Possibility Theory as a Basis for Qualitative Decision TheoryDidier Dubois and Henri PradeInstitut de Recherche en Informatique de Toulouse (I.R.I.T.) — C.N.R.S.Universit� Paul Sabatier — B�t. 1R3, 118 route de Narbonne31062 Toulouse Cedex, FranceAbstractA counterpart to von Neumann and Morgenstern’ expectedutility theory is proposed in the framework of possibilitytheory. The existence of a utility function, representing apreference ordering among possibility distributions (on theconsequences of decision-maker’s actions) that satisfies aseries of axioms pertaining to decision-maker’s behavior, isestablished. The obtained utility is a generalization ofWald’s criterion, which is recovered in case of totalignorance; when ignorance is only partial, the utility takesinto account the fact that some situations are more plausiblethan others. Mathematically, the qualitative utility isnothing but the necessity measure of a fuzzy event in thesense of possibility theory (a so-called Sugeno integral).The possibilistic representation of uncertainty, which onlyrequires a linearly ordered scale, is qualitative in nature.Only max, min and order-reversing operations are used onthe scale. The axioms express a risk-averse behavior of thedecision maker and correspond to a pessimistic view of whatmay happen. The proposed qualitative utility function iscurrently used in flexible constraint satisfaction problemsunder incomplete information. It can also be used inassociation with possibilistic logic, which is tailored toreasoning under incomplete states of knowledge.1IntroductionStandard approaches to decision under uncertainty are basedon maximum expected utility theory. The expected utilitycriterion is particularly appealing since it can be justified onthe basis of an axiomatic approach [von Neumann &Morgenstern, 1944]. However, its application requires thatboth numerical probabilities and utilities about theconsequences of actions are available. The representation ofincomplete states of knowledge has led Artificial Intelligenceto introduce non-probabilistic models of uncertainty such asShafer’s theory of evidence, possibility theory, andnonmonotonic logics. These approaches seem particularlysuitable for the representation of states of partial ignorancein an unbiased way; see [Dubois et al., 1994c] for adiscussion. On the basis of a careful distinction betweenreasoning tasks (where consequences of the actual state ofinformation are only propagated) and decision tasks (wherechoices are elaborated taking into account both uncertaintyand preferences), it can be advocated that the probabilisticapproach can still be used at the decision level even ifanother framework is used for knowledge representation andreasoning purposes; thus Smets [1990] has proposed a so-called "pignistic" transformation for computing meaningfulprobabilities (in a decision-theoretic perspective) from belieffunctions representing the available information.Possibility theory provides a faithful representation of par-tial ignorance, but its core is also qualitative in nature sinceit only requires a scale where max, min and order-reversingoperations can be defined. This qualitative nature agrees withthe fact that only poor and incomplete information is avai-lable in many practical situations. In order to cope with suchsituations, several proposals for a qualitative decision theoryhave been recently presented by Pearl [1993], Tan & Pearl[1994a,b] on the one hand and by Boutilier [1994] on theother hand. Both approaches are connected with default rea-soning for the handling of uncertain pieces of knowledge;the former, which relates to Spohn [1988] ordinal conditio-nal "kappa" functions, requires the use of scales where thesum or the product are meaningful, while the latter some-what gets rid of uncertainty by considering the most plau-sible states of the world only, when making a decision. Thepossibilistic approach which is presented in this paper isdifferent in various respects. First, possibilistic utility obeysa series of axioms which may be regarded as a qualitativecounterpart to von Neumann & Morgenstern [1944] axioms.Second, uncertainty and preferences are both estimated onordinal scales where the only meaningful operations aremax, min and the reversing of the ordering. Third, theproposed decision theory is closely associated with anapproach to the modelling of uncertainty, here the theory ofpossibility introduced by Zadeh [1978]. Fourth, a kind ofcommensurateness assumption between possibility levelsand preference levels is made, such that a decision rates allthe better as it makes undesirable states of affairs less possi-ble. This assumption leads to a framework where decisionsunder incomplete information can be completely ordered,although without resorting to numerical representation.The next section presents the axioms proposed as a basisfor qualitative utility when uncertainty is modelled by meansof possibility distributions. Section 3 establishes theexistence of a qualitative utility function and explains howto compute it. Section 4 provides a brief discussion of thequalitative expected utility which has been obtained. Section5 illustrates the usefulness of the qualitative utility functionin order to estimate the degree of satisfaction of a flexibleconstraint under uncertainty. Section 6 discusses howuncertainty and preference can be jointly handled usingpossibilistic logic and possibilistic utility theory.2Axioms for a Qualitative Utility TheoryLet X be a set of situations (states of the world), supposedlyfinite. After Savage [1974], an act is a function f from X toC, the set of possible consequences of the act. This functionis attached to a particular decision and specifies what is theconsequence of being in situation x when the decision ismade; f(x) is sometimes interpreted as the expected pay-offof the act, when x˛X is the situation. It is supposed that there exists a linear (i.e., complete partial) ordering ‡ over Cexpressing preference. Thus, a given act induces a preferenceover X, whereby x‡y iff f(x)‡f(y). This preference relationbetween precisely-known situations will be extended to in-complete belief states pervaded with uncertainty by means ofa relation obeying a series of axioms given in the following.Indeed, we may have incomplete information about theactual situation in X. The belief state about which situationin X is the actual one is supposed to be represented by apossibility distribution p. A possibility distribution pdefined on X takes its values on a valuation scale V, whereV is supposed to be linearly ordered. V is assumed to bebounded and we take supV=1 and infV=0. The inequalityp(x)£p(x’) means that x’ is at least as plausible (normal) asx as being the actual situation. p(x)=0 means that x isimpossible, i.e., definitely excluded by p as being the truesituation. p(x)=1 means that x is normal, unsurprizing. Werestrict ourselves to consistent belief states p which are suchthat $x˛X, p(x)=1 (i.e., there exists at least one situationwhich is completely possible); how this closely relates tothe notion of logical consistency can be fully understood inthe framework of possibilistic logic (e.g., [Dubois et al.,1994b, c]). The state of total ignorance p? is represented by" x˛ X, p?(x)=1 where any situation is found totallypossible. We shall denote by Pi(X) = {p, XfiV} the set ofconsistent possibility distributions over X. The cardinalityof V is supposed to be at least as large as the one of X, soas to account for total plausibility orderings on X. Clearly,X˝Pi(X) using the identification function x0fim{x0} wherep(x)=m{x0}(x)=1 if x=x0 and m{x0}(x)=0 otherwise. m{x0} iscalled a precise belief state and we shall write, p={x0}, oreven p=x0 for the sake of notational simplicity. Moregenerally, if p is the characteristic function of a subset A ofX, we write p=A. For instance p? = X.A possibility distribution representing a belief stateinvolves a set of mutually exclusive alternatives, where eachelement can be ranked according to its level of plausibilityto be the true situation. Let x and y be two elements of X,the possibility distribution p defined by p(x)=l, p(y)=m,p(z)=0 for z„x, z„y with max(l,m)=1 (in order to have pnormalized), will be called a qualitative lottery and will bedenoted by (l/x, m/y), which means that we are either insituation x or in situation y with the respective levels ofpossibility l and m. More generally, any possibilitydistribution p can be viewed as a multiple-consequencelottery (l1/x1,�,ln/xn) where X={x1,�,xn} and li=p(xi).We will also use the notation (l/p1, m/p2) (with max(l,m)=1) for denoting the compound possibility distribution p=max(min(p1,l),min(p2,m)). This can be viewed as a lotteryover multiple-consequence lotteries corresponding to p1 andp2. The lottery (l/x, m/y) can be viewed as a particular caseof it when p1 and p2 are possibility distributions focusingon singletons. The resulting possibility distribution p=max(min(p1,l),min(p2,m)), with max(l,m)=1, is here thequalitative counterpart of probabilistic mixtures lp1+(1—l)p2; see [Dubois & Prade, 1990], [Dubois et al., 1993].Lastly, the decision maker (DM) is supposed to express apreference between (consistent) belief states. This preferencerelation, denoted by f, should be understood in thefollowing way: p fp’ means that DM expects at least asmuch in terms of pay-off when he believes p than when bebelieves p’. We suppose thatAxiom 1:

f is a complete partial ordering.f shall denote the strict relation associated with f, and p `p’ will mean that p fp’ and p’ fp. A qualitative utilityfunction is a mapping u from Pi(X) to a linearly orderedscale U. Thus, u(p) will denote the ordinal evaluation of anact in the state of belief p. We shall simply write u(x)(instead of u({x}), when p={x}, for denoting the utility ofthe considered act when the situation is precisely known asbeing x. We also write u(A) instead of u(p) with p=mA(characteristic function of subset A). As usual, a (qualitative)utility function u will be said to represent a preferenceordering f if and only if u(p)‡u(p’)�p fp’.Together with Axiom 1, we propose the followingaxioms as a basis of our decision theory.Axiom 2 (certainty equivalence):If the belief state is a crisp set A˝X,then there is x˛A such that {x}`A.The intuition behind Axiom 2 is the following one. Thedecision-maker DM only knows that one of the situations inA is the true situation. Hence, the utility of the act shouldlie in the set {u(x), x˛A}, where u(x) is the utility of the actin situation x. The choice of the state x such that u(x)=u(A)reflects DM’s attitude towards risk.Axiom 3 (risk aversion, or "precision is safer"):p£p’ � p fp’.The motivation underlying this axiom is that DM prefersthe belief state which are more precise. Indeed if p£p’ (i.e.,"x˛X, p(x)£p’(x)), it means that belief state p’ is lessinformed than belief state p (since according to p’ anysituation x is found to be at least as much possible asaccording to p). Thus, p’ is viewed as a more risky beliefstate than p, since the worst situation pertaining to p’ is notless possible than the worst situation pertaining to p.Behaving in this way DM is cautious. This is a risk-averseattitude since, for all x in A {x} fA, i.e., in terms of autility function u(x)‡u(A). This means that DM prefers tobe in situation x for sure, than only knowing that he is in Aand having the possibility of receiving less, in case $y˛Aand u(y)<u(x). Total ignorance is always the worst situation.At this point, it should be clear that the utility function welook for is in accordance with Wald maximin criterion.Axiom 4 ("independence"):If p1`p2 then (l/p1, m/p’) ` (l/p2, m/p’).It is assumed that max(l,m)=1 in order to ensure that thenew possibility distributions built from p1, p2, p’ are stillnormalized. Axiom 4 means that if two belief states arejudged to be equivalent from a pay-off point of view, thisequivalence still holds when we substitute one of thesebelief states by the other in compound lotteries, thusexpressing a form of independence. Indeed this axiom is apossibilistic counterpart of the so-called linearity or independence axiom in von Neumann & Morgenstern’ utilitytheory.Axiom 5 (reduction of lotteries):(l/x, m/(a/x, b/y))`(max(l,min(m,a))/x, min(m,b)/y).This axiom reduces meta lotteries to ordinary ones. Againit is assumed that max(l,m)=1=max(a,b) in order toguarantee normalization preservation. This axiom, which isthe counterpart of von Neumann & Morgenstern’substitutability axiom, can be better understood byvisualizing what it expresses in terms of qualitativelotteries, as shown on Figure 1. Namely, if two steps areneeded to reach situation y, one which succeeds withpossibility m, and the next one that succeeds withpossibility b, then the possibility of reaching situation y isnot higher than min(m,b). However, if alternative pathsexist, leading to x, with respective possibility levels l andm, then the possibility of reaching x is at least max(l,m).

lmxabxymax(l, min(m,a))min(m,b)xy~Figure 1Axiom 6 (continuity):If pfp’ then $l˛V, p’`(1/p, l/X).This axiom is reminding of continuity axioms in classicalutility theory. (1/p,l/X) is a meta-lottery whereby it isslightly possible to be in a state of total ignorance instead ofin belief state p. Clearly, the lottery (1/p,l/X) correspondsto the possibility distribution p"=max(p,l) and is a state ofbelief less informed than p. When l=1 p"=p? and we knowby Axiom 3 that u(p?)£u(p), "p˛Pi(X). Moving l in Vfrom 0 to 1, when pfp’, leads to decrease the preferencedown to a possibility distribution which is not preferred top’. The idea behind Axiom 6 is that p’ is hit for some valueof l.3Form of the Qualitative Utility FunctionTheorem: Given a preference relationf on Pi(X) verifyingAxioms 1 to 6, there exists a fuzzy set F on X and a utilityfunction u from Pi(X) to a totally ordered set U representingf such that for each p˛Pi(X), we haveu(p)=minx˛X max(n(p(x)), mF(x))(1)where n is an order reversing function from the possibilityscale V to the preference scale U such that n(0)=1 andn(1)=0 where 1 denotes the top elements of U and V and 0their bottom elements.Note that (1) yields u(x)=mF(x).Proof:I) u defined by (1) satisfies Axioms 1 to 6.This is obvious for Axioms 1, 3 and 4Axiom 2:If p=mA, "x˛A, n(p(x))=0 and "xˇA , n(p(x))=1. Thus u(p)=minx˛A u(x) and then$x˛A, u(p)=u(x). Note that p? is such thatu(p?)=minp˛Pi(X) u(p)=infx˛X u(x).Axiom 5:Note thatu((l/x, m/y)) = min(max(u(x),n(l)),max(u(y),n(m)))and thatu((l/p1, m/p2)) = u(max(min(p1,l),min(p2,m)))= minx max(n(max(min(p1(x),l),min(p2(x),m)),u(x))= minx max[min(max(n(p1(x)),n(l)),max(n(p2(x)),n(m))),u(x)]= minx min(max(n(p1(x)),u(x),n(l)),max(n(p2(x)),u(x),n(m)))= min(max(u(p1),n(l)), max(u(p2),n(m))).(2)Then, it can be easily checked thatu((l/x, m/(a/x, b/y))= min(max(u(x),n(l)),max(u((a/x, b/y)),n(m)))= min(max(u(x),n(l)),max(min(max(u(x),n(a)),max(u(y),n(b)),n(m)))= min(max(u(x),min(n(l),max(n(m),n(a)))),max(u(y),n(m),n(b)))= min(max(u(x), n(max(l,min(m,a))),max(u(y),n(min(m,b))))= u((max(l,min(m,a))/x,min(m,b)/y).Axiom 6:u(p)‡u(p’). Let l=n—1(u(p’)). Thenu(1/p,l/X) = min(u(p),max(u(p’),u(p?)) = u(p’).Remark: Note that we have the followingconsequence: p`p’ � p`max(p,p’).It means that if two belief states are considered asequally risky, it is indifferent for the DM to be in anyof these belief states. For instance, it {x}`{x’}, then theDM does not wish to know whether the situation is xor x’ since his pay-off will be the same in both cases;hence we shall have u({x,x’})=u(x)=u(x’).Indeed the form (2) of the utility function leads to:u(max(p,p’))= min(u(p),u(p’))=u(p)=u(p’).II)Existence of a utility function u of the form (1), givenPi(X) equipped withf.First, consider the restriction of (Pi(X),f) to (X,f). Letus map (X,f) to an ordinal scale U such that inf(X) ismapped to 0 and sup(X) is mapped to 1.Let u be a function from X to U such that u(x)‡u(y) �xfy. The proof then goes as follows:a)extension of the utility function from X to itspower set 2X. This enables us to compare statesof incomplete information;b)definition of the utility of the elementary lottery(1/supX, l/infX) (or equivalently (1/1, l/0) sinceby definition u(supX)=1 and u(infX)=0), for anyl˛V;c)computation of the utility of the qualitativelottery (1/x, l/y) for any x, y˛X;d)prove that u((1/p, 1/p’))=min(u(p),u(p’));e)computation of u(p) for any state p ofincomplete information.a) Function u can be extended to subsets A of X in thefollowing way u(A)=minx˛A u(x). Indeed, if xA`A,where xA˛A, is the certainty equivalent of A (accordingto Axiom 2), then "x˛A, xfxA. This can be easilyshown in the following way. Assume $x˛A, xAfx;then by Axiom 3, xAfxfA (since m{x}£mA), hence

xAfA which contradicts the hypothesis. Hence u(A)=u(xA)=minx˛A u(x).Note that A denotes a state of information where theconsequence of the act under evaluation is only knownto lie in A. u(A) is thus the pessimistic utility criterionproposed by Wald when the probability of outcomes inA are not available.b) Let x=infX such that u( x)=0 and �x=supX, such thatu(�x)=1. Consider l˛V a level of possibility, and thelottery (1/�x, l/ x). Let n be a bijection VfiU such that"u1,u2˛V, u1<u2 � n(u1)>n(u2), n(0)=1, n(1)=0.Then let us define u(1/�x, l/ x)=n(l). This definitionagrees with any preference ordering f on Pi(X). Indeedif l=0 then (1/�x, 0/ x)`�x, and n(0)=1=u(�x)if l=1 then (1/�x, 1/ x)`{�x, x}x̀(as shown in a)) and n(1)=0=u( x).Moreover Axiom 3 enforces (1/�x, l/ x)f(1/�x, l’/ x)whenever l£l’ (since the lottery (1/�x,l/ x) is moreinformed than the other), and we do have that u(1/�x,l/ x)‡ u(1/�x, l ’/ x ). Hence the definition of thequalitative utility is in agreement with the axioms. It isclearly a special case of (1) for p(x)=1 if x=�x, l if x= x,and 0 otherwise, and mF(x)=u(x).c) Now consider the lottery (1/x, l/y) for x, y˛X.¥ Assume first that u(x)£u(y). Let us prove that u(1/x,l/y)=u(x). Indeed(1/x, l/y) f {x,y}(Axiom 3){x,y}`x(Axiom 2)x f (1/x, l/y)(Axiom 3)hence (1/x, l/y)`x and they have the same utilityvalues.¥ Assume now that u(x)‡u(y). First note that y`(1/�x,n—1(u(y))/ x). Indeed u(y)=n�n—1(u(y)) by definition. Ifx=�x, then(1/�x, l/y)` (1/�x, l/(1/�x, n—1(u(y))/ x))(independence Axiom 4)` (1/�x, max(n—1(u(y),l)/ x)(Axiom 5).Henceu(1/�x, l/y)= n(max(n—1(u(y),l))= min(u(y),n(l)).¥ In the general case, if x‡y then y`(1/x, m/X) (Axiom6) for some m˛V and since X contains x (at worst x=y),X` x. Hence, using the independence Axiom 4, y`(1/x,m/ x). Now we note that x`(1/�x, n—1(u(x))/ x), and wecan substitute:y` (1/(1/�x), n—1(u(x))/ x), m/ x)` (1/�x, max(n—1(u(x)), m), x) using Axiom 5on the lottery belowHence u(y)=min(u(x),n(m))=n(m) since x‡y. Hence m=n—1(u(y)). So y`(1/x,n—1(u(y))/ x) (note the presence ofx, and no longer �x).m1n (u(x))—1

x�x1Now (1/x, l/y)` (1/x, l/(1/x, n—1(u(y))/

x))(Axiom 4)` (1/x, min(l, n—1(u(y))/ x)(Axiom 5)` ((1/�x, n—1(u(x))/ x),min(l, n—1(u(y))/ x) (Axiom 4)` (�x, max(n—1(u(x)),min(l, n—1(u(y))/ x) (Axiom 5)Hence u(1/x, l/y)=min(u(x),max(n(l),u(y))) whenx‡y. Note that if x£y, the above expression yields u(x);it is thus valid regardless of the preference on {x,y}.d) Consider two possibility distributions p, p’ with p‡p’. Then from Axiom 6, $l˛V, p’`(1/p,l/X), hence(1/p, 1/p’)` (1/p, 1/(1/p, l/X))(Axiom 4)` (1/p, l/X) ` p’.(Axiom 5)Hence u(max(p,p’))=u(p’) when u(p’)£u(p), noticingthat the lottery (1/p, 1/p’) encodes the possibilitydistribution max(p,p’).e) Lastly we can compute u(p) for any p˛Pi(X). Letp˛Pi(X), and assume that p(x1)=1‡p(x2)‡�‡p(xn).Let pi˛Pi(X) be such that pi(x1)=1, pi(xi)=p(xi), andpi(x)=0 if xˇ{x1,xi}. Then p`(1/p1,1/p2,�,1/pn),since p=maxi=1,n pi. Hence u(p)=mini=1,n u(pi) fromd). Now u(pi)=min(u(x1),max(n(p(xi)),u(xi))) from c).Henceu(p) = mini=1,n min(u(x1),max(n(p(x1)),u(x1)))= mini=1,n max(n(p(xi)),u(xi)) noticing that p(x1)=1.The fuzzy set F is such that mF(x)=u(x), "x˛X.4Properties of the Qualitative Expected UtilityInterestingly enough the qualitative utility introduced in theprevious section, u(p)=minx˛X max(n(p(x)),u(x)) is thenecessity of a fuzzy event [Dubois & Prade, 1980] in thesense of possibility theory, namely u(p)=Np(F) where F isthe fuzzy set of preferred situations (mF ( x ) = u ( x ) , "x˛X) and Np is the necessity measure based on thepossibility distribution p. Usually, when V=U=[0,1],n(t)=1—t in the above expression. Np(F) can be viewed as adegree of inclusion of the fuzzy set of more or less possiblesituations in the fuzzy set F of preferred outcomes, i.e., itestimates the certainty that the belief state p corresponds tothe preferred situations described by F. As already said, thereis a commensurability assumption made between theuncertainty scale and the preference scale, since possibilitydegrees and utility degrees are aggregated in the expression ofu(p). Note that¥ Np(F)=u(p)=1 iff {x˛X, p(x)>0} ˝ {x˛X, u(x)=1}i.e., the utility of p is maximum if all the more or lesspossible situations encompassed by p are among the mostpreferred ones.¥ Np(F)=u(p)=0 iff {x˛X, p(x)=1} ˙ {x˛X, u(x)=0}„fli.e., the utility of p is minimum if there is one of the mostplausible situations whose pay-off is minimum (werecognize the risk-aversion of the approach). Np(F)=u(p) isall the greater as there is no situations with a high

plausibility and low utility value.When p is the characteristic function of an ordinary subsetA of X, i.e., when all the situations encompassed by thebelief state are equally plausible, as already said the utilityu(p) simplifies into u(p)=minx˛A u(x) where we recognizeWald [1950]’s pessimistic criterion which leads to decisionsmaximizing the minimal pay-off. In the general case, u(p)takes into account the fact that all the situations are notequally plausible in the set {x˛X, p(x)>0}.Several authors have proposed definitions of utilityfunctions in the presence of possibilistic uncertainty,including the form described in the theorem. Yager [1979]has introduced the possibilistic extension of the optimisticmaximax criterion of the form dual to (1), i.e., u(p)=maxx˛X min(p(x),mF(x)) which is the degree of possibilityof a fuzzy set [Zadeh, 1978]. The possibilistic counterpart ofWald maximin criterion of the form proposed here, has beenintroduced by Whalen [1984], in terms of "disutility"function D(p)=n—1(u(p)) where u(p) is given by (1). D(p)takes the form of the degree of possibility of the fuzzy set �F(the fuzzy complement of F) of less preferred situations.As already pointed out (e.g., [Inuiguchi et al., 1989]), theexpression of the necessity of a fuzzy event is a particularcase of a fuzzy integral in the sense of Sugeno [1974].Namely Np(F) can be shown to be equal to (for V=U=[0,1])Np(F)=supa˛(0,1] min(a,Np(Fa))with Fa={x˛X, mF(x)‡a}, which is a particular case ofSugeno integralı�X h(x)�g(Æ)=supa˛(0,1] min(a,g(Ha))with Ha={x˛X, h(x)‡a} and g is a set function monotonicwith respect to set inclusion, such that g(fl)=0 and g(X)=1.Sugeno integrals can be regarded as qualitative counterpartsto Choquet integrals of the form ı01 g(Ha)da. Sugenointegrals in general have been recently considered byHougaard & Keiding [1994] for the utility representation ofpreferences on the set of non-additive set functions.The utility function advocated in this paper relies on thenotion of possibilistic mixture (as it can be seen inparticular in Axiom 5), the result of the possibilisticmixture of p1 and p2, with max(a,b)=1, being equal to p=max(min(p1,a),min(p2,b)). Namely if �i is a possibilitymeasure such that for all events A, B, �i( A ¨ B ) = max(�i(A),�i(B)), then max(min(�1,a),min(�2,b)) isagain a possibility measure; see Dubois & Prade [1990].This is a particular case of extended mixtures of decompo-sable measures (which are a family of set functions encom-passing probability measures and necessity and possibilitymeasures as particular cases), as studied in [Dubois et al.,1993] where application to utility theory is pointed out.Lastly, it should be emphasized that the proposedapproach to qualitative utility closely parallels vonNeumann & Morgenstern’ theory and that there is somesimilarity between the two sets of axioms underlying thetwo approaches. Clearly, there are other ways of "distorting"classical utility theory. For instance, one of the authors[Dubois, 1986] has relaxed the reduction of lotteries axiomin a purely probabilistic framework by using a specialfamily of operators in place of multiplication for expressinga relaxation of probabilistic independence. We might alsothink of using the multiplication instead of the minoperation when simplifying numerical possibilistic lotteries,i.e., using mixtures of the form max(aÆp1, bÆp2) withmax(a,b)=1. This would lead to a utility function of theform u(p)=minx˛X [1—(1—u(x))Æp(x)].5Handling Uncertainty in Flexible ConstraintSatisfaction ProblemsA constraint satisfaction problem is defined as a set V={v1,�,vn} of decision variables, where Di is the range ofvi, for all i, and a set of constraints {C1,�,Cm}. Eachconstraint Cj refers to a relation Rj that links a subset Vj˝Vof variables, i.e., Rj is a subset of the Cartesian product·vi˛ V j Di, such that the restriction (v1,�,vn)flV j of(v1,�,vn) to the variables in Vj should belong to Rj for allconstraints C1,�,Cm. The constraint satisfaction problemconsists in finding a feasible solution (d1,�,dn) to the setof constraints {C1,�,Cm}.A flexible constraint is a constraint that can be violated tosome extent. A flexible constraint can be modelled as a setof ordinary relations R1�Rk, such that R1˝R2˝�˝Rk.Namely R2 is a relaxation of R1, R3 is a relaxation of R2,etc. [Freuder, 1989]. An equivalent modelling consists inviewing a flexible constraint as a fuzzy relation R, wheremR(d1,�,dn) is the degree of satisfaction of solution (d1,�,dn) [Zadeh, 1975]. The two views are equivalent if we attachsatisfaction weights uj, j=1,k to Rj such that u1=1‡u2‡�‡uk>0, all weights belonging to a totally ordered scale U.Then define mR(d1,�,dn) as follows mR(d1,�,dn)=max{ui,(d1,�,dn)˛Ri}. Conversely Ri={(d1,�,dn),mR(d1,�,dn)‡ui}. It is possible to view the set {R1,� , R k} as kprioritized constraints, where Rj has a higher priority thanRi when j<i [Dubois et al., 1994a].It often happens that uncertain parameters are involved inconstraint satisfaction problems. For instance, in schedulingproblems, the starting time of an activity is controlable andis a decision variable, but the ending time of the activity ispartially unknown even if the starting time has been decidedand is known, because the duration of the activity ispartially uncontrollable. If there is a flexible constraint onthe ending time of the activity, the degree of satisfaction ofthe decision consisting in the choice of a starting time is notprecisely known. Let z1,�,zp be a set of uncertainparameters involved in a constraint satisfaction problem. Aconstraint C (a flexible one, generally) relates decisionvariables v1,�,vn and uncertain parameters z1,�,zp. LetEk the domain of zk. Then the lack of knowledge on theparameter zk is modelled by a possibility distribution pk,and the possibility distribution p attached to(z1,�,zp) is p=mink=1,p pk [Dubois & Prade, 1988]. Letz=(z1,�,zp) and d=(d1,�,dn). The degree of satisfaction ofC by (d,z) is mR(d,z) and is ill-known, because so is z. A robust solution to the constraint C is d such that (d,z)satisfies C for all possible values of z.In the non-flexible case, and assuming that the possiblevalues of z form a subset A of E1·�·Ep, v=d is a robustsolution to constraint C if and only if "z˛A, (d,z)˛R thatis, d˛R(v)={d,{d}·A˝R}.In the general case let A1={z,p(z)=1} be the set of normalvalues of z and

A be the set of possible values of z (i.e., novalue is possible outside

A). Similarly let R1 be the set ofpreferred values of (v,z) and

R be the set of feasible values of(v,z). Then a completely robust solution d is one that totallysatisfies C for all possible values of Z, i.e.,"z˛

A, (d,z)˛R1.A partially robust solution d is one that partially satisfies Cfor all normal values of z, i.e.,"z˛A1, (d,z)˛

R.The qualitative utility function enables a degree to which dis a robust solution to C to be computed as followsmC(d)=Nz(R(v))=infz max(n(p(z)),mR(d,z)).Accepting a solution such that mC(d)‡a, where a˛U , means that—one accepts to assume that the actual value of z will lie inAn(a)={z|p(z)‡n(a)} where n is the order-reversingfunction that maps degrees of preference a˛U to degreesof possibility in V ;—taking this assumption for granted, any solution such thatmC(d)‡a satisfies for sure the constraint C to level a forany eventual value of z in An(a).Again, the qualitative utility function tries to compromisebetween uncertainty and preference via a commensuratenessassumption. A solution is all the better if it can cope withmore implausible values of uncertain parameters.Example: Tom wants to attend a meeting that starts ateight o’clock, and wants to decide when to get up so as toarrive on time. He has to take a bus, and the ride takes about1 hour. He does not want to leave his home too early, saybefore 7 but not before 6.30. This is modelled by a fuzzyinterval M such that

M=[6.5, 7] and M1={7}. The constrainton the arrival time is that not more than 1/4 hour delay isacceptable, so that it is a fuzzy interval N with N1=[7, 8]and

N=[7, 8.25]. The uncertainty about the trip duration ismodelled by a possibility distribution p=mA with A1={1}and

A=[0.75, 1.25] because if Tom is lucky (no wait, notraffic) the trip takes 3/4 hour, while if he is unlucky, itmay take 1/2 hour more. The problem is to find a startingtime s for the trip, such that s lies in M (constraint aboutgetting up), and so that whatever the duration z of the tripthe arrival time s+z is acceptable, i.e., lies in N. Applyingthe above qualitative utility theory with U=V=[0,1], andn(a)=1—a, it comes down to finding s which maximizesmin(mM(s), infz max(1—mA(z),mN(s+z))) where mM, mA, mNare membership functions. To understand this expression, itis enough to see it as a multiple-valued evaluation of thesentence $s, s˛ M and " z if z˛ A then s+t˛ N. Themaximization and the minimization are multiple-valuedcounterparts of the existential and the universal quantifiersrespectively, and max(1—a,b) is a multiple-valuedimplication. The term infz max(1—mA(z),mN(s+z)) is thequalitative utility of choosing s as a starting time decision,in a situation where the incomplete knowledge about z isdefined by p=mA, and where the preference level of decision sin situation z is mF(z)=mN(s+z) (evaluating to what extentthe arrival time constraint is violated). With linear member-ship functions it is found that Tom should leave his home at6:52’30" am; then provided that the trip does not exceed1:11’20", it ensures that Tom will not be more than 3’50"late. Note that the trip length estimate is rather safe. SeeDubois et al. [1995] for a full treatment of this example, andthe application of this approach to job-shop scheduling.6Decision with Generic Knowledge and GenericPreference InformationBelief states are often incompletely specified through the useof pieces of knowledge and information, some of whichbeing uncertain. In other words, a possibility distributionover the possible situations is not always explicitlyspecified. Besides, preferences might also be incompletelyspecified. An instance of such problems is given by thefollowing motivating example used in [Tan & Pearl, 1994b]and Boutilier [1994]. An agent is supposed i) to know that"if I have the umbrella, then I will be dry", ufid; "if it rainsand I do not have the umbrella, then I will be wet",r�´ufi´d; and "typically if it is cloudy, it will rain", cfir,(the latter rule is uncertain) ii) to observe that the sky iscloudy, iii) to prefer being dry rather being not dry df´d andcarrying no umbrella ´ufu. It is further assumed that "beingdry is more important than not carrying an umbrella"(df´u). The problem is then for the agent to decide whetheror not to take an umbrella.Interpreting rules via material implication, knowledgeexpressed by (i) can be encoded in possibilistic logic[Dubois et al., 1994b] by assuming N(´u� d ) = 1 , N(´r�u�´d)=1, N(´c�r)=1—l<1 and N(c)=1, where N is anecessity measure. The least informative possibility distri-bution (on interpretations) obeying these constraints is suchthat the situations r�u�d and r�´u�´d have possibility 1,´r�u�d and ´r�´u�d and ´r� ´u�´d have a smallerpossibility, say l, with 0<l<1, while the other situationsare virtually impossible. Note that the precise value of levell remains unknown in our example. We have also to definethe fuzzy sets of preferences Fu and F´u, associated with theactions ’taking an umbrella’ and ’not taking an umbrella’,over the set of relevant situations. Fu will be a non-normalized fuzzy set (m/r�u�d, m/´r�u�d) with m<1 causedby agent’s reluctance to carry an umbrella. F´u will be thefuzzy set (a/r�´u�´d, b/´r�´u� d, a/´r�´u�´d) withb>a. Moreover, a<m since it is more important to be drythan not to carry an umbrella. It can be checked thatNp(Fu)=min(m,max(m,n(l))=mandNp(F´u)=min(a,max(n(l),b),max(n(l),a)=a<Np(Fu).It leads to the decision: "take an umbrella". The value of ldoes not influence the result since the important point inthis very elementary example is that it is strictly moreplausible that it rains rather than it does not rain, and ourapproach is risk-averse (that is, here, rain-averse). Note thatin the above example, the rules are not conflicting. In the case of conflicting rules one may use the method developedby Benferhat et al. [1992] for encoding exception-prone rulesin possibilistic logic.7Concluding RemarksWe have proposed a utility-based, axiomatically-grounded,decision theory which only requires ordinal scales for theassessment of uncertainty and preferences. The proposedapproach opens the road to a genuine decision theory in theframework of possibility theory, a long term goal whichwas already at the basis of the work of the English econo-mist Shackle [1961]. It can be applied in problems wherethe information is very rough and qualitative, includingdecision-theoretic planning. If we can afford scales with asomewhat richer structure, we may, for instance, assuggested at the end of Section 4, use a product-based ratherthan a min-based approach. Due to the equivalence between"max-product" possibility theory and Spohn [1988]’s ordinalconditional "kappa" functions up to a rescaling (see [Dubois& Prade, 1991]), it would lead to a decision-theoreticframework for kappa functions, whose axiomatization couldbe investigated both in the possibilistic setting and in thevon Neumann-Morgenstern framework (with infinitesimallotteries). This is a topic for further research.References[Benferhat et al., 1992] S. Benferhat, D. Dubois, and H. Prade.Representing default rules in possibilistic logic. In Proc. 3rdInter. Conf. on Principles of Knowledge Representation andReasoning (KR’92), pages 673-684, Cambridge, MA, 1992.[Boutilier, 1994] C. Boutilier. Toward a logic for qualitativedecision theory. In Proc. 4th Inter. Conf. on Principles ofKnowledge Representation and Reasoning (KR’94) (J. Doyleet al., eds.), pages 75-86, Bonn, Germany, 1994.[Dubois, 1986] D. Dubois. Generalized probabilisticindependence and its implications for utility. OperationsResearch Letters, 5(5):255-260, 1986.[Dubois & Prade 1980] D. Dubois, and H. Prade. Fuzzy Sets andSystems. Academic Press, New York, 1980.[Dubois & Prade, 1988] D. Dubois, and H. Prade. PossibilityTheory. Plenum Press, New York, 1988.[Dubois & Prade, 1990] D. Dubois, and H. Prade. Aggregation ofpossibility measures. In Multiperson Decision MakingUsing Fuzzy Sets and Possibility Theory (J. Kacprzyk, andM. Fedrizzi, eds.), pages 55-63, Kluwer Academic Publ.,Dordrecht, 1990.[Dubois & Prade, 1991] D. Dubois, and H. Prade. Epistemicentrenchment and possibilistic logic. A r t i f i c i a l Intelligence, 50:223-239, 1991.[Dubois et al., 1993] D. Dubois, J.C. Fodor, H. Prade, and M.Roubens. Aggregation of decomposable measures withapplication to utility theory. Tech. Report IRIT/93-55-R,IRIT, Univ. P. Sabatier, Toulouse, 1993. To appear inTheory and Decision.[Dubois et al., 1994a] D. Dubois, H. Fargier, and H. Prade.Propagation and satisfaction of flexible constraints. InFuzzy Sets, Neural Networks, and Soft Computing (R.R.Yager, and L.A. Zadeh, eds.), pages 166-187, Van NostrandReinhold, New York, 1994.[Dubois et al., 1994b] D. Dubois, J. Lang, and H. Prade.Automated reasoning using possibilistic logic: Semantics,belief revision, and variable certainty weights. IEEE Trans.on Knowledge and Data Engineering, 6(1):64-69, 1994.[Dubois et al., 1994c] D. Dubois, H. Prade, and Ph. Smets.Representing partial ignorance. In: Tech. Report IRIT/94-40-R, IRIT, Univ. P. Sabatier, Toulouse, France, 1994. Alsoin IEEE Trans. on Systems, Man and Cybernetics, to appear.[Dubois et al., 1995] D. Dubois, H. Fargier, and H. Prade. Fuzzyconstraints in job-shop scheduling. To appear in J . Intelligent Manufacturing, 1995.[Freuder 1989] E.C. Freuder. Partial constraint satisfaction. InProc. 11th Inter. Joint Conf. on Artificial Intelligence(IJCAI’89), pages 278-283, Detroit, Michigan, 1989.[Hougaard and Keiding, 1994] J.L. Hougaard, and H. Keiding.Representation of preferences on fuzzy measures by a fuzzyintegral. Institute of Economics, University of Copenhagen,1994.[Inuiguchi et al., 1989] M. Inuiguchi, H. Ichihashi, and H.Tanaka. Possibilistic linear programming with measurablemultiattribute value functions. ORSA J. on Computing,1(3):146-158, 1989.[Pearl, 1993] J. Pearl. From qualitative utility to conditional"ought to". In: Proc. 9th Inter. Conf. on Uncertainty inArtificial Intelligence (D. Heckerman, and H. Mamdani,eds.), pages 12-20, Morgan & Kaufmann, San Mateo, CA,1993.[Savage, 1972] L.J. Savage. The Foundations of Statistics.Dover, New York, 1972.[Shackle, 1961] G.L.S. Shackle. Decision, Order and Time inHuman Affairs. (2nd edition) Cambridge University Press,Cambridge, UK, 1961.[Smets, 1990] Ph. Smets. Constructing the pignisticprobability function in a context of uncertainty. InUncertainty in Artificial Intelligence, Vol. 5 (M. Henrion etal., eds.), pages 29-39, North-Holland, Amsterdam, 1990.[Spohn, 1988] W. Spohn. Ordinal conditional functions: Adynamic theory of epistemic states. In Causation inDecision, Belief Change, and Statistics (W.L. Harper, and B.Skyrms, eds.), pages 105-134, Kluwer Academic Publ.,1988.[Sugeno, 1974] M. Sugeno. Theory of fuzzy integrals and itsapplications. Doctoral thesis, Tokyo Institute ofTechnology, 1974.[Tan & Pearl, 1994a] S.W. Tan, and J. Pearl. Specification andevaluation of preferences under uncertainty. In Proc. 4thInter. Conf. on Principles of Knowledge Representation andReasoning (KR’94) (J. Doyle et al., eds.), pages 530-539,Bonn, Germany, 1994.[Tan & Pearl, 1994b] S.W. Tan, and J. Pearl. Qualitativedecision theory. In Proc. 11th National Conf. on ArtificialIntelligence (AAAI’94), pages 928-933, Seattle, WA, 1994.[von Neumann & Morgenstern, 1944] J. von Neumann, and O.Morgenstern. Theory of Games and Economic Behavior.Princeton University Press, Princeton, NJ, 1944.[Wald, 1950] A. Wald. Statistical Decision Functions. Wiley &Sons, New York, 1950.[Whalen, 1984] T. Whalen. Decision making under uncertaintywith various assumptions about available information. IEEETrans. on Systems, Man and Cybernetics, 14:888-900,1984.[Yager, 1979] R.R. Yager. Possibilistic decision making. IEEETrans. on Systems, Man and Cybernetics, 9:388-392, 1979.[Zadeh, 1975] L.A. Zadeh. Calculus of fuzzy restrictions. InFuzzy Sets and Their Applications to Cognitive andDecision Processes (L.A. Zadeh et al., eds.), pages 1-39,Academic Press, New York, 1975.[Zadeh, 1978] L.A. Zadeh. Fuzzy sets as a basis for a theory ofpossibility. Fuzzy Sets and Systems, 1:3-28, 1978.