): Pauly (2001, 2002)

» Alternating-time Temporal Logic (ATL): Alur and Henzinger
(2002); van der Hoek and Wooldridge (2003)

» Logic of “Seeing To It That” (STIT logic): Belnap et al.
(2001), Horty (2001)
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Coalition logic (Pauly 2001, 2002)

» Social software: logics for modelling procedures involving the
interactions between multiple agents

» E.g., voting procedure

» It enables to express what a coalition of agents can ensure by
doing a joint action
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Coalition Logic: main operator

(J)p = “the agents J can act together to ensure that ¢
is true in the next state”
= "4 a joint action of J such that
V outcome ¢ holds in the next state”
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Alternating-time Temporal Logic (Alur and Henzinger,
2002)

» Logics for multi-agent systems
» Reasoning about dynamic systems with multiple agents

» Temporal extension of Coalition Logic (Goranko 2003)
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Alternating-time Temporal Logic (ATL): main operators

({(I))xe

() pUnt i1y

“the agents J can act together to ensure that
@ is true in the next state”

“3 a joint action of J such that

YV outcome ¢ holds in the next state”

“the agents J can act together to ensure that
@ is always true”

“d a joint action of J such that

Y outcome ¢ is always true”

“the agents J can act together to ensure that
© remains true until ¥ is true”

“3 a joint action of J such that

Y outcome ¢ remains true until v is true”
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Relation between ATL and CL (Goranko 2003)

(D ~ ((C))Xp
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STIT logic (Belnap et al. 2001, Horty 2001)

» Philosophical Logic

» Formalization of concepts in Action theory: agency, ability,
responsibility, etc.

» It makes a distinction between doing (seeing to it that) and
being able to do (being able to see to it that)

» what the agents in a coalition ensure by acting together (not
in CL and ATL)

» what the agents in a coalition can ensure by acting together
(also in CL and ATL)
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STIT logic: main operators

Formulas in STIT logic are built by means of modal operator O
which quantifies over the set of all possible outcomes of the
current social interaction, whose dual is ¢, and the so-called
Chellas STIT operator [J]

[J]lp = “coalition J sees to it that ¢"
= “the agents J ensure that ¢ by acting together”

Op = “@ is necessarily true”
O = Yy is possibly true”
O[J]¢ = “coalition J can see to it that ¢”

= "the agents J can act together to ensure that ¢"
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Relation between STIT and CL (Broersen et al. 2006)

(N ~ o[J]xe

where X is the operator next of linear temporal logic (LTL)
(X¢ means “p will be true in the next state”)
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Coalition logic (Pauly 2001, 2002)

» Social software: logics for modelling procedures involving the
interactions between multiple agents

» E.g., voting procedure

» It enables to express what a coalition of agents can ensure by
doing a joint action
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Coalition logic (CL): language

» AGT ={1,...,n}: a countable set of agents;

» ATM: a countable set of atomic propositions.
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Coalition logic (CL): language (cont.)
The language £ of CL with agents and groups is defined by the
following BNF:

pu=ploAe|-o| (e
where p ranges over ATM and J C AGT.

= We write (i) instead of ({i})¢

» ({J)p: the coalition J can ensure ¢ at the next time point by
acting together, whatever the others agents do.

» 3 a collective choice of J s.t. V next state ¢ holds.

» (DDg: ¢ is necessarily true at the next time point.
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Example: coordinated attack

» Two agents j and j are trying to move an attack against a
common enemy. The enemy will be defeated iff i and j move
a coordinated attack (both i/ and j attack the enemy).
» i has two actions available: attack and skip (do nothing).
» j has two actions available: attack and skip (do nothing).

In formulas:
({i,j}) defeatEnemy N — (i) defeatEnemy A —{j) defeatEnemy
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Effectivity functions

» S: a set of states
> e 2ACT __, 02° effectivity function
» X € e(J) iff is a set of possible outcomes for which J is

effective (or J can force the world to be in some state of X at
the next step)
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Example: coordinated attack (cont.)

» S= {SDefeat7 5Undefeat}
> e(i) = e(./) = {{SDefeata SUndefeat}}
> e({i7.j}) - {{SDefeata SUndefeat}a {SDefeat}a {SUndefeat}}
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Playable effectivity function

e is playable iff:

1.
2.
3.

0 ¢e(J);

Seed);

S\ X ¢ e(0) then X € e(AGT), forall X C S
(AGT-maximality);

if Xy € e(J) then X3 U X5 € e(J)

(Outcome monotonicity);

if JN 1 =0 then if X; € e(J) and X, € e(/) then
XiNXs e e(JUI)

(Superadditivity).
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CL models

A CL-model is a tuple M = ((S, E), V) where:
» S is a set of states;

» E:S — (24T — 225) associates an effectivity function E
to every state s in S;

» V is a valuation function, that is, V : S — 2ATM_
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Truth conditions

» Truth conditions for Boolean constructions are entirely
standard.

» M,s |= (J)p iff {'|M,s" = ¢} € Es(J).

Validity, satisfiability are defined as usual
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A complete axiomatization of CL

If ¢ <> 1) then () < (J)o

(U Av) = ([De A (I)¥)

()L

T

~[0De — (AGT)~p

(D A(DY) = (JUleAy) fJNl=0
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Some CL validities

(0D and {AGT) are normal modalities

> E (@ A @)y) = @D (e A Y)
> F([AGT)e A JAGT)Y) = (AGTD(p AY)
> <[AGT]>QD <~ —|<[AGT]>—|QD

(0) and {AGT) are inter-definable
> = (0D < ~(AGT) ¢

Two disjoint coalitions cannot bring about conflicting effects

» E (DA {D-p) = LifINnd=10
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STIT logic with agents and coalitions

» Non-standard semantics for STIT in terms of moments and
histories (Belnap et al., 2001; Horty, 2001; Horty & Belnap,
1995).

» STIT can be ‘simulated’ in a standard Kripke semantics
(Herzig & Schwarzentruber, 2008).

» We use this for today's presentation.
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STIT logic with agents and coalitions (Horty, 2001)

» AGT ={1,...,n}: a countable set of agents;
» ATM: a countable set of atomic propositions;

» 2AGT* — DAGT \ () the set of non-empty coalitions.
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STIT logic with agents and coalitions

The language £57'T of STIT with agents and coalitions is defined
by the following BNF:

pu=plone| | [Je|op
where p ranges over ATM and J over 24¢7*,
= If J has more than one element: [J]y ~ “coalition J sees to it
that ¢ no matter what the other agents in AGT \ J do”.
= If J is a singleton {i}: [{i}]¢ =~ "agent i sees to it that ¢ no
matter what the other agents in AGT \ {i} do”.
= O =~ "¢ is necessarily true” (historic necessity).
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Further notations

op & oy
» We write [i] instead of [{i}];
» O & “y is possibly true"”;

» O[J]¢ &~ “J can see to it that ¢ whatever the other agents in
AGT \ J do".
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STIT models

A STIT-model is a tuple M = (W,{R,} cacT, H, V) where:
» W is a non-empty set of possible worlds or states;
For all J C AGT, Rj is an equivalence relation over W':

1. Reflexive: (w,w) € Ry;
2. Transitive: if (w,v) € R; and (v, u) € R, then (w,u) € Ry;
3. Symmetric: if (w,v) € R, then (v,w) € Ry.

\{

» H is an equivalence relation over W.
V is a valuation function, thatis, V : W — 2ATM,

v

= Ry(w) = {v € W|(w,v) € R;} is the set of outcomes that are
forced by the action chosen by coalition J at w

= H(w) = {v € W|(w, v) € H} is the set of all possible outcomes
at w
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Constraints on STIT models

Action OQutcomes: R; C H

Ry
Riz
R, (\R12
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Constraints on STIT models (cont.)

Group Action: R; = (¢, Ryj

Ry
R
Riz
R, (\R12
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Constraints on STIT models (cont.)

Independence of Agents:
for all w € W, for all (wj)jeacT € H(w)", NjcacT Rij(w;) # 0

Ry Ry
R
12
Riz
R, (\R12
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Constraints on STIT models (cont.)

AGT-Determinism: Racr = idyy

Ry
R
Riz
R, (\R12
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Truth conditions

\{

M,w = piff p € V(w).

M,w =AY iff Myw |= ¢ and M, w = 9.
M,w = =y iff not M,w = .

M, w = [J]¢ iff M, v |= ¢ for all (w,v) € R;.
M,w = oy iff M,v |= ¢ for all (w,v) € H.

v

v

v

v
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Example 1: two agents taking care of a plant

Rl Rl
(water) (skip)

R, W,
(water) Rlz .
dead R;7
R .
Ra Ria
(skip) dead

Two agents AGT = {1,2} have to take care of a plant. If both of
them water the plant (resp. do nothing) the plant will die.

» [{1,2}]alive is true at wy and ws.
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Example 1: two agents taking care of a plant

Rl Rl
(water) (skip)

Ry W,
(water) Rlz .
dead R;7
R .
Ry ARy,
(skip) dead

Two agents AGT = {1,2} have to take care of a plant. If both of
them water the plant (resp. do nothing) the plant will die.

» O[{1,2}]alive is true at wy, wy, wsz, wy.
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Example 1: two agents taking care of a plant

Rl Rl
(water) (skip)

Ry W,
(water) Rlz .
dead R;7
R .
Ry ARy,
(skip) dead

Two agents AGT = {1,2} have to take care of a plant. If both of
them water the plant (resp. do nothing) the plant will die.

» —O[1]alive and —O[2]alive are true at wy, wa, ws, wy.
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Example 2: voting for a candidate

2:voteA

2:voteB

1:voteA

l:voteB

3:voteA

3:voteB

A and B are the two candidates and 1,2, 3 are the three voters.

» [{1,2}]Awin holds at ws and wy.
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Example 2: voting for a candidate

2:voteA

2:voteB

1:voteA

l:voteB

3:voteA

3:voteB

A and B are the two candidates and 1,2, 3 are the three voters.

» O[{1,2}]Awin holds at wi-ws.
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Example 2: voting for a candidate

1:voteA 1:voteB

2:voteA

3:voteA

2:voteB

3:voteB

A and B are the two candidates and 1,2, 3 are the three voters.
» =O[{1}Awin A ~O[{1}]Bwin holds at wq-ws.
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Example 2: voting for a candidate

2:voteA

2:voteB

1l:voteA

1:voteB

3:voteB

3:voteA

A and B are the two candidates and 1,2, 3 are the three voters.
> Nieg1,2,3 (=O[{i}Iwin A =O[{i}]2win) holds at wi-ws.
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Example 2: voting for a candidate

2:voteA

2:voteB

1l:voteA

1:voteB

3:voteB

3:voteA

A and B are the two candidates and 1,2, 3 are the three voters.
> /\Jg{17273}7|J|22(0[J]AWI‘I7 A Q[J]BWII’I) holds at Wi1-Wwsg.
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Some STIT validities

0 and [J] are S5 modalities

B (Ule AU — (e A )
CEUe—e

- B Ule = [UJe

E (e = (D

F (OpADY) = o(e AY)

- Eop—e

. EFop — oop

CEOp — 00y

—

© N oA W N
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Some STIT validities (cont.)

- Eoe = e

. Eop —alJ]e

. E(AGT)p «< [AGT]p

- EMe—=[JUle

- E e = ole

- E O = o[JUle

= (O[1p1 A ... A O[nlen) = O[AGT](p1 A ... A pn)
E (O AC[NY) = O[JUl(eAY)ifINS =10
CE(OUeAOlp) = LifINS =10

© 0 N O U AW N
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Discussion: the notion of responsibility

X A —[AGT \ J]x expresses a basic notion of responsibility of the
form “coalition J could have prevented a certain state of affairs y
to be true now".

Resp,v & X A-[AGT \ Jlx
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Discussion: the notion of responsibility (cont.)

Rl Rl
(water) (skip)

R, W,
(water) Rlz .
R
dead 12
R

12

Wy
12

dea

@

R» R
(skip)

o

» Resp;—alive and Resp,—alive are true at ws and wy.

> Respyy 5y alive and Respy; 5y alive are true at wy and w;.
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Mathematical properties of STIT

Definition

A logic L is finitely axiomatizable if there is a finite set Ax of
formula schemas such that ¢ € L iff there is a sequence
(¢1,.-.,¢n) of formulas such that ¢, = ¢ and for 1 < < n:

» (; is a tautology of propositional calculus or an instance of an
axiom in Ax or,

> (; is obtained by necessitation from ¢; with j < i or,

> (; is obtained by modus ponens from ¢; and ¢, with j, k < i.

Theorem (Herzig & Schwarzentruber, 2008)

STIT with agents and coalitions is undecidable and not finitely
axiomatizable for AGT > 3.
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A decidable fragment of STIT

The following fragment of STIT called DFST'Tis decidable:
x:=1L]|p|xAx|—x (propositional formulas)
P = [J]x | ¥ A (“see-to-it" formulas)
pr=x|vU|eNe]| | 0P (“see-to-it” and “can” formulas)
where p ranges over ATM and J over 24¢7*,

For instance, [{1}][{1,2}]p is in STIT but is not in DFST'T

Theorem (Lorini & Schwarzentruber, 2009)
The satisfiability problem of DF°T'Tis NP-complete.
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Epistemic extension of STIT
and the concept of uniform
strategy



A STIT extension with knowledge

We add modalities for knowledge and a temporal operator to the
STIT language:

= Kjp: agent i knows that ¢ is true

= X¢: ¢ will be true in the next state
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Epistemic STIT models

An epistemic STIT-model with discrete time is a tuple
M = (W, {Rs}scacT, H,{Ei}icacT, Fx, V) where:
» W, Ry, H and V are defined as in STIT models;

» For every i € AGT, E; is an equivalence (epistemic) relation

over W;
> Fx : W — W.

= Ei(w) = {v|(w, v) € E;} are the worlds that agent i considers

possible at w
= Fx(w) is the successor of world w
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Truth conditions for knowledge

M,w = K iff M v |= ¢ for all (w,v) € E;

M,w = Xp iff M, Fx(w) = ¢
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Interactions between knowledge and historic necessity:
discussion

= Semantic constraint S1: For every w € W, Ej(w) C H(w)
= Corresponding axiom PerfectInfo: Oy — K;p

Perfect information about the situation of interaction
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Interactions between knowledge and historic necessity:
discussion (cont.)

= Semantic constraint S2: For every w € W, E;(w) C R;i(w)
= Corresponding axiom Perfectinfo+ActAware: [i]p — K¢

Perfect information about the structure of interaction + agents’
knowledge about their current choice (the only uncertainty is
about choices of others)

Theorem
If S2 then S1.
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Interactions between knowledge and historic necessity:
discussion (cont.)

More realistic principle:

= Semantic constraint (KChoiceDet) S3: For every w € W, if
v € H(w) and u € Ej(v) then u € Ej(w)

= Corresponding axiom: K;p — [i]K;p

Knowledge is choice determinate
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The concept of uniform strategy

For an agent i to have the power of ensuring ¢, i must have both:
the objective capability to achieve ¢ and, the discretion
(awareness) over his capability (Castelfranchi 2003, Barnes 1988)
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The concept of uniform strategy (cont.)

» DE DICTO sentence: “i knows that there is some action such
that if he chooses it, he will ensure ¢ in the next state”

» DE RE sentence: “there is some action such that if agent /
chooses it, he knows that he will ensure ¢ in the next state”

= DE DICTO: K;0[i]X¢p
— DE RE: OK;[i]X¢

Only formula ©K;[i]X¢ captures a proper concept of agent i's
power of ensuring  or agent i's uniform strategy over ¢
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Example: an agent trying to switch on a light

off on

1 [
Ve ‘s o
’bun\ N \gon ~
\\ irtoggle N N \ iiskip N \
A Y N
NN\ N
AN \
A A
AN \

- oﬁ\ N AN . f}
N RN AN
Fx\’ {toggle‘ Fy N 'zklp \

S 1 =

N\

IN

t
\ \
re,, >e,,

Agent i can either toggle or skip (do nothing) but he is uncertain
about the current state of the light (on or off)

» K;O[i]Xon is true at w and v.

» OK;[i]Xon is false at w and v.
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Example: an agent trying to switch on a light (cont.)

ON ot Offhext

o -

| L JEN \. N

\i:toggle N N irskip N
<\ N\

1 T
Voo r‘ off
\

next

Agent i can either toggle or skip (do nothing) and he knows the
current state of the light

» K;O[i]Xon is true at w and v.
» OK;[i]Xon is true at w and v.
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