Syntactic combination of uncertain information:A possibilistic approach1Salem BENFERHAT — Didier DUBOIS — Henri PRADEInstitut de Recherche en Informatique de Toulouse (I.R.I.T.)Universit� Paul Sabatier — 118 route de Narbonne31062 Toulouse 4 — FranceEmail: {benferha, dubois, prade}@irit.frAbstract: This paper proposes syntactic combination rules for merging uncertainpropositional knowledge bases provided by different sources of information, in theframework of possibilistic logic. These rules are the counterparts of combination ruleswhich can be applied to the possibility distributions (defined on the set of possibleworlds), which represent the semantics of each propositional knowledge base.Combination modes taking into account the levels of conflict, the relative reliability ofthe sources, or having reinforcement effects are considered.1 - IntroductionIn many situations, relevant information is provided by different sources.Information is also often pervaded with uncertainty. This uncertainty may directlyreflect the reliability of the source, or may be attached to the information provided bythe source itself. Taking advantage of the different sources of information usuallyrequires to perform some combination operation on the pieces of information, andleads to a data fusion problem. The way this problem is tackled depends on the waythe information is represented, which in turn is contingent on the nature of theinformation. On the one hand, pieces of information pertaining to numericalparameters are usually represented by distribution functions (in the sense of someuncertainty theory). These distributions are directly combined by means of operationswhich are in agreement with the uncertainty theory used, and which yield a newdistribution on the set of the possible values of the considered parameter. On the otherhand, information may be also naturally expressed in logical terms, especially in caseof (symbolic) information pertaining to properties, which may be, however, pervadedwith uncertainty. In this case, some uncertainty weights are attached to the logicalformulas. Although similar issues are raised in the two frameworks, like the handlingof conflicting information, the two lines of research in numerical data fusion (e.g.,Abidi and Gonzalez, 1992; Flamm and Luisi, 1992) and in symbolic informationcombination (e.g., Baral et al., 1992; Cholvy, 1992; Dubois et al., 1992; Benferhat etal., 1993) have been investigated independently, and are unequally developed (thesecond trend being much more recent and the proposals still preliminary).Possibility theory (Zadeh, 1978; Dubois and Prade, 1988a) offers an uncertaintymodelling framework for dealing with possibility distributions representing fuzzy

1This is an abbreviated version, where proofs are also omitted, of a paper entitled "Fromsemantic to syntactic approaches to information combination in possibilistic logic" toappear in: Aggregation of Evidence under Fuzziness (B. Bouchon-Meunier, ed.), PhysicaVerlag.

information. This information may pertain to the value of numerical parameters, or tovariables ranging in discrete and finite domains. Moreover, possibilistic logicformulas (Dubois et al., 1994) can be handled in a purely syntactic way (as classicallogic formulas associated with a weight) in complete agreement with a semanticinterpretation in terms of a possibility distribution over the set of possible worlds,which represents the set of possibilistic logic formulas under consideration. Thecombination of possibility distributions representing ill-known data has been studiedby two of the authors in the last past years (Dubois and Prade, 1988b, 1992), anddifferent combination modes have been proposed depending on the nature of theconflict between the sources and their reliability.In this paper, we apply these combination modes to the possibility distributionsassociated with the sets of uncertain propositions provided by each source ofinformation and we look for the syntactic counterparts of these combination on thesets of possibilistic formulas. Section 2 gives the necessary background onpossibilistic logic. Section 3 presents the semantical combination modes onpossibility distributions, while Section 4 gives their syntactic counterparts applied tothe possibilistic propositional logic bases corresponding to each sources.2 - Possibilistic Logic2.1 - Possibility Distribution and Possibilistic EntailmentIn this paper, we only consider a finite propositional language denoted by L. Wedenote by . the classical consequence relation, Greek letters a, b,� representformulas. Let W be the finite set of interpretations of the propositional logic languageL.A possibility distribution is a mapping p from W to the interval [0,1]. p is said tobe normal if $w˛W, such that p(w )=1. By convention, p represents somebackground knowledge about the possible states of the real world; p(w)=0 means thatthe state w is impossible, and p(w)=1 means that nothing prevents w from being thereal world. When p(w)>p(w’), w is a preferred candidate to w’ for being the real stateof the world.A possibility distribution p induces two mappings grading respectively thepossibility and the certainty of a formula f:—the possibility degree �(f) = max{p(w) | w.f} which evaluates to what extent fis consistent with the available knowledge expressed by p (Zadeh, 1978). Itsatisfies the characteristic property:"f "y �(f�y) = max(�(f), �(y));—the necessity (or certainty) degree N(f) = inf{1 — p(w) | w.´f} which evaluates towhat extent f is entailed by the available knowledge. We have:"f "y N(f�y) = min(N(f), N(y)).The duality between necessity and possibility is expressed by N(f) = 1—�(´f). Givena possibility distribution p, a notion of preferential entailment .p can be defined.Definition 1: An interpretation w is a p-preferential model of a formula f w.r.t. p,which is denoted by w.pf, iff:

i) w.f,ii) p(w)>0and iii) dw’, w’.f and p(w’)>p(w).A p-preferential model of f is a normal state of affairs where f is true.Definition 2:˚A formula y is said to be a conditional conclusion of a fact f, withbackground knowledge p, which is denoted by f .p y, iffi) �(f)>0, andii) each p-preferential model of f satisfies y, i.e., "w, w .p f � w.y.2.2 - From Possibilistic Knowledge Bases to Possibility DistributionsIn particular, a possibilistic knowledge base made of one formula {(f a)} isrepresented by the possibility distribution:"w˛W, p{(f a)}(w)= 1if w.f= 1 — aotherwise.Thus, p� can be viewed as the result of the conjunctive combination of thep{(fi ai)}�s using the min operator, that is, a fuzzy intersection. The possibilitydistribution p� is not necessarily normal, and Inc(�) = 1 — maxw˛W p�(w) is calledthe degree of inconsistency of the knowledge base �.Lastly, note that several syntactically different possibilistic knowledge bases mayhave the same possibility distribution as a semantics counterpart. In such a case, itcan be shown that these knowledge bases are equivalent in the following sense: theira-cuts, which are classical knowledge bases, are logically equivalent in the usualsense, where the a-cut of a possibilistic knowledge base � is the set of classicalformulas whose level of certainty is greater than or equal to a.2.3 - Possibilistic InferenceThe possibilistic logic inference can be performed at the syntactical level by meansof a weighted version of the resolution principle:(f�y a)(´f�d b)�(y�d min(a,b))It has been shown that Inc(�) corresponds to the greatest lower bound that can beobtained for the empty clause by the repeated use of the above resolution rule andusing a refutation strategy. Proving (y a) from a possibilistic knowledge base �comes down to deriving the contradiction (^ a) from �¨{(´y 1)} with a weight a >Inc(�). It will be denoted by �;(y a). This inference method is as efficient asclassical logic refutation by resolution, and can be implemented in the form of an A*-like algorithm (Dubois et al., 1987). This inference method is sound and completewith respect to the possibilistic semantics of the knowledge base. Namely (Dubois etal., 1994):

f .p� y if and only if �’;(y a) with �’=� ¨ {(f 1)}, and a > Inc(�¨{(f 1)}).Clearly possibilistic reasoning copes with partial inconsistency. It yields non-trivialconclusions by using a consistent sub-part of �, consistent with f, which correspondsto formulas belonging to the layers having sufficiently high levels of certainty.Moreover, possibilistic logic offers a syntactic inference whose complexity is similarto classical logic.3 - Merging Possibility DistributionsIn (Dubois and Prade, 1992), several propositions have been made to address theproblem of combining n uncertain pieces of information represented by n possibilitydistributions pi=1,n (encoding the knowledge of n experts or sources of informationabout some parameters of interest), into a new possibility distribution. All theproposed combination modes are defined at the semantical level, and their syntacticcounterpart will be investigated in Section 4. We assume that the experts who providethe pi’s use the same universe of discourse to describe their information, and also usethe same scale to evaluate the levels of uncertainty.Let us now review the different combination modes on possibility distributions.3.1 - Idempotent Conjunctive and Disjunctive ModesThe basic combination modes in the possibilistic setting are the conjunction (i.e.,the minimum) and the disjunction (i.e., the maximum) of possibility distributions.Namely define:"w, pcm(w) = mini=1,n pi(w),(CM)"w, pdm(w) = maxi=1,n pi(w).(DM)If the information provided by a source k is less (resp. more) specific than theinformation given by all the others then pdm=pk (resp. pcm=pk). The conjunctiveaggregation makes sense if all the sources are regarded as equally and fully reliablesince all values that are considered as impossible by one source but possible by theothers are rejected, while the disjunctive aggregation corresponds to a weakerreliability hypothesis, namely, in the group of sources there is at least one reliablesource for sure, but we do not know which one. If "w, pcm(w) is significantlysmaller than 1 the conjunctive mode of combination is debatable since in that case atleast one of the sources or experts is likely to be wrong, and a disjunctivecombination might be more advisable. It is why disjunctive combinations ofpossibility distributions should be regarded as cautious operations, while conjunctivecombinations are more adventurous. Besides, if two sources provide the sameinformation p1=p2, the result of the conjunctive, or of the disjunctive combination isstill the same distribution; indeed min (resp. max) is the only idempotent conjunction(resp. disjunction) connective.

3.2 - Other t-Norm and t-Conorm-Based Combination ModesThe previous combination modes based on maximum and minimum operatorshave no reinforcement effect. Namely, if expert 1 assigns possibility p1(w)<1 tointerpretation w, and expert 2 assigns possibility p2(w)<1 to this interpretation thenoverall, in the conjunctive mode, p(w)=p1(w) if p1(w)<p2(w), regardless of thevalue of p2(w). However since both experts consider w as rather impossible, and ifthese opinions are independent, it may sound reasonable to consider w as less possiblethan what each of the experts claims. More generally, if a pool of independent expertsis divided into two unequal groups that disagree, we may want to favor the opinion ofthe biggest group. This type of combination cannot be modelled by the minimumoperation, nor by any idempotent operation. What is needed is a reinforcement effect.A reinforcement effect can be obtained using a triangular norm operation other thanmin in case of conjunctive, thus adventurous, combination, and a triangular conormoperation other than max for disjunctive, thus cautious, combination.Definition 3: A triangular norm (for short t-norm) tn is a two place real-valuedfunction whose domain is the unit square [0,1]·[0,1] and which satisfies the followingconditions:1. tn(0,0) = 0, tn(a,1) = tn(1,a) = a (boundary conditions);2. tn(a,b) £ tn(c,d) whenever a£c and b£d (monotonicity);3. tn(a,b) = tn(b,a) (symmetry);4. tn(a, tn(b,c)) = tn(tn(a,b), c) (associativity).A triangular conorm (for short t-conorm) ct is a two place real-valued function whosedomain is the unit square [0,1] · [0,1] and which satisfies the conditions 2-4 given inthe previous definition plus the following boundary conditions:5. ct(1,1)=1, ct(a,0)=ct(0,a)=a.Any t-conorm ct can be generated from a t-norm through the duality transformation:ct(a,b) = 1 — tn(1—a, 1—b)and conversely. The basic t-norms are the minimum operator, the product operator andthe t-norm max(0, a+b—1) sometimes called "Lukasiewicz t-norm" (since it is directlyrelated to Lukasiewicz many-valued implication). The duality relation respectivelyyields the following t-conorms: the maximum operator, the "probabilistic sum" a+b—ab, and the "bounded sum" min(1, a+b).In particular, several authors (e.g., Dubois and Prade, 1992; Boldrin and Sossai,1995) have proposed to use Lukasiewicz operator for combining possibilitydistributions defined by (for two possibility distributions p1 and p2):"w, pLM(w) = max(0, p1(w) + p2(w) — 1).(LM)Like the product-based combination, the (LM) combination mode is not idempotent;moreover the reinforcement effect with Lukasiewicz t-norm is more drastic since thecombination of low degrees (i.e., p1(w) + p2(w) < 1) may result into a null degree ofpossibility which expresses complete impossibility.We shall denote by ptn and pct the possibility distributions resulting from thecombination using a t-norm operator tn and a t-conorm operator ct respectively.

3.3 - Normalisation RulesDisjunctive combination preserves normalisation (for any triangular conorm).When conjunctive combination mode C provides subnormal results (dw, pC(w)=1),we may think of renormalizing pC. Indeed, let h(pC)=maxw{pC(w)}. It estimates towhat extent there exists at least one interpretation which is possible according to eachsource. Thus, h(pC) is a degree of consistency of the pieces of information providedby the different sources. When h(pC)<1 there is a partial inconsistency between thesources. There are several ways to renormalize pC into pN—C. The minimalrequirements for pN—C are:1) $w, pN—C(w) = 1,2) if pC is normal then pN—C = pC,3) "w,w’, pC(w)<pC(w’) iff pN—C(w)<pN—C(w’).Note that the third condition entails that only interpretations having possibilitydegrees equal to h(pC) can receive value 1 in the normalisation process. In thefollowing we consider three noticeable renormalizing procedures defined by the threefollowing equations where it is assumed that h(pC)>0.2¥ (N-1)pN 1 — C (w)= pC(w)h(pC).¥ (N-2)pN 2 — C (w)= 1if pC(w) = h(pC)= pC(w) otherwise.¥ (N-3)pN 3 — C (w)= pC(w) + (1 — h(pC)).All the normalization rules get rid of inconsistency since h(pN i — C )=1 for i=1,3, andthus the inconsistency degree of any possibilistic knowledge base associated to pN i — C for i=1,3 is zero. The normalisation based on the equation (N-1) is the most usual oneand is anologuous to the one used in probability theory. As (N-1), normalisation (N-2) is related to a conditioning in possibility theory. Indeed, the conditioning of apossibility distribution p by a formula f held for true is either defined by (Dubois andPrade, 1988a):— p(w|f)= 1 if p(w) = max{p(w) | w.f} = �(f)= p(w) if w.f and p(w)<�(f)= 0 if w�f;in a purely ordinal setting (where the grades are only encoding a linear ordering), orusing [0,1] as a ratio scale, by— p(w|f)= p(w)�(f) if w.f.= 0 if w�f.

2When h(pC)=0 there is a total disagreement between the sources, and conjunctivecombination makes no sense in this case.

Clearly, these two types of conditioning are particular cases of (N-2) and (N-1)respectively (viewing the set of models of f as a binary possibility distribution). Thethird normalisation rule (N-3), first introduced by Yager (1987) in the Dempster-Shafer framework, transforms the amount of conflict 1—h(pC) into a level of totalignorance. Indeed, any interpretation w in W gets a possibility degree at least equal to1—h(pC).In general, an associative combination rule does not remain associative undernormalization (N-i)i=1,3. However, in the case of rule (N-1), associativity holds if pCis defined by means of the product t-norm (Dubois and Prade, 1988b). Whenassociativity does not hold, we have first to combine all the possibility distributionsbefore normalizing the result.3.4 - Conflict-Respectful Combination RuleAs explained above the renormalization erases the conflict between the sourcesexpressed by the subnormalization. Even if it is good that the result of thecombination focuses on the values on which all the sources partially agree (in thesense that none of them gave to these values a possibility equal to 0), it would bebetter that the result also takes into account the conflict in some way. A natural ideafor taking into account a partial conflict is to discount the result given by (N-i) fori=1,3, by a weight corresponding to the lack of normalization, i.e., 1—h(pC), thuspartial inconsistency is transformed into partial uncertainty. Namely 1—h(pC) isviewed as the degree of possibility that both sources are wrong since when h(pC)=1nothing suggests that a source is wrong. This discounting leads to the followingmodified conjunctive combination rule:" w, pCoR—Ni—C(w) = max(pNi—C(w), 1—h(pC))(CoRM)The amount of conflict 1—h(pC) induces a uniform level of possibility for all valuesoutside the ones emerging in the subnormalized intersection of pi’s, i.e., the result ofthe combination (N-i—C) is not fully certain. Note that this rule leaves pN-3-Cunchanged since N-3 already incorporates a discounting effect.3.5 - Prioritized Aggregation of Expert OpinionsWhen combining information conjunctively or disjunctively, we may give priorityto some sources over others, and thus discount the information provided by a lessprioritary source if this information is not in agreement with the information providedby a more prioritary source. In the following, we only consider min and max-basedcombinations. Then the following combination rule has been proposed (for the case oftwo possibility distributions, p1 and p2, where p1 is more reliable than p2) (Duboisand Prade, 1988c; Yager, 1991):"w, pCPM1>2(w) = min(p1(w), max(p2(w),1—h(pcm)).(CPM)Note that in case of total conflict, i.e., h(pcm)=0, only the information which haspriority, represented by p1, is retained (pCPM1>2 = p1). More generally, if 1—h(pcm)‡

0.5 then for any w, pCPM1>2(w)=min(p1(w),1—h(pcm)).3 Moreover, if there is noconflict then the usual conjunctive combination is performed: pCPM1>2=pcm. TheCPM rule is easily interpreted as the conjunctive combination of the informationsupplied by source 1 and the information supplied by source 2, the latter beingdiscounted by a certainty coefficient h(pcm), such that the degree of possibility thatsource 2 is wrong is 1—h(pcm).The disjunctive counterpart of (CPM) has also been proposed by Dubois and Prade(1988d) and Yager (1991)"w, pDPM1>2(w) = max(p1(w), min(p2(w),h(pcm)).(DPM)The effect of this rule is to "truncate" the information supplied by the less prioritarysource (by performing min(p2,h(pcm)) in the above formula), while it is disjunctivelycombined with information given by source 1. Again if the two sources disagree(h(pcm)=0) then pDPM1>2 = p1; if h(pcm)=1 then pDPM1>2 = pdm.3.6 - Grading the Reliability of the SourcesWe assume that a relative level of reliability lj is attached to each source sj. Thesereliability levels can be used for weighting conjunctive or disjunctive combinations.A normalisation condition is supposed to hold for the lj’s, namely maxjlj=1, i.e.,the most reliable source(s) is graded by 1. We only consider min and max-basedcombination again. The weighted disjunctive combination mode is defined by (e.g.,Dubois et al., 1992):"w, pDRM(w) = maxj=1,n min(pj(w),lj)(DRM)i.e., pDRM is obtained as a weighted union of the possibility distributions associatedwith each source. If all the lj’s are equal to 1 then the disjunction mode (DM) appliedto the pj’s is recovered. If lj=0 the information provided by the source sj is not takeninto account. For intermediary lj, only the possible worlds whose possibility degreeis low (which are rather impossible) are taken into account.The conjunctive counterpart of (DRM) is defined by (e.g., Dubois et al., 1992):"w, pCRM(w) = minj=1,n max(pj(w), 1—lj) (CRM)For lj=1, "j, the min combination mode is recovered. Note that (CRM) and (DRM)are similar to (CPM) and (DPM). One may think of combining them in order to takeinto account both the conflict of the sources and the reliability degrees attached to thesources. Assuming that l1=1>l2 (we give the priority to the most reliable source),for the case of two possibility distributions this leads to:pCPRM1>2 = min(p1, max(p2, 1—l2, 1—h(pcm));(CPRM)

3Since pCPM1>2(w) can be rewritten as max(min(p1(w),p2(w)), min(p1(w), 1—h(pcm)) andh(pcm)£0.5 � 1—h(pcm)‡0.5‡ min(p1,p2).

pDPRM1>2 = max(p1, min(p2, l2, h(pcm)).(DPRM)These types of prioritized combination rules have been proposed by Yager (1991) andstudied in detail by Kelman (1996).4 - Syntactical Combination ModesIn Section 3, several propositions have been made to aggregate possibilitydistributions. In this section, we are interested in the combination of n possibilisticknowledge bases �i=1,n provided by n sources. Each possibilistic knowledge base �iis associated with a possibility distribution pi which is its semantical counterpart(i.e., "f,y, $a>Inc(�i¨{(f 1)}), �i¨{(f 1)};(y a) iff f .pi y). So we need toidentify syntactical combination modes C on the �i’s which are the counterpart of thecombination rules C on the pi’s reviewed in the previous section. More formally,given a semantic combination rule C we look for a syntactic combination C suchthat:C(p�1, �,p�n) = pC(�1,�n).or equivalently,f .pC y iff �C ¨ {(f 1)} ; (y a) with a>Inc(�i¨{(f 1)}),where pC=C(p�1, �,p�n) and �C=C(�1,�n).4.1 - t-Norm and t-Conorm-Based Combination ModesIn the framework of substructural logics, Boldrin and Sossai (1995) have proposedan extension of possibilistic logic where a second "and" connective (other than themin-based conjunction), defined from Lukasiewicz t-norm, is introduced forcombining information from distinct independent sources. At the syntactic level thisnew conjunction applied to two one-formula knowledge bases �1={(f a)} and �2={(y b)} results in three possibilistic formulas: �LM={(´f�y b), (f�´y a), (f�ymin(1,a+b))} which expresses an adventurous combination mode. Note that thisknowledge is equivalent to the following: �LM”{(y b), (f a), (f�y min(1,a+b))}=�1¨�2¨{(f�y min(1,a+b))}, the equivalence being understood as the equality of theassociated possibility distributions. This can be easily checked. Indeed, there are twodifferent cases:¥ If w.f or w.y then this trivially implies that w.f�y. Hence:p�LM(w)=1=max (0,p1(w) + p2(w)—1)if w.f�y (since p1(w)=p2(w)=1)= 1—b=max (0,p1(w) + p2(w)—1)if w.f�´y(since p1(w)=1)= 1—a=max (0,p1(w) + p2(w)—1)if w.´f�y(since p2(w)=1)¥ If w�f and w�y then this implies that w�f�y. Hence:p�LM(w)= 1—max (a,b,min(1, a+b))= 1—min(1,a+b)= max(0,1—a—b)

= max(0,1—(1—p1(w)) — (1—p2(w)))(since p1(w)=1—a and p2(w)=1—b)= max(0,p1(w) + p2(w)—1).The previous remark can be generalized to the case of general possibilistic knowledgebases and to any t-norms and t-conorms. Let �1={(fi ai) | i˛I} and �2={(yj bj) |j˛J}. Namely, we have the following result.Proposition 1: Let ptn and pct be the result of the combination based on the t-norm tn and the t-conorm ct. Then, ptn and pct are respectively associated with thefollowing knowledge bases:�tn = �1¨�2¨{(fi�yj ct(ai,bj)) | (fi ai)˛�1 and (yj bj)˛�2}(adventurouswhere ct is the t-conorm dual to the t-norm tn.combination)�ct = {(fi�yj tn(ai,bj)) | (fi ai)˛�1 and (yj bj)˛�2} (cautiouswhere tn is the t-norm dual to the t-conorm ct.combination)The syntactic counterpart of idempotent conjunctive and disjunctive modes is thusrespectively the two following possibilistic knowledge base (letting tn=min andct=max),�min= �1¨�2¨{(fi�yj max(ai,bj)) | (fi ai)˛�1 and (yj bj)˛�2}= �1 ¨ �2�max= {(fi�yj min(ai,bj)) | (fi ai)˛�1 and (yj bj)˛�2}.Of course, �min may be inconsistent and the handling of inconsistency is simplyachieved by using the possibilistic entailment; see Section 2. Note that �max isalways consistent (provided that �1 or �2 is consistent), and that a formula y isconsidered as a plausible consequence of �max if y is inferred both from �1 and �2.In the fuzzy case, the fuzzy set of possibilistic consequences of �max can also beviewed as the fuzzy intersection of the fuzzy set of possibilistic consequences of �1and the fuzzy set of those of �2.4.2 - NormalizationThis section discusses the effect of the normalization at the syntactical level. LetpC be a sub-normalized possibility distribution obtained by combining p1 and p2using a conjunction operator C. Let �C be the possibilistic knowledge base associatedwith pC and built using the result of the previous section. Let h(pC)=maxw{pC(w)}.Then we have:Proposition 2:1. (N-1) pN 1 — C (w)= pC(w)h(pC) is associated with:�N 1 — C = fi 1 — 1 — aih(pC) | (fi ai) ˛ �C and ai > 1—h(pC).2. (N-2) pN 2 — C (w)= 1if pC(w) = h(pC)= pC(w)otherwiseis associated with: �N 2 — C ={(fi ai) | (fi ai)˛�C and ai>1—h(pC)}.

3. (N-3) pN 3 — C (w) = pC(w) + (1—h(pC)) is associated with:�N 3 — C = {(fi ai — (1—h(pC))) | (fi ai)˛�C and ai>1—h(pC)}.Note that �N 1 — C can be defined from �N 3 — C as follows:�N 1 — C = fi bih(pC) | (fi bi) ˛ �N3—C. All the normalization procedures maintain all the formulas of �C whose certaintydegrees are higher than the inconsistency degree of �C. The normalization based on(N-2) just forgets the presence of conflicts and does not modify the certainty degrees ofthe pieces of information encoded by pC. The two other normalization proceduresmodify the certainty degrees of the formulas retained in �C. Let us observe that all thenormalization modes diminishes the certainty levels of formulas in the wide sense.This diminution is more important with (N3) than with (N1).4.3 - Conflict-Respectful, Prioritized and Reliability-BasedCombination ModesLet us first define two parametered functions which operate on a possibilisticknowledge base �:—Truncate(�,a), which consists in forcing the inconsistency level of � to be at leastequal to a (which inhibits the formulas in � having certainty degrees strictly lessthan a), and—Discount(�,a) which basically consists in decreasing to level a the certainty degreeof the formulas of � whose certainty is higher.More formally, we have:Truncate (�,a)={(f b) | (f b) ˛ � and b‡a}¨{(^ a)}Discount (�,a)={(f a) | (f b) ˛ � and b‡a}¨{(f b) | (f b)˛� and b<a}.It is easy to check that each possibilistic conclusion of Truncate(�,a) or ofDiscount(�,a) is also a possibilistic conclusion of �. The converse is false. Thefollowing proposition lays bare the semantical counterparts of these two functions.Proposition 3: Let � be a possibilistic knowledge base, and p its associatedpossibility distribution. Then:— Truncate (�,a) is associated with p’=min(p,1—a),4 and— Discount (�,a) is associated with p’=max(p,1—a).

4Indeed, h(p’)£1-a and thus the level of inconsistency is at least equal to a. Moreover,using equation (1) of Section 2.2., it is clear that the formulas (fi bi) with bi<a have noinfluence in p’ since 1-a<1-bi.

The corresponding syntactic counterparts of conflict-respectful, prioritized andreliability-based combination modes are immediate using the discussion of theprevious sub-sections, we get the corresponding possibilistic knowledge bases:�CoR—Ni—C = Discount(�Ni—C, h(pC))CCPM1>2(�1,�2) = �1¨Discount(�2, h(pcm)),CDPM1>2(�1,�2) = Cdm(�1, Truncate(�2, 1—h(pcm))),CDRM(�i)i=1,n = Cdm (Truncate(�i, 1—li))i=1,n,CCRM(�i)i=1,n = »i Discount(�i,li).where Cdm denotes the combination operator yielding the possibilistic knowledge base�dm, and CX(�i)i=1,n is the syntactic combination operator whose results isassociated with pX for X=CPM1>2, PM1>2, DRM, CRM.Note that the addition of reliability degrees and priorities aims either to decreasethe certainty degrees of highest formulas, or simply to remove formulas which are notsufficiently entrenched.5 - Concluding DiscussionsThis paper has proposed a preliminary investigation of syntactic combinationmodes which can be applied to layered propositional logic knowledge bases, andwhich are the counterparts of possibilistic combination rules applied to the possibilitydistributions encoding the semantics of the layered bases. This can be viewed as alogical analog of the fusion of belief networks in agreement with the combinationlaws of probability distributions, see (Matzkevick and Abramson, 1992).This work belongs to a larger research trend which also encompasses beliefrevision where syntactic encoding of possibilistic revision methods have been devised(e.g., Dubois and Prade, 1996; Williams, 1996). However, in belief revision the inputinformation does not play a symmetrical role with respect to the knowledge we startwith, while in this paper all the sources play symmetrical roles. Moreover thesyntactic combination methods are exact counterparts of semantic ones. As aconsequence they are drastic since they use truncation effects in the presence ofinconsistency. All formulas in layers below the inconsistency level are lost. This iscalled the drowning effect (Benferhat et al., 1993). One might thing of taking intoaccount the syntax of the knowledge bases when combining, and especially whenrestoring consistency, in order to delete formulas only when necessary.Lastly, in this paper the weights attached to formulas were understood asuncertainty levels and the combination laws which have been considered arecompatible with this view. They might be also interpreted in terms of priority levels,thus expressing preferences rather than uncertainty. In such a case, we would have tolook for counterparts of fuzzy set aggregation operations which are meaningful inmultiple criteria evaluation when preference profiles can be viewed as fuzzy sets.Acknowledgements: The authors wish to thank Serafin Moral for helpful commentson an early draft of this paper. This work is partially supported by the European workinggroup FUSION.

ReferencesAbidi M.A., Gonzalez R.C. (eds) (1992) Data Fusion in Robotics and MachineIntelligence. Academic Press, New York.Baral C., Kraus S., Minker J., Subrahmanian (1992) Combining knowledge basesconsisting in first order theories. Computational Intelligence, 8(1), 45-71.Benferhat S., Cayrol C., Dubois D., Lang J., Prade H. (1993) Inconsistency managementand prioritized syntax-based entailment. Proc. of the 13th Inter. Joint Conf. onArtificial Intelligence (IJCAI’93), Chamb�ry, France, Aug. 28-Sept. 3, 640-645.Boldrin L., Sossai C. (1995) An algebraic semantics for possibilistic logic. Proc of the11th Conf. Uncertainty in Artifucial Intelligence (P. Besnard, S. Hank, eds.),27-35.Cholvy F. (1992) A logical approach to multi-sources reasoning. In: Applied LogicConference: Logic at Work, Amsterdam.Dubois D., Lang J., Prade H. (1987) Theorem proving under uncertainty � A possibilitytheory-based approach. Proc. of the 10th Inter. Joint Conf. on Artificial Intelligence,Milano, Italy, August, 984-986.Dubois D., Lang J., Prade H. (1992) Dealing with multi-source information in possibilisticlogic. Proc. of the 10th Europ. Conf. on Artificial Intelligence (ECAI’92) Vienna,38-42.Dubois D., Lang J., Prade H. (1994) Possibilistic logic. In: Handbook of Logic inArtificial Intelligence and Logic Programming � Vol 3: Nonmonotonic Reasoningand Uncertain Reasoning (Dov M. Gabbay et al., eds.), Oxford Univ. Press, 439-513.Dubois D., Prade H. (1988a) Possibility Theory � An Approach to ComputerizedProcessing of Uncertainty. Plenum Press, New York.Dubois D., Prade H. (1988b) Representation and combination of uncertainty with belieffunctions and possibility. Computational Intelligence, 4, 244-264.Dubois D., Prade H. (1988c) Default reasoning and possibility theory. ArtificialIntelligence, 35, 243-257.Dubois D., Prade H. (1988d) On the combination of uncertain or imprecise pieces ofinformation in rule-based systems. A discussion in a framework of possibility theory.Int. Journal of Approximate Reasoning, 2, 65-87.Dubois D., Prade H. (1990) Aggregation of possibility measures. In: Multiperson DecisionMaking Using Fuzzy Sets and Possibility Theory (J. Kacprzyk, M. Fedrizzi, eds.),Kluwer Academic Publ., 55-63.Dubois D., Prade H. (1992) Combination of fuzzy information in the framework ofpossibility theory. In: Data Fusion in Robotics and Machine Intelligence (M.A. Abidi,R.C. Gonzalez, eds.) Academic Press, New York, 481-505.Dubois D., Prade H. (1996) Belief revision with uncertain inputs in the possibilisticsetting. Proc. of the 12th Conf. on Uncertainty in Artificial Intelligence (E. Horvitz etal., eds.), Portland, 236-243Flamm J., Luisi T. (Eds.) (1992) Reliability Data and Analysis. Kluwer Academic Publ.Kelman A. (1996) Mod�les flous pour l’agr�gation de donn�es et l’aide � la d�cision. Th�sede Doctorat, Universit� Paris 6, France.Matzkevich I., Abramson B. (1992) The topological fusion of Bayes nets. Proc. of the 8thConf. on Uncertainty in Artificial Intelligence (D. Dubois et al., eds.), pp. 191-198.Williams M.A. (1996) Towards a practical approach to belief revision: Reason-basedchange. Proc. of the 5th Conf. on Knowledge Representation and Reasoning Principles(KR’96).Yager R.R. (1987) On the Dempster-Shafer framework and new combination rules.Information Sciences, 41, 93-138.Yager R. R. (1991) Non-monotonic set-theoritic operators. Fuzzy Sets and Systems 42,173-190.Zadeh L.A. (1978) Fuzzy sets as a basis for a theory of possibility. Fuzzy Sets andSystems, 1, 3-28.