A LOGICAL APPROACH TO INTERPOLATION BASED ONSIMILARITY RELATIONSDidier DUBOIS*, Francesc ESTEVA**, Pere GARCIA**, Llu�s GODO**and Henri PRADE**Institut de Recherche en Informatique deToulouse IRIT-CNRS,Universit� Paul Sabatier31062 Toulouse Cedex, France**Institut d’Investigaci� en Intellig�nciaArtificial IIIA-CSIC, Campus Univ. Autonoma Barcelona08193 Bellaterra, Barcelona, SpainAbstractOne of the possible semantics of fuzzy sets is in terms of similarity, namely agrade of membership of an item in a fuzzy set can be viewed as the degree of resemblancebetween this item and prototypes of the fuzzy set. In such a framework, an interestingquestion is how to devise a logic of similarity, where inference rules can account for theproximity between interpretations. The aim is to capture the notion of interpolation insidea logical setting. In this paper, we investigate how a logic of similarity dedicated tointerpolation can be defined, by considering different natural consequence relationsinduced by the presence of a similarity relation on the set of interpretations. Theseconsequence relations are axiomatically characterized in a way that parallels thecharacterization of nonmonotonic consequence relationships. It is shown how toreconstruct the similarity relation underlying a given family of consequence relations thatobey the axioms. Our approach strikingly differs from the logics of indiscernibility, suchas the rough sets logics, because emphasis is put on interpolation capabilities. Potentialapplications are fuzzy rule-based systems and fuzzy case-based reasoning, where notionsof similarity play a crucial role.

21. IntroductionCommonsense reasoning often involves one of three basic epistemic notions, viz.uncertainty, preference and similarity. Uncertainty has been studied for a long time and isa major topic of Artificial Intelligence research. There exists many formal approaches touncertain reasoning, based on probability theory (Pearl, 1988), possibility theory(Dubois, Lang and Prade, 1994), belief functions (Smets and Kennes, 1994), ornonmonotonic inference (e.g., Lehman and Magidor, 1992). Preference modeling hasreceived a lot of attention in decision theory for a long time, using numerical approachessuch as utility theory (Savage, 1954), or relational approaches (Kitainik, 1993; Fodor andRoubens, 1995). On the contrary the notion of similarity has received less attention in thescope of logical models of reasoning. Yet, a certain number of works do exist on thetopic, but are rather scattered in the literature: behavioral studies such as Tversky (1977),mathematical works that consider graded extensions of equivalence relations (Zadeh,1971; Valverde, 1985; Ovchinnikov, 1991), a logical treatise describing similarities in aqualitative way (Lewis, 1973) and some extensions of it (Williamson, 1988), and a fewattempts at modelling approximate reasoning based on a notion of similarity (Ying, 1994;Klawonn and Castro, 1995; Klawonn and N�vak, 1996)Similarity is the basic tool in at least three cognitive tasks: classification, case-based reasoning and interpolation. In classification tasks, objects are put in the same classinsofar as they are indistinguishable with respect to suitable criteria. Similarity is meant todescribe indistinguishability, and an important limiting case is obtained using equivalencerelations leading to the partitioning of a set of objects. Classification based on equivalencerelations is done in the theory of rough sets (Pawlak, 1991). Case-based reasoning(Kolodner, 1993) exploits the similarity between already solved problems and a newproblem to be solved in order to build up a solution to this new problem. When thissolution to a new problem is obtained by adapting solutions to already solved problems,the reasoning methodology then comes close to a matter of interpolation, whereby thevalue of a partially unknown function at a given point of a space is estimated byexploiting the proximity of this point to other points for which the value of the function isknown. Although interpolative inference is part of usual commonsense reasoning tasks, ithas been seldom considered as amenable to logical settings, because it fundamentallyrelies on a gradual view of proximities that is absent from classical logic. In contrast,uncertain reasoning, which also involves gradual notions, has received a logicaltreatment. Results in nonmonotonic reasoning show that some form of uncertainreasoning can be captured by equipping the set of interpretations with an orderingstructure expressing plausibility (Shoham, 1988; Lehmann and Magidor, 1992). It is thus

3tempting to model interpolative reasoning by equipping a set of logical interpretationswith a proximity structure.This kind of investigation has been started by Ruspini (1991) with a view to castfuzzy patterns of inference such as the generalized modus ponens of Zadeh (1979) into alogical setting. Indeed in the scope of similarity modeling, a basic reasoning pattern canbe expressed informally as follows,p is close to being truep approximately implies q�(ES)q is not far from being truewhere "close", "approximately", and "not far" refer to a similarity relation, while p and qare classical propositions. This pattern will be referred to as the extrapolative syllogism(ES), and is in accordance with the generalized modus ponens of Zadeh.An example of situation where this type of inference pattern looks natural is thefollowing. Consider the expert advice in finance: "if you have saved more than 10.000 $(p) then you should invest 50 % of your capital". Suppose you have 9.500 $ (p’). Usingclassical logic, p’ ¡ p, and thus p’ � (p fi q) ¡ q. But in practice people would not waitto reach the 10.000 $ threshold and would start investing some percentage of theirsavings, all the closer to 50 % as these savings amount to near 10.000 $. In that case thesimilarity stems from the metric structure equipping the monetary scale.In this paper an attempt is made to equip the above pattern of inference withlogical underpinnings. In the first section the concept of a similarity relation is recalled.Then two types of approximate inference based on similarity are defined. They are basedon implication measures introduced by Ruspini (1991). It is shown that they areequivalent. A third type of inference, basically due to the lack of truth-functionality oflogics of similarity, is also studied. Similarity based consequence relations are givenrepresentation theorems that highlight their characteristic properties. The next sectiongeneralizes one of the representation theorems to when the set of interpretations isrestricted to a subset of models. Then three distinct approaches to approximate entailmentexist. The following section explains how the proposed setting captures the type ofinterpolative reasoning at work in fuzzy rule-based systems, and suggests gradual rules(Dubois and Prade, 1992a) as a natural notion of fuzzy rules in this context. Some hintsare given on the relation between similarity based consequence relations and Lewis’logics of counterfactuals. Proofs of main results are gathered in the Appendix.

42. Similarity and Approximate SatisfiabilityOne of the possible semantics of fuzzy sets (Zadeh, 1965) is in terms ofsimilarity, namely a grade of membership mF(w) of an element w in a fuzzy set F can beviewed as the degree of resemblance between w and protoptypes of the fuzzy set F. Oneway of proceeding is to start with a set equipped with a similarity relation. Let W be afinite set and let I be structure of a complete lattice ordered semi-group, a structureproposed by Goguen (1969). A typical example of such a structure is the unit interval[0,1] equipped with maximum and minimum, an order-reversing operation (1 — x), and asemi-group operation ~ with identity 1, also known as a triangular norm (Schweizer andSklar, 1983). Operation ~ is associative, commutative, non-decreasing in each place, 0~ a = 0 and 1 ~ a = a, " a ˛ I. For simplicity, we shall assume I = [0,1] in the paper. Afuzzy relation on W in the sense of (Zadeh, 1971) is a function S from W · W to I.Function S defines a similarity relation if and only if it satisfies the following properties(Valverde, 1985):— reflexivity: S(w,w’) = 1— symmetry: S(w,w’) = S(w’,w)— ~-transitivity: S(w,w") ‡ S(w,w’) ~ S(w’,w").When S(W · W) ˛ {0,1}, S is clearly an equivalence relation on W. The operation ~ issupposed to be continuous. Typical instances of operations ~ are—~ = minimum: then S is a similarity relation in the sense of Zadeh (1971). Especially,each level-cut Sa = {(w,w’) | S(w,w’) ‡ a} is an equivalence relation, and 1 — Sdefines a pseudo-ultrametric;—~ = product: this type of fuzzy relation goes back to Menger (1951) and has beenstudied by Ovchinnikov (1991);—~ = Lukasiewicz conjunction, i.e., a ~ b = max(0, a + b — 1). This type of fuzzyrelation is studied by Ruspini (1977), Bezdek and Harris (1978) who call it a likenessrelation. Then 1 — S is a pseudo-metric.A similarity in thus a notion dual to a distance. In the scope of interpolation it is relevantto reinforce reflexivity as follows: S(w,w’) = 1 iff w = w’. Then 1 — S is a generalizationof a metric, and the 1 — cut of S (that is, {(w,w’) | S(w,w’) = 1}) is just the equality on W.In this paper, only such similarity relations will be used. Another expression for thetransitivity is obtained from the concept of residuation. Namely let a ~fi b = sup{c | c ~a £ b}, where ~fi is a multiple-valued implication obtained via residuation. Theresiduation concept enables the following equivalence to be stated:

5 a ~fi b ‡ c iff c ~ a £ band it is obvious that the ~-transitivity of S is equivalent to stating for all w, w’, w":S(w, w’) ~fi S(w’, w") ‡ S(w, w").Similarity relations and fuzzy sets can be closely related. Namely let A ˝ W be anon-empty subset of W. Then a similarity relation S allows us to define the non-emptynormalized fuzzy set A* of elements close to A as follows:mA*(w) = maxw’˛A S(w,w’).A* is the image of A through the relation S and will be denoted AłS as well.Reciprocally, any non-empty fuzzy set F on W can be viewed as deriving from asimilarity relation S and a subset A such thatA = {w | mF(w) = 1} („ fl)

S(ω,ω')= min(μ^F(ω),μ^F(ω')), if μ^F(ω)≠ μ^F(ω')

1, otherwise

In the above definition the fuzzy relation is min-transitive. However it is always possibleto get a general ~-transitive relation. This is due to Valverde (1985)’s theorem ofrepresentation of similarity relations by fuzzy sets, based on residuation. Then theformula defining S in terms of F generalizes intoS(w,w’) = min(mF(w) ~fi mF(w’), mF ( w’) ~fi mF ( w)).When ~ = product,S ( w,w

’) = min

mF(w)m F(w ’ )

, m F ( w ’ ) mF(w)and S is product-transitive; when ~ i s t h e L u k a s i e w i c z c o n j u n c t i o n , S ( w,w’) = 1 —| m F(w ) — mF ( w ’)|. This result gives a formal justification to the fact that a degree ofmembership m F(w ) in a fuzzy set can be interpreted as a degree of similarity of w to"prototypes" of F, which form the set A. Moreover it points out that if q is a propositionin a formal propositional language L, of which W is the (finite) set of interpretations, thenthe similarity induces a fuzzy proposition q* whose (fuzzy) set of models is [q*] = [q]* =[q] ł S defined by means of the fuzzy relation S, where [q] is the set of models of q (theset of interpretations where q is true). Intuitively q* means "approximately q", "not farfrom q", where "approximately", "not far from" is mathematically expressed by thesimilarity relation S.

6Clearly, a logic dealing with propositions of the form q* is a fuzzy logic in thesense of a many-valued logic, whose truth-value set is the range of S(w,w’), for instance[0,1]. The satisfaction relation is graded and denoted ¥Sa; namely,w ¥Sa q iff m[q*](w) ‡ aThat is, there exists a model w ’ of q which is a -similar to w. In other words, wbelongs to the a-cut of [q*] that will be denoted by [q*]a . The degree of approximatesatisfaction of q by w in the sense of S has been introduced by Ruspini (1991), and shallbe denoted IS (q | w ) = m[ q * ] ( w ) = maxw ’ ¥ q S(w ,w ’). Note that, identifying eachinterpretation w of Wwiththeconjunctionofliteralsmadetruebyw1,wehavethatIS(w’| w ) = S(w ,w ’). Thus, one may have w ¥ Sa w’ for w ’ „˚w. Indeed it means that w andw’ are close enough to each other in the sense that S(w ,w’) ‡ a. Note that w ¥Sa w’ isequivalent to w’ ¥Sa w since S is symmetric. For the sake of simplicity, the subscript Swill be omitted from the symbol ¥Sa whenever no confusion is possible.Onemightbetemptedtodefineamultiple-valuedlogicofsimilarity,requiringtheu s u a l t r u t h - f u n c t i o n a l i t y a s s u m p t i o n s . U n f o r t u n a t e l y s u c h a l o g i c c a n n o t b e t r u t h - f u n c t i o n a l . N a m e l y g i v e n S , t h e t r u t h - v a l u e e v a l u a t i o n I ( q | w) associated to theinterpretation w is truth-functional neither for the negation nor for the conjunction. To seeit notice that if A* = [q], �

A

= [´q]m(

A

)*(w ) = maxw’ˇA S(w ,w ’ ) while, noticing that the membership of the complement of a fuzzy set F is c(mF) where cis a negation function (decreasing, involutive, c(0) = 1, c(1) = 0), here c(x) = 1 — x:m

(A*)

(w) = 1 — maxw˛ A S(w,w’) = minw˛ A 1 — S(w,w’).The latter expression is clearly unrelated to the former, and is called lower approximationof �A, denoted (�A)* (Dubois and Prade, 1992b). It is easy to check that A* ˝ A ˝ A*,so that the fuzzy proposition A* is the "interior" of A while A* encompasses itsneighborhood.For conjunction notice that generally

1 F r o m n o w o n , a n d f o r t h e s a k e o f s i m p l i c i t y , w e s h a l l u s e t h e s a m e s y m b o l w t o d e n o t e b o t h a n interpretation of the language L and the proposition which is the conjunction of literals made true by w.

7maxw ’˛ A ˙ B S(w’,w)is not a f u n c t i o n o f m a x w ’ ˛ A S(w ,w ’) and maxw ’ ˛ B S(w ,w ’)). For instance if A ={w1}, B = {w2}, then [A ˙ B]* = fl (empty set) but A* ˙ B* „ fl, choosing w1 and w2such that S(w1,w2) > 0. However for disjunction we do have that [p � q]* = [p]* ¨ [q]*w h e r e ¨ t r a n s l a t e s i n t o m a x i m u m o f t r u t h - v a l u e o f p * a n d t r u t h - v a l u e o f q * s i n c e m a x w ’˛ A ¨ B S(w’,w) = max(maxw ’˛ A S(w’,w), maxw ’˛ B S(w’,w)). HenceIS(p � q | w) = max(IS(p | w), IS(q | w)).This fact stresses the difference between similarity logic and other logicsunderlying fuzzy sets such as Lukasiewicz logic or the more recent family of monoidallogics (H�hle, 1994). The reason for the lack of truth-functionality is that here all fuzzypropositions are interpreted in the light of a single similarity relation. This fact puts asevere constraint on the set of fuzzy propositions, so that there are in some sense lessfuzzy propositions here than in most standard many-valued calculi. Similarity logic ismore constrained, since the set of fuzzy subsets of W corresponding to classicalpropositions {[q*] | q ˛ L} is only a proper subset of the set [0,1]W of all fuzzy subsetsof W. This lack of truth-functionality has also been noticed in the theory of rough sets(Pawlak, 1991). Rough sets are a theory of similarity based on equivalence relations thathandles upper and lower approximations A* and A* of sets. The lack of truth-functionality is thus not due to the fuzziness of similarity.A more natural logical setting for similarity-based reasoning is the one of modallogics which is tailored to account for relations on the set of interpretations. The similarityrelation S can be considered as a family of nested accessibility relations Ra on the set ofpossible worlds W defined asw Ra w’ iff S(w, w’) ‡ aTherefore, enlarging the logical language, we can define, for each a, a usual pair of dualmodal operators ¿aand �awiththefollowingstandardsemantics:w ¥ �apiffthere exists w’ such that w Ra w’ and w’ ¥ pw ¥ ¿apifffor every w’ such that w Ra w’ then it holds w’ ¥ pIf the similarity relation is min-transitive, i.e., S(w,w’) ‡ min(S(w,w"), S(w",w’)), thenthe accessibility relations Ra are equivalence relations, and therefore, for each a, ¿aand�a are a pair of dual S5 modal operators. These types of modal logics generalize roughset logics (Orlowska, 1984) and have been studied by Nakamura (1992). It is easy tocheck that the above defined graded satisfaction ¥a is directly related to the possibility

8operator � a i n t h e s e n s e t h a t i f q i s a n o n - m o d a l p r o p o s i t i o n , t h e n t h e f o l l o w i n g equivalenceholds:w ¥a q iffw ¥ �a q . However, rather than developping a full-fledged multimodal logic (see Rodriguezet al. (1995) for a preliminary investigation), it is also important to study what types ofconsequence relations make sense in the presence of similarity relations. Especially ourpurpose differs from the program of rough set logics and their extensions. In the latter theb a s i c c o n c e p t i s i n d i s t i n g u i s h a b i l i t y , a n d t h e a p p r o x i m a t e d e s c r i p t i o n o f o b j e c t s o r c o n c e p t s t h a t r e s u l t s f r o m b l u r r i n g e f f e c t s . O n t h e c o n t r a r y , o u r e m p h a s i s i s o n interpolation, that is, exploiting the proximity of situations in order to make inferencemore powerful, and extrapolate about situations not strictly covered by the availableknowledge.3. Approximate EntailmentThe previous graded satisfaction relation can be extended over to a gradedsemantic entailment relation between classical propositions:Definition 1. A proposition p approximately entails a proposition q at degree a, writtenp ¥a q, if and only if each p-world makes q* at least a-true:p ¥a q iff [p] � [q*]a.When a > 0, p ¥a q means that when p is true, q is close to being true, or in other wordsthatpentailsapropositionapproximatelyequivalenttoq.Themeaningofthisinferenceismade clear on Figure 1. The condition of this entailment relation can be also expressedusing Ruspini’s implication measure (Ruspini, 1991), when p „ ^, q „ ^ as:p ¥aq iff IS(q | p) = Minw¥p maxw’¥q S(w,w’) ‡ a

[q*]a[p][q]

9Figure 1: Approximate entailment p ¥aq.If p = ^ then IS (q | ^ ) = 1. If q = ^ and p „ ^ then I(^ | p) = 0, by convention. Acompanion to this measure is the so-called consistency measure defined as CS(q | p) =Maxw¥p Maxw’¥q S(w,w’) which will play a minor role in this paper. It is easy to verifythatIS(q | p) = minw¥p IS(q | w).It is obvious that {¥a}a˛[0,1] is a nested family: p ¥a q implies p ¥b q for anyb £ a. This is due to the nestedness property of level cuts. Besides it is continuous frombelow: if p ƒb q for every b < a, then p ƒa q. Moreover, ¥ 1 is just the classical logicconsequence relation. Indeed, p ¥1 q means that Minw¥ p Maxw ’¥ q S(w, w’) = 1, andthis in turn means that [p] � {w ’ ¥ q | S(w, w’) = 1}. But the similarity relationsconsidered here are such that S(w, w’) = 1 implies w = w’. Hence {w’¥ q | S(w, w’) = 1}= [q]. Of course the inference ¥0 is the universal one because IS(q | p) ‡ 0 always holds.R e m a r k a b l e p r o p e r t i e s o f t h e a p p r o x i m a t e e n t a i l m e n t r e l a t i o n ¥a are pointed out in(Dubois and Prade, 1995; Dubois et al.1995):~-Transitivity:if p ¥a r and r ¥b q then p ¥a~b q where ~ is the t-normforwhichtheunderlyingsimilarityrelationistransitive.Reflexivity: "a, p ¥a pRight weakening:if q ¥ r and p ¥a q then p ¥a rLeft strengthening:if p ¥ r and r ¥aqthenp¥aq(monotonicity)Left OR:p � q ¥a r iff p ¥a r and q ¥a rRight OR: If r has a single model, r ¥a p � q iff r ¥a p or r ¥a qConsistency preservation:if p „ ^ then p ¥a ^ only when a = 0.The most remarkable property is the ~-transitivity, which requires that ~ be continuous.It follows from the ~ -transitivity of S and has been proved by Ruspini (1991, Theorem1):IS(r | p) ‡ IS(r | q) ~ IS(q | p).This result entirely bears on the existence of a unique similarity structure on W.Generally, it does not hold that for any set A and any two fuzzy sets F= B ł S and G =C ł S’, induced by similarity relations S and S’,

10minw˛A mF(w) = a and minw˛B mG(w) = b imply minw˛A mG(w) = f(a,b) > 0Said otherwise, and using the modal notation p ¥ �a q, notice that q ¥ �a q but not theconverse �aq ¥ q, so that formally it is not expected anything informative from p ¥ �aqand q ¥ �br, generally, if nothing relates the modalities. Of course it is possible to infer p¥ �a�br but no reduction of modalities may take place. In S5, p ¥ �q and q ¥ �r imply p¥ �r, because �r coincides with �r. So if S = S’ is a min-transitive relation then �a�a isnothingbut�a. Forother~-transitivesimilarities,thetransitivitypropertyisweakerthanusual and the graceful degradation of the strength of entailment it expresses is rathern a t u r a l ( G o g u e n , 1 9 6 9 ) . T h e r i g h t w e a k e n i n g a n d l e f t s t r e n g t h e n i n g p r o p e r t i e s a r e consequences of the ~-transitivity property.The left OR is necessary to handle disjunctive information and is easily derived asfollows: IS(q | p � r)= Minw¥p � r Maxw’¥q S(w, w’) = min(Minw¥p Maxw’¥q S(w, w’), Minw¥r Maxw’¥q S(w, w’))= min(IS(q | p), IS(q | r)).The right OR is a consequence of the truth-functionality for the disjunction connective insimilarity logic. It must be noticed that ¥a does not satisfy the Right And property, i.e.,from p˚¥a q and p ¥a r it does not follow in general that p ¥a q � r. Hence the set ofconsequences of p in the sense of ¥a will neither be deductively closed nor consistent (itis possible to have both [p] ˝ [q*]a and [p] ˝ [(´q)*]a). But what will be exploited fort h e p u r p o s e o f i n t e r p o l a t i v e r e a s o n i n g i s n o t s o m u c h t h e s e t { q | p ¥a q} of a -consequences of p, but the fuzzy set of approximate conclusions {([q*]a, a) | $ a > 0, p¥a q}. Note that while {q | p ¥a q} is generally inconsistent, the set {[q*]a | $ a > 0, p¥a q} is consistent in the sense that the set of interpretations ˙ {[q*]a | $ a > 0, p ¥aq} is non empty.Lastly, as indicated also in (Dubois and Prade, 1995), another property, the so-called CUT, which holds for classical semantical entailment, does not hold either for ¥a,that is,p ¥a r and p � r ¥b q do not imply p ¥f(a,b) qwith a > 0, b > 0 and f(a , b) > 0. Indeed, consider the case where [p] ˙ [r] = fl, thenIS(q | p � r) = 1. In general there exists q such that IS(q | p) = 0 while there exist p and rsuch that IS(q | p � r) ~ IS(r | p) = 1 ~ IS(r | p) > 0, i.e., $a, [p] ˝ [r] ł Sa (with [p] ˙

11[r] = fl). Indeed IS(r | p) > a only expresses the inclusion of the set of models of p intothe set of neighbours of the models of q, but not necessarily into the subset of the modelsof q.A first result towards a characterization of the similarity-based approximateentailment in terms of the above properties is given in the next theorem, where aconsequence relation p ƒa qmeans"pentailsapproximatelyq","pentailsthatqisnotfarfrom being true", and a is a level of strength, expressing closeness to truth.Theorem 1 (Characterization of the approximate entailment). Let L be a finiteBoolean algebra of propositions. Suppose we have a family of consequence relations{ƒa}a˛[0,1] (i.e., ƒa � L · L) fulfilling the following properties:1) {ƒa}a˛[0,1] is a nested family: p ƒa q implies p ƒb q for any b £ a,2)ƒ1 is exactly the classical logic consequence relation and ƒ0 is the universal one,3) symmetry: w ƒa w’ iff w’ ƒa w, for any pair of interpretations.4) ~-transitivity: p ƒa q and q ƒb r implies p ƒa~b r5) Left Or: p � r ƒa q iff p ƒa q and r ƒaq6) Right OR: If r has a single model, r ¥a p � q iff r ¥a p or r ¥a q7) Consistency preservation: if p „ ^ then p ƒa ^ only if a = 0.8) Continuity from below: if p ƒb q for every b < a, then p ƒa qThen, there exists a ~-similarity relation S on the set W such that p ƒa q iff IS(q | p) ‡ a,for each a˛[0,1]. And conversely, for any ~-similarity S on W, the consequence relationdefined as p ¥a q iff IS(q | p) ‡ a verifies the above set of properties. The basic step in the proof, given in the Appendix and abusing the notation, is thepostulated identity between S(w,w’) ‡ a and w ƒa w’. So, it is natural to define S(w,w’)= sup{a |˚w ƒa w ’}, and to check that the axioms make it a similarity relation, the onethat generates the family {ƒa}. The continuity condition makes it sure that w ƒa w’ canbe derived from S(w, w’) ‡ a. This assumption would be not necessary if only a finiteset of nested consequence relations {ƒa}a˛ G is considered, where G is a finite subsetof [0, 1] containing 0 and 1, and (G, ~) is a finite totally ordered semi-group that is notnecessarily the restriction of a t-norm. In that case, a ~-similarity relation S should beunderstood as a reflexive, symmetric and ~-transitive relation S: W · W fi G.Using again the modal logic setting, an alternative entailment in similarity logicwould be: p ¥ ¿aq. By definition, we get that p ¥ ¿aq iff [p*]a � [q]. It means that notonly does p imply q but that q also holds in the vicinity of p. As usual in modal logics,

12this notion of entailment is stronger than the classical entailment, both being equivalentonly in the case a = 1, and thus it does not correspond to the idea of approximateinference. Finally, notice that the implication and consistency measures IS(q | p) andCS(q | p) can also be expressed in terms of the modal entailments (Esteva et al., 1994a):IS(q |˚p) = sup{a | p ¥ �a q } C S(q | p) = sup{a | p � �a q „ ^}.4. P r o x i m i t y E n t a i l m e n t : a n o t h e r v i e w o f s i m i l a r i t y - b a s e d i n f e r e n c e . The considered approximate entailment evaluates to what extent p is close to beingtrue in the extrapolative syllogism, given that another proposition p’ is known to hold.Now we turn to the representation of the second premise of the extrapolative syllogism.One way of modeling it is to attach a weight b to this premise and to interpret "papproximately implies q" as p ¥b q. However there is another understanding of thesecond premise, namely: p implies q, and if p is close to being true then q is close tobeing true as well. In other words the neighborhood of the models of p should lie in then e i g h b o r h o o d o f t h e m o d e l s o f q . T h i s c a n b e f o r m a l l y e x p r e s s e d a s [ p * ] ˝ [q*], where the inclusion is in the sense of Zadeh (1965). This inference isdenoted as p |” q. Obviously, p |” q iff "w, IS(p | w) £ IS(q | w), or equivalently,"w , maxw ’¥ p S(w,w’) £ maxw ’¥ q S(w,w’)The name "proximity entailment" expresses that the implication relates not only themodels of p to the models of q, but also involves the interpretations close to the models ofp; see Figure 2.

[p][q][q*]a[q*]b[p*]b[p*]a

Figure 2: Proximity entailment p |”1q

13It can also be expressed in terms of a multiple-valued implication fi, calledRescher-Gaines implication, such that a fi b = 1 if a £ b and 0 otherwise. Then p* fi q*is a classical proposition and p |” q iff W ˝ [p* fi q*]. However this definition does notlook exciting as such. First note that [´p � q] contains [p* fi q*] as a subset. Indeedconsider w ¥ ´p � ´q such that maxw ’ ¥ p S ( w , w ’) = a > 0 a n d m a x w ’ ¥ q S ( w ,w ’) = 0. Then, w is in the vicinity of [p] but far from [q]. So, w ˇ [p* fi q*] while w ¥´p � q. Now if w ˛ [p* fi q*], either w ¥ ´p and w ¥ ´p � q, or w ¥ p. In the lattercase, maxw ’ ¥ q S(w ,w ’) = 1, hence w ¥ q since S(w ,w ’) = 1 only when w = w’. As aconsequence the entailment p |” q is equivalent to the classical entailment since if W = [p*fi q*], then [�p � q] = [p* fi q*] = W . This is due to the fact that the same similarityrelation is used for exploiting the neighborhood of p and q. However, viewing p* fi q*as a constraint, restricting to the interpretations where the formula p* fi q* is true, ismore demanding than material implication.The set of models of [p* fi q*] can be extended to a fuzzy set of models if we usea residuated implication ~fi and letm[p* ~fi q*](w) = sup{a | a ~ m[p*](w) £ m[q*](w)}.Then [p* fi q*] is just the core of [p* ~fi q*]. In fact p* fi q* coincides with a gradualrule (Dubois and Prade, 1992a) of the form the "closer to truth is p, the closer to truth isq". It is easy to figure out that [p* fi q*] = �a˛ [ 0 , 1 ]

[p*]a ¨ [q*]a . We also get asimilar expression when we consider the residuated implication ~fi. Namely,[p* ~fi q*]a = �b˛ [0,1]

[p*]b ¨ [q*]a~bsince it holds that x~fiy ‡ a iff x ‡ b implies y ‡ a~b, for all b . In particular, when ~= minimum this expression reduces to[p* ~fi q*]a = �b £ a

[p*]b ¨ [q*]b Hence, the proximity entailment summarizes several classical entailment relations.Using the fuzzy implication operation, the proximity entailment can be graded aswell, and then it differs from the classical one:Definition 2. The a-proximity entailment p |”a q is defined byp |”a q iff W ˝ [p* ~fi q*]a .

14 Equivalently,p |”a q iff "w, a ~ IS(p | w) £ IS(q | w)since a ~fi b ‡ a is equivalent to a ~ a £ b. The corresponding graded satisfiabilityrelation is thusw |”a q � S(w,w ’) ~ a £ IS (q | w ’), " w’ ˛ W.Strictly speaking this is not a usual satisfiability relation since it also involvesinterpretations in the vicinity of w. It means that for any w’ in the vicinity of w, there is amodel of q, say w ", that is close to w ’ at level a ~ S(w , w’) at least . The proximityentailment relation, like the approximate entailment can be related to an implicationmeasure JS(q |p) = minw˛W IS(p | w) ~fi IS(q | w), in the sense thatp |”a q iff JS (q | p) ‡ a.The implication measure JS(q | p) is strongly related to Ruspini’s "conditional necessitydistributions" (Ruspini 1991, Definition 6) and it is a particular case of the "conditionalimplication measure" introduced in (Esteva et al. 1994a). The following propositionshows the proximity entailment is in fact the same as the approximate entailment.Proposition 1. JS(q | p) = IS(q | p)Proof. Let us first show that JS(q | p) £ IS(q | p). Indeed: JS(q | p) = minw˛W IS(p | w) ~fi IS(q | w) £ minw¥p 1 ~fi IS(q | w) �since IS(p | w) = 1 when w¥p = minw¥p IS(q | w) �since 1 ~fi a = a = IS(q | p).Now for the converse, develop JS(q | p) asJS(q | p) = minw˛W (maxw ’¥ p S(w’, w)) ~fi (maxw "¥ q S(w’, w)) = minw˛W minw’¥p maxw"¥q S(w’, w) ~fi S(w", w)(since the implication is decreasing in the wide sense in the first argument and increasingin the second one.) ‡ maxw"¥q minw˛W minw’¥p S(w’, w)) ~fi S(w", w) ‡ maxw "¥ q minw ’¥ p S(w’, w") �(using transitivity)

15 = IS(q | p). ¿¿Consequently, the proximity entailment |”a is equivalent to the approximate entailment¥a . Note that this equivalence holds due to the transitivity of S. Without this property,there holds that p |”a q implies p ¥a q only, because JS(q | p) £ IS(q | p) still holds.5. Yet Another Definition of Approximate EntailmentIn classical logic, p ¥ q is equivalent to p ¥ p � q, as a consequence of the closureof sets of consequences under the conjunction. However in similarity logic such a closureis not valid. It is thus possible to define an alternative approximate entailment notion thatexploitsthisfact:p ¥�a q � p ¥a p � q � IS(p � q | p) ‡ a.This definition also means that p ¥a q is equivalent to p � q ¥�a q since the latter meansIS(q | p � q) = min(IS (q | q), IS (q | p)) = IS (q | p) ‡ a . So, when q ¥ p, p ¥�a q isequivalent to p ¥aq,andingeneralp¥�a q is equivalent to p ¥�a p � q. The new conceptis however more demanding than the old one.Proposition 2. p ¥�a q implies p ¥a q. For a „ 0,1, the converse is false.Proof. Just use the right weakening property for ¥a . For the converse, assume a „ 0,1(otherwise we get usual kinds of consequence relations). It is obvious that one may havep � q = ^ and p ¥a q. But p ¥�a q then means p ¥a ^ which is not valid. ¿Interestingly, w ¥�a w’ never holds for w „ w ’. However we may have w � w’ ¥�a w’where for simplicity w denotes an interpretation as well as the formula whose uniqueinterpretation is w. It is easy to verify that w � w’ ¥�a w’ is equivalent to w � w’ ¥a w’u s i n g t h e p r e v i o u s l y d e f i n e d a p p r o x i m a t e e n t a i l m e n t . N o w , I S ( w ’ | w � w’) =min(S(w , w ’), S(w ’ , w ’ ) ) = S ( w , w’). Hence w � w ’ ¥�a w’ is equivalent to w ¥a w’which is a symmetric notion. Hence w � w’ ¥�a w’ is also equivalent to w � w’ ¥�a w. Sow � w’ ¥�a w’ is another way of writing S(w ,w ’) ‡ a . Obvious properties of theapproximate entailment relation ¥�a are reflexivity, right weakening, and cut. The latterwritesp ¥�a q and p � q ¥�br imply p ¥�a~b r.

16Indeed this property also readsp ¥a p � q and p � q ¥b p � q � r imply p ¥a~b p � rwhich holds by transitivity of ¥a and using the Right Weakening. The price paid is thelack of transitivity of ¥�a. Indeed p ¥�a q and q ¥�b r do not imply p ¥�a~b r since thetwo previous conditions do not exclude the case when p � r = ^. The left OR property isrestricted into:Proposition 3. p � q ¥�a r is equivalent to p ¥�a r and q ¥�a r , if and only ifr � p = r � q „ ^.Proof . p � q ¥�a r means p � q ¥a r � (p � q) which is equivalent to p ¥a r � (p � q)and q ¥a r � (p � q). Now p ¥a r � (p � q) is equivalent to p ¥a r � p if and only if (r �p) � (r � q) = r � p „ ^. The other condition q ¥�a r equivalent to q ¥a r � (p � q) leadsto (r � p) � (r � q) = r � q „ ^. The required condition is thus the equivalence betweenr �pandr� q and their non-contradiction.¿Again the left OR property holds if the possibility that r � p = ^ or r � q = ^ are ruledout. However the weaker following property holds unconditionally:Proposition 4. If p ¥�a r and q ¥�a r then p � q ¥�a r.Proof. We have to prove that p ¥a p � r and q ¥a q � r imply p � q ¥a r � (p � q).Now, this is just a consequence of a more general property of ¥a , namely: p ¥a q andp’ ¥a q’ imply p � p’ ¥a q � q’. This property is a consequence of the left OR and rightweakening properties of ¥a, applying left OR to p ¥a q � q’ and p’ ¥a q � q’.¿Lastly, it also holds that"w, (w � p ¥�a p or w � q ¥�a q) iff w � p �q¥�a p � q.This is due to the right OR property of the approximate entailment ¥a, since w � p ¥�a pwrites w ¥a p. Of course the AND rule fails for ¥�a just like for ¥a , and for the samereason.Lastlynotethatw ¥�a p either holds trivially with a =1 (when w ¥ p, since it ise q u i v a l e n t t o w ¥a w ) o r f a i l s ( a =0) if w ¥ ´p. Let us characterize the strongapproximate entailment ¥�a.

17Theorem 2. Characterization of strong approximate entailment. Let L be afinite Boolean algebra of proposition and let {ƒa | a ˛[0,1]}beafamilyofconsequencerelationsonLsatisfyingthefollowingproperties(i)p ƒa q implies p ƒb q for every b £ a(ii)ƒ1 is the classical logical consequence and ƒ0 the universal one(iii)consistency preservation: p ƒa ^ only if a = 0 or p = ^(iv)cut p ƒa q and p � q ƒb r imply p ƒa~b r.(v)pƒaqisequivalenttopƒa p �q(vi)restricted left OR: p ƒa r and q ƒa r implies p � q ƒa r, and is implied byp � q ƒa r if and only if r � p = r � q„ ^(vii)disjunction on both sides: w � p � q ƒa p � q iff w � p ƒa p or w � q ƒaq(viii)disjunctive symmetry: w � w’ ƒ w � w � w’ ƒ w’(ix) Continuity from below: if p ƒb q for every b < a, then p ƒa qThen there exists a strong approximate entailment family {¥�a}a˛ [ 0 , 1 ] induced by asimilarityrelationS,suchthatƒa=¥�a, "a.First we need the following lemmas:Lemma 1. If {ƒa | a ˛ [ 0 , 1 ] } s a t i s f i e s ( i i ) a n d ( i v ) t h e n i t s a t i s t f i e s t h e R i g h t Weakeningproperty:pƒa q and q ¥ r imply p ƒar.Proof.If q ¥ r then it also holds that p � q ¥ r , and thus, by (ii), we have p � q ƒ1 r.Therefore, from p ƒa q and p � q ƒ1 r, by (iv), it comes p ƒa~1r where a~1 = a. ¿Lemma 2. If {ƒa | a ˛ [0,1]} satisfies the conditions (i), (ii), (v), (vi) of Theorem 3,then p ƒa q implies p � r ƒa q � r.Proof. Indeed p � r ƒa q � r iff p � r ƒa (q � r) � (p � r), by (v), that is, p � r ƒa r �(p � q). Since r ƒ1 r holds r ƒa r holds by (i) and r ƒa r � (p � q) by Right weakening;and if p ƒa q, we can derive p ƒa (p � q) � r by (v) and Right weakening; hence p � rƒa r � (p � q) by left OR (vi).¿Proof of Theorem 2. It has been shown above that given S and ¥�a induced by S thenall properties (i-ix) hold. Conversely, given {ƒa } a˛ [ 0 , 1 ] d e f i n e S ( w , w ’) =sup{a | w � w’ ƒa w}. This relation is symmetric from (viii) and reflexive since w ƒ1 walways holds. S(w ,w’) = 1 implies w = w ’ . M o r e o v e r t h e c o n t i n u i t y c o n d i t i o n a g a i n m a k e s i t s u r e t h a t w � w’ ƒa w d e r i v e s f r o m S ( w,w ’) ‡ a . L e t u s p r o v e t h a t S i s transitive:S ( w,w’) ~ S(w ’,w") = sup{a | w � w’ ƒa w ’} ~ sup{b | w’ � w" ƒb w " } = sup{a ~ b | w � w’ ƒa w ’ and w’ � w" ƒb w "} (continuity of ~)

18£ sup{a ~ b | w � w’ � w" ƒa w’ � w" and w’ � w" ƒb w"} (Lemma 2)£ sup{a ~ b | w � w’ � w" ƒa~b w "} (cut)£ sup{g | w � w" ƒg w"}(restrictedleftOR)= S(w,w")using w " � (w � w ") = w" � (w ’ � w ") „ ^ when applying (vi). Now consider theapproximate entailment defined by p ¥�a q if and only if IS(p � q | p) ‡ a. Assume q „ ^and p „ ^. Thenp ƒa qiffp ƒa p � q(v)iff" w ¥ p, w � (p � q)ƒa p � q(vi)(since [(w � (p � q)] � p � q = p � q „ ^, and (w � (p � q) ƒ p))iff" w ¥ p, $ w’ ¥ p � q, w � w’ ƒa p w ’(vii)iff" w ¥ p, $ w’ ¥ p � q, S(w , w’) ‡ aiffIS(p � q | p) ‡ a iff p ¥�a q.Consistency preservation ensures that this equivalence holds even when p „ ^ andq = ^.¿Actually, the properties of ¥�a are induced by ¥a , in the sense that ¥�a is expressible interms of ¥a. The set {(p,q) | p ¥�a q} is indeed a subset of {(p,q) | p ¥a q}. Theorem 2suggeststhatthesimilarityrelationunderlying¥acanbecharacterizedbyasubpartofit,i.e., {(p,q) | p ¥a q, q ¥ p}using (v).6. Similarity-based Consequence Relations with BackgroundKnowledgeA natural question about the similarity-based entailment is how to deal with someprior information which is available under the form of a set K of formulas or a subset ofworlds E = [K] (the so-called evidential set in Ruspini (1991)’s paper). Severalextensions of the entailment notions studied above can be envisaged. In particular weshall consider through this section three ways of defining the inference of q by p,restricted to the models of K. These definitions coincide in propositional logic: p ¥K q iffK � p ¥ q iff K ¥ ´p � q. Moreover although the approximate and proximity entaimentscoincide when no background knowledge is considered, they will differ when K isinvolved.

19The first and direct option is just to take the set K as a restriction on the set of p-worlds, and thus considering the extension ¥Ka of the approximate entailment, definedas follows:p ¥Ka q iff K � p ¥a q.In other words, we have that p ¥Ka q iff IS(q | K � p) ‡ a. This amounts to expressingthat [q] must be stretched to the degree a (at least) in order to encompass the models of Kwhich are models of p. A natural question is whether some form of deduction theoremwould still hold, namely by comparing I(q | p � K) and I(´p � q | K). Unfortunately, itonly holds thatI(q | p � K) ‡ max(I(q | p), I(q | K))I(´p � q | K) ‡ max(I(´p | K), I(q | K)).Hence there is apparently no way of getting the deduction theorem using approximateentailment. This is in total contrast with possibilistic logic (see Dubois et al. (1994))where given a set K of necessity-weighted formulas, q is a consequence of p � K withnecessity degree a if and only if ´p � q is a consequence of K with necessity degree a.Although entailment ¥Ka verifies properties like Reflexivity, Right Weakening or LeftStrengthening as ¥a does, it does not satisfy the previous transitivity property, even therestrictedformoftransivityif¥Ka r and r ¥Kb q then ¥Ka~b qdoes not hold, due to the failure of the inequality IS(q |˚p) ‡ IS(q | p�r) ~ IS(r | p) whichis in turn the responsible of the failure of the CUT property for entailment relation ¥a(see Dubois and Prade, 1995). Only the following restricted form of transivity holds:Restricted Transivity: if p ¥Ka r and r ¥Kb q then p ¥Ka~b q, provided that r ¥ KThis is obvious because then it comes down to checking the transitivity of ¥a withpropositions p � K, r (equivalent to r � K) and q respectively. ¥Ka also satisfies a variantof transitivity in a particular case of formulas with a single model:w ¥Ka w", w’ ¥Kb w" imply w ¥Ka~b w’ when w ¥ K and w’ ¥ K.

20This is because w ¥Ka w " just expresses S(w ",w) ‡ a a n d s i m i l a r l y f o r w’ ¥Kb w " . Symmetry of w ¥Ka w’ is also restricted to when w ¥ K and w’ ¥ K. Other properties of¥a hold. A full characterization of ¥Ka, which is an extension of the previous one for¥a, is given in the next theorem.Theorem 3 . Let L be a finite Boolean algebra of propositions, {ƒa } a˛ [0,1] a familyof nested binary relations on L, i.e., ƒa � L · L and p ƒa q implies p ƒb q for any b £a , and let p0 be a proposition of L different from ^. If {ƒa } a˛ [ 0 , 1 ] is a family ofconsequencerelationssuchthat1)pƒ1 q iff p � p0 ¥ q; ƒ0istheuniversalconsequencerelation2) restricted symmetry: w ƒa w’ iff w’ ƒa w, for w ¥ p0 and w’ ¥ p03)restricted transitivity:(i) if p ƒa r and r ƒb q then p ƒa~b q, provided that r ¥ p0(ii) w ƒa w" and w’ ƒb w" implies w ƒa~b w’, for w ¥ p0 and w’ ¥ p04) Left Or: p � r ƒa q iff p ƒa q and r ƒaq5) Decomposition: w ƒa p � r iff w ƒa p or w ƒar6) Coherence: p ƒa q iff p � p0 ƒaq.7) Continuity from below: if p ƒb q for every b < a, then p ƒa qthen there exists a ~-similarity relation S on a set of worlds W such that p ƒa q iff fore a c h a ˛ [0,1] it holds p � p 0 ¥a q , w i t h K = { p 0 } ; a n d c o n v e r s e l y , f o r a n y ~ -similarity S on W and any subset of formulas K, the consequence relations ¥K,Sa verifythese properties.Proof (sketch). When restricting L to LK = {p | p ¥ p0}, Theorem 1 says that thereexists a similarity S on [p0] such that p ƒa q �p¥Sa q if p ¥ p0 and q ¥ p0, becausethe conditions of Theorem 4 then reduce to conditions of Theorem 1. Then, if p ¥ p0,p ƒa q if and only if p � p0 ¥a q holds. Now let w ’ ¥ ´p0 . Let S(w ’,w ) = S(w ,w ’) =sup{a | w ƒa w ’} for w ¥ p0 , and S(w’,w ") = maxw¥ p 0 S(w’,w) ~ S(w,w ") otherwise.The lengthiest step is to prove that S is a similarity relation. Symmetry is obvious buttransitivity requires some calculation for w ¥ p0, w ’ ¥ ´p0, and when w � w’ ¥ ´p0 .This is done by using the restricted transitivity conditions (3) as described in Lemma A1(Appendix).Letpandq˛ L then

21p ƒa q� p � p0 ƒa q (property 6)� w ƒa q, " w ¥ p � p0 (left OR)� " w ¥ p � p0 $ w’ ¥ q, w ƒa w ’Whether w’ ¥ p0 or not, and using continuity from below, w ƒa w ’ means S(w’,w) ‡ ahence is equivalent to w ¥a w’. So p ƒa q � p � p0 ¥a q.¿So far we have an extension of the approximate entailment ¥a to deal with abackground knowledge K. Now, we turn our attention to the proximity entailment |”aand consider how it can be extended in order to cope with the same problem. From thedefinition of |”a , it seems a natural definition, in order to restrict the worlds to thosesatisfying K, the following one:p |” Ka q iff [K] � [p* ~fi q*]a . In terms of measures, this entailment relation is related to the conditional implicationmeasure JK , S (q |p) = minw¥ K IS (p |w) ~fi IS(q|w), introduced in (Esteva et al. 94a),in the sense thatp |” Ka q iff JK,S(q | p) ‡ a.If p = T then JK,S(q |p) = IS(p | K), so that T |” Ka q iff K ¥a q; this also means that K �{q | T |” Ka q}, and more precisely, the set of models of K is the set of models of {q | T|”K1 q}. For a = 1, it can be seen that p |” Ka q iff [K] ˝ [p* fi q*]. Notice thatobviously p |” Ka q is now a stronger notion than K�p ¥a q. Indeed:p |” Ka q iff for all w¥K, IS(p |w) ~fi IS(q|w) ‡ aiff for all w¥K, IS(q|w) ‡ a ~ IS(p |w)which implies for all w¥K�p, IS(q|w) ‡ a, that is, K�p ¥a q.Hence JK,S(q | p) £ IS(q | K�p). But he converse does not hold in general except for a= 1, or when K = [W], since p |»a q iff p ¥a q as noticed in section 4 . Indeed if werewrite the second part of the proof of proposition 1 for JK , S (q |p), we end up withJ K , S (q |p) ‡ IS ( q | p ) o n l y . S o t h e r e s t r i c t e d f o r m s o f t h e p r o x i m i t y a n d a p p r o x i m a t e entailmentsnolongercoincide.

22The underlying reason in (Ruspini, 1991) for considering such a conditionalmeasure as JK,S, was to model, in its simplest form, the so-called generalized modusponens in fuzzy logic (Zadeh, 1979) that can be expressed using |” Ka as follows:"From |” Ka r and r |” Kb q infer |” Ka~b q".However this is rather misleading since in the generalized modus ponens written as thetransitivity pattern K ¥a r, r |” Kb q, implies K ¥a~b q, K is the input observation, andis not the background knowledge, as the notation |” Ka suggests. Generalizations of suchan inference pattern have been considered in (Esteva et al. 94b). Indeed, a stronger formof transitivity holds, namely:Transitivity: "From p |” Ka r and r |” Kb q infer p |” Ka~b q"This property is a direct consequence of the transivity of the conditional implicationmeasure, i.e.,Lemma 3. JK,S(q | p) ‡JK , S (r | p) ~ JK , S (q | r)Proof: JK,S(r | p) ~ JK,S(q | r) is of the form minw’¥ K {I(p | w’) ~fi I(r | w’)} ~ minw¥ K {I(r | w) ~fi I(q | w) } £ minw¥ K {(I(p | w) ~fi I(r | w)) ~ (I(r | w) ~fi I(q | w))} £ minw¥ K{I(p | w) ~fi I(q | w)} = JK,S(q | p).Thelatterinequalityisduetothe~-transitivity of residuated implications.¿However the relationw |” Ka w’ is generally not symmetric. The consequence operators|” Ka also form a nested family since p |” Ka q implies p |”Kb q for every b £ a. Theoperator p |”K1 q coincides with the classical logical consequence K � p ¥ q and |”K0 isthe universal one. Lastly |” Ka satisfies the Left-OR property:Proposition 5. p � r |” Ka q iff p |” Ka q and r |” Ka q.Proof. It follows from the fact that IS(p � r | w) = max(IS(p | w ), IS (r | w )), andmin(a ~fi b, c ~fi b) = max(a,c) ~fi b for residuated implications. Then it comes:JK,S(q | p � r) = minw ¥K IS(p � r | w) ~fi IS(q | w)= minw ¥K min ((IS(p | w) ~fi IS(q | w)), (IS(r | w) ~fi IS(q | w)))

23= min([minw ¥K IS(p | w) ~fi IS(q | w)], [minw ¥K IS(r | w) ~fi IS(q | w)] )= min(JK,S(q | p ), JK,S(q | r)).Now the left OR just says that min(a,b) ‡ c iff a ‡ c and b ‡ c¿However, |” Ka so defined does not verify the CUT property. The decomposition does nothold either, that is, it may be that w |” Ka p � r without w |” Ka p nor w |” Ka r being true.Indeed, w |” Ka p � r means"w’ ¥ K, S(w ,w ’) ~ a £ IS(p � r | w’) = max(IS(p | w’), IS(q | w’))So, "w ’ ¥ K, S(w , w ’) ~ a £ IS (p | w ’) or S(w,w ’) ~ a £ IS (q | w ’) which does notentail "w ’ ¥ K, S(w , w ’) ~ a £ IS (p | w ’) or "w ’ ¥ K, S(w , w’) ~ a £ IS (q | w ’).Starting from a family of inference relations {ƒa | a ˛ [ 0 , 1 ] } o n L s a t i s f y i n g t h e followingproperties(i)p ƒa q implies p ƒb q for every b £ a.(ii)p ƒ1 q iff p � K ¥ q, where K = {r, T ƒ1 r}; ƒ0 is the universal consequence relation(iii)~-transitivity: p ƒa q and q ƒb r implies p ƒa~b r.(v)Left-OR: p � r ƒa q iff pƒa q and r ƒa q.(vi)Weak Right OR: w ƒa p or w ƒa r imply w ƒa p � rit is difficult to to find a similarity relation S such that ƒa coincides with |” Ka generatedby S. Of course one can define S by symetrizing ƒa as follows: S(w,w ’) = Min( Sup{a | w ƒa w ’}, Sup{b | w ’ ƒb w } ) Then S is ~-transitive, just like˚ƒa. However it looks hopeless to obtain a result statingthat whenever for all w¥K, S(w’,w) ‡ a ~S(w ", w), it does follows that w " ƒa w ’ , orthe converse. A result was only obtained by assuming that wo ƒa q iff for all w˛[K],there exists w o’¥ q such that S(w, wo’) ‡ S(w, wo ) ~a for the above defined S (seeDubois et al., 1995). But this requirement sounds somewhat artificial.Similarly, we can consider extensions of ¥�a using background knowledge K, aswell as of |”�a. The latter can be found in (Esteva et al., 1994c) where a modified versionof the conditional measure JK,S(p | q) is proposed by defining

24 JK,S�(q | r) = JK,S(q � r | r) = minw¥K IS(r | w) ~fi IS(q � r | w),which is close to what a conditional possibility is. Actually when ~ = min, J K , S �(q | r)can be interpreted as the infimum of the family of conditional possibility measures{�w(q | r)}w¥K, where �w(p) = IS(p | w) (Esteva et al., 1994c). Notice that when r is atautology T , w e a l s o h a v e J K , S �(q | T ) = IS (q | K). Moreover, JK,S� verifies theinequalities corresponding to Reflexivity, Right w e a k e n i n g , L e f t And , R i g h t O r , andalthough it does not verify the transitivity property in general, the following restrictedform of transitivity holds.Proposition 6.IS(q | K) ‡ IS(p | K) ~ JK,S�(q | p)Proof.IS(p | K) ~ J K , S �(q | p) = IS(p | K) ~ minw¥K IS(p | w) ~fi IS(q � p | w)£ IS(p | K) ~ minw¥K IS(p | K) ~fi IS(q � p | w)(since IS(p | w) ‡ IS(p | K))£ minw¥K IS(p | K) ~ (IS(p | K) ~fi IS(q � p | w))£ minw¥K IS(q � p | w) (since a ~ (a~fib) £b) = IS(q � p | K) £ IS(q | K).¿For a given similarity relation S and a subset of formulas K, it is natural to consider anew entailment:p |”�Ka qiff[K] � [p* � (p � q)*]a, or equivalently,iffJ K , S �(q | p) ‡ a .Entailment|”�Ka based on JK,S�(q | r) has been characterized in (Dubois et al., 1995),with the same kind of construct as for |” Ka .

257. Application to Interpolative ReasoningLet us consider a simple interpolation problem, which is paradigmatically tackledwith the techniques of fuzzy control. Suppose a two-dimensional domain U · V, withtwo variables X (input) and Y(output) over U and V respectively. Assume that all it isknown about the relationship between the two variables are these two pieces ofknowledge:If X is in A1 then Y is in B1If X is in A2 then Y is in B2where A1 and A2 are subsets of U and B1 and B2 subsets of V. This is obviously anincomplete description of a mapping. The problem is how to guess a value for variable Yif we know for instance that variable X has got a value X = x0, where x0 does not belongto A1 nor to A2. The intuition says that if x0 is close to A1, then the value of Y will beclose to B1, and if it is close to A2, the value of Y will be close to B2. But this is easy tomodel if we equip U·V with a similarity relation. One can consider, for instance, a ~-transitive similarity SU on U and a ~-transitive similarity SV on V, and then combinethem into the product similarity S = SU · S V on the product space U · V, defined asS U · S V ((x,y), (x’,y’)) = min(SU (x,x’), SV ( y , y ’ ) ) . Let p = "X = x0", qi = "X ˛ Ai", ri = "Y ˛ Bi", i = 1,2. Assume we have a knowledgebase K consisting of two "extrapolative" or "gradual" rules:"if q1 then r1" modelled by q1* fi r1*"if q2 then r2" modelled by q2* fi r2*expressing that "the closer X is to Ai, the closer Y is to Bi", for i=1, 2, in the sense ofsection 4. Actually, the exact meaning of these rules is if X=x, then Y is allowed to takeany value y fulfilling mA i* (x) £ mB i* (y), i.e. the similarity of X to Ai, acting as a lowerbound, constrains the similarity of Y to Bi. Then one can compute the highest degrees inwhich the proposition "X is x0" entails the proposition "X is in A1" and the proposition"X is in A2". So, we will have in the domain U:"p ¥a q1", with a = ISU(q1 | p);"p ¥b q2", with b = ISU(q2 | p).What we are looking for is the most specific proposition of type "Y is S" derivablefrom the above information. Now what we expect is the following type of reasoning:

26Since p is close to qi, given the "extrapolative" knowledge in K, wecan infer, from p, approximately ri, that is, Y has to be in the vicinityof BiThen, the interpolationprocesscomesfromconsideringthatYhastobeinthevicinityofboth B1 and B2 . The key point in the interpolation procedure is to properly encode theinterpolative information, under the form q1 * fi r1 * . The modelling of "given the"extrapolative" knowledge in K, we can infer, from p, approximately ri" is achieved bythefollowingpatternofinferencejustifiedbythepreviousresults:p ¥a q1 ; p ¥b q2 K = {q1* fi r1* ; q2* fi r2*}�p ¥Ka r1 and p ¥Kb r2aathat is, the knowledge or context K explicitly appears. The above pattern can be called aninference based on gradual rules (Dubois and Prade, 1992a; Dubois, Grabisch and Prade,212the more X is F, the more Y is G where F = A*, G = B*

aA*1(x0bA*2(x0˛1)a˙2)~~fi1|»

1 2 | »

2fact that provides a formulation of the extrapolativesyllogism introduced in Section 1.

r implyp

P r o o f ¥ a w ‡a w ¥ | »

~ fi‡words, it holds that p

r . ~-transitivity1 ;

; q

(IS)p r1 ; p

˛ 1 * ] a~g ˙ 2*]b~d Note that in this example, q and r are logically independent, so that (q)* =q * i � ii | »

ii | » i � i � productofinterpretationsondisjointlanguages.Duetothedefinitionoftheapproximateenatilment

moreattractiveformulation,allowingtodealwithdifferentbackgroundknowledgesintheapproximateandtheproximityentailments.p

qandq

r implyp d i s j u n c t i o n 1 2A fuzzy relation R on W · W,inparticularasimilarityrelation,canalsobeviewedW 3 w R ( w,w ‡R ( w,w w ‡ w w w w on induces a collection {‡w ˛ W} of classical binary relations, the converse isnottrueingeneral.Indeedsimilarityrelationsmakeitpossibletoexpressthatw1iscloserw 2 w 3 w 4 w 1 ,w 2 w 3 ,w 4 w 1 „w 3 withinasetofrelations{<w | w ˛ W}.~ W w a w w w * ( wS ( w , w � w

ÄAw w , w ‡aAw w , w a } . wA 0 w w , w possibility/necessity"canbeformulatedinsuchaspheresystemandrelatedtosimilarity-based indices. In the following Poss will denote the possibility measure induced by the

w w w ’ ¥ p w ,w S w IS w¥ Possw (p).ThedefinitionofCounterfactualnecessity,i.e.w¥p¿ q iff- either there does not exist any world such that w $ w ˛ w ¥ w ¥ � w S P . w¥p¿qiff:w w w S � w S � wIfPossw(q|p)denotestheconditionalpossibilityPosswand Nec(q | p) = 1 — Poss(´q | p) is the conditional necessity, thenw w ¥ w ¥ ¿ fi ¥ a � a ¥ b � Analogously, for the counterfactual possibility we have thatw¥p�qif:w w Therefore,itisstraightforwardtonoticethatw ¥p�S � w S w More generally, the following result relating conditional logics and similarity logic holds:fiiffJK,S � S K iff

�¥ a

preferential entailment ¥pof possibilistic logic (Dubois et al., 1994). In the latter case, is equipped with a complete partial ordering that expresses how plausible interpretationsp¥ p ¥ p ¥ a p relation S, such that p = m q can be interpreted as: all models of p that arepartial ordering attached to each world, and thus it leads to a centered system of spheres.counterfactualpossibility.Also of interest is the study of the links between similarity-based entailments andby Chakraborty (1988), Castro et al. (1994). This is a topic for further research.The long term perspective of this work could be to provide logical foundations tobasicrole.Thenextstepwouldbetostartfromasetofconditionalstatementsoftheformanalogytothetreatmentofconditionalknowledgebasesinnonmonotonicreasoning.

A c k n o w l e d g e m e n t s EuropeanCommunityprojectMUM(Copernicus10053).of Applied Non-Classical Logics, 4, 91-103.Chakraborty M. (1988) Use of fuzzy set in introducing graded consequence in multiple-valued logic. In: Fuzzy Logic in Knowledge Based Systems-Decision and ControlVerlag, Lecture Notes in Artificial Intelligence, Vol. 833, 1994, 3-14.

Dubois D., Prade H. (1994) Similarity-based approximate reasoning. In: ComputationalFuzzy Logic and Soft Computing, Advances in Fuzzy Systems - Applications andTheory Vol. 4, World Scientific (1995), 300-309.L e c t u r e Support.KluwerAcademicPubl.,Dordrecht.UnifiedTheory.KluwerAcademicPubl.,Dordrecht.

Artificial Intelligence, 55(1), 1-60.Lewis D. (1973) Counterfactuals. Basil Blackwell. London.2003.Nakamura A. (1992) Applications of fuzzy-rough classifications to logics. In: IntelligentMathematische Logik und Grundlagen der Mathematik, 30(30), 213-222.Academic Publ., Dordrecht.Inference. Morgan and Kaufmann, San Francisco, CA.Report IIIA 95/15, IIIA-CSIC, University of Barcelona, Bellaterra, Spain.45-88.Schweizer B., Sklar A. (1983) Probabilistic Metric Spaces. North-Holland, New York.Shoham Y. (1988) Reasoning about Change. The MIT Press, Cambridge, MA.191-234.Trillas E., Valverde L. (1984) An inquiry on T-indistinguishability operators. In: AspectsTversky A. (1977) Features of similarity. Psychological Review, 84(4), 327-352.

177-200.194.

A p p e n d i x W w , w a w ƒw a wƒaw ww ‡a wƒ aw ~ -similarityrelationonthesetW1)Sisreflexive:S(2)Sissymmetric:S ( w , w a w ƒ a w a w ƒ a w S(w ’ , w w ƒ a w w ƒ a3) S is ~-transitive:S ( w , w ~ w ’ , w a w ƒ a w ~ b w ƒ b w "} w ƒ a w w ƒ b w £ ˚ s u p { w ƒ a ~ b w w , w " ) . Moreover,w ,w w w a w ƒ a w w ƒ 1 ww ¥ w w w ’ . ƒ a S‡a I S ‡a w w ¥ w w ¥ ww‡a wƒw ƒ a ƒ a Consistencypreservationmakesitsuchthatthisequivalenceholdsevenifq=^W ƒ a}a˛[0,1]thatconditionsofTheorem4hold,anddefineafuzzyrelationSsuchthatS ( w ,w ’ ) a wƒaw a w ƒ a w w ˛ w w ˇ x ˛ E w ~ w thenSisasimilarityrelationonW

Proof. S is clearly reflexive and symmetric. For transitivity we shall consider three casesaccording to the location of w and w’ in or out of E, and due to symmetry .w ˛ m a x x w ~ w ’ ) x ˇE wƒa w ƒ b maxx˛E wƒa ƒ bw’})£w ˇ m a x x w ~ w m a x ( m a x x ˛ E w ~ w x ˇ E w ~ w ’ ) ) x ˛ E w ~ w ww m a x x ˇ E w ~ w x ˇ E y ˛ E w ~ ~ w ’ ) x ˇE,y˛E wƒa ƒ b ƒ gw’} y and y ’) (using 3ii) of Theorem 4)www ˇ ˛ x ˛ E w ~ w £w , w wƒa ƒ bw wƒa~bwˇ w ~ w y , z ˛ E w ~ ~ w ’ ) . ƒ aw ƒƒƒwƒ a w ƒ b~g ƒ d w ƒ a w ƒ b~g~d w w ƒ a ~ b ~ g ~ d w Theorem 4.