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Abstract Introducing fuzzy predicates in inductive logic
programming may serve two different purposes: allowing
for more adaptability when learning classical rules or getting
more expressivity by learning fuzzy rules. This latter concern
is the topic of this paper. Indeed, introducing fuzzy predi-
cates in the antecedent and in the consequent of rules may
convey different non-classical meanings. The paper focuses
on the learning of gradual and certainty rules, which have an
increased expressive power and have no simple crisp counter-
part. The benefit and the application domain of each kind of
rules are discussed. Appropriate confidence degrees for each
type of rules are introduced. These confidence degrees play
a major role in the adaptation of the classical FOIL inductive
logic programming algorithm to the induction of fuzzy rules
for guiding the learning process. The method is illustrated on
a benchmark example and a case-study database.

Keywords Inductive logic programming · Fuzzy rules

1 Introduction

Fuzzy set-based methods have been widely introduced in
all areas of machine learning. First, neuro-fuzzy learning
techniques have been developed for tuning fuzzy member-
ship functions in fuzzy rules; see [13,15] for a survey. The
fuzzy rules, that are produced in that way are mainly used
for approximating functions in automatic control problems.

Besides, there has been an increasing interest for using
fuzzy sets for the learning of propositional rules or deci-
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sion trees. The main motivation for using fuzzy sets is the
need for coping with imprecise or incomplete data. Different
approaches [1,10,12] have been proposed for learning fuzzy
decision trees by adapting the ID3 [19] or C4.5 [21] algo-
rithms. These adaptations are made by incorporating fuzzy
sets in the computation of the entropy measure that controls
the algorithm. In these algorithms, fuzzy sets are provided
by an expert, but some methods have been developed for
performing an automatic discretization into fuzzy sets that
are easily interpretable [4]. In order to induce fuzzy rules, a
fuzzy adaption of the CN2 [2] algorithm has been proposed
[7]. In this context, we can find some discussions on the
expression of support and confidence degrees for fuzzy rules
in [3,9]. However, all these methods induce propositional
“if …then” rules.

Inductive logic programming (ILP) [16] provides a gen-
eral framework for learning classical first-order logic rules,
for which reasonably efficient algorithms have been devel-
oped (Progol [14], FOIL [20],…). There are two other ap-
proaches for using fuzzy sets in ILP. These methods are based
on the FOIL algorithm too. The first one [23] extends FOIL
by expressing a fuzzy version of the gain function (no longer
based on a confidence degree) that guides the learning pro-
cess, in order to handle fuzzy sets. Rules found are then used
as classical crisp rules. A second approach [5], named FS-
FOIL, is closer to the one presented in this paper, since it de-
scribes a fuzzy version of the confidence degree in the gain
function to be used in FOIL. But, the definition used only
applies to unary predicates, and moreover, the rules found
keep a classical “if …then” reading.

A first motivation for introducing fuzzy sets in ILP is to
increase the expressivity of the learned rules. Indeed fuzzy
sets are well-known for providing a faithful representation
for concepts such as “young”, “expensive”, “tall” …, whose
meaning may be a matter of degree. There exist different
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kinds of fuzzy rules [6], with different intended meanings,
which have no simple crisp counterpart. In the following we
consider the learning of two types of fuzzy rules based on
multiple-valued implication connectives, which are named
gradual and certainty rules respectively. Gradual rules ex-
press a positive synergy between fuzzy predicates under the
form “the more X is A, the more X is B”, while certainty rules
rather allow for uncertain consequent, under the form “ the
more X is A, the more certain X is B”. This article develops
some of the results in [17,18] by providing a more detailed
analysis of the properties of the two types of first order rules
involving fuzzy predicates, and a study of their integration in
the ILP framework. Thus, the use of fuzzy concepts in learn-
ing allows us to increase the expressive power for describing
the data and to learn new types of rules. These new rules
need a proper definition of their confidence degree. In order
to learn each type of rules, we use the FOIL algorithm with
the appropriate confidence degree. The methods can induce
one type of rule at time. Thus, the user of the algorithm must
choose the type of rule that he wants to learn.

The paper is organized as follows. First we recall some
definitions about ILP and fuzzy databases in Sect. 2. Next,
we present gradual and certainty rules, and their integration
in the ILP machinery, in Sects. 3 and 4 respectively. Lastly,
we illustrate the approach on a case-study database and a
benchmark example.

2 Background

2.1 ILP

ILP is stated in the general context of first order logic. The
ILP problem is described by means of two logic programs:

• B: the background theory which is a set of ground facts
and rules.

• E : the training set which is a set of ground facts, called
examples, pertaining to the predicate to be learnt. The
training set describes the concept we want to learn. It is
often split in E+ and E−, which correspond respectively
to positive and negative examples. If only E+ is given,
E− can be deduced by using the Closed World Assump-
tion (anything that is not stated as true is assumed to be
false).

The task of induction is to find, given B and E , a set of for-
mulas H such that :

∀e ∈ E+, B ∪ H |� e (1)

and

∀e ∈ E−, B ∪ H �|� e. (2)

Of course, one may add two natural restrictions:

• B �|� E+ since, in such a case, H would not be necessary
to explain E+.

• B∪H �|� ⊥ : this means that B∪H is a consistent theory.

In the setting of relational databases, inductive logic
programming is often restricted to Horn clauses and func-
tion-free formulas. Moreover, the set E+ itself satisfies the
previous requirement, but it is generally not considered as an
acceptable solution since it has no predictive ability. Usually,
rule extraction fits with the idea of providing a compression
of the information contained in E .

In the following, first order rules are denoted by “A(�x) →
C(�x)” where �x is the vector of the n variables that appear in
the clause. A(�x) = A0(�x)∧ · · · ∧ Aq(�x) represents the ante-
cedent of the rule. Since we do not allow for recursivity, the
predicates that appear in A(�x) pertain only to predicates that
appear in B and not to the predicate that appears in E . C(�x)

is the consequent of the rule, the predicate C pertains to the
concept to be learnt. Given an attribute domain D and a vec-
tor �t ∈ Dn of n values of the domain, we denote, the ground
substitution of the variable �x with �t by C(�t) = σ [�x/�t]C(�x).
Then C(�t) is true or false in a given interpretation. An exam-
ple is said to be covered by a rule if it can be deduced from
the rule and B. There are two main types of algorithms, top
down and bottom up algorithms. Top down ones start from
the most general clause and specialize it step by step. Bottom
up procedures start from a fact and generalize it.

The FOIL [20] algorithm is one of the most efficient algo-
rithm in ILP. One of the main difficulties in ILP is to manage
the size of the hypothesis space. For instance, as soon as we
allow function symbols in the target clauses, the hypothesis
space becomes infinite, even if we restrict ourselves to the
induction of one clause with a maximum of l literals. In case
of restriction to Horn clauses without function symbol, the
hypothesis space still grows up exponentially with l. As a
consequence, methods performing an exhaustive search are
intractable. Thus, ILP algorithm must use heuristics for guid-
ing the learning process. FOIL is a top down algorithm that
performs a greedy search in order to maximize a gain func-
tion. For inducing a rule, FOIL starts with the most general
clause (� → C(�x)) and specializes it step by step by add-
ing literals in the antecedent. The rule is accepted when its
confidence degree overcomes a fixed threshold.. The rules
are induced until all examples are covered or no more rules
are found that overcome the threshold. When a rule is in-
duced, the positive examples covered by the rule are removed
from E. This is the coverage approach. Rules with conse-
quent C, the target predicate, are induced as described in
Algorithm 1 where �x is the vector of free variables of the
rule and θ is the confidence degree threshold.
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Algorithm 1 Learn(C,θ)

1: choose A(�x) = �
2:while cf(A(�x) → C(�x)) < θ do
3: Atmp(�x) = A(�x)

4: maxgain = 0
5: for allpossible literals L(�x)do
6: gain = gain (cf (A(�x) ∧ L(�x) → C(�x)),

cf (A(�x) → C(�x)))
7: ifgain ≥ maxgainthen
8: maxgain=gain
9: Atmp(�x) = A(�x) ∧ L(�x)

10: end if
11: end for
12: A(�x) = Atmp(�x)

13:end while
14:return A(�x) → C(�x)

The gain function is computed by the formula :

gain(cf (r1), cf (r2)) = p ∗ (log2(cf (r1)) − log2(cf (r2))),

where p is the number of distinct examples covered by the
rule r1. Thus, the gain is positive if and only if the new rule
is more informative in the sense of Shannon’s information
theory (i.e. if and only if the confidence degree increases). If
there are some literals to add which increase the confidence
degree, the gain tends to favor the literals that offer the best
compromise between the confidence degree and the number
of examples covered. There exist some extensions of this
algorithm. For instance, FS-FOIL [5] uses a beam search
strategy and SAILP performs a stochastic search based on
simulated annealing.

Given a Horn clause A(�x)→ C(�x), the confidence
cf (A(�x)→ C(�x)) = P(A(�x)∧ C(�x))/P(A(�x)). Confidence
degrees are computed in the spirit of domain probabilities [8].
ILP data are supposed to describe one interpretation under
closed world assumption. We call IILP this interpretation.
So, given a fact f :

IILP |� f iff B ∪ E |� f .

The domain D is the Herbrand domain described by B and E .
We take P as a uniform probability on D. So we deduce that
the confidence in a clause A(�x) → C(�x) is:

cf (A(�x) → C(�x))IILP

= |{�t ∈ Dn | IILP |� (A(�t) ∧ C(�t)) and C(�t) ∈ E+}|
|{�t ∈ Dn | IILP |� (A(�t)) and C(�t) ∈ E}| , (3)

where | | denotes cardinality. Testing all possible �t ∈ Dn

is not tractable in practice. However, we can equivalently
restrict the computation to the substitutions that map vari-
ables to constants in their specific domains. In fact, this com-
putation is equivalent to a database query and thus, we can
also use some optimization strategy such as indexing or query
ordering. This makes the computation tractable although it
remains costly.

Another possible definition of a confidence degree might
be taken here as the proportion of the number of distinct
positive examples covered by the rule w.r.t. the number of
total distinct examples (positive and negative) covered by the
rule. This confidence degree would represent the probability
that a fact deduced from the rule is true. But this definition
would not take into account the number of situations covered
in the antecedent of the rule, which is not always the total
number of examples covered since we are in a first-order
setting.

Besides, in order to evaluate the prediction ability of a
global hypothesis, i.e. a set of rules H = {h1, . . . , hr}, we
define the accuracy of an hypothesis in the following
way:

acc(H) = tp + tn
tp + tn + fp + fn

, (4)

where:

• tp = |{e ∈ E+|B ∪ H |� e}| the set of true positive
examples, i.e. the set of examples that are covered by the
hypothesis;

• tn = |{e ∈ E−|B ∪ H �|� e}| the set of true negative
examples, i.e. the set of counter-examples that are not
covered by the hypothesis;

• fp = |{e ∈ E−|B ∪ H |� e}| the set of false positive
examples, i.e. the set of counter-examples that are cov-
ered by the hypothesis;

• fn = |{e ∈ E+|B ∪ H �|� e}| the set of false negative
examples, i.e. the set of examples that are not covered by
the hypothesis.

If the number of examples in E− is high with respect to the
number of examples in E+ or if we are only interested in
the deduction of positive examples, then recall and precision
indices can be used:

precision(H) = tp
tp + fp

, (5)

recall(H) = tp
tp + fn

. (6)

Precision estimates how accurate is the hypotheses on
positive examples and recall estimates what proportion of
the total set of positive examples we are able to identify.

2.2 Fuzzy databases

We consider a first-order logic database K with fuzzy predi-
cates (e.g., “heavy”, “old” …) as a set of positive ground facts
labeled by real numbers in [0, 1]. Thus, K is made of pairs
of the form (A(�t), μA(�t)) for �t ∈ Dn, where A(�t) is a fact,
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and μA(�t) is the satisfaction degree associated with the fuzzy
property A for �t. A fuzzy predicate can be viewed as a fam-
ily of ordinary predicates whose characteristic functions are
the level cut functions μFα

associated to the fuzzy set mem-
bership function μF , namely μFα

(�t) = 1 iff μF(�t) ≥ α and
μFα

(�t) = 0 otherwise. We can also define strict level cut func-
tions μF̄α

, namely μF̄α
(�t) = 1 iff μF(�t) > α and μF̄α

(�t) = 0
otherwise. μF1 is core of the fuzzy set, and μF̄0

its support.
Thus a rule “A(�x) → C(�x)” is naturally associated with the
crisp rules “Aα(�x) → Cβ(�x)”. Note that, if Cβ(�x) holds then
Cα(�x) also holds for α ≤ β. If α > β, one can move to the
rule A1−α(�x) → Cβ(�x), or to the rule Aβ(�x) → C1−β(�x),
depending on whether α + β < 1 or not. So we may only
consider the crisp approximations “Aα(�x) → Cα(�x)”, or
“Aα(�x) → C1−α(�x)”.

In this article, the databases B and E are thus fuzzy data-
bases. The resolution process used is the classical one, the
membership degrees are managed separately. Fuzzy databas-
es can be issued from an expert who gives the membership
degrees or by a fuzzy discretization of a crisp database that
contains numerical predicates. In this latter case, we trans-
form quantitative information into qualitative information.
For instance, the ground fact “price(x1, y1)” (i.e. the price
of the element x1 is y1), can be transformed into the fuzzy
expression “(price(x1, low), α)” where low corresponds to a
fuzzy set and α is the membership degree of y1 to this fuzzy
set. Notice that here what is referred to as fuzzy predicates,
are in fact predicates that contain labels of fuzzy instantia-
tions. Indeed, in our example, we could also think of trans-
forming “price(x1, y1)” into “(low_price(x1), α)” which is
equivalent to the previous writing. However, in the follow-
ing, we use the first transformation because it is simpler when
a predicate involves more than one variable to which a fuzzy
property may apply.

For instance, let us consider a database that describes
houses in a town. This database will be used for providing
examples of gradual and certainty rules. First we have some
fuzzy relational predicates expressions such as (distance
(x, y, close), α), which means that the house x is close to the
house y with a membership degree α. This kind of fuzzy pred-
icates expression can be computed from a fuzzy partition of
the distance universe. Another example of fuzzy predicate is

in this context (know(x, y), α′), which means that the owner
of house x knows the owner of house y at a degree α′ (from
0 for “unknown” to 1 for “friends”). In the example, houses
are also described by means of some nearly propositional
fuzzy predicate expressions such as price(x, expensive) or
size(x, small).

3 Gradual rules

One reason for using fuzzy rules is that it allows us to repre-
sent imprecise and gradual properties. Rules of this kind that
handle fuzzy predicates can have meanings different from
classical rules and may not have any simple crisp counter-
part. We first consider gradual rules [6].

The meaning of a gradual rule “A(�x) → C(�x)” is “the
more �t is A, the more �t is C”, understood as the constraint
∀�t, μ(A(�t)) ≤ μ(C(�t)). It corresponds to the following set
of crisp rules:

∀�x, ∀α Aα(�x) → Cα(�x).

According to the database described in the previous section,
an example of gradual rule is :

size(x, large) → price(x, expensive),

i.e. “the larger the house, the more expensive it is”, which
describes the fact that price grows with size. Thus, a grad-
ual rule is equivalent to a set of ordinary rules with nested
predicates and summarizes it into a unique fuzzy rule. Grad-
ual rules are defined using the Gödel implication IGödel, or
the core of that implication IRS, also called Rescher–Gaines
implication in the literature, namely,

IRS(μA(�t), μC(�t)) =
{

1 if μA(�t) ≤ μC(�t)
0, otherwise.

However, Rescher–Gaines implication is very restrictive,
since here covering a positive example, while violating the
gradual requirement will be equivalent to covering a nega-
tive example. Thus, we prefer the Gödel’s implication-based
definition of a gradual rule :

IG"̈odel(μA(�t), μC(�t)) =
{

1 if μA(�t) ≤ μC(�t)
μC(�t), otherwise.

Indeed, this definition makes a difference between covering
a positive example while violating the gradual requirement,
and covering a negative example. However, any residuated
implication defined from a left-continuous triangular norm
[11] could be used. Gödel is chosen since it is associated with
minimum operation and because of its qualitative nature.

According to Eq. (3), the confidence degree is computed
as follows:

cfgrad(A(�x) → C(�x)) =
∑

�t∈Dn | IILP|�(A(�t)∧C(�t)) and C(�t)∈E+ IG"̈odel(μA(�t), μC(�t))
|{�t ∈ Dn | IILP |� A(�t) and C(�t) ∈ E}| (7)

When the valuation of the antecedent of the rule is a conjunc-
tion of ground literals, the satisfaction degree of this conjunc-
tion is the minimum of the degrees of each literal. Similarly,
fuzzy predicates involving multiple fuzzy instantiations are
associated with the minimum of the membership degrees of
the example to the fuzzy sets used as instantiations. Gradual
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rules describe a correlated evolution of membership degrees
of the antecedent with the membership degree of the con-
sequent of the rule. This kind of rule has no simple crisp
counterpart. If we use it for deduction from a new example,
we can thus deduce a lower bound value for the membership
degree of the example to the concept. Since we have only
information about membership degrees on positive exam-
ples, the component tn in the definition of accuracy (4) is
not relevant, so we will only focus on precision and recall
computed as follows:

precisiongrad(H) = tpgrad

tpgrad + fpgrad
, (8)

recallgrad(H) = tpgrad

tpgrad + fngrad
, (9)

where:

• tpgrad = ∑
e∈E+,B∧H|�e min({IGödel(μAi(�t), μC(�t)),

�t ∈ Dn, B ∧ hi |� e})
• fpgrad = ∑

e∈E−,B∧H|�e max({IGödel(μAi(�t), μC(�t)),
�t ∈ Dn, hi ∈ H, B ∧ hi |� e}) = fp as defined in
Sect. 2.1 because we consider that μC(�t) = 1 for all
counter-examples, and then IGödel(μAi(�t), μC(�t)) = 1 if
μAi(�t) = 1.

• fngrad = fn as defined in Sect. 2.1.

Note that gradual rules are useful only when the fuzzy
sets used for the symbolic labeling of data have a sufficiently
restrictive core and a sufficiently large support. Indeed, if the
core and the support of the fuzzy sets were too close, few
examples would have a membership degree in (0, 1), and
then gradual rules would tend to be equivalent to crisp ones.
So, in this context, we can find fuzzy rules of each type with
a good confidence degree.

4 Certainty rules

The meaning of a fuzzy rule “A(�x) → C(�x)” understood as
a certainty rule is then “the more �t is A, the more certain �t is
C”. An example of a certainty rule, according to the database
described in Sect. 2.2, is:

distance(x, y, close) → know(x, y).

This rule means “the closer the houses, the more we are
sure that the owners know each other”. The certainty that

the owners of close houses know each other can decrease
when the distance between the houses grows.

This makes sense only if the antecedent is fuzzy. When A
is not fuzzy, the rule means that if the antecedent holds for �t,
then it is completely certain that �t is restricted by C (pos-
sibly in a fuzzy way), otherwise nothing can be said. The
implication known as Kleene-Dienes implication, which has
a certainty meaning is [6]:

IKD(μA(�t), μC(�t)) = max(1 − μA(�t), μC(�t)).
For this kind of rule, we must focus on the confidence degree
of the rule for the high level cut of the implication, corre-
sponding to more certain conclusions. Note that here, cer-
tainty is a matter of necessity measure [6], while confidence
is a matter of counting. The confidence degree for an α-cut
is:

cfcert(A(�x) → C(�x))α = |{�t ∈ Dn | IILP |� A(�t) and IKD(μA(�t), μC(�t)) ≥ α and C(�t) ∈ E+}|
|{�t ∈ Dn | IILP |� A(�t) and μA(�t) ≥ α and C(�t) ∈ E}| (10)

For favoring the confidence degree for the high level cuts of
the implication, we use a Choquet integral as in [3] :

cfcert(A(�x) → C(�x))

=
∑
αi

(αi − αi+1) ∗ cfcert(A(�x) → C(�x))αi ,

where α1 = 1 ≥ · · · ≥ αn = 0 are decreasing by order. The
idea is to be more demanding for high α-level cuts, i.e., the
smaller α, the greater the tolerance for exceptions in the cor-
responding crisp rule, in agreement with the intended mean-
ing of the fuzzy rule. In the extreme case where only the
evaluation acknowledges the fact, that it is more and more
easy to cover examples when the consequent of the rule is
fuzzy, we enlarge the scope of the consequent. In the general
case, it is expected that the majority of the examples are in
the core of the fuzzy set of the rule and that the confidence
degree increases when α ranges between the core and the
support. If only the antecedent of the rule is fuzzy, the confi-
dence degree of the rule needs to be high for the high α-cuts
of the antecedent of the rule, which correspond to crisp rules
with a more narrow focus. Definition of the precision and the
recall are the same than the gradual ones with :

• tpcert = ∑
e∈E+,B∧H|�e min({IKD(μAi(�t), μC(�t)),

�t ∈ Dn, B ∧ hi |� e})
• fpcert = ∑

e∈E−,B∧H|�e max({IKD(μAi(�t), μC(�t)),
�t ∈ Dn, hi ∈ H, B ∧ hi |� e}) = fp because we con-
sider that μC(�t) = 1 for all counter-examples, and then
IKD(μAi(�t), μC(�t)) = 1 if μA(�t) = 1.

• fncert = fn.
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This kind of rules is of interest for learning a concept
in a broad sense. For instance, if we consider the concept
“activity” of the well-known ILP benchmark database “muta-
genesis”,1 active molecules have a positive activity level and
non-active molecules have a negative one. Then, the fuzzy
sets used will have disjoint parts around 0. A gradual rule
may inform on the level of activity of the molecule, while
a certainty rule will focus on determining if the molecule is
somewhat active or not. This kind of rules can be also used
for learning non-fuzzy concepts, when looking for rules that
remain reasonably reliable when their scope is somewhat
enlarged.

5 Experiments

In all reported experiments, the FOIL algorithm is used.
Different rules are found by using the appropriate defini-
tion of the confidence degree in the gain function. The num-
ber of positive examples covered does not depend on the
kind of rules we want to learn. As an illustration of our ap-
proach, we first explore a database that can be found on the
PRETI platform (http://www.irit.fr/PRETI/). This database
describes houses to let for vacations. There are more than
600 houses described in terms of about 25 attributes. A lot of
these attributes are about distances between the house and an-
other place (sea, fishing place, swimming pool, …) or about
prices at different periods in a year (June, weekend, scholar
vacations …). Clearly, these attributes may have a fuzzy inter-
pretation. So, from our database, we build a fuzzy database by
merely changing price, number of room, and distance infor-
mation into fuzzy information such as “cheap”, “expensive”,
“small_capacity”, “high_capacity” (these two latter expres-
sions refer to the size of the house), “far”, “not_too_far”,
“not_far” together with a membership degree. The fuzzy sets
are supposed here to be obtained from the intended meaning
of the words of user’s vocabulary. This is why the fuzzy sets
are not necessarily providing a good coverage of the refer-
ential. In this approach, fuzzy sets are not tuned for improv-
ing the rules, since they represent the meaning of the user’s
words. For instance, “cheap” and “expensive” are described
in Fig. 1. This allows us to describe fuzzy predicate expres-
sions of the form (price(x, august,cheap), α) which means
that house x is cheap in August. We can learn different con-
cepts from this database. For instance, the algorithm found
the following gradual rules:

price(A, B, expensive), washingmachine(A) → comfort
(A, medium)area(A, NARBONNAIS), capacity(A, high)

→ dist_to(A, sea, close)comfort(A, weak), capacity
(A, small) → price(A, September, cheap).

1 http://www.web.comlab.ox.ac.uk/oucl/research/areas/machlearn/
mutagenesis.html
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Fig. 1 Fuzzy sets representing the price of a vacation

The first rule can be read as “ if there exists a month
when the house is expensive and if the house has a wash-
ing machine, the more expensive the house is in this month,
the more it is a medium comfort house”. The meaning of
the second rule is “if the house is located in the Narbon-
nais, the higher the capacity, the closer to the sea the house
is”. When using FOIL with the definition of the confidence
degree of a rule viewed as certainty rules, the following rules
are, for instance, obtained :

area(A, LAURAGAIS), price(A, C, expensive) → comfort
(A, medium)comfort(A, high) → dist_to(A, sea, close)

area(A, LIMOUXIN) → price(A, September, cheap)

price(A, B, expensive), phone(A), capacity(A, small) →
television(A).

The first rule means “if a house is located in LAURAGAIS
and if there exists a month when the house is expensive, the
more the house is expensive in this month, the more we are
certain that the comfort of the house is medium”. Note that
this rule is close to the first gradual rule above. It may indicate
a strong relation between the expensive price of a house and
its (at least) medium comfort. The second rule means “ The
higher the comfort of the house, the more certain the house is
close to the sea”. The third rule can be read as “if the house is
located in the LIMOUXIN then we are certain that the house
is cheap in September”; note that area(A, LIMOUXIN) is
not fuzzy. The last rule has a classical meaning since the
consequent is not fuzzy.

In order to check the effectiveness of our algorithm, we
applied our approach to the database “mutagenesis”, which is
a classical benchmark for ILP. This database describes mol-
ecules. The concept we want to learn is the activity level of
a molecule. The database contains 188 instances described
with seven predicates. Moreover, four predicates, including
the concept to be learned, contain numerical attributes. The
molecule is considered as “active” if and only if the activity
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level is positive. Otherwise, the molecule is “inactive”. For
this experiment, we discretize all numerical attributes. The
non-target attributes are discretized into a partition with three
fuzzy terms corresponding to the fuzzy set : low, medium and
high (see Fig. 3 for the discretization of the lumo attributes for
instance). Since we have no expert for making the discretiza-
tion manually, the fuzzy sets are here constructed automati-
cally by choosing the three triangular fuzzy sets which have
the same support size and which split the domain in three
equal parts. A molecule will be considered as completely
active if its activity level is greater than three and be con-
sidered less and less active when its activity level tends to
0 (see Fig 2). The molecules that have an activity level less
than 0 will be considered as negative examples. A crisp data-
base is obtained by making a discretization of the numerical
attributes with the crisp sets which correspond to the 0.5-
cut of the fuzzy sets (except for the concept to be learnt for
which positive examples are those which have an activity
level greater than 0). For the comparison, we first run FOIL
on the crisp database issued from the fuzzy one. Next we
use the fuzzy version of FOIL for independently inducing
the two types of fuzzy rules. For each case, we compute the
precision, the recall, and the accuracy according to the type
of rules. Results for the whole database are shown in the
following table.

Type of rules Precision Recall Accuracy

Classical 0.86 0.94 0.86
Gradual 0.83 0.93 0.84
Certainty 0.91 0.91 0.88

We can observe that the fuzzy versions of FOIL (corre-
sponding to the two types of rules) have performance that
are close to the classical version. However, if we use fuzzy
sets that are trapezoidal, the recall of gradual and certainty
rules falls respectively to 0.26 and 0.25. This is due to the
fact that, when membership degrees to the antecedent of the

0

 0.2

 0.4

 0.6

 0.8

1

 1.2

-4 -2 0 2 4 6 8  10

m
em

be
rs

hi
p 

de
gr

ee

activity level

active

Fig. 2 Fuzzy sets representing the lumo properties of a molecule
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Fig. 3 Fuzzy set representing the activity of a molecule

rules are close to 1, the constraint on membership degrees
to the consequent may prevent to cover examples that have
a low membership degree (a frequent situation in this base).
This has a negative impact on the confidence of the rules.
Thus, finding rules that have a confidence degree greater than
the threshold may become very tricky. This illustrates the
fact that gradual and certainty rule may not be adequate for
machine learning (where one has to cover all the examples
with a minimal set of rules) task for some fuzzy database.
Nevertheless, the precision of the hypotheses found is very
good. This illustrates that although sometimes gradual (or
certainty) rules are not sufficient for explaining all the exam-
ples in the training set, they can provide some valuable addi-
tional information that cannot be extracted with a classical
method.
Here are two examples of rules found by the algorithm:
Gradual rule
ind1(A, ‘true’), atm (A, B, C, 22, low) → act (A, active)

Certainty rule
ind1(A, ‘false’), lumo (A, low), logp (A, low) → act (A,
active).

6 Conclusion

In this paper we have considered two different kinds of first
order fuzzy rules. These two types encode distinct informa-
tion (gradual synergy between antecedents and consequents,
and rules with exceptions) and both of them are thus worth
inducing. Fuzzy rules can be induced by FOIL using the
appropriate definition of the confidence degree correspond-
ing to the type of rule to be learnt. We have shown that fuzzy
predicates can be introduced in ILP for improving the ex-
pressivity of the rules that are learnt. This expressive rules
have no simple crisp counterpart.
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Gradual rules and certainty rules provide new kinds of
summaries of features present in databases. Since these
summaries involve membership degrees, a new definition
of accuracy is needed. This kind of rules are natural when
the database contains predicates whose meaning is typically
fuzzy. Finding out these more expressive rules seems espe-
cially appropriate for data mining, since we are then inter-
ested in finding noticeable rules rather than covering all the
examples, which contrasts with the goal of automatic classi-
fication.

In order to cover more examples in the database, we may
try to learn both gradual and certainty rules in the same time.
In this spirit, one approach has been proposed in [22] in
order to learn rules together with their underlying implication
connective (encoded by a matrix).
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