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Abstract

To date, measurement-based WCET analysis and
static analysis have largely been seen as being at
odds with each other. We argue that instead they
should be considered complementary, and that the
combination of both represents a promising ap-
proach that provides benefits over either individ-
ual approach. In this paper we discuss in some
detail how we aim to improve on our probabilis-
tic measurement-based technique by adding static
cache analysis. Specifically we are planning to
make use of recent advances within the functional
languages research community. The objective of
this paper is not to present finished or almost fin-
ished work. Instead we hope to trigger discussion
and solicit feedback from the community in order
to avoid pitfalls experienced by others and to help
focus our research.

1 Introduction

Embedded systems are becoming more pervasive
by the day, and many of these embedded systems
are subject to critical temporal requirements. While
many of these systems may not be life critical, miss-
ing deadlines may nevertheless be a costly excersise
if experienced as degraded functionality or quality
of service by millions of end users.

The analysis of worst-case execution times
(WCET) is a fundamental building block of any
form of real-time analysis. Most of the work
to date has been based either on static analy-
sis or on measurements. The research commu-
nity has predominantly focussed on static analysis,
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but measurement-based techniques have gained in-
creased significance over the last ten years.

These two principal approaches have largely been
seen as mutually exclusive, and proponents of either
approach tend to be quite critical of the other. Com-
mon concerns voiced about measurement-based
analysis are that:
1. it is unsafe, as there are no guarantees that the

worst case has been observed and
2. measurements are too expensive if sufficient

coverage is to be achieved.
On the other hand, critics of the static-analysis

approaches claim that static analysis:
1. is unsafe, as modern architectures are highly

complex and thus modelling them is an error
prone process, not least due to lack of documen-
tation,

2. raises substantial challenges in terms of portabil-
ity, and

3. does not support the more creative features used
to improve performance in today’s architectures.

We believe that ultimately a combination of the
two paradigms is required to overcome the issues in
both. Specifically, we propose to use measurements
to obtain realistic, accurate results and static analy-
sis to back the findings of the measurement phase by
establishing that major contributors to the variabil-
ity of the execution time have been adequately cov-
ered. Besides variations in program path, which are
usually covered in the computation phase of WCET
analysis approaches, caches contribute most sub-
stantially to variations in the execution times of soft-
ware. Establishing whether all cache misses as pre-
dicted by static analysis have been observed in the
measurements is of substantial help to ensure con-
fidence in results obtained by measurements. Fo-
cussing on caches allows for easy verification that
the model used is actually correct and provides a
high degree of portability of the analysis.

Furthermore, the results of the static analysis of
caching behaviour can be used to reduce the over-
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estimation produced when analysing the measure-
ments of small untis independently and when con-
servatively covering any possible dependency be-
tween the units.

2 Related Work

The integration of cache analysis into WCET analy-
sis was pioneered by Mueller [1] and Lim et al. [2].
The latter represented a holistic WCET and schedu-
lability analysis that was subject to considerable
complexity and was eventually abandoned as a line
of research. Mueller’s work has been refined over
the years [3]. However, the main drawback of
the approach is the loss of information inherent to
the abstraction processs., Specifically information
is lost when the predefined join function is used to
merge abstract cache states at points in the program
where two control flows of a program merge (e.g.
after an if-then-else construct. Further, abstract
analysis, the tool of choice for static program anal-
ysers, has proven notoriously resilient to all non-
trivial attempts to apply it to programs that manip-
ulate dynamic data structures such as linked lists or
those in which pointers to functions cannot be re-
solved statically. While it can be argued that both
features are rarely found in real-time programs, they
are nevertheless common in certain critical parts of
the system such as dynamic schedulers and page ta-
bles.

Ferdinand and Wilhelm [4] have extended
Mueller’s work by introducing the must and may
analysis, effectively reducing the amount of infor-
mation lost by the join function and proving that the
resulting abstract domain is optimal. Nevertheless,
even with these improvements, the analysis still
loses some information at junctions of control-flow
paths introduced by any chosen program represen-
tation. Further, the must and may analysis suffers
from the same limitations as the earlier approaches
when applied to code manipulating dynamic data
structures.

Attacking the WCET problem from a different
angle, Kirner et al. [5] deployed static analysis to
identify a set of input data, which would enforce
any possible path combination to be executed, ef-
fectively doing a full path enumeration. This set
is then fed into the program and measured on real
hardware. In order to manage complexity, the pro-
gram under test is divided into program segments
which are tested and measured independently. The

approach did not support caches and thus is not ap-
plicable to our work.

Yamamoto et al. [6] approached the problem of
ensuring measurement coverage of cache states by
measuring each basic block in isolation in a best
case scenario; in other words, all referenced mem-
ory locations are preloaded into the caches. A sep-
arate cache analysis provides a worst-case cache-
miss scenario for the given basic block and enables
the addition of the cost of these cache misses in the
computation stage of the analysis process. The ex-
act cache simulator used is not described in their
paper, however, the analysed programs in their eval-
uation are sufficiently small to allow a brute force
computation of the cache states.

3 Potoroo

A brief introduction to the overall framework is
necessary to set the proposed approach into con-
text. The Potoroo project aims to analyse the ker-
nel primitives of the L4 microkernel API [7] for
their WCET to enable real-time systems to be built
ontop of the kernel. So far, we have developed a
toolset which allows the measurement-based analy-
sis of the kernel. In terms of the general approach it
follows the paradigm used in [8].

The executable code of the program under test is
analysed to extract the control-flow graph (CFG).
By using the executable code, all compiler optimi-
sations and preprocessor modifications are consid-
ered. The analysis tries to be minimal by focussing
mainly on control-flow changing instructions. How-
ever, this implies that register-indirect branches are
particularly hard to resolve. Instead of a full analy-
sis of the code, we have chosen to use a source code
parser developed in the Goanna project at NICTA
[9] and use debugging information in the executable
to find corresponding parts in the source code.

Traces may be generated either by software in-
strumentation, hardware support, or using cycle-
accurate simulators. Software instrumentation is
subject to overhead and may quickly become too
high a burden in a running system. Cycle-accurate
simulators, however, raise the question of accuracy
of the model in the simulator — “mostly right” is
not good enough. Hardware supported tracing usu-
ally makes use of debugging ports implemented on
the processor die, like the ETM macrocell in some
ARM processors. Traces are taken usually on a ba-
sic block level, where the time stamp of the first in-
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Figure 1: Sample ETP

struction of each basic block is stored alongside a
basic block identifier. All the execution time mea-
surements for a basic block are interpreted as a
probability distribution called execution time pro-
file (ETP). While basic blocks exhibit their WCET
easily compared to entire programs, there are no
guarantees that a given block has been completely
represented in the ETP.
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Figure 2: Toolset Overview

The traces are translated into ETPs, an example
of which is depicted in Figure 1. This is performed
using the control-flow graph previously established.
Besides the work of actually producing the traces,
this is the most computationally-expensive part of
the approach.

The CFG is also translated into a tree, which di-
rects the combination of ETPs to form ETPs de-
scribing larger code constructs. Using the tree en-
sures that any possible path combinations are con-
sidered.

For this paper the combination of sequential code
constructs is of particular relevance. The toolset
employs the supremal convolution [10, 11] for this.
The supremal convolution combines two distribu-

tions in such a way that any possible dependency
between the two distributions is conservatively cov-
ered in the result, thus ensuring a safe combination
of two ETPs. However, a major drawback of supre-
mal convolutions is that they are very conservative
and tend towards a yes/no decision instead of a pro-
file when many ETPs are combined [12].

4 Basic Idea

In the previous section we have identified two fun-
damental challenges to the approach we are taking
in analysing the kernel.
1. Ensuring sufficient test coverage on basic block

level.
2. Avoiding the overly-conservative nature of

the supremal convolution without jeopardising
safety.

Looking at the variability of the execution time in
Figure 1 we can see that the ETP is clustered. These
clusters can be attributed to cache misses, which are
dominating the execution time of a given piece of
code. Guaranteeing that the code has actually ex-
perienced its worst case of cache misses during the
execution would go a long way to guaranteeing suf-
ficient measurement coverage.

Cycles

p(x)

Cache misses

Measurements
expected

Measurement results

Static Analysis Prediction

Figure 3: Coverage

In order to tackle this, we aim to establish for
each ETP the different cache-miss scenarios ex-
pected and compare that to the measured ETP as de-
picted in Figure 3. While the creation of a complete
and accurate model of a system including processor
core, caches and peripherial devices is non-trivial
and raises the issue of portability, caches themselves
are only subject to a few parameters which can be
easily established and verified for a given system
[13]. In order to be able to make the connection
between cache misses predicted and the measured
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ETP, it is necessary to reason about the cache-miss
penalty actually imposed on a given cache miss.

While caches are used to mitigate the effect of
long memory access latencies, modern processors
try in various ways to mitigate the effect of cache-
miss penalties. Critical-word-first loads by caches
avoids the overhead of loading data which is not im-
mediatly required, if the request does not hit the first
word in a cache line. Out-of-order execution en-
ables the program to progress on instructions which
are not dependent on the memory location being
loaded. A side effect of out-of-order execution is
that instructions independent of the cache miss are
executed. Thus a cache miss at a given point in the
program reduces the entropy of states the CPU may
be in during the execution of subsequent instruc-
tions after the data has been fetched from memory.

Load/store architectures tend to tag registers
waiting for outstanding memory requests, to enable
continued execution until the register is actually
used. This enables a smart compiler to make use of
instruction scheduling to preload registers as early
as possible to avoid as much of the maximum cache
miss penalty as possible. Contrary to out-of-order
execution, the pipeline is usually drained of instruc-
tions preceding the cache-miss causing instruction.
Some architectures such as the ARM9EJ-S proces-
sor core allow for only a single outstanding memory
transaction. However, other processors such as the
XScale processor family allow for several outstand-
ing requests, by implementing fill buffers and pend
buffers.

Applying the above discussion to the environ-
ment we are performing our analysis in, we make
the following observations:

1. The ARM9EJ-S is only subject to a single out-
standing memory transaction, forcing a stall on
subsequent loads.

2. The ARM-gcc compiler typically uses loaded
registers within three instructions thereby mak-
ing little or no use of the reduced penalty of a
delayed load.

Any approach performing coverage analysis
should inherently have information about depen-
dencies between the cache misses of subsequent ba-
sic blocks (and possibly even beyond that). Exploit-
ing these dependencies as depicted in Figure 4 al-
lows, on the one hand, more realistic bounding of
ETPs, and on the other hand, the reduction of the
overall WCET.

Cache missesCache misses

Block 2
Measurement

Measurement
Block 2

Known
Impossible

Combination

Dependency Structure RestrictedDependency Structure Unknown

Figure 4: Dependency Analysis

5 Static Analysis Approach

Static analysis is well-established as a powerful tool
for computing the WCET of a program. In par-
ticular, abstract interpretation, the tool of choice
for static program analysers, is an attractive tech-
nique for WCET analysis, as it provides a method
for a formally-provable derivation of concrete pro-
gram properties such as cache misses or even actual
bounds on the execution time. Unfortunately, in the
past, all applications of static analysis in the area
have been hampered by the limitations, described
in section 2, inherent to the abstract interpretation
technique.

5.1 Motivation

In our work, we observe that the problem of deriv-
ing the WCET of a given program using static anal-
ysis can be viewed as a search for a proof of a de-
sired program property. In particular, abstract inter-
pretation can be viewed as a way of deriving a con-
structive proof of the desired property by computing
that property directly from the structure of the pro-
gram. However, if we knew the property in the first
place (for example, through empirical measurement
of program’s behaviour) we could, in principle, con-
struct an indirect proof of the same result. In partic-
ular, we can attempt to prove the result by showing
that no possible execution scenario can result in an
answer different from the assumed one. Conversely,
we can disprove our hypothesis by searching for a
suitable counter-example during program analysis.
In the remainder of this section, we argue that the
indirect approach is particularly well suited to the
problem of computing the number of cache misses
experienced during execution of a program.
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5.2 The Basic Approach

We take the set of cache miss counts observed dur-
ing measurement of the program as a hypothesis,
which we subsequently attempt to prove or disprove
through static analysis of the program. The problem
is simpler than attempting to compute the cache be-
haviour “from scratch” since the measured answer
provides finite bounds on the amount of computa-
tion performed during analysis, independent of the
bounds imposed by the particular abstract domain
and the associated join function. This gives us more
leeway in the design of the abstract domain, and in
fact permits us to perform the static analysis of the
program with virtually no loss of information at all.
In particular, observe that:
1. Since the measured set of cache miss counts is fi-

nite, it can always be obtained after a finite num-
ber of steps during abstract analysis, provided
that we take some simple precautions in the de-
sign of our algorithm to avoid divergent chains
of computation.

2. If due care is taken during design of the anal-
ysis algorithm, the above observation is suffi-
cient to guarantee that the analysis is performed
in a “reasonable” amount of time. However,
this does not prevent us from taking additional
measures to avoid the exponential complexity
of complete control path enumeration by com-
bining analysis for sections of the program that
are common to two or more potential execution
paths. In our approach, we will avoid exponen-
tial complexity by binding execution time of our
analysis to the number of cache miss counts ob-
served during measurement.

In other words, we can safely “run” the analyser
until it has either constrained the set of cache miss
counts to a subset of the measured one, or else until
it has detected a counter-example to our hypothesis.
In the later case, the state of the analyser at the time
when the counter-example has been detected pro-
vides invaluable clues permitting the user to extend
the measurement suite to cover the omitted execu-
tion scenarios.

Note that this approach is strictly limited to
analysing those programs for which a “perfect”
measurement suite can actually be constructed from
a finite number of test cases. This excludes, among
others, non-terminating programs. Fortunately, this
is precisely the class of programs suitable for use
in real-time applications and accordingly, covers all
programs that we are concerned with.

The remaining subsection outline our implemen-
tation of this technique.

5.3 Source Program Preparation

First, we translate the input binary program into
a purely-functional representation using the tech-
nique pioneered by Chakravarty, et al. [14]. We
choose a normal form of the continuation-passing
style of lambda calculus as our program repre-
sentation for its similarity to the low-level treat-
ment of control flow on typical processor architec-
tures. In the purely-functional form, all basic blocks
are translated into functions with loops represented
by recursion. Further, all global variables are re-
placed by additional function arguments “threaded”
throughout the control-flow path of the program.
This step is necessary for pragmatic reasons, since
the subsequent program transformations would be-
come prohibitively-expensive without the detailed
data-flow information explicit in purely-functional
programs.

Note that, in this paper, we use the term “func-
tion” in the declarative programming sense of the
word, rather than to refer to the procedures of the
input program. Every function in our analysis cor-
responds loosely to a basic block of the input pro-
gram.

5.4 Cache Analysis

Next, we transform the input program into a new
analyser program that dynamically computes the
cache miss counts of the original program. This
step is very similar to a conventional abstract analy-
sis, and uses the same form of an abstract domain to
represent the cache miss counts. However, since the
solution we seek is computed dynamically during
execution of the analyser program rather than stati-
cally in the course of analysis, we never have to join
abstract values in the analyser program as described
in section 2. During any given actual execution of
the analyser, only one of all possible control flow
paths can be followed. In other words, the anal-
yser program provides a compact, finite represen-
tation of the large (and potentially infinite) number
of all possible control flow paths that would have
to be followed to obtain precise cache miss counts
for every possible execution scenario, just like the
original program provided a compact finite repre-
sentation of all control flow paths of the original
program. Note that the resulting program encodes
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the precise cache miss count for every possible con-
trol flow path without any loss of information. Also
note that such translation of an input program into
an analyser program is performed implicitly by ev-
ery abstract analysis algorithm, although the result-
ing program is rarely “materialised” into an actual
data structure, and typically remains encoded im-
plicitly in the state of the static analyser. Further,
during conventional abstract analysis, the control
structure of the translated program is simplified at
the expense of precision to ensure termination of the
analyser.

Besides this translation, we also perform a
number of standard optimising transformations of
the generated programs, including constant fold-
ing, copy propagation and dead code elimination.
Since the typical calculations involved in computing
cache miss counts are relatively straight-forward in
comparison to the work done by the original input
program, we expect these simple transformations to
result in a dramatic reduction to the size of the anal-
yser program. In particular, large chunks of code
that do not affect cache behaviour should disappear
from the program, thus substantially reducing the
cost of the subsequent stages of the whole process.
We also perform an induction variable analysis to
reduce many common loop patterns such as those
used to obtain a sum of an arithmetic series into a
simple scalar expression.

5.5 Coverage Analysis

Finally, we analyse the transformed program to ver-
ify that it can only return values from the set of
cache miss counts observed during measurement.
In other words, we seek to find the maximal set of
input arguments for which the analyser program re-
turns an answer within the range specified by the
measured set. Our solution first constructs an in-
verse of each function f in the program (in other
words, a function f−1 such that f−1(x) = Y iff,
for all y in the set Y, f(y) = x.) It is a remark-
able fact that such inversion can be performed rel-
atively easily for all functions that may be encoun-
tered in an analyser program. This is because we
are seeking total inversion only, rather than partial
inversion (where some of the input arguments to the
original functions remain fixed) which is a harder
problem. While the ranges of the inverted functions
grow quickly with the number of original function
parameters, as will be shown shortly, this is not a
problem in our application because the size of those

ranges is used to bind the depth of our analysis and
facilitate early termination of our algorithm. The
true exponential growth is therefore never reached
and the overall complexity of the algorithm is a lo-
gistic function of the size of the measured set and
the number of basic blocks in the input program.
The term logistic function relates to an intial expo-
nential growth of the function which subsequently
slows and finally stops.

The analysis maintains a work list of inverted
functions annotated with a set of their input argu-
ments. Initially, the work list contains only those
functions that correspond to the leaves of the call
graph of the original program, each annotated with
the set of cache miss counts obtained through mea-
surement. The algorithm proceeds by extracting
each item from the work list in turn, and terminates
when the work list becomes empty.

A single work list entry is analysed by applying
the given input value set to the corresponding in-
verted function, thus obtaining the maximal set of
corresponding program inputs. We recognise two
scenarios:
1. If the resulting set of values is unconstrained

(as will often happen by the nature of function
inversion), we have determined that the mea-
surements have been exhaustive along the corre-
sponding control-flow path in the original pro-
gram. Accordingly, the function is removed
from the work list.

2. Otherwise, we determine the set of callers of
the function under consideration in the original
(non-inverted) program, and add the correspond-
ing inverted functions to the work list. If no such
functions exist, we have just examined the entry
block of the original program, and accordingly
report the resulting set of constraints to the user.

All constraints reported to the user as a result of the
second point above represent constraints on the in-
put of the original program that must be satisfied in
order for the program’s cache behaviour to remain
within the measured set of cache miss counts. Ac-
cordingly, all input values outside of the constraint
set represent counter-examples to our hypothesis.

5.6 Algorithmic Complexity

In the worst case, the algorithm may analyse all
individual control-flow paths through the program.
However, in practice the worst case is incredibly
difficult to achieve, as the execution of our algo-
rithm is bounded by the size of the constraint set,
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which itself grows exponentially during the func-
tion inversion process. This means that the actual
complexity of the program is a logistic, rather than
an exponential function. In fact, we believe that the
amortised complexity of our algorithm for all termi-
nating input programs is polynomial (quadratic) in
the number of functions (basic blocks) in the pro-
gram. More research is needed to substantiate this
result.

6 Conclusions

In this paper we have outlined our approach to sup-
porting probabilistic measurement-based WCET
analysis with static analysis. The static analysis is
based on a functional representation of the code in-
vestigated and an abstract interpretation of repre-
sentation. The goal is to establish sufficient mea-
surement coverage, and to reduce overestimation
of conservative combination of ETPs by conserva-
tively covering any possible dependencies between
them. Future work will largely center on finishing
the implementation of the plan presented and per-
forming the subsequent evaluation.
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Automatic Amortised Worst-Case Execution Time Analysis

Christoph A. Herrmann∗ Armelle Bonenfant† Kevin Hammond∗
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Abstract

Our research focuses on formally bounded
WCET analysis, where we aim to provide ab-
solute guarantees on execution time bounds. In
this paper, we describe how amortisation can be
used to improve the quality of the results that
are obtained from a fully-automatic and formally
guaranteed WCET analysis, by delivering analy-
sis results that are parameterised on specific in-
put patterns and which take account of relations
between these patterns. We have implemented
our approach to give a tool that is capable of
predicting execution costs for a typical embedded
system development platform, a Renesas board
with a Renesas M32C/85U processor. We show
that not only is the amortised approach applica-
ble in theory, but that it can be applied auto-
matically to yield good WCET results.

1 Introduction

Worst-case execution time (WCET) analysis is
required for a variety of embedded systems appli-
cations, especially those with safety- or mission-
critical aspects. Common examples include
avionics software and autonomous vehicle con-
trol systems [14]. Our work aims to construct
fully automatic source-level static WCET analy-
ses, that are correlated to actual execution costs.
Since we must provide formal, automatically-
produced guarantees on WCET bounds, we base
our work on a high-quality abstract interpreta-
tion approach (AbsInt GmbH’s aiT tool [5]), to
give low-level timing information for bytecode in-
structions. We combine this with an equally for-
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mal, type-based approach that lifts this informa-
tion to higher-level language constructs so that it
can be applied to source programs. The problem
is to maintain the strong WCET guarantees we
need, while giving good quality information. In
this paper, we consider a new approach to con-
structing WCET analyses, based on the idea of
amortisation [16]. This represents the first at-
tempt of which we are aware to provide an auto-
matic amortised WCET analysis. We have pro-
duced a prototype implementation using our ap-
proach, and we report here on some preliminary
results obtained using this analysis tool.

2 Amortised Time Analysis

Amortised cost approaches [3] allow costs to be
averaged according to use. The basic intuition is
that by amortising over the time costs incurred
by common usage patterns (e.g. that for a stack,
every pop is balanced by a push), we can con-
struct timings that reflect more accurately real
worst-case times. Typically, amortised analysis
is performed by hand to determine the complex-
ity of programs that involve complex data struc-
tures [13]. We have previously, however, applied
the approach to give automatically derived, and
provably correct, upper bounds on space costs for
heap allocations [10]. In both cases, since alter-
native program execution paths may have very
different costs, by amortising over common pat-
terns we can avoid the needless over-estimation
that would otherwise occur.

In this paper, we consider how the same ap-
proach can be applied to WCET. Our thesis
is that such an approach can potentially re-
duce over-estimation without losing formal guar-
antees that the analysis yields a genuine WCET.
We will show below that our amortisation-based
WCET analysis can obtain WCET bounds that
are close to the actual execution time. We first
consider a simple example to illustrate the prin-
ciples of our approach.
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Figure 1: Queue implemented by two stacks

2.1 Example: Implementation of a
Queue by Two Stacks

An example that is often used when teaching
data structure abstraction and encapsulation is
the implementation of a queue as two stacks. We
will use this here to illustrate our amortised ap-
proach. Figure 1 shows a sequence of four queue
configurations, in each of which the left stack is
used to enqueue items and the right one to de-
queue them. A queue abstraction can be built
directly in terms of push and pop operations on
the underlying stacks without needing to break
the stack abstraction.

Enqueuing to a stack and dequeuing from a
non-empty stack takes constant time. When the
dequeuing stack becomes empty after popping C
in (1), the contents of the enqueuing stack in
(2) are popped in turn, and pushed onto the de-
queuing stack as shown in (3). This then allows
element D to be dequeued. Finally, new elements
can be enqueued as shown in (4).

Reversing the stack by elementwise copying
((2)→ (3)), however, takes time proportional to
the number of items on the stack.

There are thus two worst cases. Firstly, the
stack could become as large as the total number
of elements, n, if the final element is enqueued
before the first one is dequeued. The cost for
the reversal would then be proportional to n.
Secondly, each dequeued element could require
a stack reversal if it is dequeued before the next
one is enqueued. This would mean n stack rever-
sals in total. Combining both worst cases would
yield a worst-case estimation proportional to n2.
However, both cases cannot occur at the same
time: as there are more stack reversals, the sizes
of the stacks to be reversed decrease in size.

Amortised analysis treats these two extreme

worst-cases quantitatively: we distribute the cost
for the stack reversal equally among all the ele-
ments. The costs incurred by each element are:
(1) a push for enqueuing; in the stack reversal (2)
a test and (3) a pop followed by (4) a push; and
for dequeuing (5) a test and (6) a pop. To pro-
cess all elements, it follows that 6n basic stack
operations are required.

By considering the queue structure as a whole
rather than the operations of its components
(stacks) in isolation, we have been able to amor-
tise the worst-case cost, and reduce it from a
quadratic cost to a linear cost. We can exploit
this in an automatic analysis by using a model
in which a potential [16] is given to each kind
of data element. This potential represents the
amortised worst-case cost per element of the
structure. In the model (but not, of course, in
an actual execution!), one unit of potential is re-
leased for each operation on an element. The
potential must be sufficient to cover all opera-
tions. In our example, if we take into account
only the stack operations, the potential would
be 6 for each element.

2.2 Type-Based WCET Analysis

Our approach [11] is to analyse source-level con-
structs by building on standard type-checking al-
gorithms. By doing this, we are able to gain
information about programming constructs that
may be lost through a compilation process, and
so to obtain a better quality of analysis. Types
also allow us to construct a compositional analy-
sis, where functions/expressions/modules can be
analysed independently. The flip-side is that we
must have the program source available at anal-
ysis time. However, because we have a composi-
tional analysis, previously obtained analysis in-
formation can be attached in the form of meta-
data to binary programs or library code, and this
will reveal nothing about the source implementa-
tion, apart from its WCET. In order to analyse
source functions that use this code, it is not nec-
essary to be able to read the binary file, or even
to possess it, but only to see the meta-data.

Our work is undertaken in the context of the
domain-specific programming language Hume,
which embeds purely functional expressions in
a powerful automaton-based process notation [9,
8]. We have constructed formally-correct type-
based automatic analyses for determining worst-



case execution-time costs, based on the amor-
tised cost approach described above [11], and
implemented our rules in a prototype implemen-
tation (available from http://www.embounded.
org). We will show some results that can be ob-
tained from our analysis below.

The analysis works as follows: each construct
in the source program is given a type using a nor-
mal type-inference algorithm. At the same time,
the usage of potential is calculated for that ex-
pression. (Internal) cost variables are automati-
cally associated with each (sub-)expression, and
the analysis will generate a set of constraints over
those variables that give an upper bound on the
WCET. The constraint set is solved using a lin-
ear equation solver, and concrete cost solutions
are mapped back to the source program. In this
way, WCET costs are associated with each ex-
pression and each function that is used in the
program.

Note that, while Hume deliberately simpli-
fies the problem of constructing cost models and
analyses, in order to allow us to focus on key
research questions, rather than worrying about
specific complexities, of e.g. C programming, the
methods we are developing are, in fact, gener-
ally applicable. Hofmann and Jost have shown,
for example, how a formally bounded heap anal-
ysis could be applied in an object-oriented set-
ting such as Java [10]. Note also that, although
our focus is on formally guaranteed WCET, and
we have therefore built on abstract interpreta-
tion and types, amortisation can also, in princi-
ple, apply to other WCET approaches such as
probabilistic approaches [1].

3 Obtaining WCET Bounds
for HAM Instructions

The problem now is one of obtaining reliable
WCET information for simple expressions so
that costs for complex expressions can be con-
structed from the type-based analysis. We do
this by first introducing an abstract machine
(the Hume Abstract Machine or HAM [6]). We
may then systematically determine WCET costs
for each HAM instruction. Having determined
the cost of each HAM instruction for a given
architecture, and knowing how the Hume com-
piler will translate expressions to HAM instruc-
tions, we are able to analyse Hume programs for

that architecture without needing to perform any
compilation (even to HAM code), or any further
analysis on the target machine. This yields a
flexible and highly portable analysis.

The approach can yield an acceptable upper
bound on WCET: we have shown in a previ-
ous paper [2] that composing costs of individual
HAM instructions delivers a WCET result that
can be within 2% of the cost of the WCET for
a sequence of HAM instructions for the Rene-
sas M32C/85U [4] architecture that we will also
use in this paper. Processors such as the M32C,
which have predictable time behaviour and low
power consumption are especially of interest for
use in embedded systems such as automotive ap-
plications. The processor therefore represents an
important class of processor architectures that is
employed in safety- and mission-critical systems.

3.1 Low-Level WCET Analysis

In this paper, we distinguish between measured
WCETs, that are obtained in the obvious way,
and guaranteed WCETs, that provide a formally
guaranteed upper bound on WCET. Probabilis-
tic approaches [1] extend the basic measurement
approach by extrapolating from a set of mea-
sured WCETs to provide a probability function
for the WCET.

Although it can be relatively simple to obtain
time information by measurement, even for com-
plex architectures such as a Pentium IV, this can
be time-consuming, and it is not always straight-
forward to determine that the actual worst-case
has been covered by the test input. Conversely,
for guaranteed WCET obtained by static analy-
sis, it is necessary to formalise the behaviour of
the target processor. It can clearly be costly to
construct such a model, especially where cache
and pipeline effects are involved. For unpre-
dictable architectures, such as the Pentium IV,
even if it is feasible to model such a complex sys-
tem, it may not be possible to construct a model
that gives a tight WCET: the WCET could, in
some cases, be one or two orders of magnitude
greater than the typical execution time. How-
ever, once a model and analysis has been con-
structed, it can be applied repeatedly, and usu-
ally without significant programmer effort. A
more detailed comparison of WCET approaches
up to early 2007 can be found in the paper by
Wilhelm et al. [17].

http://www.embounded.org
http://www.embounded.org


3.2 WCET Information for Indi-
vidual HAM instructions

Our type-based approach can exploit informa-
tion obtained using either measured or guar-
anteed WCETs for single HAM instructions.
However, we can only formally guarantee upper
bound times for source programs, if we use a
correspondingly guaranteed approach to obtain-
ing low-level WCET information. In this paper,
we investigate both measured and guaranteed
WCETs of HAM instructions for the Renesas
M32C/85U, using machine code generated from
HAM instructions by the IAR C compiler [15].

Guaranteed WCETs for each HAM instruction
have been obtained using AbsInt GmbH’s aiT
tool [7]. This gives the WCET for each machine
code fragment that is generated for a HAM in-
struction, using a static analysis approach that
computes safe approximations for all possible
cache and pipeline states that can occur at any
given point in the program.

Measured WCETs for each HAM instruction
have been obtained by repeated measurement
of the instruction execution time, taking the
worst case from 10000 runs, and using the cycle-
accurate timer on the M32C to obtain software
timings. To ensure accuracy, we use a “two-
loop benchmarking” approach, which measures
the time required for auxiliary measurement op-
erations separately and subtracts this time from
the measurement of interest. In this way, we
avoid including measurement costs in the worst-
case measurement. In order to guarantee that we
measure the WCET for the program, we must, of
course, provide an input which incurs the WCET
during normal fault-free operation.

4 Example: Drilling Robot

We will now consider a slightly more in-depth
example, to show how our amortised approach
can be exploited to give WCET results and com-
pare the outcome of the analysis with measured
WCET times on the M32C processor.

4.1 Problem description

Our case study here is the simulation of a robot
for drilling printed circuit boards. The robot can
move a drilling head in fixed-sized increments
(here represented as integers) in two dimensions.

pos_ok (xpos, ypos) = if xpos==0 && ypos==0

then 1 else 0;

step (xpos,ypos,actions,dps) =

case actions of

[] -> (dps, pos_ok (xpos, ypos))

| (A:as) -> step (xpos, ypos, as,

((xpos,ypos):dps))

| (L:as) -> step (xpos-1,ypos, as, dps)

| (R:as) -> step (xpos+1,ypos, as, dps)

| (U:as) -> step (xpos, ypos-1, as, dps)

| (D:as) -> step (xpos, ypos+1, as, dps);

Figure 2: Hume code for Drilling Robot

At each position, the drilling head can perform a
drilling action. After all holes have been drilled,
the drilling head is to be moved to its starting
point. A similar application example would be a
camera that can be turned around two axes and
can take photo shots at particular orientations.

The robot can perform five operations: A is
the drilling action; the other actions move the
head by one position: L leftwards, R rightwards,
U up and D down. Operations are described by
the user-defined data type OP in Hume:

data OP = A | L | R | U | D

For example, if the action list is the four-element
list R:(D:(A:(L:(U:[])))) (where [] repre-
sents the empty list and (U:[]) constructs the
one element list with U at the start of the list and
an empty remainder), and the robot starts at po-
sition (0,0), it will move right to (1,0), down
to (1,1), drill, move left to (0,1) and finally up
to (0,0), the starting position.

The Hume function step (Figure 2) simulates
each operation carried out by the drilling robot∗.
step takes four arguments: the current X- and
Y-positions of the (xpos and ypos); the list of
remaining actions to perform (actions); and an
accumulating list that records the positions at
which a drilling action has happened (dps). We
perform case discrimation on the list of actions,
where the list may be either empty, i.e. [], or
else a non-empty list whose first element is some
action (A, L, . . .), and whose remainder is the list
of unprocessed actions (as). The second case
is shown as the pattern (A:as) etc., which de-
constructs the list with A as the first element,

∗Of course, it would not be a major exercise to change
this definition to actually drill a board.



case [] (A:) (L:) (R:) (U:) (D:)

measured 2512 1563 1533 1728 1932 2137

manual 2970 1891 1855 2109 2363 2617
/measured 1.182 1.210 1.210 1.220 1.223 1.225

automatic 3075 2033 2006 2269 2532 2795
/manual 1.035 1.075 1.081 1.076 1.072 1.068

/measured 1.224 1.301 1.309 1.313 1.311 1.308

Table 1: WCET Measurements and Analysis for each Case

binding the variable as to the rest of the list.
The action list is processed element by element.
There are three basic cases:

[] – the action list has been completely pro-
cessed – we return the accumulated list of
drilling positions, dps, paired with a control
flag (calculated using the pos ok function)
that indicates whether or not the robot has
returned to its initial position;

A:as – the current action is a drilling operation
– having done this, we move on to the next
action by calling step recursively on as, us-
ing the ((xpos,ypos):dps)) expression to
place the current position, (xpos,ypos), at
the front of the list of drilling positions, dps;

L:as, R:as, U:as, D:as – the current action
is a move – either xpos or ypos is changed
as required, and we move on to consider the
rest of the actions (as) recursively.

In the example above, there will be five recursive
calls to step†, starting with the R case, and end-
ing with the [] case. The result will be the list
of drilling positions, ((1,1):[]), paired with an
indicator that the final position is OK.

4.2 Amortised WCET Analysis

As in the queue example, amortisation allows
us to avoid calculating the worst case cost of
a list of actions as the length of the list mul-
tiplied by the worst case cost of any individual
action. Our amortised analysis gives a bound for
the worst-case execution time TWCET in clock cy-
cles depending on the number of occurences #X
of each action constructor X in the input, which

†The compiler will actually optimise these to be tail-
recursive; effectively introducing a goto analogously to
the implementation of an iterative loop in C, so there is
no significant cost associated with this recursion.

is TWCET ≤ 3075+2033∗#A+2006∗#L+2269∗
#R + 2532 ∗ #U + 2795 ∗ #D. This information
is even more precise than expressing the WCET
in terms of the list length, but if we wanted to
reduce the information to this form, we could as-
sume that #U=#D when the robot returns to its
initial position, i.e., TWCET ≤ 3075+b2663.5∗nc
for a list of length n.

Table 1 compares the bound for each construc-
tor with (a) the corresponding bound obtained
from a manual analysis of a trace of the func-
tion step, summing the costs of all HAM instruc-
tions; and (b) the measured WCET. The abso-
lute values given in the table refer to times in
terms of clock cycles on the Renesas M32C/85U
processor. Even for the prototype implementa-
tion of our analysis, we achieve manual analysis
results within 23% of the measured WCET and
automatic analysis results within 8% of our man-
ually obtained results.

5 Conclusions

Amortised WCET analysis offers a way to con-
struct costs that abstract over individual opera-
tions, and also to specialise WCET costs for par-
ticular input cases. Using our amortised WCET
analysis approach for source-code analysis com-
bined with information from the AbsInt aiT tool
for machine-code analysis, we have been able to
produce guaranteed WCET bounds that are rea-
sonably close to measured WCETs (and indeed
average-case times) for a real embedded systems
platform. We are now working on tightening the
bounds on WCET by improving the output of
the automatic analysis and the quality of the
code that is generated for HAM instructions. We
are also applying the analysis to larger exam-
ples, e.g. ones taken from image processing or
autonomous vehicle control [12]. Finally, we are



working on exploiting high-level control flow in-
formation to guide the aiT analysis of the low-
level compiled code, and so to obtain improved
bounds.

We have explained our approach in terms of
Hume, and have developed our initial analyses
in the same context. Hume is a research no-
tation that allows us to focus on core cost is-
sues without distraction by many of the features
that are found in production languages. How-
ever, now that the fundamentals have been prop-
erly worked out in this setting, the general static
analysis techniques used here could, in princi-
ple, be applied to any other high-level language,
including C. Moreover, the principle of amorti-
sation could be applied to many forms of WCET
analysis, not just the guaranteed WCET analysis
we have described here.
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Abstract

For component-based systems, classical techniques for

Worst-Case Execution Time (WCET) estimation produce

unacceptable overestimations of a components WCET. This

is because software components more general behavior, re-

quired in order to facilitate reuse. Existing tools and meth-

ods in the context of Component-Based Software Engineer-

ing (CBSE) do not yet adequately consider reusable analy-

ses.

We present a method that allows different WCETs to

be associated with subsets of a components behavior by

clustering WCETs with respect to behavior. The method

is intended to be used for enabling reusable WCET anal-

ysis for reusable software components. We illustrate our

technique and demonstrate its potential in achieving tight

WCET-estimates for components with rich behavior.

1 Introduction

In this paper we present a method that allows reuse of

components with rich behavior in contexts where not all

functionality of the components is needed. Typically, soft-

ware components with rich behaviour have a worst-case ex-

ecution time that may be drastically overestimated when the

component is applied in a specific context. For these con-

texts it is imperative to be able to analytically reduce the es-

timated resource usage in order to achieve tight predictions

of high quality. Thus increasing accuracy of predictions.

The work presented in this paper is intended to facilitate

reusable WCET analysis for software components, e.g., in

the framework presented in [1, 2].

Components are often reused over product boundaries,

i.e., they are part of product lines and it is desirable to use

the same component without re-analysis or recompilation.

However, different products offer different contexts or us-

age of components; thus a component used in, e.g., a truck,

may use different parts of the component compared to the

same component used in a caterpillar. Using a context in-

∗contact author: johan.fredriksson@mdh.se

sensitive WCET analysis may be very inaccurate compared

to the actual WCETtruck or WCETcaterpillar (WCETs of

the truck and caterpillar respectively), leading to a poor uti-

lization of the system resources because of large differences

between predicted behavior and actual behavior.

Resource constraints and predictability requirements are

especially common in embedded-systems sectors, such as

automotive, robotics and other types of computer controlled

equipment. Because of the intrinsically non-linear behavior

of software, it is often hard to make accurate predictions of

the WCET of a piece of software. The problem is wors-

ened in component-based development where components

are kept independent of context to facilitate reuse. It is de-

sirable to have an accurate analysis, allowing for the im-

plementation of a system with less resources. This can be

achieved by considering the context in which the software

is used.

The contribution of this paper is a method for increas-

ing the accuracy of a component’s WCET by clustering

execution-times with respect to usage. We use binary search

heuristics to efficiently create clusters of similar execution-

times. We describe and formalize the method, and exem-

plify with an illustrative example. Finally we use a simple

academic case study and create clusters of two components.

The outline of the rest of this paper is as follows; in Sec-

tion 2 we discuss related works. Usage scenarios are dis-

cussed in Section 3. In Section 4 component WCET analy-

sis and the WCET clustering method are presented. In Sec-

tion 5 we evaluate the method. In Section 6 we discuss the

applicability of the method, and finally, Section 7 concludes

the paper and future work is discussed.

2 Related work

Static WCET analysis is the only safe method for esti-

mating WCETs for hard real-time systems [3]. However,

traditional static WCET analysis does not consider usage.

Software components designed for reuse are often more

general compared to application specific code, leading to

that parts of the component are only used in specific us-

ages; in turn leading to greater variance of execution times.

For component-based systems, where reuse is in focus, it is

1



desirable to not being forced to reanalyze components for

each usage, at least within the same platform.

One approach to solve similar problems is parametric

WCET. This has been proposed by many researchers within

the WCET community but there is still very few paramet-

ric WCET methods developed. In [4] Björn Lisper outlines

a technique for fully automatic parametric WCET analysis,

which is based on known mathematical methods. In a MSc

thesis [5, 6] a method inpired by Lispers work has been de-

veloped and tested with the aiT tool [7]. However, the focus

of this work is not reusable WCET analysis, and reanalysis

is required for different usages. A program representation

for parametric WCET analysis has been suggested by Colin

and Bernat [8]. Vivancos et. al. [9] propose an iterative

method for computing WCET for loops parameterized in

the number of loop iterations.

The main differences between the method proposed in

this paper compared to parametric WCET is that we try to

find execution-times for given input domains with the aim

to create clusters of inputs that result in similar execution-

times. Hence, a cluster is repersented by conditions on

the inputs and a execution-time. A usage profile (limita-

tions on inputs) is subsequently applied to the clusters to

assess which clusters, and thereby which execution-times,

that must be considered to be the WCET.

In [10] each basic block of a program is analyzed with

respect to execution times and probability distributions of

the execution times are derived. This method is, in com-

parision to our method, based on measurements. In [11] a

framework has been developed that considers the usage of

a system; however, neither software components nor reuse

is considered. In [12] the source code is divided in modes

depending on input, and only modes that are used in a given

context is analyzed. In [13] a framework for probabilistic

WCET with static analysis is presented. The probabilities

are related to the probability of possible values of exter-

nal and internal variables. All mentioned methods have the

drawback of requiring reanalysis for every new usage.

Recent case-studies show that it is important to consider

mode- and context-dependent WCET estimates when ana-

lyzing real sized industrial software systems [14, 15].

There are several WCET tools that support assertions

and conditions to make the WCET tighter, e.g., aiT [7],

RapiTime [16], Bound-t [17] and SWEET [18].

3 Usage scenario

In the “real” physical world, distinct modes exist and are

often engineered into systems, for example, as modes of

operation. We hypothesize that modes are significant dis-

criminators of WCET and can be utilized for more accurate

WCET modeling.

In [19] usage scenarios are probability distributions for

so-called modes. Probabilities are estimated using large

number of long program runs. To guarantee statistical prop-

erties (for example relative independence of input order),

the program runs are divided into short runs, for example

cycles in periodic real-time systems, transaction in transac-

tion processing systems, and if necessary sampled. Modes

are then defined as sets of similar runs based on input

classes or other context parameters.���������� � � � � 			 
���
 

Figure 1. Input variable I.

Thus we define a usage scenario as U =
〈X0, ..., Xn−1〉, where the Xi(0 ≤ i < n) are input

variables, each with bounds on values, a given type,

and a probability distribution Pi : Xi → [0, 1] for the

occurrence of these values in the input. We assume

that these variables (and hence their distributions) are

chosen to be statistically independent and either have

small domains naturally or model discredited partitions of

real input variables. (See Figure 1 for an illustration of

these concepts). The input domain M is then defined as

M := X0 × · · · × Xn−1. The probability distributions

Pi(0 ≤ i < n) extend uniquely to a probability distri-

bution P : M → [0, 1] on the input domain, defined by

P (x0, . . . , xn−1) = P0(x0) × · · · × Pn−1(xn−1).����������
������ ����� �����

� � � ���� ��
Figure 2. Usage scenario.

Furthermore we assume that 0 ≤ pt < 1 is a given prob-

ability threshold for ignoring low probability inputs (and

consequently later their times). This will permit predictions

of the form “with 0.99 probability WCET< 500ms.” Inputs

over the threshold are called active and the ratio of active in-

puts over all inputs is called the usage-scenario utilization.

See also Figure 2 for an illustration of the concept.
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4 Component WCET analysis

Components are reused in different products and differ-

ent contexts. A different usage profile can substantially

change the behavior of a component. To predict the exe-

cution time of a complex component with high accuracy,

components must today be reanalyzed for every new usage

profile – a very costly activity. Furthermore, it is not cer-

tain that the source code is available for components as they

may be delivered by sub contractors. In this case analyses

become even more costly [20].

Our method overcomes the problem by analyzing the ex-

ecution times and their probability as a function of the input

of the component. We assume that execution time varies

with different inputs and their associated modes.

We define an input domain I for a set of input variables

{X0, X1, . . . , Xn−1} as I = X0 × X1 × · · · × Xn−1.

Each element q in I is associated with an execution time

ET (q) ∈ W, where all execution times of the component

are represented in the set W. The longest execution time

max(W) = WCETabs is the absolute WCET. A traditional

static WCET tool will only find an estimate WCETest ≥
WCETabs; however, we want to find the WCET for a spe-

cific usage. Because I often is very large, we can not per-

form WCET analysis for every element in I (every possible

usage), instead we perform static WCET analysis with an-

notations on the input parameters, and perform a number of

systematic runs with different bounds on the input param-

eters. When WCET analysis is performed with restrictions

on the input parameters, not all input elements are consid-

ered, but rather a set of clusters {Dl|Dl ⊆ I}, such that

D0 ⊕ D1 ⊕ · · · ⊕ Dn−1 = I, where A = B ⊕ C means

B ∩ C = ∅ ∧ A = B ∪ C. Thus, a cluster is a subset of

all possible inputs, and a WCET tool can produce a WCET

considering only that subset of inputs. Each cluster Dl is

analyzed and associated with two execution times etmax
l =

max(ET (d))d∈Dl
and etmin

l = min(ET (d))d∈Dl
. The

time etmax
l is the result of running the WCET tool with the

inputs represented in Dl with respect to WCET. The time

etmin
l is the result of running the WCET tool with the inputs

represented in Dl with respect to best-case execution time

(BCET).

As with all static WCET analyses all execution time es-

timates are safe over-estimations.

4.1 Clustering WCETs

To handle the size of the input domain I clusters need

to be expressed with bounds or other operators, where each

bound is associated with a WCET. It is often unfeasible to

make a list of all inputs that are associated with one cluster;

furthermore, WCET-tools often uses bounds to restrict the

inputs. With the mathematical operators {≤, >} ranges of

inputs can be expressed. The clusters Dl should be chosen

in such a way that similar execution times are grouped and

can be expressed as restrictions on the inputs. A challenge is

to find the right clusters Dl such that accuracy of execution

times become high.

4.2 Finding clusters

When the input domain I is too large to perform WCET

analysis for every single input combination it is necessary

to divide I into clusters of input combinations and analyze

each cluster with respect to execution time. As the relation

between inputs and WCET is not known a priori, the input

space must be searched to find clusters such that all input

combinations within the cluster produces similar execution

times. In order to find such clusters it is necessary to have a

way of evaluating clusters.

Theoretically, each single input combination has only

one fixed execution-time. The difference between etmax
l

and etmin
l of a cluster Dl shows the greatest difference be-

tween two execution times within the cluster. This in turn

is an indicator of how similar the execution times are in the

cluster. The sum of the difference between etmax
l and etmin

l

of all clusters
∑

l(et
max
l − etmin

l ) should be minimized to

get the highest accuracy. In the extreme, each cluster con-

tains one element; a good solution is a trade-off between

acceptable difference and max number of clusters. If the

difference between etmax
l and etmin

l of the cluster is larger

than the required accuracy the cluster is not evaluated as a

good cluster. Thus, the allowed difference between etmax
l

and etmin
l of the cluster depends on the required accuracy

of the cluster.

It is desired to create as few clusters as possible and

yet acquire as high accuracy as possible. Clusters are ef-

fectively annotations (input restrictions) to a WCET-tool.

Hence, we need methods to find annotations for WCET-

tools.

To find accurate clusters with the least effort we propose

a binary tree search approach, recursively dividing the in-

put space into two clusters until the required accuracy has

been found for all branches. Finding the clusters is a blind

search problem. The only data initially known is the longest

and shortest execution time for the entire search space (the

WCET and BCET). This lack of knowledge depends on the

nature of most WCET-tools, they provide a WCET and a

BCET given a program and annotations; we want a large

number of execution times considering different input com-

binations. The more the input space is divided the more data

become available. There are several possible approaches

to solve blind search problems, where binary search, simu-

lated annealing and evolutionary search, are a few possible

candidates.

Consider a simple example (Figure 3) with a function

foo having two input variables x and y, where x can take

the values [0..9] and y can take the values [0..4]. All possi-
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