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Abstract

Qualitative choice logic (QCL) is a
propositional logic for representing
prioritized alternatives. The logic
adds to classical propositional logic
a new connective called ordered dis-
junction: A X B intuitively means:
if possible A, but if A is not pos-
sible then at least B. QCL inference
is obtained by defining a preference
relation between interpretations of a
propositional language. This paper
shows that when this preference rela-
tion is total, then it is possible to en-
code QQCL in the framework of pos-
sibilistic logic, and conversely.

1 Introduction

In many applications, there is a need to com-
pactly and qualitively represent agent’s pref-
erences and choices.

Possibilistic logic [2] offers a reasonably ex-
pressive framework for representing agent’s
It is a logic of weighted formulas,
equipped with a semantics where the weights
can be understood as lower bounds of neces-
sity degrees in the sense of possibility theory.

choices.

Recently, a new nonmonotonic propositional
logic for representing qualitative choices,
called qualitative choice logic (QCL), has
been proposed [5]. The non-standard part of
this logic is a new logical connective X which
is fully embedded in the logical language. In-
tuitively, if A and B are formulas then A X B

says: if possible A, but if A is impossible then
(at least) B.

This paper investigates relationships between
qualitative choice logic and possibilistic logic.
More precisely, we show that a variant of
QCL, called ranking functions-based QCL,
can be encoded in a possibilistic logic frame-
work. This encoding is obtained by viewing a
QCL theory as a fusion of simple QCL theo-
ries that can be easily represented with guar-
anteed possibility distributions.

The rest of this paper is organised as follows.
Sections 2 and 3 provide a brief reminder on
possibilistic logic and introduce QCL. Sec-
tion 4 establishes the relationships between
ranking functions-based QCL and possibilis-
tic logic. Section 5 concludes the paper.

2 A brief reminder on possibilistic
logic

2.1 Possibility distributions

As in standard propositional logic, an inter-
pretation [ is an assignment of the classical
truth values true and false to the atoms. We
identify I with the subset of true atoms. T
represents a (classical) tautology, L a (classi-
cal) contradiction.

Possibilistic logic provides a tool for per-
forming uncertainty reasoning, where uncer-
tain information is semantically represented
by means of possibility distributions. Possi-
bility distributions are means to rank order
different interpretations of a language. More
precisely, a possibility distribution, denoted



by =, is a function from a set of mutually
exclusive situations (solutions or interpreta-
tions) to the interval [0,1]. By convention
(1) = 1 means that [ is among the most nor-
mal (or preferred) situations, w(I) = 0 means
that I is impossible or excluded as a possible
solution. More generally, 7(I) > 7(I') means
that I is at least as preferred as I'.

2.2 Guaranteed possibilistic
knowledge bases

There are several compact (or syntactic) en-
codings of possibility distributions [1]: ne-
cessity based knowledge bases, min-based
possibilistic graphs, product-based possibilis-
tic graphs, etc.  Recently, another type
of compact representation, called guaran-
teed possibilistic knowledge bases or simply
A—knowledge bases, has been investigated
[6, 3]. It is based on the notion of guaran-
teed possibility measures, which are defined
on formulas from a possibility distribution m
in the following way: Let ¢ be a formula.

A(¢) = min{r(I) | I |= ¢}.

A A—knowledge base is composed of a set of
weighted formulas of the form [¢;, a;], where
¢; denotes a propositional formula, and «; is a
real number between 0 and 1. The pair [¢;, o]
means that any model of ¢; is satisfactory to
a degree at least equal to oy, namely:

A(pi) = a;

or
(1) VI, if I = ¢; then n(I) > .

Definition 1 Fach A—knowledge base A in-
duces a wunique possibility distribution w
where, for all I, w(I) =:

0 if I falsifies all formulas of A,
max{a; : [pi, ;] € AT = ¢} otherwise.

In [6] it has been shown that this possibility
distribution corresponds to the most specific
possibility distribution® satisfying (1) for each

1

7 is said to be more specific than 7', if VI, 7(I) <
7' (I).

weighted formula in A. As we will show later,
any basic QCL formula can be equivalently
represented by a A-knowledge base. However,
in order to show the encoding of a set of ba-
sic QCL formulas, we need to use possibilis-
tic fusion operators which are recalled in next
subsection.

2.3 Possibilistic fusion

In [3] several possibilistic fusion operators
have been proposed to merge a set of A-
knowledge bases. In this section we restrict
the class of merging operators to those which
are useful for establishing relationships be-
tween QCL and possibilistic logic. More pre-
cisely, let & be a function from a vector of
real numbers in [0,1] to a real number between
[0,1]. @ will be called a [0,1]-based merging
operator and satisfy:

Unanimity: If Vi € {1,---,n} a; > o} then

B(ar,...,an) > d(ad,....al).
Model preservation: ®(aq,...,a,) = 0 iff for
some i € {1,---,n} a; = 0.

The second requirement is stronger than the
one used in [3] which simply requires that
®(0,...,0) = 0. It is strengthened here in or-
der to have an easier connection with QCL.
Let Aq,..., A, be the A—knowledge bases to
be merged. We denote by [¢;j, a;;] the ji
weighted formula in A;.

Definition 2 The result of  merging
Ay,...,A,, denoted by Ag, is defined
as:

Ag = {[p1i Ao N Gni, ©(Q1i, -+ -5 ai)] |

(14, a1i] € Av, .. [dnks ank] € Ap}

It can be checked that the possibility distri-
bution associated with Ag using the above
definition can be characterized as follows:

Lemma 1 Let Aq,...,A, be a set of A-
knowledge bases.  Let mi,...,m, be their
respective associated possibility distributions.
Let & be a [0,1]-based merging operator, and
Ag be the A — knowledge base given by Def-
inition 2. Then:

VI, ma, (1) = &(m (D), ..., m(D)).



3 Syntax and semantics of QCL

3.1 Syntax

We start with standard propositional logic
and add a new associative non-standard kind
of disjunction: given formulas A1,..., A,, we
will use

Al X ... X A,

to express: some A; must be true, preferably
Aq, but if this is not possible then As, if this
is not possible Ag, etc. The idea is that

e from A X B you get A,
e from A X B,—A you get B, and

e AX B,—A,—B is inconsistent.

Clearly, the order matters. We, therefore, call
% ordered disjunction.

Ordered disjunction is fully embedded in the
logical language to make sure that context
dependent options can be expressed, that is
we may have formulas like A — (B X C) and
—A — (C X B). The precise definition of the
syntax is as follows:

Definition 3 Let V be a set of atoms. The
set of well-formed formulas of QCL is induc-
tively defined as follows

1. every element of V is a well-formed for-
mula,

2. if F1 and Fs are well-formed formulas,
then (—\Fl), (F1 V FQ), (F1 A Fg) and
(Fy X F) are well-formed formulas.

The connectives V and A behave like classi-
cal conjunction and disjunction when they are
applied on propositional formulas. Since X is
an associative binary operator[5], the formula
Ay X ... X A, should be read as shorthand for
(A1 X (... X A,)...)). Despite he connective
X being defined as a binary operator, we use
it as a n-ary

3.2 Semantics

The semantics of QCL is based on the de-
gree of satisfaction of a formula in a particular
(classical) model. Intuitively, the degree can
be viewed as a measure of disappointment:
the higher the degree the more disappointing
the model (or the farther away from complete
satisfaction).

Interpretations can satisfy formulas to a cer-
tain degree. For classical formulas without or-
dered disjunction no suboptimal way of satis-
faction exists. Hence, such formulas can only
be satisfied to degree 1 or not satisfied at all.

For formulas containing ordered disjunction
let us first consider a simple special case. Let
F be a formula of the form

A X ... X A,

where each A; is a classical propositional for-
mula without X and n > 1. Such formulas
are called basic choice logic formulas. In this
case the satisfaction degree of F' in an inter-
pretation [ is simply the smallest k£ such that
I satisfies A. If none of the ordered disjuncts
is satisfied, then also F' is not satisfied. More
formally, using an index to express the degree
of satisfaction, we define the satisfaction rela-
tion for formulas of this type as (|= is classical
propositional satisfaction):

IEr (A% .. XAy iff

I'=(A1v...VA,) and k=min{j | I = A;}.

For arbitrary formulas determining the degree
of disappointment is somewhat more involved.
We first need to introduce the notion of op-
tionality of a formula, which somewhat rep-
resents the degree of disappointment of a for-
mula in the worst case:

Definition 4 The optionality of a formula is

defined as follows:
opt(A) =1 if A is an atom,

Intuitively, if the optionality of F' is n, then
there may be a best way, a second best way,



etc. and an n-th best way of satisfying F.
For classical formulas there is only one way to
satisfy them, hence they all have optionality
1.

The optionality of a negated formula may
seem puzzling at first, but there is only one
way of making —(A X B) true: you must make
A and B false, there is no second best solu-
tion for this. In a sense negation transforms
nested ordered disjunctions into standard dis-
junctions. Hence —F' behaves like a classical
formula which explains why opt(—F) = 1.

For conjunction and disjunction we obtain the
maximum optionality of the subformulas. For
instance, if opt(F1) = j and opt(F») = k with
j < k, then an interpretation which does not
satisfy F but satisfies F5 to degree k will sat-
isfy F1 V Fy to degree k. Similarly, an inter-
pretation which does satisfy F} to some degree
and satisfies F5 to degree k will satisfy F1 A Fy
to degree k.

If F = AX B, where A and B are classical, 2
degrees are needed. The best way of satisfying
F' is making A true, but if this doesn’t work
there is still the second best option, namely
making B true. This generalizes to the sum
of optionalities if A and B are arbitrary for-
mulas. Note that for formulas of the form
A1 X ... X A, where all A; are classical the
optionality is n.

We now define the satisfaction relation. The
relation is indexed according to the degree of
satisfaction of a formula in a model.

Definition 5

1. I Aiffk=1 and A € I (for proposi-

tional atoms A)

2.1 =, PANQ iff I =, P and I =, Q and

k = max(m,n)

3T =L PVQiff I = PorlkE, Q and
k=min{r | I P orlk Q}

4. I Ex =P iffk =1 and fornom: I =, P

5.1 }:k PQQ iﬁf 'Zk P or [I }:1 —|P,
I Em Q, and k = m + opt(P)].

Let us illustrate the satisfiability relation us-
ing a simple example. Let F = AV (B X C)
where A, B and C are atoms. Now all in-
terpretations I containing A as well as those
containing B satisfy F' with degree 1, that is,
we have I =1 F. Now assume [ is an inter-
pretation which contains C but makes A and
B false. In this case F is satisfied with degree
2, that is I =9 F. Interpretations satisfying
none of the three atoms do not satisfy F' to
any degree; they satisfy —F with degree 1.

Definition 6 Let T be a set of formulas. An
interpretation I is a model of T if it satisfies
each formula in T to some degree.

4 Ranking functions-based QCL

The satisfaction degrees of formulas help us to
determine preferred models. There are differ-
ent ways of doing this. In [5] we defined entail-
ment for QCL in terms of a lexicographic or-
dering on models, based on the number of for-
mulas satisfied to a certain degree. This leads
to an approach where solutions are preferred
when they contain the highest number of most
preferred options. For instance, if there are
three choices with three options each, say

A1;<A2>_2A3,Bl232233,01;202;03

then a model M; satisfying A;, B; and Cj is
preferred over a model My satisfying A, By
and C7 because the number of formulas satis-
fied in M7 with degree 1 is 2, the number in
MQ is 1.

This section investigates an alternative way
for defining preferred models using ranking
functions. Ranking functions assign an inte-
ger rank with a model M of a set of formulas

T={F,...,F,)}

based on the vector of satisfaction degrees
(deg™ (F),...,deg™ (Fy))

of the formulas in T', where:
degM (f) =k iff M = f and deg™ (f) = 0 iff
M =1 ~f.



Let © be a function from a vector of integers
to an integer. © will be called a ranking func-
tion if it satisfies the following requirements
(similar to the one required for @):

Unanimity: IfVi=1,...,n,j; > k; then:
S0 rdn) = O(k1, - hn)-

Model preservation:

(1, - -

Intuitively, the second requirement means
that if a given interpretation falsifies some for-
mula of T', then it should not be considered as
a model of T'. Ranking functions induce pref-
erences on models in a straightforward way:

Definition 7 Let T = {Fi,...,F,} be a
set of QCL formulas, © a ranking func-
tion. A model My of T is a ©-preferred
model of T iff there is no model My of
T such that ©(deg™2(F),...,degM2(F,)) <
S(deg™ (Fy), ..., degM (F,)).

The inference relation induced by this pref-
erence relation will be denoted by fv, and
is restricted here to classical conclusions, that
is, the consequence relation we are interested
in will be a relation between sets of QCL for-
mulas and classical formulas.

Definition 8 Let T be a set of formulas, and
let A be a classical formula. Let © be a rank-
ing function. T oA iff A is satisfied in all
&-preferred models of T'.

As an example consider the following ranking
function:

e(.]h?.]“) =
0 if j5 = 0 for some k € {1,...,n}

Y 1<k<n Jk Otherwise.

This ranking function just adds up the degrees
of (dis)satisfaction of all formulas in T for
each model and prefers those models whose
sum is minimal, that is, whose overall dissat-
isfaction is minimal. In the example from the
beginning of this section, both M; and M,
have overall degree 5 (1 + 1 + 3 and 2 + 2
+ 1, respectively), thus none of the models is
preferred to the other.

,jn) =0iff j; =0 for some i =1,...,n

4.1 Ranking functions-based QCL and
possibilistic logic

We restrict ourselves to sets of basic choice
formulas. This is not a limitation since first it
has been shown in [5] that any QCL formula
can be equivalently transformed into a basic
choice logic formula. Moreover, any classical
propositional formula p can be represented as
a basic choice formula p X | without changing
the ranking of interpretations. The following
lemma is immediate, noticing that models of
{p; X L | p; is a classical formula of T } are
exactly the same as the ones of {p; | p; is a
classical formula of T'}.

Lemma 2 Let T be a set of formulas. Let T’
be obtained from T by replacing each classical
formula p in T by a new basic choice formula
pX L. Then T and T' induce the same rank-
ing on the set of interpretations.

The following lemma establishes a first con-
nection between QQCL and possibilistic logic
when we only have one basic choice formula.

Lemma 3 Let F = A; X ... X A,, be a ba-
sic choice formula (A;’s are propositional for-
mulas). Let oy = &' for i=1,...,n, where
0<e<1? Let A = {[A1,1],...,[An, ]}
be the A—knowledge base associated with F.
Then V1,1 =i F if and only if 7(I) = oy, and
I &= —~F iff () =0.

Hence, each basic choice logic formula can be
represented by a A-knowledge base.

As a corollary of Lemmas 1 and 3, it is pos-
sible to provide a possibilistic encoding of a
general QCL® theory:

Lemma 4 Let T = {F1,...,F,} be a QCL
theory, and let © be a ranking function. Let
us again denote by o = ' fori € N. Let A; be
the A-knowledge base associated with F; using
Lemma 3. Then the A-knowledge base associ-
ated with T is the one obtained from Def. 2 by
merging A;’s with &(ay, ..., ) = g6k

Lemma 4 is interesting since it means that, for
any ranking function ©, any QQC'L theory can

2In fact, any function such that a; > a; if and only
if ¢ < j is appropriate.



be transformed into one basic choice formula.
Indeed, let T'= {F1,..., F,} be a set of basic
choice formulas. Again, we denote by A;; the
propositional formula which is in position j
(namely after j — 1 occurrences of X ) in the
basic choice formula F;. We denote by

C=AuN...NAn

any conjunction of exactly one A;; from each
F;. C is called a complex cube. We denote by
degree(C) the rank associated to C defined as
equal to ©(i,...,k). Then, it can be checked
that for each ranking function ©, it is possi-
ble to replace T' by one basic choice formula
defined as B; X ... X B,, where:

m = @(Opt(Fl)u ey Opt(Fn))v

and

B; =1 if there is no C such that degree(C) = i,

B; = Vdegree(C):iC’ otherwise.

Example 1 Let us assume that T is com-
posed of two basic choice formulas F; =
A1 X Ajg and Fy = Agy X Agy. Then we have
4 complex cubes:

A1 A Agr, A A Agg, Ao A Aaq, Arg A Ao

Let us assume that the ranking function ©
yields the sum of the satisfaction degrees of
the single formulas (as described in previous
section). Then, we have:

degree(A11 N\ Agp) =2
degree(Ajr A Age) =3
degree(Aja N A1) =3
degree(Aja A Agg) = 4

Therefore, it can be checked that if we rank-
order interpretations with respect to sum of
degree then this ranking can be recovered from
the basic choice formula Ci X Co X Cy X Cy
with:

Cr =1,

Coy = Ay1 N Agg,

C3 = (Alz A A21) V (Alg AN Agl), and
Cy = Ao N Ao,

The converse transformation from a guaran-
teed possibilistic knowledge base to a QCL

theory is immediate using again Lemma 2,
provided that a finite totally ordered scale is
used for quantifying the uncertainty degree
of a formula. Namely, let £ = {a1,...,a,}
be a finite ordered scale using with a3 >

. > ap. Let A = {[A1,01],..., [Am, am]}
be a A—knowledge base. We assume with-
out lost of generality that there is no two
formulas having a same weight. Indeed, two
formulas having a same weight can be equiv-
alently replaced by their disjunction with a
same weight. Moreover, if for some degree
a; (i < m) there is no [A;, ;] in A, then we
add to A without changing induced possibility
distributions the formula [L1,«;]. Then let-
ting F = A; X ... X A, we can show that
VI,I = F if and only if n(I) = ai and
I —~Fiff n(I)=0.

5 Conclusions

This paper investigates relationships between
possibilistic logic and a class of QCL based
on ranking functions ©. In particular, we
show that i) any basic choice logic formula
can be viewed as a guaranteed possibilistic
knowledge base, and ii) for each ranking func-
tion ©, the entailment (. can be recov-
ered in a possibility theory framework. A
corollary of this result is that, for any rank-
ing function, any QCL theory can be equiv-
alently transformed into a basic choice logic
formula. The converse transformation from
a guaranteed possibilistic knowledge base to
a QCL theory is provided. And more gener-
ally, it is possible to provide a transformation
from a necessity-based knowledge base to a
QCL theory, exploiting the correspondences
between necessity-based knowledge bases and
guaranteed-based knowledge bases [3].
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Appendix: Proofs of propositions

Proof of Lemma 1 (possibility distribution
associated with Ag)

We only show the case where two
A—knowledge bases are merged. The
general case follows in a similar way.

Recall that :

TAg {[(bl A wjv @(O&i, ﬁ])] [Cb’u ai] c

Ay and [1;, B5] € Ao}

Note first that if for some interpretation I,
m1(I) = 0 or m(I) = 0 then this means
that [ falsifies all propositional formu-
las of Aj, or I falsifies all propositional
formulas of As.  Hence, I also falsifies
all propositional formulas of Ag.  Then,
Tng = 0 = @®(m(),...,mp(I)), since
®(0,0) = 0.

Now assume that [ satisfies at least one
propositional formula from A; and at least
one propositional formula from A,. Then
TAg is computed as follows:

TAg (1) = maw{@(ai,ﬂj) : I =
¢i A pjand|g; A, B, B5)] € As}

= max{®(wi, ;) : I = ¢i A j and|¢;, o] €
Ax, [y, 85] € Ao}

= maz{®(w, B)) I B ¢ipia] €
Al and 1 ): 1/)]', [1%‘,,3]'} S Az}

Since @ satisfies the unanimity condition
then when o; and (3; are maximal then
®(ay, B5) is also maximal.

Hence, ma.,(I) = @(mar{o I E
bi, [0, il € ArY, max{B; : I =1y, [¥y, 05] €
Ag) = @®(mi (1), mo(1)).

Proof of Lemma 3 (basic choice formulas
as A-knowledge bases)

The proof is immediate. Indeed, if for all i,
I = A, then from Definition 1 we have 7(I) =
0 , and from definition 5 we have I =, —F.
Now, assume that I satisifies some A;. Then
7m(I) = oy means that I = A, and for i =
1,...,k—1, we have I [~ A;, and this is exactly
equivalent to I = F.



